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Abstract

Effect handlers are a powerful abstraction for defining, customising, and composing
computational effects. Effect systems can statically guarantee that all effects are handled,
ruling out uncaught effects at runtime. However, there are two main challenges in incor-
porating effect systems into mainstream programming languages. The first challenge is
complexity. Traditional effect systems typically require extensive use of effect annotations,
in particular effect variables. Retrofitting such systems into mainstream languages can
therefore require pervasive changes to existing type signatures. The second challenge is
fragmentation. There are many effect systems with different foundations in the literature
and there remains a gap in understanding the precise relationship between them, which
makes it hard for language designers to make design choices.
This thesis addresses these two challenges by introducing modal effect types, a novel

approach to effect systems based onmultimodal types. The key observation is that effect
tracking in effect systems is typically entangled with other constructs such as function
types. As a result, we have limited control over when and how effects are tracked in
types. The key idea is to decouple effect tracking from function types via modalities,
which offer fine-grained control over when and how effects are tracked. Modal effect
types eliminate effect variables for a large class of programs, reducing the complexity of
effect systems, and provide a foundation for unifying different effect systems, helping
to address fragmentation of effect systems in the literature.
This thesis comprises three main parts, together with a prologue and an epilogue.

The first part is Met, a core calculus with modal effect types. We define its syntax,
type system, and operational semantics, develop several extensions, and prove type
soundness and effect safety. Met enables ergonomic programming with higher-order
functions and effects without requiring effect variables.
The second part is Met(𝒳), a uniform framework based on Met for encoding, ana-

lysing, and comparing effect systems. We give encodings as macro translations from
existing row-based and capability-based effect systems into Met(𝒳) and prove that these
encodings preserve types. These encodings enable a direct analysis of their differences,
and provide practical insights on language design.
The third part is Maetel, a surface language for Metwith a novel bidirectional type

inference algorithm Fresco that can infer both first-class polymorphism and first-class
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modal types. The key insight of type inference is to use skeletons, which carry partial
type information, to enable type information to flow back and forth between functions
and arguments. Maetel infers all introduction and elimination of modalities, requiring
nomanual annotations. Maetel also supports implicit instantiation of polymorphic types
with modal types and other polymorphic types via local type information.
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Lay Summary

Computer programs do not merely calculate and return answers. They also interact
with their environments, such as by reading and changing stored data, reporting errors,
and communicating with other computers. Such actions that occur while a program
computes its result are called computational effects. An effect handler allows one part of a
program to request an effect and another part to decide how that request is dealt with.
This separation can make software easier to develop and maintain. However, a program
may crash if it makes a request while no handler is prepared to deal with it.

Programming languages can detect many mistakes before a program runs by assign-
ing types to its parts. A type describes how a piece of code may be used. For instance,
a type may say that this program wants an integer and generates a paragraph of text
with words of that length. Types are extended to also describe what effects a program
may request, e.g., that it may write the generated paragraph to a file or print it on the
screen. Such extensions are called effect systems, which can check before a program runs
that all effects will be properly handled. However, existing programming languages are
typically designed without considering effect systems. There are many different effect
systems in the literature, which typically extend existing type constructs with extra
information to describe effects. As a result, adding such effect systems to a programming
language can require significant rewriting of its existing code to include extra effect
annotations in types, even if the code itself does not request any effects. The resulting
types also become harder to read and understand for programmers.
This thesis introduces modal effect types to address these problems. The main idea

is to use a separate construct called modalities to describe effects in types, instead of
polluting existing types with extra effect information. Modal effect types keep track of
the effects available in the surrounding context, and only require a type to be decorated
with modalities if the available effects change. Code that does not request new effects
can therefore keep its usual types familiar to programmers. Beyond simplifying effect
systems, the contributions of this thesis also include a formal comparison of different
effect systems based on modal effect types, which provides insights for language
designers to choose the appropriate effect system for their programming languages, and
an algorithm for automatically inferring where modalities should be inserted, further
reducing the annotation burden for programmers.
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1 Introduction

Shall I be pure or impure?

—Philip Wadler (1992)

Functional programmers have long enjoyed the benefits of higher-order functions, which
may take other functions as arguments and return them as results. For instance, a
standard uncurried map function applies a function to every element of a list:

map (f, []) = []

map (f, x :: xs) = f x :: map (f, xs)

Its familiar type describes the values that map takes and returns:

map : forall a b . (a → b) * List a → List b

The function map takes a function from a to b and a list of as, and returns a list of bs.
This map function does not itself raise exceptions, access mutable state, perform input

or output, or communicate with concurrent processes. These behaviours are known as
computational effects, or just effects [Moggi 1991]. Although map performs none of them
directly, the function f may do so whenever it is applied to an element of the list. For
example, consider the effect IO, with operations read and print for reading and printing
strings. We can apply map to an effectful identity function that prints Hello world:

map ((fun x → do print "Hello world"; x), xs)

This application prints Hello world the same number of times as there are elements in
xs. As we see, the effects of applying map depend on the function passed to it.

Programs may crash at runtime due to unhandled or mishandled effects. An effect
system extends a type system to track effects in types, statically guaranteeing that every
effect is handled properly. A common approach is to annotate function arrows with the
effects that may occur when a function is invoked. For instance, for the example above,
since the argument only performs IO, we can give map the following type:

map : forall a b . (a →{IO} b) * List a →{IO} List b

The annotation following each arrow is an effect type. Here, it contains the single effect
IO. This type permits the example above, but restricts the function passed to map to
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performing only IO. This leads to a modularity issue: if we want to pass an argument
that performs other effects, such as Exception or State, to map, we must give it a different
type.

The traditional solution is to use parametric effect polymorphism. Effect polymorphism
uses effect variables to quantify over effect types. For example, we can give map a type:

map : forall a b e . (a →{e} b) * List a →{e} List b

The effect variable e can be instantiated with an effect type. In the example above, emay
be instantiated with IO or with any effect type containing IO, such as IO, State.

So far, the story seems complete. We encountered a modularity issue with effect types,
and resolved it with parametric polymorphism. What, then, is the problem?

1.1 The eee problem

The problem arises precisely from the complexity caused by effect variables. The same
effect variable e appears three times in the above type of map, even though the definition
of map does not itself perform any effects at all. Any effects performed during the
application of map come from its argument, rather than from map itself. We refer to this
as the eee problem, a term coined by Philip Wadler and then first used by Martin Odersky
at the 44th meeting of IFIP Working Group 2.8 [IFIP Working Group 2.8 2026].
The eee problem breaks backwards compatibility. Even for higher-order functions

that do not themselves perform any effects, we have to change their type signatures
to include effect variables. This is particularly problematic when retrofitting an effect
system to an existing language such as OCaml, which already has a large codebase,
including libraries in which higher-order functions are widely used. We would need
significant rewriting of the type signatures of existing functions to add effect variables,
even though they have nothing to dowith effects.Moreover, effect variables add amental
burden when reading, understanding, and reasoning about types. A programmer must
follow several occurrences of e merely to recover the simple fact that map passes on the
effects of its argument and does not itself perform any effects.

Why not instead track the fact that map itself is pure? From a contextual view of effects,
it is obvious that the definition of map requires no effects from the context. However, we
cannot express this fact directly in a conventional effect system because effect types are
entangled with function arrows. Each arrow describes the effects that may occur when
the corresponding function is invoked. For instance, if we leave all function arrows in
the type of map unannotated, as in its original type, they would be interpreted as pure.
As a result, we cannot apply map to any effectful argument.

This thesis decouples effect types from function arrows, giving map its familiar type
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map : forall a b . []((a → b) * List a → List b)

where the syntax [], which can be omitted for global definitions such as this one, is
a modality that states map itself requires no effects. We can still apply map to effectful
arguments.

1.2 Contributions

This thesis contributes modal effect types, a new effect system that decouples effect types
from function arrows and tracks effects with modalities. In particular, this thesis makes
three main contributions:

• Met, a core calculus for modal effect types;

• Met(𝒳), a framework based on Met for encoding and comparing effect systems;

• Maetel, a surface language with type inference for modal effect types.

The next three sections highlight the problems, insights, and results of each contribution.
Effect systems and type inference are both active and established research areas in
programming languages research. There are a few approaches that also target the eee
problem. A detailed discussion of related work is given in Chapter 11.

1.3 Modal effect types

We design a core calculus Met for modal effect types. Met decouples effect types from
function arrows, solving the eee problem of Section 1.1. Met achieves this decoupling
by tracking, for each term, the ambient effect context, which records the effects provided
by the context, and by using modalities to track changes to effect contexts in types. For
instance, let us revisit the type of map above:

map : forall a b . []((a → b) * List a → List b)

The [] is the empty absolute modality, which states that the effect context of the inside
term is empty, i.e., map’s definition requires no effects, regardless of what the ambient
effect context is. When we apply map, since we know it is well-typed under the empty
effect context, we may safely apply it under any ambient effect context, so that its
argument may perform any effects provided by the context. For instance, let us revisit
the application from the beginning of this chapter:

map ((fun x → do print "Hello world"; x), xs)
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The ambient effect context for this term must contain IO as the argument uses the print

operation. We can apply map here since its type tells us it requires no particular effects. In
addition to the []modality,Met supports absolutemodalities [E] and relativemodalities
<D> that specify what effects are used or handled.
Met supports algebraic effects and handlers [Plotkin and Power 2003; Plotkin and Pretnar

2013], which provide a general way to define, customise, and compose computational
effects. In addition to absolute modalities,Met also has relative modalities, which describe
a change to the ambient effect context. They are particularly useful for effect handlers
that handle some specific effect while forwarding other effects to the surrounding
context.
The design of the Met calculus is based on the recent work on multimodal type

theory (MTT) [Gratzer et al. 2020; Gratzer 2023], which is a dependent type theory
that supports multiple modes and modalities. Modes refine types and terms, with
modalities transforming between modes. Met extends and generalises the simply-typed
fragment of MTT. We define Met, prove the correctness of its metatheory including type
soundness and effect safety, and extend Metwith more features.

1.4 Encoding effect systems

Effect systems [Lucassen andGifford 1988;Wadler 1998] in the literature are fragmented:
there are many systems with different foundations, and the relationships between them
are not well understood. The most conventional approach, as we have seen before,
associates effect types with function arrows. In these systems, effect types are often
organised as row types [Wand 1987; Rémy 1989].1 We refer to this approach as row-based
effect systems. In general, a function type in a row-based effect system has the form:

𝐴→𝐸 𝐵

Here, 𝐸 specifies the effects that may occur when the function is invoked.
Another popular approach is to treat effects as capabilities [Dennis and Horn 1966;

Miller 2006] provided by the context, and track capabilities in types. We refer to
such systems as capability-based effect systems. In the capability-based effect system of
Brachthäuser et al. [2022], a function type has the form:

(𝐴, 𝑓 : 𝑇) ⇒ 𝐵.

1Or sets, which are a special case of rows.
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This function binds a value of type 𝐴 and a capability 𝑓 of type 𝑇 for use in its function
body which returns a value of type 𝐵.

These two styles of effect systems differ fundamentally in how they track effects. In a
row-based effect system, a function type always describes the effects that it may perform.
In a capability-based effect system, a function type binds capabilities and may mention
these capabilities in its body. Some capability-based effect systems further restrict
functions to second-class values to prevent capabilities from escaping. It is difficult to
compare these two styles of effect systems directly. We encounter the same challenge as
in the eee problem: these effect systems entangle effect tracking with function types.
Any direct attempt to encode a function type from one system to another must reconcile
the differences between effect tracking mechanisms built into the function types.
Modal effect types serve as a common target for encoding different effect systems

since they decouple effect tracking from function types. We develop Met(𝒳) based
on Met as a uniform framework for encoding and comparing different effect systems.
Met(𝒳) is parameterised by an effect structure 𝒳 , which determines how effect collections
are organised, so that we can focus on encoding the effect tracking mechanisms instead
of dealing with the details of effect collections.
We present Met(𝒳), use it to encode row-based and capability-based effect systems,

and prove that the encodings preserve typing. Our encodings enable a direct analysis
of the differences between row-based and capability-based effect systems and provide
practical insights into language design. We also show that a fragment of a row-based
effect system with effect polymorphism can be encoded by modal effect types without
any effect variables. This encoding provides formal support for the argument that modal
effect types solve the eee problem.

1.5 Inferring modal types

Merely having the core calculus Met is not enough to use modal effect types in practice.
As with other explicit core calculi, Met requires annotations on lambda abstractions and
explicit terms for type abstractions and applications. Moreover, Met requires explicit
terms for introducing and eliminating modalities. We want a surface language where
all these annotations and terms can be omitted.
Type inference for Met is reminiscent of type inference for first-class polymorphism

(FCP). FCP combines higher-rank polymorphism, where quantifiers may appear be-
neath function arrows, with polymorphic instantiation, where a type variable may be
instantiated with a polymorphic type. Following this definition, we introduce the notion
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of first-class modal types, which allows modalities to appear anywhere in a type and
allows a type variable to be instantiated with a modal type.

Type inference for FCP has been studied extensively. Full type inference for System F
is undecidable [Pfenning 1993; Wells 1999]. Existing approaches impose different
restrictions or extensions on the type system, adopt different heuristics, or develop
different constraint-solving algorithms [Garrigue and Rémy 1999; Le Botlan and Rémy
2003; Leijen 2008; Serrano et al. 2020; Emrich et al. 2020].
We propose Fresco, an approach to type inference for FCP that stays with System F

types, has low syntactic overhead and predictable behaviour, and does not rely on
sophisticated algorithms. We generalise this approach to Maetel, a surface language
with modal effect types that supports both first-class polymorphism and first-class
modal types. The central idea is to use bidirectional information flow between functions
and arguments. Information from an argumentmay guide how a function is instantiated,
while information from a function may guide the inference of polymorphic and modal
types for its arguments. To allow information to flow in both directions within an
application we introduce skeletons, which record known type information. Skeletons
contain ghosts that represent unknown information. Skeletons first flow from arguments
to a function to guide its inference and instantiation. The function then supplies the
ghosts in skeletons with more information, which flows back to the arguments. We also
introduce a freezing operator for programmers to control the direction of information
flow.
We give a declarative type system and a type inference algorithm for Fresco, and

prove soundness and completeness of the algorithm with respect to the declarative
specification. We also show how Maetel extends Fresco to infer modal effect types.

1.6 Structure of the thesis

The thesis consists of a prologue, three main parts, and an epilogue. Each main part
develops one of the three contributions described above.

Prologue contains this introduction, the preliminaries in Chapter 2, and a tour of
programming with modal effect types in Chapter 3. The preliminaries review algebraic
effects and handlers, modal types, and bidirectional typing. The tour then introduces
the main ideas and programming patterns of modal effect types through examples in
Maetel.

Part I introduces the calculus Met. Chapter 4 defines the syntax, mode theory, kind
system, type system, and operational semantics of Met, and establishes its type sound-
ness and effect safety. Chapter 5 develops extensions to Met, including masks, presence
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types, parameterised effects, data types, polymorphism, local labels, and richer forms
of handlers.

Part II introduces the framework Met(𝒳). Chapter 6 defines Met(𝒳), including effect
structures, and establishes its type soundness and effect safety. Chapter 7 gives com-
positional type-preserving encodings of row-based and capability-based effect systems
into Met(𝒳).

Part III introduces the language Maetel with Fresco type inference. Chapter 8 defines a
declarative type system for Fresco. Chapter 9 develops a type inference algorithm for
Fresco and establishes its soundness and completeness with respect to the declarative
type system. Chapter 10 presents the design of Maetel, which extends Fresco to infer
first-class modal effect types.

Epilogue discusses related work in Chapter 11 and concludes the thesis in Chapter 12.

Appendices contain proofs of the theorems in the metatheory of the calculi and the
type inference algorithm in the main parts.

Relationship to prior work. Parts I and II are a substantial revision, simplification,
and extension of the materials in the papers [Tang et al. 2025; Tang and Lindley 2026]:

• Wenhao Tang, Leo White, Stephen Dolan, Daniel Hillerström, Sam Lindley, and
Anton Lorenzen. Modal Effect Types. In Proceedings of the ACM on Programming
Languages, volume 9 (OOPSLA1), pages 1130–1157, 2025.

• Wenhao Tang and Sam Lindley. Rows and Capabilities as Modal Effects. In Proceedings
of the ACM on Programming Languages, volume 10 (POPL), pages 923–950, 2026.

Chapters 8 and 9 of Part III are based on the materials in the paper [Tang et al. 2026]:

• Wenhao Tang, Shengyi Jiang, Aghilas Y. Boussaa, Sam Lindley, and Bruno C. d. S.
Oliveira. Bidirectional Typing with Freezing, Skeletons, and Ghosts. Preprint, 2026.

Chapter 10 of Part III is new material.
In addition to the above papers covered in this thesis, the author also worked on

other papers on types and effects during his PhD [Tang et al. 2024, 2023; Bosman et al.
2024; Tang and Schrijvers 2024]:

• Wenhao Tang, Daniel Hillerström, James McKinna, Michel Steuwer, Ornela
Dardha, Rongxiao Fu, and Sam Lindley. Structural Subtyping as Parametric
Polymorphism. In Proceedings of the ACM on Programming Languages, volume 7
(OOPSLA2), pages 1093–1121, 2023.
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• Wenhao Tang, Daniel Hillerström, Sam Lindley, and J. Garrett Morris. Soundly
Handling Linearity. In Proceedings of the ACM on Programming Languages, volume 8
(POPL), article 54, 2024.

• Roger Bosman, Birthe van den Berg, Wenhao Tang, and Tom Schrijvers. A Calculus
for Scoped Effects & Handlers. In Logical Methods in Computer Science, volume 20,
issue 4, 2024.

• Wenhao Tang and Tom Schrijvers. From High to Low: Simulating Nondeterminism
and State with State. In Journal of Functional Programming, volume 34, e16, 2025.
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2 Preliminaries
The meanings of simple signs (words) must be explained to us if we are
to understand them.

—Ludwig Wittgenstein (1921)

We explain themeanings of some basic concepts this thesis builds on, including algebraic
effects and handlers, modal types, and bidirectional typing. Effect handlers and modal
types are the two main features of our calculi in Parts I and II. Bidirectional typing is
the basis of our type inference approach in Part III.

2.1 Algebraic effects and handlers

In order to express effects in our calculi, we use algebraic effects and handlers [Plotkin and
Power 2003; Plotkin and Pretnar 2013], an expressive language feature which provides
a modular way to define and compose effects. Modal effect types are not restricted to
effect handlers; the idea is independent of how effects are implemented in a language.
Algebraic effects and handlers achieve modularity through separating syntax and

semantics of effects. Effects can be freely composed syntactically, while an effect handler
interprets some selected effect and leaves other effects to other handlers, generalising
standard exception handlers. An effect is described by a collection of operations. For
example, the IO effect from Chapter 1 provides two operations for reading and printing
strings:

eff IO = read : 1 ⇒ String, print : String ⇒ 1

The signature 1 ⇒ String of read states that read takes a unit and returns a string.
Similarly, the signature String ⇒ 1 of print states that print takes a string and returns
a unit. For example, the following program reads a string, prepends "hello " to it, and
prints it:

hello () = do print ("hello " ++ do read ())

Invoking an operation transfers control to a handler that handles this operation. For
example, this simple handler supplies a fixed result "world" for read and discards strings
passed to print:
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mockIO f = handle f () with

return x ⇒ x

read () r ⇒ r "world"

print s r ⇒ r ()

This handler takes a function f, invokes this function and handles its IO operations.
The handler has three clauses. The first return clause binds the return value as x and
directly returns it. The remaining two are operation clauses, which bind the argument
of the operation as the first parameter and bind the continuation of the operation as the
second parameter r. Calling r resumes the computation with the provided result.
As a more interesting example, we implement a generator with effect handlers. We

use a Gen effect with one operation for yielding integers:

eff Gen = yield : Int ⇒ 1

The following handler collects all yielded numbers into a list.

asList f = handle f () with

return () ⇒ nil

yield x r ⇒ cons x (r ())

The return clause returns the empty list. The operation clause prepends the integer x
onto the head of the list returned by the continuation r. For example, asList collects
three yielded integers as follows:

> asList (fun () → do yield 6; do yield 37; do yield 42)

# [6, 37, 42] : List Int

We can also implement mutable state with effect handlers. A state effect is paramet-
erised by the type of the state s and has two operations:

eff State s = get : 1 ⇒ s, put : s ⇒ 1

The following implements mutable state in a parameter-passing style:

state m = handle m () with

return x ⇒ fun s → x

get () r ⇒ fun s → r s s

put s' r ⇒ fun s → r () s'

The handler transforms a stateful computation into a function that takes the current
state. The return clause does not use the current state. The get clause resumes the
continuation with the current state and makes no change to it. The put clause resumes
the continuation with unit and replaces the current state with the new state s'. For
example, we start with an initial state 37 and increment it by 5:
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> state (fun () → do put (do get () + 5); do get ()) 37

# 42 : Int

For a gentle introduction to algebraic effects and handlers, I recommend Matija
Pretnar’s tutorial An Introduction to Algebraic Effects and Handlers [Pretnar 2015]. For a
broader collection of papers and other resources, see the community-maintained effects
bibliography [Yallop 2026].

2.2 Modal types

Modal types arise from the propositions-as-types correspondence for modal logic.
Modal type systems enrich ordinary type systems with modalities, which control how
variables may be used, e.g., how many times, under which conditions, or in which
scope. Classic examples are the necessity modality □ and the possibility modality ♢. In
Kripke semantics with some given model, a proposition □𝑃 is true in a world if 𝑃 is
true in all accessible worlds, while a proposition ♢𝑃 is true in a world if 𝑃 is true in
some accessible world.
To provide some intuition for what a modal type system looks like, we present a

simply-typed lambda calculus with the necessity modality □ from the modal logic
IS4. The necessity modality □ in the modal logic IS4 is used to characterise staged
computation in programming languages [Davies and Pfenning 2001]. There are different
styles for formulating modal type systems. We follow the style of multimodal type
theory (MTT) [Gratzer et al. 2020], which adopts locks from Fitch-style modal lambda
calculi [Clouston 2018] and uses let-style elimination for modalities. The typing rules
are as follows.

T-Var
µ ∉ Γ′

Γ, 𝑥 : 𝐴, Γ′ ⊢ 𝑥 : 𝐴

T-VarModal

Γ, 𝑥 :□ 𝐴, Γ′ ⊢ 𝑥 : 𝐴

T-Mod
Γ,µ ⊢ 𝑀 : 𝐴

Γ ⊢ mod 𝑀 : □𝐴

T-Letmod
Γ ⊢ 𝑀 : □𝐴 Γ, 𝑥 :□ 𝐴 ⊢ 𝑁 : 𝐵

Γ ⊢ let mod 𝑥 = 𝑀 in 𝑁 : 𝐵

T-Abs
Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵

Γ ⊢ 𝜆𝑥𝐴.𝑀 : 𝐴→ 𝐵

T-App
Γ ⊢ 𝑀 : 𝐴→ 𝐵 Γ ⊢ 𝑁 : 𝐴

Γ ⊢ 𝑀 𝑁 : 𝐵

The first four rules are interesting. Rule T-Mod introduces the necessity modality □
and puts a lock in the context for 𝑀. Contexts are ordered since we have locks. These
locks control how variables may be used. In rule T-Var, we cannot use a variable 𝑥
if there is a lock in the context to the right of 𝑥. We can only use those variables that
are annotated with the modality □ as in rule T-VarModal. These variables come from
modality elimination as in rule T-Letmod, which eliminates the modality of 𝑀 and
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annotates the binding of 𝑥 with the modality □. As a result, we have the guarantee that
inside a necessity modality, we can only use variables that come from another necessity
modality. This exactly characterises the intuition of staged computation: a term of type
□𝐴 is a piece of generated code that can only use other pieces of generated code, and
cannot use any ordinary values from the current stage. Another classic example is the
bang modality ! from linear logic, which is used in linear type systems where a type 𝐴
is linear by default and !𝐴 is unrestricted [Girard 1987; Wadler 1991].

We only have one modality in the above calculus. Graded modal type systems
generalise a single modality to a family of modalities indexed by grades 𝑟 [Orchard et al.
2019; Abel and Bernardy 2020], which are usually specified by a semiring-like structure.
For instance, graded modalities can refine the bang modality to !𝑟 which tracks that a
value should be used 𝑟 times.

Modes assign types and terms to different syntactic categories. There is only one
mode in graded modal type systems. Each modality is an endomorphism on the single
mode. Multimodal type theory further supports multiple modes, in addition to multiple
modalities between them. It is parameterised by a mode theory, which specifies modes
𝑚, 𝑛, modalities 𝜇 : 𝑚 → 𝑛, and modality transformations 𝛼 : 𝜇 ⇒ 𝜈. A mode theory
is a 2-category, where modes are objects, modalities are morphisms, and modality
transformations are 2-cells. A typing judgement has the form Γ ⊢ 𝑀 : 𝐴 @𝑚, stating
that 𝑀 has type 𝐴 under Γ at mode 𝑚.

The core calculus Met in Chapter 4 is based on MTT, where modes represent effect
contexts. We assume no prior knowledge of MTT when presenting Met. The following
is a brief introduction to the typing rules of simply-typed MTT for interested readers; it
is not necessary for understanding the rest of the thesis.

A modality moves types and terms between modes. If 𝜇 : 𝑚 → 𝑛 and 𝐴 is a type at
mode 𝑚, then 𝜇𝐴 is a type at mode 𝑛. The typing rules for introduction and elimination
of modalities are as follows, similar to the rules for the necessity modality above.

MTT-Mod
𝜇 : 𝑚 → 𝑛 Γ,µ𝜇 ⊢ 𝑀 : 𝐴 @𝑚

Γ ⊢ mod𝜇 𝑀 : 𝜇𝐴 @ 𝑛

MTT-Letmod
Γ ⊢ 𝑀 : 𝜇𝐴 @ 𝑛 Γ, 𝑥 :𝜇 𝐴 ⊢ 𝑁 : 𝐵 @ 𝑛

Γ ⊢ let mod𝜇 𝑥 = 𝑀 in 𝑁 : 𝐵 @ 𝑛

Introducing a modality 𝜇 adds a lock annotated by 𝜇. Eliminating a modality 𝜇 binds
its contents as 𝑥 :𝜇 𝐴 annotated by 𝜇.1 Ordinary type constructors are mode-local. For
instance, if 𝐴→ 𝐵 is a type at mode 𝑚, then both 𝐴 and 𝐵 are types at 𝑚.

1The full syntax of modality elimination has an extra modality annotation which enables sequential
eliminations. We omit it here for simplicity and reintroduce it in Chapter 4.

14



2.3 Bidirectional typing

As in the variable rules above, the variable rule in MTT controls accessibility with
locks and modality annotations on bindings:

MTT-Var
𝜇 : 𝑚 → 𝑛 𝜈 = locks(Γ′) : 𝑚 → 𝑛 𝛼 : 𝜇 ⇒ 𝜈

Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑥 : 𝐴 @𝑚

Here, locks(Γ′) is the modality obtained by composing the modalities of the locks in the
context Γ′. We want to use a variable 𝑥 :𝜇 𝐴 after locks whose modalities compose to 𝜈.
The use is permitted when the mode theory provides a transformation 𝛼 : 𝜇 ⇒ 𝜈.

We can instantiate MTT to recover the typing rules for the necessity modality□ above.
There is only one mode •. There are two modalities: the necessity modality □ : • → •
and the identity modality 1 : • → •, satisfying:

1 ◦ 𝜇 = 𝜇 = 𝜇 ◦ 1 □ ◦□ = □.

Wehave two identitymodality transformations1 ⇒ 1 and□⇒ □, ignoring their names.
The only non-identity transformation is□⇒ 1; in particular, there is no transformation
1 ⇒ □. The interesting typing rules are as follows.

T-Var
𝜇 ⇒ locks(Γ′)

Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑥 : 𝐴 @ •

T-Mod
Γ,µ𝜇 ⊢ 𝑀 : 𝐴 @ •

Γ ⊢ mod𝜇 𝑀 : 𝜇𝐴 @ •

T-Letmod
Γ ⊢ 𝑀 : 𝜇𝐴 @ • Γ, 𝑥 :𝜇 𝐴 ⊢ 𝑁 : 𝐵 @ •

Γ ⊢ let mod𝜇 𝑥 = 𝑀 in 𝑁 : 𝐵 @ •

The single variable rule recovers the two variable rules above. An ordinary binding is by
default annotated with 1 and cannot cross a □-lock because there is no transformation
1 ⇒ □. A modal binding is annotated with □ and can always be used since we have
both □⇒ □ and □⇒ 1.
For a gentle introduction to simply-typed MTT which is enough for understanding

the relationship betweenMTT and this thesis, I recommend Kavvos and Gratzer’s paper
Under Lock and Key: A Proof System for a Multimodal Logic [Kavvos and Gratzer 2023].
For a thorough introduction to MTT, I recommend Daniel Gratzer’s PhD thesis Syntax
and Semantics of Modal Type Theory [Gratzer 2023].

2.3 Bidirectional typing

Bidirectional type systems split typing into inference mode I, where we infer the type
of a term, and checking mode C, where we check a term against a given type. The usage
of the word “mode” here has nothing to do with the usage of the word “mode” in
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modal type systems. We write the type inference judgement as Γ ⊢I 𝑀 : 𝐴 and the type
checking judgement as Γ ⊢C 𝑀 : 𝐴. For the simply-typed lambda calculus, the typing
rules are as follows.

T-Var
Γ ∋ 𝑥 : 𝐴

Γ ⊢I 𝑥 : 𝐴

T-Anno
Γ ⊢C 𝑀 : 𝐴

Γ ⊢I (𝑀 : 𝐴) : 𝐴

T-Switch
Γ ⊢I 𝑀 : 𝐴

Γ ⊢C 𝑀 : 𝐴

T-Abs
Γ, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵

Γ ⊢C 𝜆𝑥.𝑀 : 𝐴→ 𝐵

T-App
Γ ⊢I 𝑀 : 𝐴→ 𝐵 Γ ⊢C 𝑁 : 𝐴

Γ ⊢I 𝑀 𝑁 : 𝐵

A variable infers its type from the context. A type annotation checks its term against the
annotated type and infers the annotated type. Rule T-Switch switches from checking
mode to inference mode. A lambda abstraction is checked against a function type. An
application infers the function type and uses its argument type to check the argument.
For a detailed introduction to bidirectional typing, I recommend Dunfield and

Krishnaswami’s survey Bidirectional Typing [Dunfield and Krishnaswami 2022].
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3 A tour of modal effect types

Everyone embarks on a journey dreaming of the Sea of Stars.

—Opening lines, Galaxy Express 999 (1979)

Your journey has just begun.

—Maetel, Galaxy Express 999 (1979)

This chapter is a self-contained tutorial on programming in Maetel, our surface language
with modal effect types, from a programmer’s perspective. Maetel is a functional
programming language with Haskell-like syntax, algebraic data types, effect handlers,
modal effect types, and type inference for both first-class polymorphism and first-class
modal types. We assume the readers are functional programmers with basic knowledge
of effect handlers as introduced in Section 2.1. We assume no background knowledge
of programming language theory because we hope that modal effect types can be a
practical type-system feature that improves programmers’ experience. We illustrate
how modal effect types stay close to ordinary functional programming while extending
the types in a modular and conservative way to track effects, providing effect safety and
serving as useful documentation for programmers. In particular, most types in Maetel
retain their familiar shape; modalities mainly appear either at outermost positions for
specifying which effects are used, or where effects are handled.
For programmers who are familiar with other programming languages with effect

systems such as Koka [Leijen 2026] and Effekt [Brachthäuser et al. 2026], we provide a
direct comparison between programs in these languages in Section 11.1.

I do not yet have a full implementation of Maetel. Aghilas Y. Boussaa implemented a
surface language with many of the features of Maetel [Boussaa 2026]. His implementa-
tion uses ML-like syntax instead of the Haskell-like syntax of Maetel.

3.1 Pure programs

We begin with ordinary, familiar pure programs. A prefix of 𝜋 as a list:
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pi : List Int

pi = [3,1,4,1,5,9]

A first-order function inc increments an integer:

inc : Int → Int

inc x = x + 1

A pair containing two copies of inc:

pinc : (Int → Int) * (Int → Int)

pinc = (inc, inc)

An uncurried higher-order function map, as in Chapter 1, maps a function over a list:

map : forall a b . (a → b) * List a → List b

map (f, nil) = nil

map (f, cons x xs) = cons (f x) (map (f, xs))

A curried higher-order function iter iterates a function over a list:

iter : forall a . (a → 1) → List a → 1

iter f nil = ()

iter f (cons x xs) = f x; iter f xs

We write 1 for the unit type, whose only value is (). Maetel adopts bidirectional typing
and requires all global definitions to be accompanied by type signatures.
All the above programs are pure; they do not perform any effects themselves.

Whenever we say a program is pure in this chapter, we always mean that the program
itself performs no effects that the surrounding context must handle, or equivalently, the
program requests no effects to run. Maetel keeps their ordinary types as above. Since
we know they are pure, we can do a bit more, wrapping their types in [] to document
that they require no effects:

pi : [](List Int)

inc : [](Int → Int)

pinc : []((Int → Int) * (Int → Int))

map : [](forall a b . (a → b) * List a → List b)

iter : [](forall a . (a → 1) → List a → 1)

# alternatively, for map and iter:

map : forall a b . []((a → b) * List a → List b)

iter : forall a . []((a → 1) → List a → 1)

The syntax [] is the empty absolute modality. It says that the program inside uses no
effects, as we can easily verify from the definitions of these functions. Modalities have
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higher precedence than function arrows. Annotating types of pure programs with
top-level [] is recommended as it provides useful documentation for programmers and
informs the type checker that these programs can be used wherever we want, regardless
of what effects are available. Since Maetel is a call-by-value language, the modality [] is
redundant for pi as a value of type List Int can never perform any effects.

Maetel requires global programs to require no effects from the context in order to
guarantee that programs would not get stuck due to unhandled effects. Furthermore,
Maetel allows omitting this top-level [] from a global type signature, so the type
signatures of earlier definitions are implicitly wrapped in [] when they are global
definitions. We will always keep top-level [] explicit in the rest of this chapter.
Programmers familiar with traditional effect types may intend to annotate every

function arrow in the types of pinc, map, and iter with []. They would still type check,
but unnecessarily restrict the arguments of map and iter to also be pure functions. The
modality [] we added before only requires the definitions of map and iter to be pure,
but still allows their arguments to be effectful, as we will see in the next section.

3.2 Effectful programs

Pure programs only compute results from their inputs. Effectful programs may also
interact with their context, for example, by printing messages, yielding values, updating
state, or making nondeterministic choices. Maetel uses the eff syntax to declare effects
and their operations with signatures:

eff IO = read : 1 ⇒ String | print : String ⇒ 1

eff Gen [a] = yield : a ⇒ 1

eff State [a] = get : 1 ⇒ a | put : a ⇒ 1

eff ND = choose : 1 ⇒ Bool | fail : 1 ⇒ [](forall a . a)

An operation signature A ⇒ B types operations that take an argument of type A and
return a result of type B. We write ⇒ to distinguish operation signatures from function
arrows. The IO effect provides operations for reading and printing strings. The paramet-
erised effect Gen [a] provides yield for yielding a value of type a. Similarly, State [a]

provides get and put for reading and updating a state cell of type a. Ignore the brackets
around the type variable a for now; we will return to them in Section 3.8. The ND effect
provides nondeterministic choice and failure. The operation choose returns a boolean
representing a choice, while fail returns an uninhabited type representing failure.

Maetel tracks effect contexts, the effects available at each point in a program. Effect
contexts belong to the underlying type checking mechanism and are not visible in
programs by default. We can only use an effect if it is available in the ambient effect
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context. Suppose, for example, the surrounding programs install handlers for Gen Int,
State Int, and ND. The ambient effect context is then Gen Int, State Int, ND. Within
this context, the following variants of effectful inc type check:

genInc : Int → 1

genInc x = do yield (x + 1)

stateInc : 1 → 1

stateInc () = do put (inc (do get))

randomInc : Int → Int

randomInc x = if do choose then x + 1 else x

The keyword do invokes an operation. It allows unit arguments to be omitted, as in do

get and do choose. The function genInc uses Gen Int to yield the incremented argument.
The function stateInc uses State Int to read the current state, increment it, and store
the result. The function randomInc uses ND to choose nondeterministically whether to
increment its argument. Nevertheless, all three functions retain their ordinary types as
long as the ambient effect context provides the effects they use. The pure higher-order
functions from Section 3.1 can be applied under the current effect context:

iter genInc pi # : 1

map (randomInc, pi) # : List Int

Since iter and map are pure as indicated by their modality [], we can use them in any
effect context. Their arguments genInc and randomInc can still use the effects provided
by the ambient effect context. For this reason, Maetel rejects the following type signature
for iter:

iter : forall a . []((a → 1) → [](List a → 1)) # ill-typed

This type incorrectly claims that the result function of iter is pure, which is not true
since it calls the argument.

As another negative example, since we assumed the current effect context to be
Gen Int, State Int, ND, a program that prints a list does not type check:

printlist : forall a . List a → (a → String) → 1 # ill-typed

printlist xs f = iter (fun x → do print (f x)) xs

The pure function iter is safe to use here, but its argument uses the missing IO effect.
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3.3 Specifying effects

3.3 Specifying effects

What if we want to define an effectful function where the ambient effect context does not
provide the effects it needs? For instance, it is useful to define the variants of inc from
Section 3.2 globally, so that we can use them later within different handlers. Recall the
modality [] from Section 3.1 for pure programs. We call it the empty absolute modality
and extend it to be non-empty to specify which effects a program uses. We can therefore
write the following global definitions for inc variants:

genInc : [Gen Int](Int → 1)

genInc x = do yield (x + 1)

stateInc : [State Int](1 → 1)

stateInc () = do put (inc (do get))

randomInc : [ND](Int → Int)

randomInc x = if do choose then x + 1 else x

The absolute modality [Gen Int] says that genInc is defined in the effect context Gen Int.
Thus, its body may use yield, but cannot depend on other effects from the surrounding
context. Similarly, [State Int] allows stateInc to use integer state, and [ND] allows
randomInc to make a nondeterministic choice. In general, an absolute modality [E]

specifies that a program is defined in the effect context E, and therefore may use only
effects from E. The modality [E] makes sure that when the program is run, the effects
in E must be available in the ambient effect context.

With absolute modalities, we can now fix the ill-typed printlist function and define
it where the ambient effect context does not provide IO:

printlist : forall a . [IO](List a → (a → String) → 1)

printlist xs f = iter (fun x → do print (f x)) xs

Absolute modalities allow programmers to specify the effects a program uses inde-
pendently of what the ambient effect context provides. They usually appear in the
type signatures of global effectful programs, serving as useful documentation for
programmers to indicate which effects are used in the programs. They are also useful
locally in programs to have more precise control over uses of effects. For instance, we
can require concurrent processes to send only pure functions to each other to avoid
crashes due to running a program from another process.

As readers may have noticed, we have been writing modalities in types, but not in the
bodies of programs. Maetel infers introduction and elimination of modalities, similarly
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to how ordinary functional programming languages infer polymorphic types and their
instantiations.

3.4 Handling effects

We now define handlers for the Gen, State, and ND effects from Section 3.2. The handler
asList handles Gen a by collecting the yielded values in a list:

asList : forall [a] . [](<Gen a>(1 → 1) → List a)

asList f = handle f () with

return () ⇒ nil

yield x r ⇒ cons x (r ())

The handler all handles ND by collecting all possible results in a list:

all : forall [a] . [](<ND>(1 → a) → List a)

all m = handle m () with

return x ⇒ cons x nil

choose () r ⇒ r true ++ r false

fail () _ ⇒ nil

The handler state handles State s by threading a state through the computation:

state : forall [s] [a] . [](<State s>(1 → a) → s → a)

state m = handle m () with

return x ⇒ fun s → x

get () r ⇒ fun s → r s s

put s' r ⇒ fun s → r () s'

We can use these handlers to handle effectful programs from the previous sections:

> asList (fun () → iter genInc pi)

# [4,2,5,2,6,10] : List Int

> all (fun () → map (randomInc, pi))

# [[4,2,5,2,6,10],...,[3,1,4,1,5,9]] : List (List Int)

> state (fun () → iter (fun _ → stateInc ()) pi; do get) 0

# 6 : Int

The first program collects the incremented elements yielded by genInc. The second
program returns every list that the nondeterministic map can produce, in total 26 = 64
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lists. The final program runs stateInc once for each element of pi, starting from 0, and
returns the final state 6.

Now we explain the types of these handlers. Each handler type has a top-level [] as
we have seen before, which says that the handler itself uses no effects in its definition.
Each handler also has a relative modality within angle brackets, which specifies the effect
that the handler interprets. For example, <ND> says that the handler all handles the ND

effect for its argument. Similarly, <Gen a> and <State s> say that the handlers asList
and state handle the Gen a and State s effects, respectively.

One may wonder why handlers need a different form of modality. For example, why
not give asList an absolute modality as follows?

asList : forall [a] . []([Gen a](1 → 1) → List a)

It type checks, but breaks compositionality. One of the main benefits of effect handlers
is that they compose. A handler interprets one effect and automatically forwards other
effects to surrounding handlers. Programmers can therefore combine independently
defined handlers, with each handler responsible for only one effect. We will give
examples of composing handlers in Section 3.5.

The absolute modality above prevents this form of composition. Themodality [Gen a]

fixes the argument of asList to only use Gen a; no other effects from the ambient effect
context where asList is called are allowed. Instead, the relative modality <Gen a> allows
the argument to use Gen a provided by the handler asList, together with any other
effects from the ambient effect context of the call site. The handler handles Gen a and
forwards the ambient effects.
Relative modalities allow programmers to specify relative changes to the ambient

effect context. They usually appear in the type signatures of handlers, serving as useful
documentation for programmers to indicate which effects are handled. In general, a
handler that handles effects D and itself uses effects E usually has type [E](<D>(1 →
A) → B). Maetel enables programmers to only care about what effects are used and
handled, leaving other forwarded effects untouched.

3.5 Composing handlers

We compose handlers by composing functions. For instance, the function prefixSum

uses state to maintain the current sum and a generator to yield each prefix sum:

prefixSum : [State Int, Gen Int](List Int → 1)

prefixSum xs = iter (fun x → do put (do get + x); do yield (do get)) xs
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Its absolute modality documents the two effects used by its definition. To run prefixSum,
we need to provide both effects. We use the two handlers state and asList:

> asList (fun () → state (fun () → prefixSum pi) 0)

# [3,4,8,9,14,23] : List Int

The global effect context is empty, while the effect context for the program prefixSum pi

is State Int, Gen Int, where Gen Int is added by the relative modality <Gen Int> of the
outer handler asList, and State Int is added by the relative modality <State Int> of
the inner handler state.

As another example, the function subsetSum combines state with nondeterminism to
calculate the sum of a subset of a list of integers:

subsetSum : [State Int, ND](List Int → Int)

subsetSum xs =

iter (fun x → if do choose then do put (do get + x) else ()) xs; do get

Handling state first and nondeterminism second enumerates all 26 = 64 possible sums
of subsets of pi:

> all (fun () → state (fun () → subsetSum pi) 0)

# [23,14,18,...,9,0] : List Int

As above, the global effect context is empty, while the effect context for the program
subsetSum pi is State Int, ND extended by the relative modalities of the two handlers.

3.6 Masking effects

Sometimes we want a program to retain most of its ambient effects but prevent it from
using some particular effects. This situation typically arises when a library function is
implemented by a local handler and invokes a callback within the scope of that handler.
The callback may use any ambient effects at the call site, but we do not want the callback
to use the effect installed by this local handler, since it would leak the implementation
details of library functions. For instance, consider a function that uses yield internally
to find the first value satisfying a predicate:

find' : forall [a] . []((a → Bool) → List a → Maybe a) # ill-typed

find' p xs =

handle (iter (fun x → if p x then do yield x else ()) xs) with

return () ⇒ nothing

yield x r ⇒ just x
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This function iterates over a list and invokes the yield operation when it finds a value
satisfying the predicate p. The local handler handles the yield operation, returning
the yielded value and terminating the iteration by discarding the continuation r. The
function call p x is in the scope of the local handler. If p calls yield, the handler could
mistake that call for a value yielded by the search itself and return the wrong result.
The type for find' is invalid because it does not reflect the fact that the yield operation
performed by the argument p is also handled by the local handler. This unintended
handling is usually called the accidental handling problem [Zhang and Myers 2019] or
the effect pollution problem [Convent et al. 2020]. In other words, we want abstraction
safety for effect types, so that effects are only handled if the type tells us so. Maetel
achieves this property by forcing the argument type to be annotated with the relative
modality <Gen a> as:

find' : forall [a] . [](<Gen a>(a → Bool) → List a → Maybe a)

The relative modality <Gen a> explicitly states that the argument may use the Gen a

effect provided by the local handler.
Even though the type of find' now tells us what will happen, the behaviour of find'

is still not exactly what we want. We want to prevent the handler from handling the
yield operation invoked by the argument p. Masks allow us to encapsulate internal
effects, solving the effect pollution problem. Masking an effect for a program prevents
the dynamically nearest handler from handling this effect performed by this program.
For the above example, we can mask the Gen effect around the argument p as follows.

find : forall [a] . []((a → Bool) → List a → Maybe a)

find p xs =

handle (iter (fun x → if mask<Gen>(p x) then do yield x else ()) xs) with

return () ⇒ nothing

yield x r ⇒ just x

The expression mask<Gen>(p x) masks Gen for the call p x. Any yield operation per-
formed by p is therefore forwarded out of the local handler here. This handler still
handles the yield calls in the then branch. Consequently, the type of find does not
require the argument type to have the relative modality <Gen a>, since the mask<Gen>

removes the Gen effect from the effect context for the call p x.
With masks, relative modalities are extended from the form <D> to <L|D>, where 𝐷

denotes the effects added to the ambient effect context and 𝐿 denotes the effects removed
from the ambient effect context. We write <D> as a shorthand for <|D>. We call <D> an
extension modality and <L|> a mask modality. Mask modalities appear in types when we
want to state that some programs cannot use certain effects from the ambient effect
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context. For example, the following function yields the current state after invoking a
callback:

yieldState : [Gen Int, State Int](<Gen|>(1 → 1) → 1)

yieldState f = mask<Gen>(f ()); do yield (do get)

The absolute modality says that yieldState may use Gen Int and State Int. The mask
modality <Gen|> states that the effect context for the callback f does not include the
effect Gen Int from the ambient effect context, coinciding with the mask<Gen> in the body.
There is no mask modality in the type of find, because the mask term in the definition
of find cancels the effect introduced by the local handler, so that the effect context inside
the mask is the same as the ambient effect context outside the handler.

3.7 Algebraic data types

Maetel supports algebraic data types and pattern matching. For example, the list type
used throughout this chapter can be defined as follows:

data List a = nil | cons a (List a)

Data constructors may also store functions, and those functions may use ambient
effects. For example, we can define a data type Proc for cooperative processes, whose
constructor stores a function that takes a queue of other suspended processes:

data Proc = proc (List Proc → 1)

push : [](Proc → List Proc → List Proc)

push p ps = ps ++ cons p nil

next : [](List Proc → 1)

next nil = ()

next (cons (proc p) ps) = p ps

The function push appends a process to the queue, while next runs the process at its
head. The top-level [] modalities say that these auxiliary functions are pure, while the
stored processes may use ambient effects at the call site. For example, the following
process increments the state and passes control to the next process in the queue:

incProc : [State Int]Proc

incProc = proc (fun ps → stateInc (); next ps)
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Instead of manually scheduling processes with queue operations, we can implement a
cooperative scheduler with effect handlers through a Unix-style fork operation [Ritchie
and Thompson 1974; Hillerström 2022]:

eff UCoop = ufork : 1 ⇒ Bool | suspend : 1 ⇒ 1

The operation ufork returns false in the parent process and true in the child. The
operation suspend asks the scheduler to pause the current process and run another one.

The scheduler handles UCoop and maintains the process queue:

schedule : [](<UCoop>(1 → 1) → List Proc → 1)

schedule m = handle m () with

return () ⇒ fun ps → next ps

suspend () r ⇒ fun ps → next (push (proc (fun ps' → r () ps')) ps)

ufork () r ⇒ fun ps → r true (push (proc (fun ps' → r false ps')) ps)

When a process returns, the handler runs the next process in the queue. When a process
suspends, the handler stores its continuation at the end of the queue and runs the next
process. When a process forks, the handler runs the child process immediately and
queues the parent process. The type of schedule follows the same pattern as the earlier
handlers. Its top-level [] says that the scheduler itself is pure. Its relative modality
<UCoop> says that it handles the UCoop effect of its argument. Each process can freely use
ambient effects from its call site.

3.8 Kinds

Now we explain what the brackets in the syntax forall [a] mean. These brackets
appear in some of the polymorphic types, mostly in the types of handlers. As a running
example, recall the type of the state handler:

state : forall [s] [a] . [](<State s>(1 → a) → s → a)

After this handler finishes, the State effect handled by it is no longer available. Any
value returned by the handler must therefore not use the State effect provided by the
handler. This matters when the returned value is a function, because the function body
may read and update the state:

state (fun () → (fun () → do put (do get + 42))) 0 # ill-typed

The returned function fun () → do put (do get + 42) captures state operations
provided by the handler state and carries these operations outside the handler. This
function would get stuck when called due to unhandled state operations. On the other
hand, returning a value of type Int is safe since it cannot perform the State effect
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provided by the handler. Returning a value of type [State Int](1 → 1) is also safe;
although it may use the State effect, this effect is not provided by the handler state
here, but from the effect context specified by the absolute modality [State Int].

Based on this observation, Maetel has a kind system which classifies types according
to whether their values may depend on ambient effects. The kind Abs represents absolute
types, whose values are independent of the ambient effect context. Base types such as
Int are absolute, as are data structures containing only absolute values. An absolute
modality also produces an absolute type because it records the complete effect context
on which a value depends, such as [State Int](1 → 1). The kind Any contains all types.
Function types have this kind because a function body may use ambient effects. Every
absolute type can also be used where a type of kind Any is expected. These two kinds
explain the brackets on polymorphic variables. A type variable bound by forall a has
kind Any by default; writing forall [a] instead restricts the type variable a to kind Abs.
With this kind system, Maetel rejects the earlier problematic program. For that

program to type check, the type variable a in the type of state would have to be
instantiated with the function type 1 → 1, which has kind Any. However, the type
variable a has kind Abs, so the instantiation is rejected.

Sometimes a programmer wants to deliberately assert that a handler returns a value
that depends on the handled effect. A more general type for the state handler can record
that dependence in its result type:

state' : forall [s] a . [](<State s>(1 → a) → s → <State s>a)

state' m = handle m () with

return x ⇒ fun s → x

get () r ⇒ fun s → r s s

put s' r ⇒ fun s → r () s'

Here a has kind Any, so it may be instantiated with the function type 1 → 1. We do
not face the earlier effect leakage problem because the variable 𝑥 in the return clause
has type <State s>a as reflected in the result type of state'. The earlier computation is
therefore accepted by state':

state' (fun () → fun () → do put (do get + 42)) 0 # : <State Int>(1 → 1)

The result type <State Int>(1 → 1) records that the returned function still relies on
the State Int effect. The earlier type of state is usually sufficient in practice.

The state type s is restricted to kind Abs for the same reason. The get and put operations
maymove states between different effect contexts. We restrict states to be independent of
the ambient effect context to avoid leaking effects. Otherwise, if s could be instantiated
with 1 → 1, we could use state operations to leak effects:
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3.9 Effect polymorphism

state (fun () → asList (fun () → do put (fun () → do yield 42));

(do get) ())

The put operation stores the function that uses the Gen Int effect provided by the
handler asList. After asList finishes, get retrieves the same function outside that
handler. Invoking this function would then call yield outside the scope of the handler
asList. Therefore, Maetel forces the state type to have kind Abs. Maetel achieves this by
requiring the argument and result types of all operations to have kind Abs, as we have
seen in the declaration of the State effect:

eff State [s] = get : 1 ⇒ s | put : s ⇒ 1

Most programs encounter the Abs kind only in type signatures thatmove values across
handler boundaries or pass values to operations. Ordinary polymorphic functions such
as map and iter continue to use variables of the default kind Any.

3.9 Effect polymorphism

All examples in the preceding sections use no type variables that abstract over effects.
Absolute modalities specify a fixed effect context, while relative modalities allow
functions to transform the ambient contextwithout naming it. Thesemodalities, together
with the notion of ambient effect contexts, enable programmers to write modular
effectful programs without relying on any explicit polymorphism mechanism.
Nevertheless, effect variables can still be useful when we want to explicitly abstract

over different effect contexts specified by absolutemodalities. Themost prominent case is
higher-order effects, whose operations take functions or other suspended computations
as arguments [Wu et al. 2014; Piróg et al. 2018; van den Berg and Schrijvers 2024; Yang
and Wu 2023, 2026]. For example, consider a different interface for the cooperative
concurrency effect in Section 3.7 with a higher-order fork operation that takes the child
process as an argument. As discussed in Section 3.8, an operation argument must have
an absolute type so that it cannot leak ambient effects. We could therefore define fork

as follows:

eff Coop = fork : [Coop](1 → 1) ⇒ 1 | suspend : 1 ⇒ 1

The absolute modality here restricts the child process to using only Coop. We have to
define different versions of Coop to allow the child process to use other effects.

To admit other effects without fixing them in the declaration, we abstract over effect
contexts with an effect variable e:

eff Coop e = fork : [Coop e, e](1 → 1) ⇒ 1 | suspend : 1 ⇒ 1
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3 A tour of modal effect types

The variable e ranges over the additional effects that a child may use.
As far as we know, the requirements for effect polymorphism in Maetel mainly arise

when we want a modular interface for higher-order effects. In our recent extended
abstract [Boussaa et al. 2026], we sketched a new approach to extend modal effect types
with modular types for higher-order effects without relying on effect polymorphism.
Another use case for effect polymorphism is to faithfully encode other effect systems as
we will demonstrate in Part II.

3.10 Type inference

The preceding examples contain no explicit terms for type abstractions, instantiations,
modality introductions, or modality eliminations. Maetel implicitly infers them using
a bidirectional typing approach; we defer a detailed description to Part III. One thing
worth mentioning is that Maetel can implicitly instantiate type variables with a type that
contains quantifiers or modalities, which is what wemean by first-class polymorphism and
first-class modal types. Such instantiations are useful since a handler is often polymorphic
over its return type, which is instantiated to a concrete type when applying a handler
to a program. For instance, suppose we have a list of pure polymorphic functions:

pureFuncs : List (forall a . [](a → a → a))

We can apply the state handler to a program that returns this list:

state (fun () → do put 42; pureFuncs)

In order for this program to type check, we need to instantiate the type variable a of
statewith the type List (forall a . [](a → a → a)). Maetel infers this instantiation
automatically by locally making use of the type information of pureFuncs, while also
making use of the type information of state to introduce the relative modality <State

Int> for the whole argument.

3.11 Maetel cheat sheet

We conclude this chapter with a Maetel cheat sheet. It is not a complete reference, but
shows representative programming patterns using examples from this chapter.

## Effects are declared as a collection of operations

eff IO = read : 1 ⇒ String | print : String ⇒ 1

eff Gen [a] = yield : a ⇒ 1

eff State [s] = get : 1 ⇒ s | put : s ⇒ 1

eff ND = choose : 1 ⇒ Bool | fail : 1 ⇒ forall a . a
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## Absolute modalities track which effects are used

inc : [](Int → Int) # A pure function

iter : forall a . []((a → 1) → List a → 1) # A pure higher-order function

genInc : [Gen Int](Int → 1) # An effectful function that uses only Gen Int

genInc x = do yield (x + 1)

stateInc : [State Int](1 → 1) # Uses only State Int

prefixSum : [State Int, Gen Int](List Int → 1) # Uses both effects

## Relative modalities track which effects are handled

asList : forall [a] . [](<Gen a>(1 → 1) → List a) # A handler for Gen

asList f = handle f () with

return () ⇒ nil

yield x r ⇒ cons x (r ())

state : forall [s] [a] . [](<State s>(1 → a) → s → a) # Handles State

all : forall [a] . [](<ND>(1 → a) → List a) # Handles ND
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Part I

Met the Calculus

We introduce a core calculus Met for modal effect types, together with different
extensions ranging from standard type system features to effect specific features.

Chapter 4 introduces the core calculus Met. Chapter 5 presents extensions of Met.
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4 A core calculus

Find the simplest algebra of types, and some syntax for them.

—Stephen Dolan (2016)

We introduce Met, a simply-typed calculus with effect handlers and modal effect types.
We start with an overview of the core calculus, followed by its syntax and mode theory,
which defines the algebraic structures of modes (effect contexts) and modalities. We
then present its static and dynamic semantics as well as its metatheory, including type
soundness and effect safety. We aim at presenting a minimal core calculus in a self-
contained way in this chapter, assuming no prior knowledge of multimodal type theory
(MTT) [Gratzer 2023; Gratzer et al. 2020]. We conclude this chapter with a discussion
of the connections between Met and MTT. We defer extensions including data types,
parametric polymorphism, masks, and enriched forms of handlers to Chapter 5.

4.1 Overview of Met

We give a high-level overview of the core calculus Met. This overview complements the
Maetel tutorial in Chapter 3 to show how effect contexts are tracked and howmodalities
are explicitly introduced and eliminated in Met.
Every well-typed term in the simply-typed 𝜆-calculus is also well-typed in Met. For

example, we may define a higher-order application function:

appMet � 𝜆 𝑓 Int→1.𝜆𝑥Int. 𝑓 𝑥 : (Int → 1) → Int → 1

We use meta-level macros defined by � in red to refer to code snippets.

Effect contexts. Met adopts a contextual reading of effects, inspired by Frank [Lindley
et al. 2017] and Effekt [Brachthäuser et al. 2020]. For brevity, we directly track operation
labels, instead of organising operations into effect names (an effect consists of several
operations) as in Section 3.2. For our examples we assume two operations yield : Int↠
1 and ask : 1 ↠ Int. In addition to a typing context Γ, typing judgements include an
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4 A core calculus

ambient effect context which tracks the operations that may be performed. Consider the
typing judgement:

Γ1 ⊢ genMet � 𝜆𝑥Int.do yield 𝑥 : Int → 1 @ yield

The function has type Int → 1. When applied, it performs the yield operation using
the do syntax. The judgement specifies the effect context with the syntax@ yield, which
tracks the possibility of performing yield. We can now apply appMet to genMet and 42:

Γ1 ⊢ (𝜆 𝑓 Int→1.𝜆𝑥Int. 𝑓 𝑥) (𝜆𝑥Int.do yield 𝑥) 42 : 1 @ yield

There is a natural notion of subeffecting on effect contexts. We also have:

Γ2 ⊢ 𝜆𝑥Int.do yield 𝑥 : Int → 1 @ yield, ask

Absolute modalities. Effect contexts specified by@𝐸 belong to typing judgements
instead of types. Met uses modalities to track effects in types. An absolute modality [𝐸]
allows us to specify a new effect context 𝐸 in types different from the ambient one. For
example, consider the typing derivation:

Γ3 ,µ[yield] ⊢ 𝜆𝑥Int.do yield 𝑥 : Int → 1 @ yield

Γ3 ⊢ gen′Met � mod[yield] (𝜆𝑥Int.do yield 𝑥) : [yield](Int → 1) @ ask

This term has type [yield](Int → 1). We highlight modalities in blue when they appear
in types. The syntax mod[yield] introduces an absolute modality [yield] which specifies
a singleton effect context of yield and uses it to override the ambient effect context ask.
The typing judgement of the premise uses the new effect context yield as its ambient
effect context. The lock µ[yield] tracks the switch of the effect context and controls the
accessibility of variables on the left of it. Only variables that are known not to use effects
other than yield may be used. This is important to ensure effect safety. For example,
consider the following invalid judgement:

Γ3 , 𝑓 : Int → 1 ⊬ mod[yield] (𝜆𝑥Int. 𝑓 𝑥) : [yield](Int → 1) @ ask

This program is unsafe as 𝑓 may invoke ask which we must not use under the effect
context yield specified by the modality [yield]. Met rejects this judgement as it relies
on the following invalid judgement for the inner function:

Γ3 , 𝑓 : Int → 1, µ[yield] ⊬ 𝜆𝑥Int. 𝑓 𝑥 : Int → 1 @ yield

This typing judgement is invalid as the lockµ[yield] prevents the use of 𝑓 . Tomake it valid,
we can annotate the binding of 𝑓 with the modality [yield] as 𝑓 :[yield] Int → 1. This
annotation tracks that the function 𝑓 may only use the operation yield. Such annotated
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bindings are introduced by modality elimination. For instance, we can eliminate the
modality of gen′Met and then apply it via the let mod syntax (where we elide the typing
of the bound term):

... Γ1 , 𝑓 :[yield] Int → 1 ⊢ 𝑓 42 : 1 @ yield

Γ1 ⊢ let mod[yield] 𝑓 = mod[yield] (𝜆𝑥Int.do yield 𝑥) in 𝑓 42 : 1 @ yield

The term 𝜆𝑥Int.do yield 𝑥 inside the modality [yield] is bound to 𝑓 . The binding of 𝑓
is annotated with this absolute modality. Consequently, the use of 𝑓 in 𝑓 42 requires
the ambient effect context to contain the operation yield. In general, whether a variable
binding 𝑓 :𝜇 𝐴 can be used after a lock µ𝜈 is controlled by a modality transformation
relation which we will introduce in Section 4.3.

Relative modalities. As well as being able to specify a fresh effect context from scratch
with an absolute modality, Met also has relative modalities ⟨𝐷⟩ which allow us to extend
the ambient effect context with an extension 𝐷. For instance, consider the derivation:

µ⟨yield⟩ ⊢ 𝜆𝑥Int.do yield (do ask ()) : Int → 1 @ yield, ask

⊢ mod⟨yield⟩ (𝜆𝑥Int.do yield (do ask ())) : ⟨yield⟩(Int → 1) @ ask

The relative modality ⟨yield⟩ extends the ambient effect context ask with the operation
yield. Consequently, the function inside can use both operations. Relative modalities
are especially useful for giving composable types to effect handlers as we have seen in
Section 3.4.

4.2 Syntax

Figure 4.1 gives the syntax of the core part of Met.Met extends a simply-typed 𝜆-calculus
with standard constructs for effects and handlers (highlighted in orange) as well as
modal effect types (highlighted in grey).

Types 𝐴, 𝐵 ::= 1 | 𝐴→ 𝐵 | 𝜇𝐴

Effects 𝐷, 𝐸, 𝐹 ::= · | ℓ , 𝐸
Modalities 𝜇, 𝜈 ::= [𝐸] | ⟨𝐷⟩
Kinds 𝐾 ::= Abs | Any
Contexts Γ ::= · | Γ, 𝑥 :𝜇 𝐴 | Γ,µ𝜇

Label contexts Σ ::= · | Σ, ℓ : 𝐴↠ 𝐵

Terms 𝑀, 𝑁 ::= 𝑥 | 𝜆𝑥𝐴.𝑀 | 𝑀𝑁 | mod𝜇𝑉

| let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑀
| do ℓ 𝑀 | handle 𝑀 with 𝐻

Values 𝑉,𝑊 ::= 𝑥 | 𝜆𝑥𝐴.𝑀 | mod𝜇𝑉

Handlers 𝐻 ::= {return 𝑥 ↦→ 𝑀}
| {ℓ 𝑝 𝑟 ↦→ 𝑀} ⊎ 𝐻

Figure 4.1: Syntax of Met.

We adopt the Barendregt convention that all variables are distinct [Barendregt 1985].
We implicitly identify each syntactic category up to its equivalence relation, which is
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the standard 𝛼-equivalence by default unless defined explicitly in later sections. For
brevity, we fix a global context Σwhich associates each global operation label with its
signature. An entry ℓ : 𝐴↠ 𝐵 indicates that the operation ℓ takes an argument of type
𝐴 and returns a value of type 𝐵.
In the following sections, we first present the mode theory of Met, which defines the

structures of modes and modalities, before moving to the kinding, typing, operational
semantics, and metatheory of Met.

4.3 Mode theory

Figure 4.2 summarises the mode theory of Met. We explain it in the following sections.

Well-formedness Γ ⊢ 𝐸 Γ ⊢ 𝜇

Γ ⊢ ·
ℓ ∈ dom(Σ) Γ ⊢ 𝐸

Γ ⊢ ℓ , 𝐸
Γ ⊢ 𝐸
Γ ⊢ [𝐸]

Γ ⊢ 𝐷
Γ ⊢ ⟨𝐷⟩

Equivalence and subeffecting Γ ⊢ 𝐸 ≡ 𝐹 Γ ⊢ 𝐸 ⩽ 𝐹 Γ ⊢ 𝜇 ≡ 𝜈

Γ ⊢ 𝐸 ≡ 𝐸
Γ ⊢ 𝐸1 ≡ 𝐸2 Γ ⊢ 𝐸2 ≡ 𝐸3

Γ ⊢ 𝐸1 ≡ 𝐸3
Γ ⊢ 𝐸 ≡ 𝐸′

Γ ⊢ ℓ , 𝐸 ≡ ℓ , 𝐸′
ℓ ≠ ℓ ′

Γ ⊢ ℓ , ℓ ′, 𝐸 ≡ ℓ ′, ℓ , 𝐸

Γ ⊢ 𝐸, 𝐸′ ≡ 𝐹

Γ ⊢ 𝐸 ⩽ 𝐹
Γ ⊢ 𝐸 ≡ 𝐹

Γ ⊢ [𝐸] ≡ [𝐹]
Γ ⊢ 𝐷 ≡ 𝐷′

Γ ⊢ ⟨𝐷⟩ ≡ ⟨𝐷′⟩

Modality action 𝜇(𝐸)
[𝐸](𝐹) = 𝐸 ⟨𝐷⟩(𝐸) = 𝐷, 𝐸

Modality composition 𝜇 ◦ 𝜈

𝜇 ◦ [𝐸] = [𝐸] [𝐸] ◦ ⟨𝐷⟩ = [𝐷, 𝐸] ⟨𝐷1⟩ ◦ ⟨𝐷2⟩ = ⟨𝐷2 , 𝐷1⟩

Modality transformation Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹

MT-Abs
Γ ⊢ 𝐸 ⩽ 𝜇(𝐹)

Γ ⊢ [𝐸] ⇒ 𝜇 @ 𝐹

MT-Rel

Γ ⊢ ⟨𝐷⟩ ⇒ ⟨𝐷⟩ @ 𝐹

Figure 4.2: Mode theory of Met.

As usual, equivalence, subeffecting, and modality transformation judgements impli-
citly require well-formedness of effects and modalities as well-formedness conditions.
We sometimes omit Γwhen it is clear from the context to simplify the presentation.
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4.3 Mode theory

4.3.1 Effect contexts as modes

The syntax of effects is defined in Figure 4.1. We distinguish effect contexts, which specify
the available effects and over which 𝐸 and 𝐹 range, from extensions, which extend
effect contexts and over which 𝐷 ranges. For the minimal core calculus in this chapter,
extensions and effect contexts share the same syntax and rules. The extensions to Met
in Chapter 5 distinguish them explicitly.

The modes of Met are effect contexts 𝐸. Each type and term is at some effect context 𝐸,
specifying the available effects from the context. Figure 4.2 gives the well-formedness,
equivalence, and subeffecting rules for effect contexts. Well-formedness Γ ⊢ 𝐸 checks
that each label in 𝐸 is defined in the global label context Σ. The context Γ is only needed
to maintain well-scopedness for the extension with polymorphism in Section 5.4.
Effect contexts 𝐸 are defined as scoped rows of operation labels [Leijen 2005]. Each

label denotes an effectful operation present in the global label context Σ. An effect
context may contain the same label multiple times. In Chapter 6, we will see different
ways to organise effect contexts in addition to scoped rows.

Following Rémy [1994] and Leijen [2005], we identify effects up to reordering of
distinct labels. Since we only have labels here, it is technically impossible to distinguish
between two identical labels. It would become possible to distinguish between them in
Sections 5.2 and 5.9 with the extensions of parameterised effects, which parameterise
operation signatures with type parameters, and presence types, which allow us to assign
different operation signatures to the same labels in effect contexts.
We define a subeffecting relation on effect contexts 𝐸 ⩽ 𝐹 if we can append another

effect context to 𝐸 to obtain 𝐹.

4.3.2 Modalities manipulating effect contexts

Components of types and terms may have different effect contexts from the ambient
one. For instance, under a pure global context, we may want to define a function that
performs some effects when it is invoked.We usemodalities to manipulate effect contexts.
For the modal type 𝜇𝐴, the effect context for 𝐴 is derived from the ambient effect context
manipulated by the modality 𝜇 as follows.

[𝐸](𝐹) = 𝐸 ⟨𝐷⟩(𝐸) = 𝐷, 𝐸

The absolute modality [𝐸] completely replaces the effect context 𝐹 with 𝐸, similar to
effect annotations on function types in traditional effect systems. The relative modality
⟨𝐷⟩ is the key novelty of Met. It specifies a transformation on the input effect context,
extending it with 𝐷. We write 𝐷 before 𝐸 because the effects in 𝐷 are more recent than
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those in 𝐸. We call ⟨⟩ the identity modality since ⟨⟩(𝐸) = 𝐸 for any 𝐸. Modalities are
monotone total functions on effect contexts. If 𝐸 ⩽ 𝐹, we have 𝜇(𝐸) ⩽ 𝜇(𝐹).

Modality composition. We compose the actions of modalities as follows.

𝜇 ◦ [𝐸] = [𝐸] [𝐸] ◦ ⟨𝐷⟩ = [𝐷, 𝐸] ⟨𝐷1⟩ ◦ ⟨𝐷2⟩ = ⟨𝐷2 , 𝐷1⟩

Our composition reads from left to right. First, an absolutemodality completely specifies
the new effect context, thus shadowing any other modality 𝜇. Second, replacing the
effect context with 𝐸 and then extending it with 𝐷 is equivalent to just replacing it with
𝐷, 𝐸. Third, successive extensions can be combined into one.

Composition is well defined because applying a composite modality is equivalent to
applying its components sequentially: (𝜇 ◦ 𝜈)(𝐸) = 𝜈(𝜇(𝐸)). We also have associativity
(𝜇 ◦ 𝜈) ◦ 𝜉 = 𝜇 ◦ (𝜈 ◦ 𝜉) and identity ⟨⟩ ◦ 𝜇 = 𝜇 ◦ ⟨⟩ = 𝜇.

We choose a left-to-right composition because the modality 𝜇 in a modal type 𝜇𝐴

represents amanipulation of the ambient effect context. As a result, for the type 𝜇𝜈𝐴, the
modality 𝜈 indicates amore recentmanipulation of the effect context than𝜇. For instance,
for the type [𝐸][𝐹](1 → 1), the available effects for the function are 𝐹 instead of 𝐸, which
is consistent with composing the two modalities: ([𝐸] ◦ [𝐹])(1 → 1) = [𝐹](1 → 1).

Modality transformations. Just as modalities allow us to manipulate effect contexts,
we need a transformation relation that tells us when we can change modalities.

We write Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 for a transformation from the modality 𝜇 to 𝜈 under the
ambient effect context 𝐹. Intuitively, such a transformation indicates that under ambient
effect context 𝐹, the action of 𝜇 can be replaced by the action of 𝜈. This relation is used to
control variable access as we have demonstrated in Section 2.2. For instance, supposing
we have a variable of type 𝜇(1 → 1) under ambient effect context 𝐹, we can rewrap it as
a function of type 𝜈(1 → 1) if 𝜇 ⇒ 𝜈 @ 𝐹.

Intuitively, 𝜇 ⇒ 𝜈 @ 𝐹 is safe when 𝜈(𝐹) is larger than 𝜇(𝐹) so that we have not
lost any operations. Moreover, subeffecting should not break the safety guarantee of
transformations. That is, 𝜇(𝐹′) ⩽ 𝜈(𝐹′) should hold for any effect context 𝐹′ with 𝐹 ⩽ 𝐹′.
For instance, consider the following program which coerces the modality ⟨𝐷1⟩ of a
value 𝑉 to ⟨𝐷2⟩.

Γ ⊢ let mod⟨𝐷1⟩ 𝑥 = 𝑉 in mod⟨𝐷2⟩ 𝑥 : ⟨𝐷2⟩(Int → Int) @𝐸
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We need the transformation relation ⟨𝐷1⟩ ⇒ ⟨𝐷2⟩ @𝐸 in its derivation tree:

Γ ⊢ 𝑉 : ⟨𝐷1⟩(Int → Int) @𝐸

Γ @𝐸 Γ ⊢ ⟨𝐷1⟩ ⇒ ⟨𝐷2⟩ @𝐸
Γ ⊢ (⟨𝐷1⟩, Int → Int) ⇒ ⟨𝐷2⟩

Γ, 𝑥 :⟨𝐷1⟩ Int → Int,µ⟨𝐷2⟩ ⊢ 𝑥 : Int → Int @𝐷2 , 𝐸
T-Var

Γ, 𝑥 :⟨𝐷1⟩ Int → Int ⊢ mod⟨𝐷2⟩ 𝑥 : ⟨𝐷2⟩(Int → Int) @𝐸
T-Mod

Γ ⊢ let mod⟨𝐷1⟩ 𝑥 = 𝑉 in mod⟨𝐷2⟩ 𝑥 : ⟨𝐷2⟩(Int → Int) @𝐸
T-Letmod

To preserve the typing derivation after upcasting 𝐸 to a larger 𝐹, the transformation
requires 𝐷1 , 𝐹 ⩽ 𝐷2 , 𝐹 for any 𝐸 ⩽ 𝐹.

We formally define Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 as the following two rules.

MT-Abs
Γ ⊢ 𝐸 ⩽ 𝜇(𝐹)

Γ ⊢ [𝐸] ⇒ 𝜇 @ 𝐹

MT-Rel

Γ ⊢ ⟨𝐷⟩ ⇒ ⟨𝐷⟩ @ 𝐹

Rule MT-Abs allows us to transform an absolute modality to any other modality as
long as no effect leaks. Rule MT-Rel only allows us to transform a relative modality to
another equivalent relative modality. The following lemma shows the soundness of
modality transformation.

Lemma 1 (Soundness of modality transformation). If Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹, then Γ ⊢ 𝜇(𝐹′) ⩽
𝜈(𝐹′) for all 𝐹′ with Γ ⊢ 𝐹 ⩽ 𝐹′.

Let us give some examples. First, [] ⇒ 𝜇 @𝐸 always holds, consistent with the
intuition that pure values can be used anywhere safely. Second, ⟨ℓ⟩ ⇒ ⟨ℓ⟩ @𝐸 always
holds. Third, ⟨⟩ ⇒ ⟨ℓ⟩ @𝐸 does not hold for any 𝐸.

An interesting observation is that ⟨⟩ ⇒ ⟨ℓ⟩ @ · is not allowed, even though it is sound
in the core calculus as we have 𝐹 ⩽ ℓ , 𝐹 for any effect context 𝐹. We do not allow it
here for two reasons. First, with the extension of parameterised effects or presence
types in Sections 5.2 and 5.9, it would not be sound when 𝐹 contains another ℓ with a
different parameter or signature. Second, allowing it would break abstraction safety as
we discussed in Section 3.6.

4.4 Kinds, contexts, and equivalence

Figure 4.3 gives the kinding and type equivalence rules for Met. We have two kinds
Abs and Any. The Abs kind is a sub-kind of the kind of all types Any, and denotes types
of values that are guaranteed not to use operations from the ambient effect context.
Function arrows have kind Any due to the possibility of using operations from the
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4 A core calculus

ambient effect context. A modal type [𝐸]𝐴 is absolute as it cannot depend on the
ambient effect context.

Γ ⊢ 𝐴 : 𝐾

Γ ⊢ 1 : Abs
Γ ⊢ 𝐴 : Abs
Γ ⊢ 𝐴 : Any

Γ ⊢ [𝐸] Γ ⊢ 𝐴 : Any
Γ ⊢ [𝐸]𝐴 : Abs

Γ ⊢ ⟨𝐷⟩ Γ ⊢ 𝐴 : 𝐾
Γ ⊢ ⟨𝐷⟩𝐴 : 𝐾

Γ ⊢ 𝐴 : Any Γ ⊢ 𝐵 : Any
Γ ⊢ 𝐴→ 𝐵 : Any

Γ ⊢ 𝐴 ≡ 𝐵

Γ ⊢ 1 ≡ 1

Γ ⊢ 𝜇 ≡ 𝜈 Γ ⊢ 𝐴 ≡ 𝐵

Γ ⊢ 𝜇𝐴 ≡ 𝜈𝐵

Γ ⊢ 𝐴1 ≡ 𝐵1 Γ ⊢ 𝐴2 ≡ 𝐵2

Γ ⊢ 𝐴1 → 𝐴2 ≡ 𝐵1 → 𝐵2

Figure 4.3: Kinding and equivalence rules of types for Met.

Γ @𝐸

· @ ·
Γ @𝐸 Γ ⊢ 𝜇 Γ ⊢ 𝐴 : 𝐾

Γ, 𝑥 :𝜇 𝐴 @𝐸
Γ @ 𝐹 Γ ⊢ 𝜇 𝜇(𝐹) = 𝐸

Γ,µ𝜇 @𝐸

Γ ≡ Γ′ @𝐸

Γ @𝐸
Γ ≡ Γ @𝐸

Γ ≡ Γ1 @𝐸 Γ1 ≡ Γ2 @𝐸
Γ ≡ Γ2 @𝐸

Γ ≡ Γ′ @𝐸 Γ ⊢ 𝜇 ≡ 𝜇′ Γ ⊢ 𝐴 ≡ 𝐴′

Γ, 𝑥 :𝜇 𝐴 ≡ Γ′, 𝑥 :𝜇′ 𝐴′ @𝐸

Γ ≡ Γ′ @ 𝐹 𝜇(𝐹) = 𝐸 Γ ⊢ 𝜇 ≡ 𝜇′

Γ,µ𝜇 ≡ Γ′,µ𝜇′ @𝐸 Γ,µ⟨⟩ ≡ Γ @𝐸 Γ,µ𝜇 ,µ𝜈 ≡ Γ,µ𝜇◦𝜈 @𝐸

Γ ⊢ 𝐴↠ 𝐵 ⊢ Σ

Γ ⊢ 𝐴 : Abs Γ ⊢ 𝐵 : Abs
Γ ⊢ 𝐴↠ 𝐵 ⊢ ·

⊢ 𝐴↠ 𝐵 ⊢ Σ

⊢ ℓ : 𝐴↠ 𝐵,Σ

Figure 4.4: Well-formedness and equivalence rules of contexts for Met.

Contexts are ordered. Each term variable binding 𝑥 :𝜇 𝐴 in contexts is tagged with a
modality 𝜇. We omit this annotation when 𝜇 is the identity modality. Contexts contain
locks µ𝜇 carrying modalities 𝜇. As shown in Section 2.2, they track the introduction and
elimination of modalities and play an important role in controlling variable access.
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4.5 Typing

Figure 4.4 gives the well-formedness and equivalence rules for contexts. We define the
relation Γ @𝐸 to state that the context Γ is well-formed at effect context 𝐸. For instance,
given some modalities 𝜇, 𝜈, and 𝜉, the following judgement is valid.

µ[𝐹] , 𝑥 :𝜇
@𝜇(𝐹)
𝐴1 , 𝑦 :𝜈

@ 𝜈(𝐹)
𝐴2︸                    ︷︷                    ︸

@ 𝐹

,µ[𝐸] , 𝑧 :𝜉
@ 𝜉(𝐸)
𝐴3︸     ︷︷     ︸

@𝐸

@𝐸

We annotate below the effect context for each variable binding and annotate above the
effect context for each type. Reading from left to right, the lock µ[𝐸] switches the effect
context from 𝐹 to 𝐸 since [𝐸](𝐹) = 𝐸.
The context equivalence relation Γ ≡ Γ′ @𝐸 states that the contexts Γ and Γ′ are

equivalent at effect context 𝐸. The interesting rules are the last two rules, which allow
us to remove locks with identity modalities and to compose adjacent locks.

Following MTT, we define the meta operation locks(−) to compose all the modalities
on the locks in a context:

locks(·) = ⟨⟩ locks(Γ,µ𝜇) = locks(Γ) ◦ 𝜇 locks(Γ, 𝑥 :𝜇 𝐴) = locks(Γ)

Figure 4.4 also gives thewell-formedness rules for the label contextΣ. For an operation
signature 𝐴 ↠ 𝐵, we restrict the kind of 𝐴 and 𝐵 to be Abs in order to prevent effect
leakage as discussed in Section 3.8.

4.5 Typing

Figure 4.5 gives the typing rules of Met. The typing judgement Γ ⊢ 𝑀 : 𝐴 @𝐸 states
that the term 𝑀 has type 𝐴 under context Γ and effect context 𝐸. As usual, we require
Γ @𝐸, Γ ⊢ 𝐸, Γ ⊢ 𝐴 : 𝐾 for some 𝐾, and well-formedness for type annotations as
well-formedness conditions. We highlight interesting rules in grey.

Modality introduction and elimination. Modalities are introduced by T-Mod and
eliminated by T-Letmod. The term mod𝜇𝑉 introduces modality 𝜇 to the type of the
conclusion and a lock µ𝜇 into the context of the premise, and requires the value 𝑉 to be
well-typed under the new effect context 𝜇(𝐸) obtained by applying 𝜇 to 𝐸. The lock µ𝜇

tracks the change to the effect context. Specialising the modality 𝜇 to either absolute or
relative modalities, we get the following two rules.

Γ,µ[𝐸] ⊢ 𝑉 : 𝐴 @𝐸

Γ ⊢ mod[𝐸]𝑉 : [𝐸]𝐴 @ 𝐹

Γ,µ⟨𝐷⟩ ⊢ 𝑉 : 𝐴 @𝐷, 𝐹

Γ ⊢ mod⟨𝐷⟩ 𝑉 : ⟨𝐷⟩𝐴 @ 𝐹
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4 A core calculus

Γ ⊢ (𝜇, 𝐴) ⇒ 𝜈

Γ ⊢ 𝐴 : Abs
Γ ⊢ (𝜇, 𝐴) ⇒ 𝜈

Γ @𝐸 Γ ⊢ 𝜇 ⇒ 𝜈 @𝐸
Γ ⊢ (𝜇, 𝐴) ⇒ 𝜈

Γ ⊢ 𝑀 : 𝐴 @𝐸

T-Var
Γ ⊢ (𝜇, 𝐴) ⇒ locks(Γ′)
Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑥 : 𝐴 @𝐸

T-Mod
Γ,µ𝜇 ⊢ 𝑉 : 𝐴 @𝜇(𝐸)
Γ ⊢ mod𝜇𝑉 : 𝜇𝐴 @𝐸

T-Letmod
Γ,µ𝜈 ⊢ 𝑉 : 𝜇𝐴 @ 𝜈(𝐸)
Γ, 𝑥 :𝜈◦𝜇 𝐴 ⊢ 𝑀 : 𝐵 @𝐸

Γ ⊢ let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑀 : 𝐵 @𝐸

T-Abs
Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 @𝐸

Γ ⊢ 𝜆𝑥𝐴.𝑀 : 𝐴→ 𝐵 @𝐸

T-App
Γ ⊢ 𝑀 : 𝐴→ 𝐵 @𝐸

Γ ⊢ 𝑁 : 𝐴 @𝐸
Γ ⊢ 𝑀 𝑁 : 𝐵 @𝐸

T-Do
Σ ∋ ℓ : 𝐴↠ 𝐵
Γ ⊢ 𝑁 : 𝐴 @ ℓ , 𝐸

Γ ⊢ do ℓ 𝑁 : 𝐵 @ ℓ , 𝐸

T-Handle
𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 Γ, 𝑥 :⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸
[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @𝐸]𝑖

Γ ⊢ handle 𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @𝐸

Figure 4.5: Typing rules for Met.

We restrict mod to values to avoid effect leakage [Lorenzen et al. 2024; Ahman 2023].
Otherwise, a term such as mod⟨ℓ⟩ (do ℓ 𝑉) would type check under the empty effect
context but get stuck due to the unhandled operation ℓ .
The term let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑀 moves the modality 𝜇 from the type of 𝑉 to the

binding of 𝑥. As with modality introduction, modality elimination is also restricted
to values. Following MTT, we use let-style modality elimination which takes another
modality 𝜈 in addition to the modality 𝜇 that is eliminated from 𝑉 . This is crucial for
sequential unboxing. For instance, the following term sequentially unboxes 𝑥 : 𝜈𝜇𝐴.
The variables 𝑦 and 𝑧 are bound as 𝑦 :𝜈 𝜇𝐴 and 𝑧 :𝜈◦𝜇 𝐴, respectively.

let mod𝜈 𝑦 = 𝑥 in let𝜈 mod𝜇 𝑧 = 𝑦 in 𝑀

Without the modality 𝜈 in the second let, we would get stuck on further eliminating the
modality 𝜇 from 𝑦.

Abstraction and application. Rules T-Abs and T-App are standard. The effect context
𝐸 remains the same in the premises and conclusions of both rules, because abstraction
and application do not change the ambient effect context.

44



4.6 Operational semantics

Invoking and handling operations. Rule T-Do is standard. It invokes an operation
ℓ in the ambient effect context ℓ , 𝐸. Rule T-Handle is more interesting; it introduces a
relative modality. The handler handle 𝑀 with 𝐻 extends the ambient effect context 𝐸
with 𝐷, the collection of operation labels handled by 𝐻, for the term 𝑀. We put a lock
µ⟨𝐷⟩ into the context of𝑀 to track this change to the effect context. For the return value
of 𝑀 which is bound as 𝑥 in the return clause, we need to wrap it with ⟨𝐷⟩ to reconcile
the mismatch between 𝐷, 𝐸 and 𝐸, because the return value may capture effects in
𝐷. We directly annotate this modality ⟨𝐷⟩ on the binding of 𝑥 in the context. The
typing premises for the operation clauses are standard. For an operation with signature
𝐴𝑖 ↠ 𝐵𝑖 , the parameter 𝑝𝑖 has type 𝐴𝑖 and the continuation 𝑟𝑖 has type 𝐵𝑖 → 𝐵.

Accessing variables. Locks control the accessibility of variables. Rule T-Var uses the
auxiliary judgement Γ ⊢ (𝜇, 𝐴) ⇒ locks(Γ′) (also defined in Figure 4.5) to check whether
we can access a variable 𝑥 :𝜇 𝐴 given all locks in Γ′. When 𝐴 has kind Abs, we can always
use 𝑥 as it does not depend on the effect context. Otherwise we need to make sure the
coercion from 𝜇 to locks(Γ′) is safe by checking the modality transformation relation
𝜇 ⇒ locks(Γ′) @𝐸, where 𝐸 is the ambient effect context before manipulation given by
Γ @𝐸 and locks(Γ′) composes the modalities on locks in Γ′. We have seen an example in
Section 4.1 showing that the variable 𝑓 : Int → 1 cannot be used after the lock [yield]
while 𝑓 :[yield] Int → 1 can. As another example, 𝑥 :⟨ℓ⟩ 1 → 1,µ[ℓ ′] ⊢ 𝑥 : 1 → 1 @ ℓ ′ is ill-
typed since we cannot transform the modality ⟨ℓ⟩ to [ℓ ′]. It would be well-typed if 𝑥 had
type Int which has kind Abs, or if the lock had modality ⟨ℓ⟩ which can be transformed
from ⟨ℓ⟩, or if 𝑥 were annotated with a modality []which can be transformed to [ℓ ′].

Subeffecting. We do not have an explicit typing rule for subeffecting. However, the
type system does allow us to use a variable under a larger effect context. We have seen
how this works in Section 4.1. We give another example here which upcasts the empty
effect context of a variable 𝑥 to 𝐸. It is well-typed because [] ⇒ [𝐸] @ · holds.

𝜆𝑥[](Int→Int).let mod[] 𝑦 = 𝑥 in mod[𝐸] 𝑦 : [](Int → Int) → [𝐸](Int → Int)

4.6 Operational semantics

Figure 4.6 gives the operational semantics for Met including the definition of evaluation
contexts.
Rule E-Letmod eliminates a modality. Other reduction rules are standard for effect

handlers [Hillerström et al. 2020]. In rule E-Op, we use the meta function bl(ℰ) to obtain
the set of bound operation labels which have handlers installed in the evaluation context
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4 A core calculus

Evaluation contexts ℰ ::= [ ] | ℰ 𝑁 | 𝑉 ℰ | do ℓ ℰ | handle ℰ with 𝐻

E-App (𝜆𝑥𝐴.𝑀)𝑉 ⇝ 𝑀[𝑉/𝑥]
E-Letmod let𝜈 mod𝜇 𝑥 = mod𝜇𝑉 in 𝑀 ⇝ 𝑀[𝑉/𝑥]
E-Ret handle 𝑉 with 𝐻 ⇝ 𝑁[𝑉/𝑥],

where 𝐻 = {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖
E-Op handle ℰ[do ℓ 𝑉] with 𝐻 ⇝ 𝑁[𝑉/𝑝, (𝜆𝑦.handle ℰ[𝑦] with 𝐻)/𝑟],

where ℓ ∉ bl(ℰ) and (ℓ 𝑝 𝑟 ↦→ 𝑁) ∈ 𝐻
E-Lift ℰ[𝑀]⇝ ℰ[𝑁], if 𝑀 ⇝ 𝑁

Figure 4.6: Operational semantics for Met.

ℰ. It is inductively defined naturally as follows, where we write dom(𝐻) for the set of
operation labels handled by 𝐻.

bl([ ]) = ∅
bl(ℰ 𝑁) = bl(ℰ)
bl(𝑉 ℰ) = bl(ℰ)

bl(do ℓ ℰ) = bl(ℰ)
bl(handle ℰ with 𝐻) = bl(ℰ) ∪ {ℓ | ℓ ∈ dom(𝐻)}

The condition ℓ ∉ bl(ℰ) makes sure each operation ℓ is handled by the dynamically
innermost handler of ℓ .

4.7 Metatheory

Met enjoys standard structural properties such as weakening by a variable binding
and exchanging consecutive variable bindings. There are also some metatheoretical
properties specific to modal type systems that are different from what we usually see
in conventional type systems [Kavvos and Gratzer 2023]. For instance, we have the
following admissible rule for weakening a lock of a context.

Γ,µ𝜇 , Γ
′ ⊢ 𝑀 : 𝐴 @𝐸 Γ @ 𝐹 Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹

Γ,µ𝜈 , Γ
′ ⊢ 𝑀 : 𝐴 @𝐸′

Weuse themodality transformation relation𝜇 ⇒ 𝜈 @ 𝐹 to checkwhetherwe canweaken
the lock µ𝜇 to µ𝜈 under the ambient effect context 𝐹. As a result of lock weakening, the
ambient effect context 𝐸, which satisfies Γ,µ𝜇 , Γ

′ @𝐸, may be changed to a larger effect
context 𝐸′, which satisfies Γ,µ𝜈 , Γ

′ @𝐸′. As another example, we have the following
admissible rule for substituting values with modalities into terms.

Γ,µ𝜇 ⊢ 𝑉 : 𝐴 @ 𝐹 Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Γ, Γ′ ⊢ 𝑀[𝑉/𝑥] : 𝐵 @𝐸
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4.8 Connections between Met and MTT

The variable binding 𝑥 :𝜇 𝐴 is indexed by a modality 𝜇, which coincides with the
modality of the lock µ𝜇 in the context of the value 𝑉 being substituted. We prove these
properties as well as further lemmas in Appendices A.1 and A.2.

To state syntactic type soundness, we first define normal forms, which are either
values or terms stuck on an unhandled operation.

Definition 1 (Normal Forms). We say a term 𝑀 is in a normal form with respect to effect
context 𝐸 if it is either a value 𝑉 or of the form 𝑀 = ℰ[do ℓ 𝑉] for ℓ ∈ 𝐸 and ℓ ∉ bl(ℰ).

We have the following two theorems for syntactic type soundness.

Theorem 2 (Progress). If Γ ⊢ 𝑀 : 𝐴 @𝐸 and dom(Γ) = ∅, then either there exists 𝑁 such
that 𝑀 ⇝ 𝑁 or 𝑀 is in a normal form with respect to 𝐸.

Theorem 3 (Subject Reduction). If Γ ⊢ 𝑀 : 𝐴 @𝐸 and 𝑀 ⇝ 𝑁 , then Γ ⊢ 𝑁 : 𝐴 @𝐸.

Progress states that a well-typed term is either reducible or in a normal form with
respect to the ambient effect context. The condition dom(Γ) = ∅ rules out free term
variables while allowing Γ to contain locks. Subject reduction states that the type of
a well-typed term is preserved under reduction. Their proofs are in Appendices A.3
and A.4.

These two theorems together give type soundness and effect safety.

Theorem 4 (Type Soundness and Effect Safety). If · ⊢ 𝑀 : 𝐴 @ ·, then either𝑀 diverges or
there exists a value 𝑉 such that 𝑀 ⇝∗ 𝑉 , where⇝∗ denotes the reflexive-transitive closure of
the reduction relation⇝.

Proof. By Theorems 2 and 3. □

4.8 Connections between Met and MTT

We have presented Met as a core calculus in a self-contained way. In this section we
discuss its connections to multimodal type theory (MTT) [Gratzer 2023; Gratzer et al.
2020], the theoretical foundation of Met. Roughly speaking, Met extends simply-typed
MTT [Kavvos and Gratzer 2023] with effect handlers and instantiates the mode theory
of MTT to track effects. However, Met also generalises simply-typed MTT in several
ways to improve its usability and to support subeffecting. In this section, we explain the
connections between Met and MTT in more detail.
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4 A core calculus

4.8.1 Indexed families of morphisms

As shown in Section 2.2, a modality in MTT is a morphism between two modes,
transforming one mode to another. However, in Met, a modality is not a morphism
between two specific modes; it can take any mode as input and return another mode as
output. Thus, a modality 𝜇 in Met is actually an indexed family of morphisms between
modes. We write 𝜇𝐹 for the pair of a modality 𝜇 and a mode 𝐹 that 𝜇 acts on. This
notation gives us a morphism 𝜇𝐹 : 𝐸 → 𝐹 where 𝜇(𝐹) = 𝐸. The morphism goes from 𝐸

to 𝐹 instead of the other direction to remain consistent with MTT. This also explains
why in Section 4.3, modality composition 𝜇 ◦ 𝜈 reads from left to right.

In contexts, types, and terms,we use𝜇without indices.Wedo not lose any information
by omitting the indices. Given a typing judgement Γ ⊢ 𝑀 : 𝐴 @𝐸, the indices for
all modalities in Γ, 𝑀, and 𝐴 can be computed. This relies on the fact that for well-
formedness of contexts, we require the empty context to be at the empty effect context,
i.e., · @ · instead of · @𝐸 for any 𝐸, which is different from MTT.

Using indexed families of morphisms in Met instead of concrete morphisms is not an
arbitrary choice. Using indexed families of modalities in types and terms is very useful
to allow term variables to be used flexibly in effect contexts larger than those in which
they are defined. This greatly simplifies the support of subeffecting; we do not need
to update all indices of modalities in a term or type when upcasting this term or type
to a larger effect context. As a result, every type is always well-defined at any mode,
which means that we do not need to define the well-formedness judgement 𝐴 @𝐸 as
in MTT. Moreover, one important benefit of having types well-defined at any mode
is that when adding polymorphism for values, type quantifiers do not need to carry
the additional information about the modes at which the type variables can be used,
greatly simplifying the type system. Otherwise, polymorphic types would need to have
the form ∀𝛼𝐾 @𝐸 .𝐴, where 𝐸 indicates the mode of the type variable 𝛼.

4.8.2 The double category of effects

As shown in Section 2.2, the mode theory of MTT is a 2-category, where objects are
modes, morphisms are modalities, and 2-cells are modality transformations. However,
beyond these structures,Met also has a natural partial order betweenmodes— subeffect-
ing. A 2-category is not expressive enough to capture this partial order. We extend the
mode theory to a double category in Met to support subeffecting. In this section, we use
the notation 𝜇𝐹 since it corresponds to a modality in MTT. We fix a well-formed context
Γ throughout and sometimes omit it from judgements to simplify the presentation.
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4.8 Connections between Met and MTT

A double category extends a 2-category with an additional kind of morphism. Along-
side the regular morphisms, now called horizontal morphisms, there are also vertical
morphisms that connect the objects of the 2-category. Thismakes it possible to generalise
the 2-cells to transform arbitrary morphisms, whose source and target are connected
by vertical morphisms. The following figure shows the differences between 2-cells in a
2-category and those in a double category using syntax of Met.

𝐸 𝐹

𝜇𝐹

𝜈𝐹

𝐸 𝐹

𝐸′ 𝐹′

𝜇𝐹

⩽ ⩽

𝜈𝐹′

In Met, objects are given by effect contexts (i.e., modes), the horizontal morphisms
by modalities, the vertical morphisms by the subeffecting relation, and 2-cells by the
modality transformations. We prove that this structure indeed forms a double category.

First, we need to show that effect contexts (objects) and subeffecting (vertical morph-
isms) form a category. This is obvious since the subeffecting relation is a partial order.
We have the following lemma.

Lemma 5. Effect contexts and subeffecting form a category with the identity morphisms 𝐸 ⩽ 𝐸
and the morphism composition given by transitivity of subeffecting.

Proof. It is easy to show that effect contexts and subeffecting form a poset. Every poset
is a category. □

Second, we need to show that effect contexts (objects) and modalities (horizontal
morphisms) also form a category. We repeat the definition of modalities and modality
composition from Section 4.3 here using the syntax 𝜇𝐹 for ease of reference:

[𝐸]𝐹 : 𝐸 → 𝐹 ⟨𝐷⟩𝐹 : 𝐷, 𝐹 → 𝐹

𝜇𝐹 ◦ [𝐸]𝜇(𝐹) = [𝐸]𝐹 [𝐸]𝐹 ◦ ⟨𝐷⟩𝐸 = [𝐷, 𝐸]𝐹 ⟨𝐷1⟩𝐹 ◦ ⟨𝐷2⟩𝐷1 ,𝐹 = ⟨𝐷2 , 𝐷1⟩𝐹

The effect contexts and modalities naturally form a category since modality composi-
tion possesses identity and associativity. We have the following lemma.

Lemma 6. Effect contexts and modalities form a category with the identity morphisms ⟨⟩𝐸 :
𝐸 → 𝐸 and the morphism composition 𝜇𝐹 ◦ 𝜈𝐹′ such that

1. Identity: ⟨⟩𝐹 ◦ 𝜇𝐹 = 𝜇𝐹 = 𝜇𝐹 ◦ ⟨⟩𝐸 for 𝜇𝐹 : 𝐸 → 𝐹.

2. Associativity: (𝜇𝐸1 ◦ 𝜈𝐸2) ◦ 𝜉𝐸3 = 𝜇𝐸1 ◦ (𝜈𝐸2 ◦ 𝜉𝐸3) for 𝜇𝐸1 : 𝐸2 → 𝐸1, 𝜈𝐸2 : 𝐸3 → 𝐸2,
and 𝜉𝐸3 : 𝐸 → 𝐸3.

Proof. By inlining the definitions of modalities and checking each case. □
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4 A core calculus

Finally, we need to show that modality transformations are 2-cells in the double
category of effects. We first repeat the definition of modality transformations from
Section 4.3 here using the syntax 𝜇𝐹 for ease of reference:

MT-Abs
𝜇𝐹 : 𝐸′ → 𝐹 Γ ⊢ 𝐸 ⩽ 𝐸′

Γ ⊢ [𝐸]𝐹 ⇒ 𝜇𝐹

MT-Rel

Γ ⊢ ⟨𝐷⟩𝐹 ⇒ ⟨𝐷⟩𝐹

We have required the effect context that the source and target modalities act on to
be the same 𝐹 in these rules. This is enough for presenting the calculus, but we can
further extend it to allow 𝜇𝐹 ⇒ 𝜈𝐹′ where 𝐹 ⩽ 𝐹′. This is used in the metatheory
for Met such as the lock weakening lemma we discussed in Section 4.7. The extended
modality transformation relation is defined by the transitive closure of the following
rules. Compared to the definition in Section 4.3, the only new rule is MT-Mono.

MT-Abs
𝜇𝐹 : 𝐸′ → 𝐹 Γ ⊢ 𝐸 ⩽ 𝐸′

Γ ⊢ [𝐸]𝐹 ⇒ 𝜇𝐹

MT-Rel

Γ ⊢ ⟨𝐷⟩𝐹 ⇒ ⟨𝐷⟩𝐹

MT-Mono
Γ ⊢ 𝐹 ⩽ 𝐹′

Γ ⊢ 𝜇𝐹 ⇒ 𝜇𝐹′

The following lemma shows that the transformation Γ ⊢ 𝜇𝐹 ⇒ 𝜈𝐹′ satisfies the
requirement of being a 2-cell in the double category of effects with well-defined vertical
and horizontal composition.

Lemma 7 (Modality transformations are 2-cells). If Γ ⊢ 𝜇𝐹 ⇒ 𝜈𝐹′, 𝜇𝐹 : 𝐸 → 𝐹, and
𝜈𝐹′ : 𝐸′ → 𝐹′, then Γ ⊢ 𝐸 ⩽ 𝐸′ and Γ ⊢ 𝐹 ⩽ 𝐹′. Moreover, the transformation relation is closed
under vertical and horizontal composition as shown by the following admissible rules.

Γ ⊢ 𝜇𝐹1 ⇒ 𝜈𝐹2 Γ ⊢ 𝜈𝐹2 ⇒ 𝜉𝐹3

Γ ⊢ 𝜇𝐹1 ⇒ 𝜉𝐹3

Γ ⊢ 𝜇𝐹 ⇒ 𝜇′
𝐹′ Γ ⊢ 𝜈𝐸 ⇒ 𝜈′𝐸′

𝜇𝐹 : 𝐸 → 𝐹 𝜇′
𝐹′ : 𝐸

′ → 𝐹′

Γ ⊢ 𝜇𝐹 ◦ 𝜈𝐸 ⇒ 𝜇′
𝐹′ ◦ 𝜈′𝐸′

Proof. Straightforward case analysis.
□

We have proved that the minimal mode theory presented in Section 4.3 forms a
double category. It is not hard to verify that with extensions such as masks and presence
types in Sections 5.1 and 5.2, the mode theory still forms a double category.
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5 Extensions

How much can we add to the language without losing the semantics?

—Paul Blain Levy (2001)

We add several extensions to Met, including both standard type system features and
specialised features for algebraic effects and handlers. We introduce masks, presence
types, and parameterised effects, which make the mode theory and effect systems more
expressive. We demonstrate that Met scales to support data types and polymorphism,
including polymorphism for both value types and effects. Effect polymorphism helps
deal with situations in which it is useful to refer to one or more effect contexts that
differ from the ambient one (such as the higher-order fork operation in Section 3.9),
recovering the full expressive power of row-based effect systems. We also introduce
a minimal extension of Met with local labels, which allows us to generate operation
labels dynamically [de Vilhena and Pottier 2023], and extensions with richer forms of
handlers.

5.1 Masks

Masks allow us to remove labels from the ambient effect context. They are useful for
solving the effect pollution and accidental handling problems as discussed in Section 3.6.

Figure 5.1 defines the extensions of the mode theory with masks. Masks 𝐿 are simply
multisets of labels. Well-formedness Γ ⊢ 𝐿 ensures that all labels in masks are defined in
the global label context Σ. Equivalence on masks, written Γ ⊢ 𝐿 ≡ 𝐿′, is just equivalence
of well-formed multisets. We define two meta-operations 𝐸 − 𝐿 and 𝐿 − 𝐷 in order to
define the mode theory for the extension with masks. The operation 𝐸 − 𝐿 removes the
labels in 𝐿 from 𝐸. The operation 𝐿 − 𝐷 removes the labels in 𝐷 from 𝐿.

Modality action 𝜇(𝐸) and composition 𝜇 ◦ 𝜈 are extended naturally. For ⟨𝐿|𝐷⟩(𝐸), we
remove the labels in 𝐿 from 𝐸 and then extend it with 𝐷. For [𝐸] ◦ ⟨𝐿|𝐷⟩, replacing the
effect context with 𝐸 and then masking 𝐿 and extending it with 𝐷 is equivalent to just
replacing it with 𝐷, (𝐸 − 𝐿). For ⟨𝐿1 |𝐷1⟩ ◦ ⟨𝐿2 |𝐷2⟩, sequential masking and extension
can be combined into one modality by cancelling the overlapping part of 𝐿2 and𝐷1 with
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5 Extensions

Syntax
Masks 𝐿 ::= · | ℓ , 𝐿 Modalities 𝜇, 𝜈 ::= [𝐸] | ⟨𝐿|𝐷⟩

Well-formedness and equivalence Γ ⊢ 𝐿 Γ ⊢ 𝜇 Γ ⊢ 𝜇 ≡ 𝜈

Γ ⊢ ·
ℓ ∈ dom(Σ) Γ ⊢ 𝐿

Γ ⊢ ℓ , 𝐿
Γ ⊢ 𝐿 Γ ⊢ 𝐷

Γ ⊢ ⟨𝐿|𝐷⟩
Γ ⊢ 𝐿 ≡ 𝐿′ Γ ⊢ 𝐷 ≡ 𝐷′

Γ ⊢ ⟨𝐿|𝐷⟩ ≡ ⟨𝐿′|𝐷′⟩

Meta-operations on effects 𝐸 − 𝐿 𝐿 − 𝐷

· − 𝐿 = ·

(ℓ , 𝐸) − 𝐿 =

{
𝐸 − 𝐿′ if 𝐿 ≡ ℓ , 𝐿′
ℓ , (𝐸 − 𝐿) otherwise

· − 𝐷 = ·

(ℓ , 𝐿) − 𝐷 =

{
𝐿 − 𝐷′ if 𝐷 ≡ ℓ , 𝐷′

ℓ , (𝐿 − 𝐷) otherwise

Modality action 𝜇(𝐸)

[𝐸](𝐹) = 𝐸 ⟨𝐿|𝐷⟩(𝐹) = 𝐷, (𝐹 − 𝐿)

Modality composition 𝜇 ◦ 𝜈

𝜇 ◦ [𝐸] = [𝐸]
[𝐸] ◦ ⟨𝐿|𝐷⟩ = [𝐷, (𝐸 − 𝐿)]

⟨𝐿1 |𝐷1⟩ ◦ ⟨𝐿2 |𝐷2⟩ = ⟨𝐿1 , (𝐿2 − 𝐷1)|𝐷2 , (𝐷1 − 𝐿2)⟩

Modality transformation Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹

MT-Abs
Γ ⊢ 𝐸 ⩽ 𝜇(𝐹)

Γ ⊢ [𝐸] ⇒ 𝜇 @ 𝐹

MT-Rel

Γ ⊢ ⟨𝐿|𝐷⟩ ⇒ ⟨𝐿|𝐷⟩ @ 𝐹

MT-Expand
Γ ⊢ (𝐹 − 𝐿) ≡ ℓ , 𝐸

Γ ⊢ ⟨𝐿|𝐷⟩ ⇒ ⟨ℓ , 𝐿|𝐷, ℓ⟩ @ 𝐹
MT-Shrink

Γ ⊢ (𝐹 − 𝐿) ≡ ℓ , 𝐸
Γ ⊢ ⟨ℓ , 𝐿|𝐷, ℓ⟩ ⇒ ⟨𝐿|𝐷⟩ @ 𝐹

MT-Trans
Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 Γ ⊢ 𝜈 ⇒ 𝜉 @ 𝐹

Γ ⊢ 𝜇 ⇒ 𝜉 @ 𝐹

Figure 5.1: Masks.

the meta-operations 𝐿2 − 𝐷1 and 𝐷1 − 𝐿2 as ⟨𝐿1 , (𝐿2 − 𝐷1)|𝐷2 , (𝐷1 − 𝐿2)⟩. For instance,
we have ⟨ℓ⟩ ◦ ⟨ℓ |⟩ = ⟨⟩ and ⟨ℓ1 |ℓ2 , ℓ3⟩ ◦ ⟨ℓ2 |ℓ4⟩ = ⟨ℓ1 |ℓ4 , ℓ3⟩.

Modality transformation is extended with three new rules. MT-Expand allows us to
simultaneously mask and extend some operations given that these operations exist in
the ambient effect context 𝐹. MT-Shrink allows us to do the reverse for any operations.
MT-Trans is a standard transitivity rule for modality transformation. It enables the
sequential application of MT-Expand and MT-Shrink. For instance, we have ⟨ℓ1 |ℓ1⟩ ⇒
⟨ℓ2 |ℓ2⟩ @ ℓ1 , ℓ2 by first applying MT-Shrink to simultaneously remove ℓ1 from both the
mask and extension, then applying MT-Expand to simultaneously add ℓ2.
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5.1 Masks

Syntax
Terms 𝑀, 𝑁 ::= · · · | mask𝐿 𝑀

Kinding Γ ⊢ 𝐴 : 𝐾

Γ ⊢ ⟨𝐿|𝐷⟩ Γ ⊢ 𝐴 : 𝐾
Γ ⊢ ⟨𝐿|𝐷⟩𝐴 : 𝐾

Typing Γ ⊢ 𝑀 : 𝐴 @𝐸

T-Mask
Γ,µ⟨𝐿|⟩ ⊢ 𝑀 : 𝐴 @𝐸 − 𝐿
Γ ⊢ mask𝐿 𝑀 : ⟨𝐿|⟩𝐴 @𝐸

Operational semantics 𝑀 ⇝ 𝑁

Evaluation contexts ℰ ::= · · · | mask𝐿 ℰ

E-Mask mask𝐿𝑉 ⇝ mod⟨𝐿|⟩ 𝑉
E-Op handle ℰ[do ℓ 𝑉] with 𝐻 ⇝ 𝑁[𝑉/𝑝, (𝜆𝑦.handle ℰ[𝑦] with 𝐻)/𝑟],

where 0−free(ℓ ,ℰ) and (ℓ 𝑝 𝑟 ↦→ 𝑁) ∈ 𝐻

Figure 5.1: Masks (continued).

Figure 5.1 defines the extensions to kinding, typing, and operational semantics for
masks. The kinding rule is standard. In T-Mask, the mask mask𝐿 𝑀 removes effects
𝐿 from the ambient effect context for 𝑀 and introduces a lock µ⟨𝐿|⟩ to the context of
the premise. For the return value of 𝑀, we need to box it with ⟨𝐿|⟩ to reconcile the
mismatch between 𝐸 − 𝐿 and 𝐸. In E-Mask, we also reduce a mask on a value to the
introduction of the corresponding mask modality. To define the semantics of masks,
we follow Biernacki et al. [2018] and define the predicate 𝑛−free(ℓ ,ℰ) inductively on
evaluation contexts as follows.

0−free(ℓ , [ ])
𝑛−free(ℓ ,ℰ)

𝑛−free(ℓ , do ℓ ′ℰ)
𝑛−free(ℓ ,ℰ) count(ℓ ; 𝐿) = 𝑚

(𝑛 + 𝑚)−free(ℓ ,mask𝐿 ℰ)

(𝑛 + 1)−free(ℓ ,ℰ) ℓ ∈ dom(𝐻)
𝑛−free(ℓ , handle ℰ with 𝐻)

𝑛−free(ℓ ,ℰ) ℓ ∉ dom(𝐻)
𝑛−free(ℓ , handle ℰ with 𝐻)

We have 𝑛−free(ℓ ,ℰ) if there are 𝑛 masks for ℓ in ℰ without corresponding handlers.
The E-Op rule requires 0−free(ℓ ,ℰ) to guarantee that the current handler is not masked
by masks in ℰ. The meta function count(ℓ ; 𝐿) yields the number of ℓ labels in 𝐿. We omit
the inductive cases that do not change 𝑛.

53



5 Extensions

Since masks are a basic and important extension when treating effects as scoped rows,
we base all subsequent extensions in this chapter on the version of Met extended with
masks.

5.2 Presence types

Instead of having a global label context which associates operation labels with their
signatures, we can also assign different signatures to labels in types. We can further
extend this idea to allow some labels to be absent. This is usually referred to as presence
types [Rémy 1994] and adopted in the Links language [Hillerström and Lindley 2016].
Figure 5.2 gives the extension with presence types. We mostly need to extend the

mode theory. We now distinguish between the syntactic categories of extensions and
effect contexts as they have different equivalence and subeffecting relations. Each label
has a presence type 𝑃 [Rémy 1994]. A presence type 𝑃 can be an operation arrow of
the form 𝐴↠ 𝐵, which indicates that the operation takes an argument of type 𝐴 and
returns a value of type 𝐵, or the absent type −, which indicates that the operation with
this label cannot be invoked. Extensions and effect contexts both assign presence types
to labels.

For the equivalence of effect contexts, we allow absent labels to be freely added to or
removed from the right of effect contexts. For instance, ℓ : 𝑃, ℓ ′ : − is equivalent to ℓ : 𝑃.
We can think of an effect context as denoting a map from labels to infinite sequences of
presence types, each with a cofinite tail containing only −. For extensions, we do not
ignore labels with absent types when defining equivalence, so ℓ : 𝑃, ℓ ′ : − and ℓ : 𝑃 are
distinct.
We define the subeffecting relation differently from before to account for presence

types. We have 𝐸 ⩽ 𝐹 if we can replace the absent types in 𝐸 with proper operation
arrows to obtain 𝐹. We also have a subtyping relation on extensions 𝐷 ⩽ 𝐷′. Like
subeffecting on effect contexts, it requires 𝐷 and 𝐷′ to contain the same row of labels,
but it allows absent types in 𝐷 to be replaced by concrete signatures in 𝐷′.
We extend the meta-operations on effects from Figure 5.1 to account for presence

types. Since we distinguish between the syntactic categories of extensions and effect
contexts, we define 𝐸 − 𝐿 and 𝐷 − 𝐿 separately, though their definitions are identical.
The definitions of modality action and composition remain unchanged. For modality
transformation, we modify rules MT-Expand and MT-Shrink to account for presence
types and rule MT-Rel to allow upcasting presence types in extensions for relative
modalities. For instance, ⟨ℓ : −⟩ ⇒ ⟨ℓ : 𝐴↠ 𝐵⟩ @𝐸 is allowed. It is easy to verify that
Lemma 1 still holds.
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5.2 Presence types

Syntax

Presence 𝑃 ::= 𝐴↠ 𝐵 | − Extensions 𝐷 ::= · | ℓ : 𝑃 , 𝐷 Effect contexts 𝐸, 𝐹 ::= · | ℓ : 𝑃 , 𝐸

Well-formedness Γ ⊢ 𝐷 Γ ⊢ 𝐸 Γ ⊢ 𝑃

Γ ⊢ ·
Γ ⊢ 𝑃 Γ ⊢ 𝐷
Γ ⊢ ℓ : 𝑃 , 𝐷

Γ ⊢ 𝑃 Γ ⊢ 𝐸
Γ ⊢ ℓ : 𝑃 , 𝐸 Γ ⊢ −

Γ ⊢ 𝐴 : Abs Γ ⊢ 𝐵 : Abs
Γ ⊢ 𝐴↠ 𝐵

Equivalence Γ ⊢ 𝐷 ≡ 𝐷′ Γ ⊢ 𝐸 ≡ 𝐸′ Γ ⊢ 𝑃 ≡ 𝑃′

Γ ⊢ 𝐷 ≡ 𝐷

Γ ⊢ 𝐷1 ≡ 𝐷2
Γ ⊢ 𝐷2 ≡ 𝐷3

Γ ⊢ 𝐷1 ≡ 𝐷3

Γ ⊢ 𝑃 ≡ 𝑃′
Γ ⊢ 𝐷 ≡ 𝐷′

Γ ⊢ ℓ : 𝑃 , 𝐷 ≡ ℓ : 𝑃′ , 𝐷′
ℓ ≠ ℓ ′

Γ ⊢ ℓ : 𝑃 , ℓ ′ : 𝑃′ , 𝐷 ≡ ℓ ′ : 𝑃′ , ℓ : 𝑃 , 𝐷

Γ ⊢ 𝐸 ≡ 𝐸

Γ ⊢ 𝐸1 ≡ 𝐸2
Γ ⊢ 𝐸2 ≡ 𝐸3
Γ ⊢ 𝐸1 ≡ 𝐸3

Γ ⊢ 𝑃 ≡ 𝑃′
Γ ⊢ 𝐸 ≡ 𝐸′

Γ ⊢ ℓ : 𝑃 , 𝐸 ≡ ℓ : 𝑃′ , 𝐸′
ℓ ≠ ℓ ′

Γ ⊢ ℓ : 𝑃 , ℓ ′ : 𝑃′ , 𝐸 ≡ ℓ ′ : 𝑃′ , ℓ : 𝑃 , 𝐸

Γ ⊢ 𝐸, ℓ : − ≡ 𝐸 Γ ⊢ − ≡ −
Γ ⊢ 𝐴 ≡ 𝐴′ Γ ⊢ 𝐵 ≡ 𝐵′

Γ ⊢ 𝐴↠ 𝐵 ≡ 𝐴′ ↠ 𝐵′

Subeffecting Γ ⊢ 𝐷 ⩽ 𝐷′ Γ ⊢ 𝐸 ⩽ 𝐸′ Γ ⊢ 𝑃 ⩽ 𝑃′

Γ ⊢ · ⩽ 𝐸
Γ ⊢ 𝐸1 ≡ ℓ : 𝑃1 , 𝐸′1 Γ ⊢ 𝐸2 ≡ ℓ : 𝑃2 , 𝐸′2 Γ ⊢ 𝑃1 ⩽ 𝑃2 Γ ⊢ 𝐸′1 ⩽ 𝐸

′
2

Γ ⊢ 𝐸1 ⩽ 𝐸2

Γ ⊢ · ⩽ ·
Γ ⊢ 𝐷1 ≡ ℓ : 𝑃1 , 𝐷′

1 Γ ⊢ 𝐷2 ≡ ℓ : 𝑃2 , 𝐷′
2 Γ ⊢ 𝑃1 ⩽ 𝑃2 Γ ⊢ 𝐷′

1 ⩽ 𝐷
′
2

Γ ⊢ 𝐷1 ⩽ 𝐷2

Γ ⊢ 𝑃 ⩽ 𝑃 Γ ⊢ − ⩽ 𝑃

Meta-operations on effect contexts 𝐸 − 𝐿 𝐷 − 𝐿 𝐿 − 𝐷

(ℓ : 𝑃 , 𝐸) − 𝐿 =

{
𝐸 − 𝐿′ if 𝐿 ≡ ℓ , 𝐿′
ℓ : 𝑃 , (𝐸 − 𝐿) otherwise

(ℓ : 𝑃 , 𝐷) − 𝐿 =

{
𝐷 − 𝐿′ if 𝐿 ≡ ℓ , 𝐿′
ℓ : 𝑃 , (𝐷 − 𝐿) otherwise

· − 𝐿 = ·
· − 𝐷 = ·

(ℓ , 𝐿) − 𝐷 =

{
𝐿 − 𝐷′ if 𝐷 ≡ ℓ : 𝑃 , 𝐷′

ℓ , (𝐿 − 𝐷) otherwise

Modality transformation Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹

MT-Abs
Γ ⊢ 𝐸 ⩽ 𝜇(𝐹)

Γ ⊢ [𝐸] ⇒ 𝜇 @ 𝐹

MT-Rel
Γ ⊢ 𝐷 ⩽ 𝐷′

Γ ⊢ ⟨𝐿|𝐷⟩ ⇒ ⟨𝐿|𝐷′⟩ @ 𝐹

MT-Expand
Γ ⊢ (𝐹 − 𝐿) ≡ ℓ : 𝐴↠ 𝐵 , 𝐸

Γ ⊢ ⟨𝐿|𝐷⟩ ⇒ ⟨ℓ , 𝐿|𝐷, ℓ : 𝐴↠ 𝐵 ⟩ @ 𝐹

MT-Shrink
Γ ⊢ (𝐹 − 𝐿) ≡ ℓ : 𝑃 , 𝐸

Γ ⊢ ⟨ℓ , 𝐿|𝐷, ℓ : 𝑃 ⟩ ⇒ ⟨𝐿|𝐷⟩ @ 𝐹

MT-Trans
Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 Γ ⊢ 𝜈 ⇒ 𝜉 @ 𝐹

Γ ⊢ 𝜇 ⇒ 𝜉 @ 𝐹

Figure 5.2: Presence types. The subeffecting judgements are new; changes to the other judge-
ments are highlighted in grey.
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5.3 Crisp data types

We demonstrate the extensibility of Met with data types by extending it with pair
and sum types. It is straightforward to extend Met further with algebraic data types.
Figure 5.3 gives the syntax, kinding, equivalence, typing, and operational semantics for
the extension with pair and sum types.

Syntax
Types 𝐴, 𝐵 ::= · · · | 𝐴 × 𝐵 | 𝐴 + 𝐵
Terms 𝑀, 𝑁 ::= · · · | (𝑀, 𝑁) | case𝜈 𝑉 of (𝑥, 𝑦) ↦→ 𝑀

| inl 𝑀 | inr 𝑀 | case𝜈 𝑉 of {inl 𝑥 ↦→ 𝑀, inr 𝑦 ↦→ 𝑁}
Values 𝑉,𝑊 ::= · · · | (𝑉,𝑊) | inl 𝑉 | inr 𝑉

Kinding and equivalence Γ ⊢ 𝐴 : 𝐾 Γ ⊢ 𝐴 ≡ 𝐵

Γ ⊢ 𝐴 : 𝐾
Γ ⊢ 𝐵 : 𝐾

Γ ⊢ 𝐴 × 𝐵 : 𝐾

Γ ⊢ 𝐴 : 𝐾
Γ ⊢ 𝐵 : 𝐾

Γ ⊢ 𝐴 + 𝐵 : 𝐾

Γ ⊢ 𝐴1 ≡ 𝐴2
Γ ⊢ 𝐵1 ≡ 𝐵2

Γ ⊢ 𝐴1 × 𝐵1 ≡ 𝐴2 × 𝐵2

Γ ⊢ 𝐴1 ≡ 𝐴2
Γ ⊢ 𝐵1 ≡ 𝐵2

Γ ⊢ 𝐴1 + 𝐵1 ≡ 𝐴2 + 𝐵2

Typing Γ ⊢ 𝑀 : 𝐴 @𝐸

T-Pair
Γ ⊢ 𝑀 : 𝐴 @𝐸 Γ ⊢ 𝑁 : 𝐵 @𝐸

Γ ⊢ (𝑀, 𝑁) : 𝐴 × 𝐵 @𝐸

T-Inl
Γ ⊢ 𝑀 : 𝐴 @𝐸

Γ ⊢ inl 𝑀 : 𝐴 + 𝐵 @𝐸

T-Inr
Γ ⊢ 𝑀 : 𝐵 @𝐸

Γ ⊢ inr 𝑀 : 𝐴 + 𝐵 @𝐸

T-CrispPair
𝜈(𝐹) = 𝐸 Γ,µ𝜈 ⊢ 𝑉 : 𝐴 × 𝐵 @𝐸

Γ, 𝑥 :𝜈 𝐴, 𝑦 :𝜈 𝐵 ⊢ 𝑀 : 𝐴′ @ 𝐹
Γ ⊢ case𝜈 𝑉 of (𝑥, 𝑦) ↦→ 𝑀 : 𝐴′ @ 𝐹

T-CrispSum
𝜈(𝐹) = 𝐸 Γ,µ𝜈 ⊢ 𝑉 : 𝐴 + 𝐵 @𝐸

Γ, 𝑥 :𝜈 𝐴 ⊢ 𝑀1 : 𝐴′ @ 𝐹 Γ, 𝑦 :𝜈 𝐵 ⊢ 𝑀2 : 𝐴′ @ 𝐹
Γ ⊢ case𝜈 𝑉 of {inl 𝑥 ↦→ 𝑀1 , inr 𝑦 ↦→ 𝑀2} : 𝐴′ @ 𝐹

Operational semantics 𝑀 ⇝ 𝑁

Evaluation contexts ℰ ::= · · · | (ℰ, 𝑁) | (𝑉,ℰ) | case𝜈 ℰ of (𝑥, 𝑦) ↦→ 𝑀
| inl ℰ | inr ℰ | case𝜈 ℰ of {inl 𝑥 ↦→ 𝑀, inr 𝑦 ↦→ 𝑁}

E-Pair case𝜇 (𝑉1 , 𝑉2) of (𝑥, 𝑦) ↦→ 𝑁 ⇝ 𝑁[𝑉1/𝑥, 𝑉2/𝑦]
E-Inl case𝜇 inl 𝑉 of {inl 𝑥 ↦→ 𝑁1 , · · · }⇝ 𝑁1[𝑉/𝑥]
E-Inr case𝜇 inr 𝑉 of {inr 𝑦 ↦→ 𝑁2 , · · · }⇝ 𝑁2[𝑉/𝑦]

Figure 5.3: Pairs and sums.

Rules T-Pair, T-Inl, and T-Inr are standard introduction rules. The elimination rules
T-CrispPair and T-CrispSum are more interesting. In addition to ordinary pattern match-
ing, they interpret the value 𝑉 under the effect context transformed by the modality 𝜈,
which can then be attached to the variable bindings in the case clauses. They follow the
crisp induction principles of multimodal type theory [Gratzer et al. 2020; Shulman 2018;
Gratzer et al. 2021]. These crisp elimination rules provide extra expressiveness. For
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example, we can write the following function, which transforms a sum of type 𝜇(𝐴 + 𝐵)
into a sum of type (𝜇𝐴 + 𝜇𝐵). This function is not expressible without crisp elimination
rules.

𝜆𝑥𝜇(𝐴+𝐵).let mod𝜇 𝑦 = 𝑥 in case𝜇 𝑦 of {inl 𝑥1 ↦→ inl (mod𝜇 𝑥1), inr 𝑥2 ↦→ inr (mod𝜇 𝑥2)}

5.4 Polymorphism

Figure 5.4 gives the extension of Metwith polymorphism for values and effects.
To support effect polymorphism, we extend the syntax of effect contexts 𝐸 with effect

variables 𝜀 and introduce a newkind Effect for them.As is typical for rowpolymorphism,
we restrict each effect type to contain at most one effect variable. We also extend the
syntax with effect masking 𝐸\𝐿, which denotes the effect type obtained by masking
𝐿 from 𝐸. The latter is needed to keep the syntax of effect contexts closed under the
masking operation 𝐸 − 𝐿; otherwise we cannot define 𝜀 − 𝐿. In other words, the syntax
of effects is the free algebra generated by effect extension 𝐷, 𝐸 and masking 𝐸\𝐿, with
the empty effect · and effect variables 𝜀 as base elements. With the new syntax 𝐸\𝐿, we
directly redefine the meta-operation 𝐸 − 𝐿 as 𝐸\𝐿.
The effect equivalence is extended in a relatively standard way. We do not allow

non-trivial equivalence or subtyping between different effect variables. We always
identify effects up to the equivalence relation. That is, we can directly treat the syntax
of effects as the free algebra quotiented by the equivalence relation 𝐸 ≡ 𝐹. Observe that
using the equivalence relation, all open effect types with the effect variable 𝜀 can be
simplified to an equivalent normal form 𝐷, 𝜀\𝐿. Subeffecting is unchanged from core
Met in Section 4.3 and thus omitted.
The kinding rule checks the body of ∀𝛼𝐾 .𝐴 under 𝛼 : Abs when 𝐾 ≠ Effect. Equival-

ently, a polymorphic type has kind Abs if any of its instantiations has kind Abs. This is
reminiscent of how the linearity of a polymorphic type is determined in the qualified
linear type system of Tang et al. [2024]. For example, ∀𝛼Any.𝛼 has kind Abs, even though
its variable can be instantiated with any type such as a function type. It does not break
soundness because this type has no closed values.

The typing and operational semantics rules for polymorphism are standard.
It may appear surprising that we treat a type application𝑉 𝐴 as a value. This permits

type instantiation within modality introduction, which restricts the term to be a value.
For instance, mod[𝐸] ((Λ𝛼.𝑉) 𝐴) is safe. The evaluation context let𝜈 mod𝜇 𝑥 = ℰ in 𝑀
allows a type application to reduce. We could also allow values to reduce inside
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Syntax

Types 𝐴, 𝐵 ::= · · · | 𝛼 | ∀𝛼𝐾 .𝐴
Effects 𝐸 ::= · · · | 𝜀 | 𝐸\𝐿
Kinds 𝐾 ::= · · · | Effect

Contexts Γ ::= · · · | Γ, 𝛼 : 𝐾
Terms 𝑀, 𝑁 ::= · · · | Λ𝛼𝐾 .𝑉 | 𝑀𝐴

Values 𝑉,𝑊 ::= · · · | Λ𝛼𝐾 .𝑉 | 𝑉 𝐴

Kinding Γ ⊢ 𝐴 : 𝐾 Γ ⊢ 𝐸 : Effect

Γ ∋ 𝛼 : 𝐾
Γ ⊢ 𝛼 : 𝐾

𝐾 ≠ Effect Γ, 𝛼 : Abs ⊢ 𝐴 : 𝐾′

Γ ⊢ ∀𝛼𝐾 .𝐴 : 𝐾′
Γ, 𝜀 : Effect ⊢ 𝐴 : 𝐾′

Γ ⊢ ∀𝜀Effect.𝐴 : 𝐾′

Γ ⊢ 𝐸 : Effect
Γ ⊢ [𝐸] Γ ⊢ · : Effect

ℓ ∈ dom(Σ) Γ ⊢ 𝐸 : Effect
Γ ⊢ ℓ , 𝐸 : Effect

Γ ⊢ 𝐸 : Effect Γ ⊢ 𝐿
Γ ⊢ 𝐸\𝐿 : Effect

Contexts Γ @𝐸 Γ ≡ Γ′ @𝐸

Γ @𝐸
Γ, 𝛼 : 𝐾 @𝐸

Γ ≡ Γ′ @𝐸
Γ, 𝛼 : 𝐾 ≡ Γ′, 𝛼 : 𝐾 @𝐸 locks(Γ, 𝛼 : 𝐾) = locks(Γ)

Equivalence Γ ⊢ 𝐴 ≡ 𝐵 Γ ⊢ 𝐸 ≡ 𝐹

Γ ⊢ 𝛼 ≡ 𝛼

Γ, 𝛼 : 𝐾 ⊢ 𝐴 ≡ 𝐵

Γ ⊢ ∀𝛼𝐾 .𝐴 ≡ ∀𝛼𝐾 .𝐵 Γ ⊢ 𝜀\𝐿 ≡ 𝜀\𝐿
Γ ⊢ 𝐸 ≡ 𝐸′ Γ ⊢ 𝐿 ≡ 𝐿′

Γ ⊢ 𝐸\𝐿 ≡ 𝐸′\𝐿′

Γ ⊢ 𝐸\· ≡ 𝐸 Γ ⊢ ·\𝐿 ≡ · Γ ⊢ (ℓ , 𝐸)\(ℓ , 𝐿) ≡ 𝐸\𝐿
ℓ ∉ 𝐿

Γ ⊢ (ℓ , 𝐸)\𝐿 ≡ ℓ , 𝐸\𝐿

Γ ⊢ (𝜀\𝐿)\𝐿′ ≡ 𝜀\(𝐿, 𝐿′)

Meta-operations on effects 𝐸 − 𝐿
𝐸 − 𝐿 = 𝐸\𝐿

Typing Γ ⊢ 𝑀 : 𝐴 @𝐸

T-TAbs
Γ, 𝛼 : 𝐾 ⊢ 𝑉 : 𝐴 @𝐸

Γ ⊢ Λ𝛼𝐾 .𝑉 : ∀𝛼𝐾 .𝐴 @𝐸

T-TApp
Γ ⊢ 𝑀 : ∀𝛼𝐾 .𝐵 @𝐸 Γ ⊢ 𝐴 : 𝐾

Γ ⊢ 𝑀𝐴 : 𝐵[𝐴/𝛼] @𝐸

Operational semantics 𝑀 ⇝ 𝑁

Evaluation contexts ℰ ::= · · · | ℰ 𝐴 | let𝜈 mod𝜇 𝑥 = ℰ in 𝑀

E-TApp (Λ𝛼𝐾 .𝑉)𝐴⇝ 𝑉[𝐴/𝛼]

Figure 5.4: Polymorphism.

modalities, so that the type application inside mod[𝐸] in the previous example can
reduce. This extension is not necessary, so we omit it here for simplicity.
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5.5 Commuting modalities and type abstraction

Crisp elimination rules in Section 5.3 allow us to commute modalities and data type
constructors, e.g., from 𝜇(𝐴 + 𝐵) to 𝜇𝐴 + 𝜇𝐵. Similarly, it is also sound and useful
to commute type abstractions and modalities. However, the current modality elim-
ination rule cannot do so, for a similar reason to why it is not possible to transform
∀𝛼.𝐴 + 𝐵 to (∀𝛼.𝐴) + (∀𝛼.𝐵) in System F. We extend modality elimination to the form
let𝜈 mod𝜇 Λ𝛼𝐾 .𝑥 = 𝑉 in 𝑀, which allows 𝑉 to use additional type variables in 𝛼𝐾 ;
these variables are abstracted when 𝑉 is bound to 𝑥. For instance, we can now write a
function of type (∀𝛼𝐾 .𝜇𝐴) → 𝜇(∀𝛽𝐾 .𝐴[𝛽/𝛼]) as follows.

𝜆𝑥∀𝛼
𝐾 .𝜇𝐴.let mod𝜇 Λ𝛽𝐾 .𝑦 = 𝑥 𝛽 in mod𝜇 𝑦

Figure 5.5 shows the extension to syntax, typing, and semantics.

Syntax
Terms 𝑀, 𝑁 ::= · · · | let𝜈 mod𝜇 Λ𝛼𝐾 .𝑥 = 𝑉 in 𝑀

Typing Γ ⊢ 𝑀 : 𝐴 @𝐸

T-Letmod’
𝜈(𝐹) = 𝐸 Γ,µ𝜈 , 𝛼 : 𝐾 ⊢ 𝑉 : 𝜇𝐴 @𝐸 Γ, 𝑥 :𝜈◦𝜇 ∀𝛼𝐾 .𝐴 ⊢ 𝑀 : 𝐵 @ 𝐹

Γ ⊢ let𝜈 mod𝜇 Λ𝛼𝐾 .𝑥 = 𝑉 in 𝑀 : 𝐵 @ 𝐹

Operational semantics 𝑀 ⇝ 𝑁

E-Letmod’ let𝜈 mod𝜇 Λ𝛼𝐾 .𝑥 = mod𝜇𝑉 in 𝑀 ⇝ 𝑀[(Λ𝛼𝐾 .𝑉)/𝑥]

Figure 5.5: Commuting modalities and type abstractions.

5.6 Local labels

Local labels enable us to generate fresh operation labelswith a local scope. This extension
is inspired by the local effects of Biernacki et al. [2019], dynamic labels of de Vilhena
and Pottier [2023], and fresh labels of the Links language [Jourde et al. 2022]. It enables
us to encode named handlers [Xie et al. 2022; Brachthäuser et al. 2020] as we will see in
Chapter 7.

Figure 5.6 gives the syntax, typing, and operational semantics for the extension with
local labels.Well-formedness rules ofmasks, extensions, and effect contexts are extended
to permit local labels from Γ. Typing rule T-LocalEffect binds a fresh local label ℓ with
type signature 𝐴↠ 𝐵. This label ℓ appears in the context of the typing judgement for
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the term 𝑀. (As is standard for term and type variables, we also implicitly adopt the
Barendregt convention for local labels, applying 𝛼-conversion as necessary to ensure
that ℓ is fresh.) Well-formedness of type 𝐴′ and effect context 𝐸 under Γ ensures that ℓ
cannot appear in 𝐴′ or 𝐸. Rules T-Do and T-Handle are modified to permit any label
from either Σ or Γ.

We adopt the generative semantics of Biernacki et al. [2020] for local labels. Each
local label ℓ introduced by local ℓ : 𝐴↠ 𝐵 in 𝑀 is replaced by a fresh label generated at
runtime. We manage these labels in a context defined as Ω ::= · | Ω, ℓ : 𝐴↠ 𝐵. We do
not syntactically distinguish runtime-generated labels from static labels; runtime labels
are tracked in Ω. The reduction relation has the form 𝑀 | Ω ⇝ 𝑁 | Ω′. Only E-Gen
extends Ω, adding a fresh runtime label for a local label binding. Other reduction rules
leave Ω unchanged. To prove type soundness, we also extend the other judgements
with Ω. For instance, typing judgements have the form Ω | Γ ⊢ 𝑀 : 𝐴 @𝐸 for runtime
terms. We omit these modified versions of the rules since the changes are trivial.

Syntax
Terms 𝑀, 𝑁 ::= · · · | local ℓ : 𝐴↠ 𝐵 in 𝑀

Well-formedness Γ ⊢ 𝐿 Γ ⊢ 𝐷 Γ ⊢ 𝐸

ℓ ∈ dom(Σ , Γ ) Γ ⊢ 𝐿
Γ ⊢ ℓ , 𝐿

ℓ ∈ dom(Σ , Γ ) Γ ⊢ 𝐷
Γ ⊢ ℓ , 𝐷

ℓ ∈ dom(Σ , Γ ) Γ ⊢ 𝐸
Γ ⊢ ℓ , 𝐸

Typing Γ ⊢ 𝑀 : 𝐴 @𝐸

T-LocalEffect
Γ, ℓ : 𝐴↠ 𝐵 ⊢ 𝑀 : 𝐴′ @𝐸

Γ ⊢ local ℓ : 𝐴↠ 𝐵 in 𝑀 : 𝐴′ @𝐸

T-Do
Σ , Γ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝑁 : 𝐴 @ ℓ , 𝐸

Γ ⊢ do ℓ 𝑁 : 𝐵 @ ℓ , 𝐸

T-Handle
𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 Γ, 𝑥 :⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸
[Σ , Γ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @𝐸]𝑖
Γ ⊢ handle 𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @𝐸

Operational semantics 𝑀 | Ω⇝ 𝑁 | Ω′

E-Gen local ℓ : 𝐴↠ 𝐵 in 𝑀 | Ω⇝ 𝑀[ℓ ′/ℓ ] | Ω, ℓ ′ : 𝐴↠ 𝐵 where ℓ ′ is globally fresh

Figure 5.6: Local labels. New parts in well-formedness and typing rules are highlighted.
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5.7 Shallow handlers

Up to now we have considered only deep handlers of the form handle 𝑀 with 𝐻.
Deep handlers automatically wrap the handler around the body of the continuation
𝑟 captured in a handler clause. We extend the handler syntax with shallow handlers
shandle𝑀 with 𝐻, in which the handler is not automatically wrapped around the
bodies of continuations [Kammar et al. 2013; Hillerström and Lindley 2018]. Figure 5.7
presents the extension with shallow handlers. The most interesting part is that in the
typing rule T-ShallowHandle, the continuation 𝑟 is wrapped in the modality ⟨𝐷⟩,
because the continuation is not under the ambient effect context 𝐸 but may additionally
perform effects in 𝐷. We do not have this extra modality in the typing rule T-Handle in
Figure 4.5 for deep handlers, because the continuation of a deep handler is recursively
wrapped by the handler itself, which handles effects in 𝐷.

Syntax
Terms 𝑀, 𝑁 ::= · · · | shandle 𝑀 with 𝐻

Typing Γ ⊢ 𝑀 : 𝐴 @𝐸

T-ShallowHandle
𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 Γ, 𝑥 :⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸
[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 :⟨𝐷⟩ 𝐵𝑖 → 𝐴 ⊢ 𝑁𝑖 : 𝐵 @𝐸]𝑖

Γ ⊢ shandle 𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @𝐸

Operational semantics 𝑀 ⇝ 𝑁

Evaluation contexts ℰ ::= · · · | shandle ℰ with 𝐻

E-ShallowRet shandle 𝑉 with 𝐻 ⇝ 𝑁[𝑉/𝑥]
where (return 𝑥 ↦→ 𝑁) ∈ 𝐻

E-ShallowOp shandle ℰ[do ℓ 𝑉] with 𝐻 ⇝ 𝑁[𝑉/𝑝, (𝜆𝑦.ℰ[𝑦])/𝑟]
where 0−free(ℓ ,ℰ) and (ℓ 𝑝 𝑟 ↦→ 𝑁) ∈ 𝐻

Figure 5.7: Shallow handlers.

5.8 Modality-parameterised handlers

In the typing rule T-Handle in Figure 4.5, the continuation depends on the ambient effect
context 𝐸 of the handled computation 𝑀. This is not always desirable. We introduce
modality-parameterised handlers, a natural generalisation in which effect handlers are
parameterised by a modality that is used to wrap continuations.

Figure 5.8 gives the syntax and typing for the extension with modality-parameterised
handlers. Rule T-Handle now defines a handler parameterised by the modality 𝜇. The
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Syntax
Terms 𝑀, 𝑁 ::= · · · | handle𝜇 𝑀 with 𝐻

Typing Γ ⊢ 𝑀 : 𝐴 @𝐸

T-Handle
𝜇(𝐹) = 𝐸 Γ ⊢ 𝜇 ⇒ ⟨⟩ @ 𝐹 Γ ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹

𝐷 = ℓ𝑖 Γ, µ𝜇 ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 Γ, µ𝜇 , 𝑥 : 𝜇◦ ⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸
[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, µ𝜇 , 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝜇 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @𝐸]𝑖

Γ ⊢ handle 𝜇
𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @ 𝐹

Figure 5.8: Modality-parameterised handlers. New parts in the typing rule are highlighted.

modality 𝜇 transforms the effect context 𝐹 to 𝜇(𝐹) = 𝐸 for the whole term as witnessed
by the addition of the lock µ𝜇 to the context of each premise. Since both the handled
computation and the handler clauses are well-typed under the lock µ𝜇, we can wrap
the continuation 𝑟, which captures the handled computation and the handler, in the
modality 𝜇. The return value 𝑥 is also wrapped in the modality 𝜇 as it is returned from
𝑀 whose context contains the lock µ𝜇𝐹 . In contrast, the handler rule in Figure 4.5, shown
below, gives 𝑟 only the function type 𝐵′ → 𝐵.

𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 Γ, 𝑥 :⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸
[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @𝐸]𝑖

Γ ⊢ handle 𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @𝐸

The operational semantics requires no change.
To recover the original handler construct of Tang et al. [2025], we just need to

instantiate the modality 𝜇 to the identity modality ⟨⟩. When the modality annotation is
omitted, we take it to be ⟨⟩.

Having a modality 𝜇 for the continuation 𝑟 gives us finer-grained control over effect
tracking for the continuation. As discussed in Section 7.1.4, the extra expressiveness
provided by this rule is especially useful for encoding other effect systems in our
unified framework in Chapter 6, as different encodings typically translate function
types, including continuation types, using different modalities. We give an example of
an effect handler annotated with the empty absolute modality [].

handle[] (do yield 42;do yield 37; 0) with {return 𝑥 ↦→ 𝑥, yield 𝑝 𝑟 ↦→ 𝑝 + 𝑟 ()}

As a result of the annotation [], the binding for the continuation 𝑟 has the form 𝑟 :[]
1 → Int instead of 𝑟 : 1 → Int. The annotation [] allows us to use 𝑟 more flexibly. For
example, we can use 𝑟 inside another absolute modality.
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The new handler rule requires the modality 𝜇 to have a comonadic structure as
specified by the conditions 𝜇 ⇒ ⟨⟩ @ 𝐹 and 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹. These conditions are
important because semantically a handler for operation ℓ may not be used (when ℓ is
not invoked) or be used multiple times (when ℓ is invoked multiple times). Intuitively,
each use of the handler consumes one modality 𝜇. The condition 𝜇 ⇒ ⟨⟩ @ 𝐹 ensures
that when the handler is not used, we can transform away the modality 𝜇 at effect
context 𝐹. The condition 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹 ensures that when the handler is used multiple
times, we can duplicate the modality 𝜇 each time the handler is used. For example,
the identity modality ⟨⟩ trivially satisfies the comonadic structure, and the absolute
modality [𝐸] satisfies the comonadic structure at 𝐹 with 𝐸 ⩽ 𝐹.

5.9 Parameterised effects

Parameterised effects allow us to define effects that are parameterised by types, such as
state effects parameterised by the type of the state. It is standard to extend Met with
parameterised effects. Figure 5.9 gives the extension with parameterised effects, only
showing the parts that require changes and highlighting the changes in grey. Since
parameterised effects require type variables, we assume we have extended contexts
with type variables as in Section 5.4.
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5 Extensions

Syntax

Effects 𝐷, 𝐸, 𝐹 ::= · · · | ℓ 𝐴 , 𝐸
Terms 𝑀, 𝑁 ::= · · · | do ℓ 𝐴 𝑀

Label contexts Σ ::= · | Σ, ℓ : ∀𝛼𝐾 . 𝐴↠ 𝐵

Well-formedness Γ ⊢ 𝐸 Γ ⊢ ∀𝛼𝐾 .𝐴↠ 𝐵 ⊢ Σ

Γ ⊢ ·

Σ ∋ ℓ : ∀𝛼𝐾𝑖 . 𝐴↠ 𝐵

[Γ ⊢ 𝐴𝑖 : 𝐾𝑖]𝑖 Γ ⊢ 𝐸

Γ ⊢ ℓ 𝐴𝑖 , 𝐸

Γ, 𝛼 : 𝐾 ⊢ 𝐴 : Abs
Γ, 𝛼 : 𝐾 ⊢ 𝐵 : Abs

Γ ⊢ ∀𝛼𝐾 . 𝐴↠ 𝐵 ⊢ ·

⊢ ∀𝛼𝐾 . 𝐴↠ 𝐵 ⊢ Σ

⊢ ℓ : ∀𝛼𝐾 . 𝐴↠ 𝐵,Σ

Equivalence Γ ⊢ 𝐸 ≡ 𝐹

Γ ⊢ 𝐸 ≡ 𝐸

Γ ⊢ 𝐸1 ≡ 𝐸2
Γ ⊢ 𝐸2 ≡ 𝐸3
Γ ⊢ 𝐸1 ≡ 𝐸3

[Γ ⊢ 𝐴𝑖 ≡ 𝐵𝑖]𝑖
Γ ⊢ 𝐸 ≡ 𝐸′

Γ ⊢ ℓ 𝐴𝑖 , 𝐸 ≡ ℓ 𝐵𝑖 , 𝐸′
ℓ ≠ ℓ ′

Γ ⊢ ℓ 𝐴𝑖 , ℓ ′ 𝐵𝑖 , 𝐸 ≡ ℓ ′ 𝐵𝑖 , ℓ 𝐴𝑖 , 𝐸

Meta-operations on effects 𝐸 − 𝐿 𝐿 − 𝐷

· − 𝐿 = ·

(ℓ 𝐴 , 𝐸) − 𝐿 =

{
𝐸 − 𝐿′ if 𝐿 ≡ ℓ , 𝐿′

ℓ 𝐴 , (𝐸 − 𝐿) otherwise

· − 𝐷 = ·

(ℓ , 𝐿) − 𝐷 =

{
𝐿 − 𝐷′ if 𝐷 ≡ ℓ 𝐴 , 𝐷′

ℓ , (𝐿 − 𝐷) otherwise

Modality transformation Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹

MT-Abs
Γ ⊢ 𝐸 ⩽ 𝜇(𝐹)

Γ ⊢ [𝐸] ⇒ 𝜇 @ 𝐹

MT-Rel

Γ ⊢ ⟨𝐿|𝐷⟩ ⇒ ⟨𝐿|𝐷⟩ @ 𝐹

MT-Expand
Γ ⊢ (𝐹 − 𝐿) ≡ ℓ 𝐴 , 𝐸

Γ ⊢ ⟨𝐿|𝐷⟩ ⇒ ⟨ℓ , 𝐿|𝐷, ℓ 𝐴 ⟩ @ 𝐹

MT-Shrink
Γ ⊢ (𝐹 − 𝐿) ≡ ℓ 𝐴 , 𝐸

Γ ⊢ ⟨ℓ , 𝐿|𝐷, ℓ 𝐴 ⟩ ⇒ ⟨𝐿|𝐷⟩ @ 𝐹

MT-Trans
Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 Γ ⊢ 𝜈 ⇒ 𝜉 @ 𝐹

Γ ⊢ 𝜇 ⇒ 𝜉 @ 𝐹

Typing Γ ⊢ 𝑀 : 𝐴 @𝐸

T-Do
Σ ∋ ℓ : ∀𝛼𝐾𝑖

𝑖
. 𝐴↠ 𝐵 [Γ ⊢ 𝐴𝑖 : 𝐾𝑖]𝑖

Γ ⊢ 𝑁 : 𝐴 [𝐴𝑖/𝛼𝑖] @ ℓ 𝐴𝑖 , 𝐸

Γ ⊢ do ℓ 𝐴𝑖 𝑁 : 𝐵 [𝐴𝑖/𝛼𝑖] @ ℓ 𝐴𝑖 , 𝐸

T-Handle
𝐷 = ℓ 𝑗 𝐴 Γ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 Γ, 𝑥 :⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸

[Σ ∋ ℓ 𝑗 : ∀𝛼𝐾 . 𝐴′ ↠ 𝐵′ Γ, 𝛼 : 𝐾 , 𝑝 : 𝐴′, 𝑟 : 𝐵′ → 𝐵 ⊢ 𝑁 ′ : 𝐵 @𝐸]𝑗
Γ ⊢ handle 𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ 𝑗 𝑝 𝑟 ↦→ 𝑁 ′}𝑗 : 𝐵 @𝐸

Operational semantics 𝑀 ⇝ 𝑁

Evaluation contexts ℰ ::= · · · | do ℓ 𝐴 ℰ

E-Op handle ℰ[do ℓ 𝐴 𝑉] with 𝐻 ⇝ 𝑁[ 𝐴/𝛼 , 𝑉/𝑝, (𝜆𝑦.handle ℰ[𝑦] with 𝐻)/𝑟],
where 0−free(ℓ ,ℰ), (ℓ 𝑝 𝑟 ↦→ 𝑁) ∈ 𝐻, and Σ ∋ ℓ : ∀𝛼𝐾 .𝐴′ ↠ 𝐵′

Figure 5.9: Parameterised effects.
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Part II

Met(𝒳) the Framework

We propose a parameterised uniform framework Met(𝒳) based on modal effect types,
which enables us to encode different effect systems in the literature.

Chapter 6 introduces the uniform framework Met(𝒳). Chapter 7 presents encodings of
different effect systems into Met(𝒳).
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6 A uniform framework

A family of unimplemented computing languages is described that is
intended to span differences of application area by a unified framework.

—P. J. Landin (1966)

The literature includes much work on effect systems for effect handlers based on a
range of different theoretical foundations. Two of the most popular and well-studied
approaches are row-based effect systems [Hillerström and Lindley 2016; Leijen 2017;
Lindley et al. 2017] and capability-based effect systems [Brachthäuser et al. 2020, 2022;
Boruch-Gruszecki et al. 2023].
Row-based effect systems, as in the languages Koka [Leijen 2017; Xie et al. 2022],

Links [Hillerström and Lindley 2016], and Frank [Lindley et al. 2017], follow the
traditional monadic reading of effects: effects are what computations do when they
run. They treat effect types as rows of effects and annotate each function arrow with
an effect row. For modularity, they implement parametric effect polymorphism via row
polymorphism [Rémy 1994; Leijen 2005]. For example, a standard application function
in System F𝜖 [Xie et al. 2020], a core calculus of Koka, has type:

∀𝜀.(Int →𝜀 1) → Int →𝜀 1

It is polymorphic in its effects 𝜀, which must agree with the effects performed by its
first argument because the argument is invoked in the function body.
Capability-based effect systems, as in the language Effekt [Brachthäuser et al. 2020,

2022] and an experimental extension of Scala 3 [Boruch-Gruszecki et al. 2023], adopt a
contextual reading of effects: effects are capabilities provided by the context. Treating
effects as capabilities enables a notion of contextual effect polymorphism [Brachthäuser
et al. 2020] which allows effect-polymorphic reuse of functions without effect variables.
For example, an uncurried application function in System C [Brachthäuser et al. 2022],
a core calculus of Effekt, has type:

( 𝑓 : Int ⇒ 1, Int) ⇒ 1
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6 A uniform framework

The argument 𝑓 is a capability. It is a second-class function that cannot be returned as
a value. It can use any capabilities the context provides. We write⇒ for second-class
functions. For a curried application function, which requires returning a function, we
must capture capabilities in types:

( 𝑓 : Int ⇒ 1) ⇒ (Int ⇒ 1 at { 𝑓 })

Its result has type (Int ⇒ 1 at { 𝑓 }). As well as specifying argument and result types as
usual, this type also includes a capture set { 𝑓 } which records that the returned function
may use the capability 𝑓 bound by the argument type ( 𝑓 : Int ⇒ 1).
Though row-based and capability-based effect systems are both well-studied, their

relationship is not. We aim to bridge this gap in the literature by encoding both styles of
effect systems into a uniform framework. Row-based and capability-based effect systems
differ significantly in both their theoretical foundations and their interpretations of
effects. Moreover, their mechanisms for tracking effects are entangledwith other features
such as functions. For instance, as we have seen above, a function arrow in System F𝜖

describes a standard function type and also provides effect annotations. Similarly, a
function arrow in System C may bind capabilities. The entanglement of effect tracking
with such features is the central challenge in analysing the differences between such
effect systems.
Modal effect types provide a new foundation for effect systems. As demonstrated

in Part I, Met decouples effect tracking from standard type and term constructs via
modalities. For instance, an application function in Met has a plain function type (Int →
1) → Int → 1. This type imposes no restriction on how effects from the context
may be used. To control the use of effects, we can add modalities to the type. For
example, the type [yield](Int → 1) → Int → 1 restricts the argument function to using
only the operation yield by wrapping it with the absolute modality [yield]; the type
[](Int → 1) → [](Int → 1) restricts both the argument and result functions to be pure.
We focused on introducing the core theory of Met in Part I. In this part, we exploit

the observation that the decoupling of effect tracking via modalities leads to a tangible
increase in flexibility and expressivity compared to typical effect systems whose effect
tracking is entangledwith other features. Such decoupling allows us to encode a range of
effect systems, including those based on rows and capabilities, in a uniform framework.
In this chapter, we introduce the uniform framework Met(𝒳), a System F-style core

calculus based on Met (Chapter 4) with extensions for polymorphism (Section 5.4),
local labels (Section 5.6), and modality-parameterised handlers (Section 5.8). Met(𝒳) is
parameterised by an effect structure 𝒳 . An effect structure, inspired by prior work on
abstracting row types [Morris and McKinna 2019; Hubers and Morris 2023; Yoshioka
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et al. 2024], defines the structure of effect collections.Met hardwires the underlying effect
structure to scoped rows [Leijen 2005]. In contrast,Met(𝒳) allows us to smoothly account
for the different treatments of effect collections adopted by different effect systems, such
as sets [Bauer and Pretnar 2014; Brachthäuser et al. 2022], simple rows [Morris and
McKinna 2019], and scoped rows [Leijen 2005, 2017; Lindley et al. 2017]. Parameterising
by the effect structure enables us to separate the bureaucracy of managing effect
collections from our main concern, which is how to use modalities to encode different
effect tracking mechanisms. In Chapter 7, we will show how our uniform framework
Met(𝒳) enables encodings of different effect systems.
In the rest of this chapter, we present the syntax, typing rules, and operational

semantics of Met(𝒳). For ease of reference, we give its complete specification, even
though many components were introduced separately in Part I.

6.1 Syntax

Figure 6.1 gives the syntax of Met(𝒳). We highlight syntax relevant to modal effect types
and their extensions in grey.

Types 𝐴, 𝐵 ::= 1 | 𝐴→ 𝐵 | 𝜇𝐴
| 𝛼 | ∀𝛼𝐾 .𝐴

Modalities 𝜇, 𝜈 ::= [𝐸] | ⟨𝐷⟩
Extensions 𝐷 ::= · | ℓ , 𝐷 | 𝜀, 𝐷
Effect Contexts 𝐸, 𝐹 ::= · | ℓ , 𝐸 | 𝜀, 𝐸
Kinds 𝐾 ::= Abs | Any | Effect
Contexts Γ ::= · | Γ, 𝛼 : 𝐾 | Γ, µ𝜇

| Γ, 𝑥 :𝜇 𝐴 | Γ, ℓ : 𝐴↠ 𝐵

Label Contexts Σ ::= · | Σ, ℓ : 𝐴↠ 𝐵

Terms 𝑀, 𝑁 ::= () | 𝑥 | 𝜆𝑥𝐴.𝑀 | 𝑀𝑁

| Λ𝛼𝐾 .𝑉 | 𝑀 𝐴 | mod𝜇𝑉

| let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑀
| do ℓ 𝑀
| local ℓ : 𝐴↠ 𝐵 in 𝑀
| handle𝜇 𝑀 with 𝐻

Values 𝑉,𝑊 ::= () | 𝑥 | 𝜆𝑥𝐴.𝑀 | mod𝜇𝑉
| let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑊
| Λ𝛼𝐾 .𝑉 | 𝑉 𝐴

Handlers 𝐻 ::= {return 𝑥 ↦→ 𝑁, ℓ 𝑝 𝑟 ↦→ 𝑀}

Figure 6.1: Syntax of Met(𝒳).

Asmentioned above,Met(𝒳) is a SystemF-style core calculus based onMet (Chapter 4)
with three extensions from Chapter 5: polymorphism (Section 5.4), local labels (Sec-
tion 5.6), and modality-parameterised handlers (Section 5.8). Met(𝒳) also generalises
Met by leaving the structure of effect collections (i.e., extensions and effect contexts)
unspecified, as discussed in Section 6.2.
We treat let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑊 as a value, similar to the fact that we treat 𝑉 𝐴 as a

value, which is useful for the encoding of System C in Section 7.3. This is reminiscent
of the notion of complex values in call-by-push-value [Levy 2004]. We also extend the
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6 A uniform framework

operational semantics of Met(𝒳) in Section 6.6 to allow reduction of values in mod𝜇𝑉

and let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑀.
We let 𝐴 range over both value types 𝐴 and effect contexts 𝐸, and let 𝛼 range over

type variables for them in type abstraction Λ𝛼𝐾 .𝑉 and type application 𝑀 𝐴.
We make several simplifications to Met in order to focus on the core ideas of our

encodings of different effect systems. We assume that each handler only handles one
operation, and fix a global context Σ which associates each global operation label with
its type. An entry ℓ : 𝐴↠ 𝐵 indicates that the operation ℓ takes an argument of type
𝐴 and returns a value of type 𝐵. We also support local labels which are introduced by
local ℓ : 𝐴↠ 𝐵 in 𝑀 and maintained in the context Γ. We do not distinguish between
local and global labels syntactically.

6.2 Effect structures

An effect structure defines the structure of effect collections, that is, extensions and effect
contexts in Met(𝒳). Extensions 𝐷 and effect contexts 𝐸 are both syntactically defined as
lists of labels and effect variables. We overload commas for list concatenation, e.g., 𝐷, 𝐸
and 𝐸, 𝐹 both denote list concatenation. As usual, list concatenation is associative but
not commutative. The kinding, equivalence, and subtyping (or subeffecting) relations
for them are determined by an effect structure 𝒳 .

Definition 2 (Effect structure). An effect structure 𝒳 is a tuple ⟨:,≡⟩ of two relations.

• Γ ⊢ 𝐷 : Effect is a kinding relation which defines well-formed extensions. This relation
is preserved by concatenation 𝐷, 𝐷′. That is, if Γ ⊢ 𝐷 : Effect and Γ ⊢ 𝐷′ : Effect, then
Γ ⊢ 𝐷, 𝐷′ : Effect.

• Γ ⊢ 𝐷 ≡ 𝐷′ is an equivalence relation for well-formed extensions.

Our definition of an effect structure 𝒳 is minimal and includes only the definitions
of kinding and equivalence relations for extensions 𝐷. We can naturally derive the
kinding relation Γ ⊢ 𝐸 : Effect, equivalence relation Γ ⊢ 𝐸 ≡ 𝐸′, and subeffecting relation
Γ ⊢ 𝐸 ⩽ 𝐸′ for effect contexts as follows.

Γ ⊢ · : Effect

Γ ∋ 𝜀 : Effect

Γ ⊢ 𝜀 : Effect

Γ ⊢ 𝐷 : Effect Γ ⊢ 𝐸 : Effect

Γ ⊢ 𝐷, 𝐸 : Effect

Γ ⊢ · ≡ · Γ ⊢ 𝜀 ≡ 𝜀

Γ ⊢ 𝐷1 ≡ 𝐷2 Γ ⊢ 𝐸1 ≡ 𝐸2
Γ ⊢ 𝐷1 , 𝐸1 ≡ 𝐷2 , 𝐸2

Γ ⊢ 𝐸, 𝐸′ ≡ 𝐹

Γ ⊢ 𝐸 ⩽ 𝐹

The kinding and equivalence relations for effect contexts are defined inductively.
The subeffecting relation is more interesting. We have 𝐸 ⩽ 𝐹 if there exists an effect
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context 𝐸′ such that 𝐸, 𝐸′ is well-formed and 𝐸, 𝐸′ ≡ 𝐹. It is easy to verify that this
subeffecting relation is a partial order. We often write :𝒳 , ⩽𝒳 , and ≡𝒳 to denote which
specific effect structure we refer to. We sometimes omit the context Γ for the equivalence
and subeffecting relations for brevity.

We give four examples of effect structures, among which ℛscp and 𝒮 are used for the
encodings of System F𝜖 and System C in Sections 7.2 and 7.3, respectively.

Definition 3 (Simple Rows). ℛsimp = ⟨:ℛsimp ,≡ℛsimp⟩ defines effect collections as simple
rows [Morris and McKinna 2019] of operation labels. Well-formed extensions consist of distinct
labels without any effect variable. 𝐷 ≡ 𝐷′ if 𝐷 is identical to 𝐷′ modulo duplication and
reordering of labels. The full definition is given in Figure 6.5.

Definition 4 (Scoped Rows). ℛscp = ⟨:ℛscp ,≡ℛscp⟩ defines effect collections as scoped
rows [Leijen 2005] of operation labels. Well-formed extensions may contain duplicate labels
without any effect variable. 𝐷 ≡ 𝐷′ if 𝐷 is identical to 𝐷′ modulo reordering of distinct labels.
The full definition is given in Figure 6.4.

Definition 5 (Sets). 𝒮 = ⟨:𝒮 ,≡𝒮⟩ defines effect collections as sets. Well-formed extensions are
sets of labels and effect variables. The equivalence relation is set equivalence. The full definition
is given in Figure 6.2.

Definition 6 (Multisets). 𝒮mult = ⟨:𝒮mult ,≡𝒮mult⟩ defines effect collections as multisets. Well-
formed extensions are multisets of labels and effect variables. The equivalence relation is multiset
equivalence. The full definition is given in Figure 6.3.

Γ ⊢ 𝐷 : Effect

Γ ⊢ · : Effect
Σ, Γ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝐷 : Effect

Γ ⊢ ℓ , 𝐷 : Effect
Γ ⊢ 𝜀 : Effect Γ ⊢ 𝐷 : Effect

Γ ⊢ 𝜀, 𝐷 : Effect

Γ ⊢ 𝐷 ≡ 𝐷′

𝐷 ≡ 𝐷

𝐷1 ≡ 𝐷2

𝐷2 ≡ 𝐷1

𝐷1 ≡ 𝐷2 𝐷2 ≡ 𝐷3

𝐷1 ≡ 𝐷3

𝐷 ≡ 𝐷′

ℓ , 𝐷 ≡ ℓ , 𝐷′
𝐷 ≡ 𝐷′

𝜀, 𝐷 ≡ 𝜀, 𝐷′

ℓ , ℓ ′, 𝐷 ≡ ℓ ′, ℓ , 𝐷 ℓ , 𝜀, 𝐷 ≡ 𝜀, ℓ , 𝐷 𝜀, 𝜀′, 𝐷 ≡ 𝜀′, 𝜀, 𝐷 ℓ , ℓ , 𝐷 ≡ ℓ , 𝐷

𝜀, 𝜀, 𝐷 ≡ 𝜀, 𝐷

Figure 6.2: The effect structure 𝒮 (sets).
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Γ ⊢ 𝐷 : Effect

Γ ⊢ · : Effect
Σ, Γ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝐷 : Effect

Γ ⊢ ℓ , 𝐷 : Effect
Γ ⊢ 𝜀 : Effect Γ ⊢ 𝐷 : Effect

Γ ⊢ 𝜀, 𝐷 : Effect

Γ ⊢ 𝐷 ≡ 𝐷′

𝐷 ≡ 𝐷

𝐷1 ≡ 𝐷2

𝐷2 ≡ 𝐷1

𝐷1 ≡ 𝐷2 𝐷2 ≡ 𝐷3

𝐷1 ≡ 𝐷3

𝐷 ≡ 𝐷′

ℓ , 𝐷 ≡ ℓ , 𝐷′
𝐷 ≡ 𝐷′

𝜀, 𝐷 ≡ 𝜀, 𝐷′

ℓ , ℓ ′, 𝐷 ≡ ℓ ′, ℓ , 𝐷 ℓ , 𝜀, 𝐷 ≡ 𝜀, ℓ , 𝐷 𝜀, 𝜀′, 𝐷 ≡ 𝜀′, 𝜀, 𝐷

Figure 6.3: The effect structure 𝒮mult (multisets).

Γ ⊢ 𝐷 : Effect

Γ ⊢ · : Effect
Σ, Γ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝐷 : Effect

Γ ⊢ ℓ , 𝐷 : Effect

Γ ⊢ 𝐷 ≡ 𝐷′

𝐷 ≡ 𝐷

𝐷1 ≡ 𝐷2

𝐷2 ≡ 𝐷1

𝐷1 ≡ 𝐷2 𝐷2 ≡ 𝐷3

𝐷1 ≡ 𝐷3

𝐷 ≡ 𝐷′

ℓ , 𝐷 ≡ ℓ , 𝐷′
ℓ ≠ ℓ ′

ℓ , ℓ ′, 𝐷 ≡ ℓ ′, ℓ , 𝐷

Figure 6.4: The effect structure ℛscp (scoped rows).

Γ ⊢ 𝐷 : Effect

Γ ⊢ · : Effect
Σ, Γ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝐷 : Effect

Γ ⊢ ℓ , 𝐷 : Effect

Γ ⊢ 𝐷 ≡ 𝐷′

𝐷 ≡ 𝐷

𝐷1 ≡ 𝐷2

𝐷2 ≡ 𝐷1

𝐷1 ≡ 𝐷2 𝐷2 ≡ 𝐷3

𝐷1 ≡ 𝐷3

𝐷 ≡ 𝐷′

ℓ , 𝐷 ≡ ℓ , 𝐷′ ℓ , ℓ ′, 𝐷 ≡ ℓ ′, ℓ , 𝐷

ℓ , ℓ , 𝐷 ≡ ℓ , 𝐷

Figure 6.5: The effect structure ℛsimp (simple rows).
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The effect structure ℛscp corresponds to the treatment of effect collections as scoped
rows used in Met.

Following Yoshioka et al. [2024], an effect structure that intuitively characterises the
notion of a collection of effects should satisfy the following validity conditions.

Definition 7 (Validity Conditions). Validity conditions for an effect structure 𝒳 are

1. if 𝐸 ⩽𝒳 · then 𝐸 = ·, and

2. if ℓ ⩽𝒳 ℓ ′, 𝐸 and ℓ ≠ ℓ ′ then ℓ ⩽𝒳 𝐸.

The validity conditions together ensure that if a label ℓ is a subtype of an effect context
𝐸, then it must syntactically appear in the effect context 𝐸. The first condition prevents
us from claiming that some label is contained in the empty effect context. The second
condition prevents us from identifying two syntactically different labels as the same one.
All effect structures given above satisfy the validity conditions. Our type soundness
and effect safety theorems in Section 6.7 are parameterised over any effect structure
satisfying the validity conditions.

6.3 Mode theory

The mode theory of Met(𝒳) follows that of Met in Section 4.3. The main difference is
that we use a more general modality transformation rule for relative modalities that is
suitable for effect structures beyond the scoped rows used in Met.

Modes. Modes of Met(𝒳) remain effect contexts 𝐸 as in Met. Well-formedness, equi-
valence, and subeffecting of effect contexts are determined by the effect structure 𝒳 as
in Section 6.2.

Modalities. Well-formedness and equivalence of modalities are unchanged from Met.

Γ ⊢ 𝐸 : Effect

Γ ⊢ [𝐸]
Γ ⊢ 𝐷 : Effect

Γ ⊢ ⟨𝐷⟩
Γ ⊢ 𝐸 ≡ 𝐹

Γ ⊢ [𝐸] ≡ [𝐹]
Γ ⊢ 𝐷 ≡ 𝐷′

Γ ⊢ ⟨𝐷⟩ ≡ ⟨𝐷′⟩

Action and composition of modalities are also unchanged from Met and are inde-
pendent of the effect structure 𝒳 .

[𝐸](𝐹) = 𝐸 ⟨𝐷⟩(𝐹) = 𝐷, 𝐹

𝜇 ◦ [𝐸] = [𝐸] [𝐸] ◦ ⟨𝐷⟩ = [𝐷, 𝐸] ⟨𝐷1⟩ ◦ ⟨𝐷2⟩ = ⟨𝐷2 , 𝐷1⟩
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6 A uniform framework

Modality transformations. We generalise the modality transformation rules of Met in
Section 4.3.2 to account for different effect structures 𝒳 .

MT-Abs
Γ ⊢ 𝐸 ⩽ 𝜇(𝐹)

Γ ⊢ [𝐸] ⇒ 𝜇 @ 𝐹
MT-Rel

Γ ⊢ 𝐷1 , 𝐹 ⩽ 𝐷2 , 𝐹 for all 𝐸 ⩽ 𝐹

Γ ⊢ ⟨𝐷1⟩ ⇒ ⟨𝐷2⟩ @𝐸

Rule MT-Abs is unchanged from Met. Rule MT-Rel generalises MT-Rel of Met. It
allows us to transform a relative modality ⟨𝐷1⟩ to another relative modality ⟨𝐷2⟩ as long
as𝐷1 , 𝐹 ⩽ 𝐷2 , 𝐹 for every effect context 𝐹 larger than 𝐸. This rule directly corresponds to
Lemma 1. This MT-Rel rule is suitable for any effect structure, while the corresponding
rule MT-Rel in Section 4.3.2, which allows ⟨𝐷1⟩ ⇒ ⟨𝐷2⟩ @𝐸 if 𝐷1 is equivalent to 𝐷2,
is specific to the treatment of effect collections as scoped rows in Met. For instance, with
the effect structure 𝒮, it is safe to have ⟨ℓ⟩ ⇒ ⟨⟩ @ ℓ because ℓ , ℓ ⩽ ℓ holds for sets. The
label ℓ provided by the modality on the LHS is already in the effect context. In 𝒮 these
two occurrences of ℓ cannot be distinguished, unlike in scoped rows.
It is worth noting that with the effect structure ℛscp, the MT-Rel rule of Met(ℛscp)

is more permissive than the MT-Rel rule of Met. As we discussed in Section 4.3.2, the
judgement ⟨⟩ ⇒ ⟨ℓ⟩ @ · is not allowed in Met, but it is allowed in Met(ℛscp). As a result,
we still have type soundness for Met(ℛscp) but not abstraction safety. We deliberately
choose this more permissive MT-Rel rule since it works for other effect structures and it
is necessary for encoding other effect systems. Characterising the notion of abstraction
safety in the uniform framework Met(𝒳) is interesting future work.

6.4 Kinds, contexts, and equivalence

The kinding, well-formedness, and equivalence rules largely follow Section 4.4. The
full rules are given in Figure 6.6. Kinding and equivalence for extensions and effect
contexts are provided by the effect structure 𝒳 . The rules for type variables and local
labels come from Sections 5.4 and 5.6, respectively. The global label context Σ is fixed,
and all its operation signatures are closed and well-formed.

As in Section 4.4, locks(−) composes all the modalities on the locks in a context.

locks(·) = ⟨⟩ locks(Γ,µ𝜇) = locks(Γ) ◦ 𝜇 locks(Γ, 𝑥 :𝜇 𝐴) = locks(Γ)
locks(Γ, 𝛼 : 𝐾) = locks(Γ) locks(Γ, ℓ : 𝐴↠ 𝐵) = locks(Γ)

6.5 Typing

Figure 6.7 gives the full typing rules for Met(𝒳). They combine the rules for Met
from Section 4.5 with the extensions for polymorphism, local labels, and modality-
parameterised handlers from Sections 5.4, 5.6 and 5.8. As before, we highlight rules
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6.5 Typing

Γ ⊢ 𝐴 : 𝐾

Γ ⊢ 𝐴 : Abs
Γ ⊢ 𝐴 : Any

Γ ∋ 𝛼 : 𝐾
Γ ⊢ 𝛼 : 𝐾 Γ ⊢ 1 : Abs

Γ ⊢ [𝐸] Γ ⊢ 𝐴 : Any
Γ ⊢ [𝐸]𝐴 : Abs

Γ ⊢ ⟨𝐷⟩ Γ ⊢ 𝐴 : 𝐾
Γ ⊢ ⟨𝐷⟩𝐴 : 𝐾

Γ ⊢ 𝐴 : Any Γ ⊢ 𝐵 : Any
Γ ⊢ 𝐴→ 𝐵 : Any

Γ, 𝛼 : 𝐾1 ⊢ 𝐴 : 𝐾2

Γ ⊢ ∀𝛼𝐾1 .𝐴 : 𝐾2

Γ ⊢ 𝐴 ≡ 𝐵

Γ ⊢ 𝛼 ≡ 𝛼 Γ ⊢ 1 ≡ 1

Γ ⊢ 𝜇 ≡ 𝜈 Γ ⊢ 𝐴 ≡ 𝐵

Γ ⊢ 𝜇𝐴 ≡ 𝜈𝐵

Γ ⊢ 𝐴 ≡ 𝐴′ Γ ⊢ 𝐵 ≡ 𝐵′

Γ ⊢ 𝐴→ 𝐵 ≡ 𝐴′ → 𝐵′

Γ, 𝛼 : 𝐾 ⊢ 𝐴 ≡ 𝐵

Γ ⊢ ∀𝛼𝐾 .𝐴 ≡ ∀𝛼𝐾 .𝐵

Γ @𝐸

· @ ·
Γ @𝐸 Γ ⊢ 𝜇 Γ ⊢ 𝐴 : 𝐾

Γ, 𝑥 :𝜇 𝐴 @𝐸
Γ @ 𝐹 Γ ⊢ 𝜇 𝜇(𝐹) = 𝐸

Γ,µ𝜇 @𝐸

Γ @𝐸
Γ, 𝛼 : 𝐾 @𝐸

Γ @𝐸 Γ ⊢ 𝐴↠ 𝐵

Γ, ℓ : 𝐴↠ 𝐵 @𝐸

Γ ≡ Γ′ @𝐸

Γ @𝐸
Γ ≡ Γ @𝐸

Γ ≡ Γ′ @𝐸
Γ′ ≡ Γ @𝐸

Γ ≡ Γ1 @𝐸 Γ1 ≡ Γ2 @𝐸
Γ ≡ Γ2 @𝐸

Γ ≡ Γ′ @𝐸 Γ ⊢ 𝜇 ≡ 𝜇′ Γ ⊢ 𝐴 ≡ 𝐴′

Γ, 𝑥 :𝜇 𝐴 ≡ Γ′, 𝑥 :𝜇′ 𝐴′ @𝐸
Γ ≡ Γ′ @ 𝐹 𝜇(𝐹) = 𝐸 Γ ⊢ 𝜇 ≡ 𝜇′

Γ,µ𝜇 ≡ Γ′,µ𝜇′ @𝐸

Γ ≡ Γ′ @𝐸
Γ, 𝛼 : 𝐾 ≡ Γ′, 𝛼 : 𝐾 @𝐸

Γ ≡ Γ′ @𝐸 Γ ⊢ 𝐴 ≡ 𝐴′ Γ ⊢ 𝐵 ≡ 𝐵′

Γ, ℓ : 𝐴↠ 𝐵 ≡ Γ′, ℓ : 𝐴′ ↠ 𝐵′ @𝐸 Γ,µ⟨⟩ ≡ Γ @𝐸

Γ,µ𝜇 ,µ𝜈 ≡ Γ,µ𝜇◦𝜈 @𝐸

Γ ⊢ 𝐴↠ 𝐵 ⊢ Σ

Γ ⊢ 𝐴 : Abs Γ ⊢ 𝐵 : Abs
Γ ⊢ 𝐴↠ 𝐵 ⊢ ·

⊢ Σ · ⊢ 𝐴↠ 𝐵

⊢ Σ, ℓ : 𝐴↠ 𝐵

Figure 6.6: Kinding, equivalence, and context well-formedness rules for Met(𝒳).
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relevant tomodal effect types in grey. The typing judgement Γ ⊢ 𝑀 : 𝐴 @𝐸 states that the
term𝑀 has type 𝐴 under context Γ and effect context 𝐸 with well-formedness condition
Γ @𝐸. We require well-formedness of 𝑀, 𝐴, and 𝐸 as well-formedness conditions for
the typing judgement.

Γ ⊢ (𝜇, 𝐴) ⇒ 𝜈
Γ ⊢ 𝐴 : Abs

Γ ⊢ (𝜇, 𝐴) ⇒ 𝜈

Γ @ 𝐹 Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹
Γ ⊢ (𝜇, 𝐴) ⇒ 𝜈

Γ ⊢ 𝑀 : 𝐴 @𝐸

T-Var
Γ ⊢ (𝜇, 𝐴) ⇒ locks(Γ′)
Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑥 : 𝐴 @𝐸

T-Mod
Γ,µ𝜇 ⊢ 𝑉 : 𝐴 @𝜇(𝐹)
Γ ⊢ mod𝜇𝑉 : 𝜇𝐴 @ 𝐹

T-Letmod
Γ,µ𝜈 ⊢ 𝑉 : 𝜇𝐴 @ 𝜈(𝐹)
Γ, 𝑥 :𝜈◦𝜇 𝐴 ⊢ 𝑀 : 𝐵 @ 𝐹

Γ ⊢ let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑀 : 𝐵 @ 𝐹

T-Abs
Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 @𝐸

Γ ⊢ 𝜆𝑥𝐴 .𝑀 : 𝐴→ 𝐵 @𝐸

T-App
Γ ⊢ 𝑀 : 𝐴→ 𝐵 @𝐸

Γ ⊢ 𝑁 : 𝐴 @𝐸
Γ ⊢ 𝑀 𝑁 : 𝐵 @𝐸

T-TAbs
Γ, 𝛼 : 𝐾 ⊢ 𝑉 : 𝐴 @𝐸

Γ ⊢ Λ𝛼𝐾 .𝑉 : ∀𝛼𝐾 .𝐴 @𝐸

T-TApp
Γ ⊢ 𝑀 : ∀𝛼𝐾 .𝐴 @𝐸

Γ ⊢ 𝐵 : 𝐾
Γ ⊢ 𝑀 𝐵 : 𝐴[𝐵/𝛼] @𝐸

T-Unit

Γ ⊢ () : 1 @𝐸

T-Do
Σ, Γ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝑁 : 𝐴 @ ℓ , 𝐸

Γ ⊢ do ℓ 𝑁 : 𝐵 @ ℓ , 𝐸

T-LocalEffect
Γ, ℓ : 𝐴↠ 𝐵 ⊢ 𝑀 : 𝐴′ @𝐸

Γ ⊢ local ℓ : 𝐴↠ 𝐵 in 𝑀 : 𝐴′ @𝐸

T-Handle
𝜇(𝐹) = 𝐸 Γ ⊢ 𝜇 ⇒ ⟨⟩ @ 𝐹 Γ ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹 Γ,µ𝜇 ,µ⟨ℓ⟩ ⊢ 𝑀 : 𝐴 @ ℓ , 𝐸

Σ, Γ ∋ ℓ : 𝐴′ ↠ 𝐵′ Γ,µ𝜇 , 𝑥 :𝜇◦⟨ℓ⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸 Γ,µ𝜇 , 𝑝 : 𝐴′, 𝑟 :𝜇 𝐵′ → 𝐵 ⊢ 𝑁 ′ : 𝐵 @𝐸

Γ ⊢ handle𝜇 𝑀 with {return 𝑥 ↦→ 𝑁, ℓ 𝑝 𝑟 ↦→ 𝑁 ′} : 𝐵 @ 𝐹

Figure 6.7: Typing rules for Met(𝒳).

6.6 Operational semantics

Figure 6.8 gives the full operational semantics of Met(𝒳). It combines the semantics of
Met from Section 4.6 with the rules for polymorphism and local labels from Sections 5.4
and 5.6, and adapts the handler rules from Section 5.8. We carry over the runtime label
context Ω from Section 5.6 and omit it from reductions when it is unchanged.
We define value normal forms𝑈 which cannot reduce further. We always evaluate

terms to value normal forms before substituting them into other terms. This is because
we include let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑊 as values. As a result, for example, let mod⟨⟩ 𝑥 =

mod⟨⟩ 𝑓 in () is a value of unit type but captures a function 𝑓 : 1 → 1. Since the type
1 has kind Abs, we can bind this value to a variable and use this variable anywhere.
However, we want to avoid substituting such a value into a termwrapped in an absolute
modality; otherwise the term after substitution would be ill-typed since 𝑓 would not be
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6.7 Metatheory

accessible. Requiring values to be in value normal forms before substitution rules out
such issues.

The evaluation contexts permit reduction of values under modality introduction and
type abstraction, in type application, and in the bound value of modality elimination.

Value normal forms 𝑈 ::= () | 𝑥 | 𝜆𝑥𝐴.𝑀 | Λ𝛼𝐾 .𝑈 | mod𝜇 𝑈
Evaluation Contexts ℰ ::= [ ] | ℰ 𝑁 | 𝑈 ℰ | ℰ 𝐴 | mod𝜇 ℰ

| Λ𝛼𝐾 .ℰ | let𝜈 mod𝜇 𝑥 = ℰ in 𝑀 | do ℓ ℰ | handle𝜇 ℰ with 𝐻

E-App (𝜆𝑥𝐴.𝑀)𝑈 ⇝ 𝑀[𝑈/𝑥]
E-TApp (Λ𝛼𝐾 .𝑈)𝐴⇝𝑈[𝐴/𝛼]
E-Letmod let𝜈 mod𝜇 𝑥 = mod𝜇𝑈 in 𝑀 ⇝ 𝑀[𝑈/𝑥]
E-Gen local ℓ : 𝐴↠ 𝐵 in 𝑀 | Ω⇝ 𝑀[ℓ ′/ℓ ] | Ω, ℓ ′ : 𝐴↠ 𝐵 where ℓ ′ fresh in Ω and Σ

E-Ret handle𝜇 𝑈 with 𝐻 ⇝ 𝑁[𝑈/𝑥],
where 𝐻 = {return 𝑥 ↦→ 𝑁, ℓ 𝑝 𝑟 ↦→ 𝑁 ′}

E-Op handle𝜇 ℰ[do ℓ 𝑈] with 𝐻 ⇝ 𝑁[𝑈/𝑝, (𝜆𝑦.handle𝜇 ℰ[𝑦] with 𝐻)/𝑟]
where ℓ ∉ bl(ℰ) and 𝐻 ∋ (ℓ 𝑝 𝑟 ↦→ 𝑁)

E-Lift ℰ[𝑀] | Ω⇝ ℰ[𝑁] | Ω′ if 𝑀 | Ω⇝𝑁 | Ω′

Figure 6.8: Operational semantics for Met(𝒳).

6.7 Metatheory

To state syntactic type soundness, we first define normal forms.

Definition 8 (Normal Forms). We say that a term 𝑀 is in normal form with respect to an
effect context 𝐸 if it is either a value normal form 𝑀 = 𝑈 or of the form 𝑀 = ℰ[do ℓ 𝑈] for
ℓ ⩽ 𝐸 and ℓ ∉ bl(ℰ).

The following theorems together give type soundness and effect safety.

Theorem 8 (Progress). In Met(𝒳) where 𝒳 satisfies the validity conditions, if Ω | Γ ⊢ 𝑀 :
𝐴 @𝐸 and dom(Γ) = ∅, then either there exist 𝑁 and Ω′ such that 𝑀 | Ω⇝ 𝑁 | Ω′, or 𝑀 is
in a normal form with respect to 𝐸.

Theorem 9 (Subject Reduction). In Met(𝒳), if Ω | Γ ⊢ 𝑀 : 𝐴 @𝐸 and 𝑀 | Ω⇝ 𝑁 | Ω′,
then Ω′ | Γ ⊢ 𝑁 : 𝐴 @𝐸.

The condition dom(Γ) = ∅ rules out free term variables while allowing Γ to contain
locks. Their proofs are given in Appendices B.3 and B.4. Finally, we can state effect
safety.
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Theorem 10 (Effect Safety). In Met(𝒳) where 𝒳 satisfies the validity conditions, if · | · ⊢ 𝑀 :
𝐴 @ ·, 𝑀 | ·⇝∗ 𝑁 | Ω′, and 𝑁 | Ω′ is irreducible, then 𝑁 is a value normal form, where⇝∗ is
the reflexive-transitive closure of⇝.

Proof. Theorem 9 and Theorem 8 show that 𝑁 is in normal form with respect to the
empty effect context ·. Supposing it has the form ℰ[do ℓ 𝑈], we have ℓ ⩽ ·, which
contradicts the first validity condition. Therefore, 𝑁 is a value normal form. □
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The relation between call-by-value and call-by-name is then studied by
giving simulations of each language by the other and interpretations of
each calculus in the other.

—Gordon D. Plotkin (1975)

We study the relation between different effect systems by encoding, as macro transla-
tions [Felleisen 1991], various effect systems based on rows and capabilities into our
uniform framework Met(𝒳). We prove that all our encodings preserve typing. Our
encodings do not heavily alter the structure of programs but mostly insert terms for
manipulating modalities. As a result, it is relatively obvious that the encodings preserve
semantics as well; we formally prove this result for some of our encodings. Our primary
case studies are encodings of System F𝜖 [Xie et al. 2020], a core calculus of Koka with a
row-based effect system, and of System C [Brachthäuser et al. 2022], a core calculus of
Effekt with a capability-based effect system. By encoding effect systems into a uniform
framework, we can directly reason about the differences between the effect-tracking
mechanisms of different effect systems (Sections 7.1.3 and 7.1.4). Our encodings also
offer practical insights for language designers (Section 7.5.1).
We start with an overview of our encodings in Section 7.1. Then we present the

encodings of row-based effect systems in Section 7.2 and of capability-based effect
systems in Section 7.3. We also present the encoding of System F1𝜖, a fragment of
System F𝜖, into modal effect types without any effect variables in Section 7.4. Section 7.5
discusses insights from our encodings and potential extensions.

7.1 Overview of encodings

We briefly describe the row-based effect system of System F𝜖 [Xie et al. 2020] and the
capability-based effect system of System C [Brachthäuser et al. 2022] along with their
encodings intoMet(𝒳). We use these encodings to directly compare the different systems
in a uniform framework. We specifically consider encodings of the different kinds of
effect handlers provided by the different systems. We also briefly discuss the results of
encoding other effect systems in Met(𝒳).
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7.1.1 Encoding rows

Koka [Leijen 2026] has an effect system based on scoped rows [Leijen 2005]. Sys-
tem F𝜖 [Xie et al. 2020] is a core calculus underlying Koka. To encode System F𝜖, we use
the effect structure ℛscp of scoped rows.
Function types in System F𝜖 have the form 𝐴 →𝐸 𝐵, where 𝐸 is an effect row that

specifies the effects that the function may use. Effect types in System F𝜖 are entangled
with function types. The key idea of our encoding is to decouple the effect type 𝐸 from
the function arrow via an absolute modality in Met(ℛscp). Writing ⟦−⟧ for translations,
we translate a function type as follows.

⟦𝐴→𝐸 𝐵⟧ = [⟦𝐸⟧](⟦𝐴⟧→ ⟦𝐵⟧)

An effectful function in System F𝜖 is decomposed into an absolute modality and a
standard function in Met(ℛscp). For instance, consider the following first-order effectful
function in System F𝜖 which invokes the operation yield.

genF𝜖 � 𝜆yield𝑥Int.do yield 𝑥 : Int →yield 1

We use meta-level macros defined by � in red to refer to code snippets. Each
𝜆-abstraction in System F𝜖 is annotated with an effect row, which is the same as the
effect row of its function type. We translate genF𝜖 into Met(ℛscp) as follows.

⟦genF𝜖⟧ = mod[yield] (𝜆𝑥Int.do yield 𝑥) : [yield](Int → 1)

At the term level, we insert a modality introduction mod[yield] for the 𝜆-abstraction,
corresponding to the type-level modality [yield]. We colour mod in grey in the transla-
tions. The black parts remain terms with valid syntax and provide intuition about the
translation. The modality [yield] is different from the effect row annotation in System F𝜖

since it is a first-class type constructor and not part of the function type.
As a more involved example including both higher-order functions and function

application, consider the effect-polymorphic application function in System F𝜖:

appF𝜖 � Λ𝜀Effect.𝜆 𝑓 Int→
𝜀1.𝜆𝜀𝑥Int. 𝑓 𝑥 : ∀𝜀.(Int →𝜀 1) → Int →𝜀 1

This function abstracts over an effect variable 𝜀 which stands for the effects performed
by the argument 𝑓 . Both 𝑓 and the inner 𝜆-abstraction are annotated with 𝜀 because
𝑓 is invoked, so their effects must match. The outer 𝜆-abstraction is pure as partial
application is pure. The encoding of appF𝜖 in Met(ℛscp) is as follows.

⟦appF𝜖⟧ = Λ𝜀Effect.mod[] (𝜆 𝑓 [𝜀](Int→1).mod[𝜀] (𝜆𝑥Int.let mod[𝜀] 𝑓 ′ = 𝑓 in 𝑓 ′ 𝑥))
: ∀𝜀Effect.[]([𝜀](Int → 1) → [𝜀](Int → 1))
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7.1 Overview of encodings

Each function arrow is associated with an absolute modality reflecting the effects
performed by that function. For the pure function arrow in the middle, we use the
empty absolute modality []. The type abstraction Λ𝜀 and quantifier ∀𝜀 are preserved.
We omit kinds when obvious. In the term, in addition to modality introduction, we also
insert a modality elimination for 𝑓 before applying it to 𝑥. The use of 𝑓 ′ requires that
the effect variable 𝜀 is present in the effect context.
Our term translation from System F𝜖 to Met(ℛscp) explicitly decouples the effect

trackingmechanism of System F𝜖 from function abstraction and application. This reveals
the essence of effect tracking in System F𝜖. Each 𝜆-abstraction 𝜆𝐸𝑥.𝑀 in System F𝜖 is
encoded in Met(ℛscp) by inserting a modality introduction mod[⟦𝐸⟧]. This demonstrates
that a function in System F𝜖 carries its effects. Each function application𝑉 𝑊 in System F𝜖

is encoded by inserting a modality elimination let mod[⟦𝐸⟧] 𝑓 = ⟦𝑉⟧ in 𝑓 ⟦𝑊⟧ for
the function 𝑉 of type 𝐴→𝐸 𝐵. This demonstrates that when a function is invoked in
System F𝜖, we need to provide all effects it may use, as the elimination of [⟦𝐸⟧] and use
of 𝑓 together require ⟦𝐸⟧ to be present in the effect context.

We give the full encoding of System F𝜖 into Met(ℛscp) in Section 7.2.2.

7.1.2 Encoding capabilities

Effekt [Brachthäuser et al. 2026] has an effect system based on capabilities. System C [Bra-
chthäuser et al. 2022] is a core calculus underlying Effekt. Since System C tracks capabil-
ities as sets, we use the effect structure 𝒮 of sets to encode it.
Functions in System C are called blocks. Blocks are second-class in that they must be

fully applied and cannot be returned. Capabilities are introduced as block variables.
Unlike row-based effect systems which have a separate notion of operation labels,
System C interprets effects as capabilities provided by the context. A capability can only
be used if it is in scope.

First-order blocks. Let us start with a simple example. Suppose that we have a
capability y : Int ⇒ 1 (for yielding integers) in the context. We can construct the
following block.

y :∗ Int ⇒ 1 ⊢ gen𝐶 � {(𝑥 : Int) ⇒ y(𝑥)} : Int ⇒ 1 | {y}

The star ∗ on the binding of y indicates that this block variable is a capability. Braces
delimit blocks. Arguments are wrapped in parentheses. Double arrows emphasise
that blocks are second-class. The block applies the capability y from the context to
the argument 𝑥. The typing judgement tracks a capability set {y}, which contains all
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capabilities that the block may use. The block arrow itself has no capability annotation.
The above block is simply encoded as a 𝜆-abstraction in Met(𝒮).1

y∗ : Effect, ŷ :[y∗] Int → 1 ⊢ ⟦gen𝐶⟧ = 𝜆𝑥Int.ŷ 𝑥 : Int → 1 @ y∗

The most interesting aspect of the encoding is how we encode the capability y : Int ⇒ 1

in the context. A capability y in System C can appear as both a type and a term. We
introduce an effect variable y∗ of kind Effect to represent it at the type level. We omit
kinds in the context when obvious. At the term level, we translate the capability directly
to ŷ :[y∗] Int → 1. The absolute modality ensures that whenever ŷ is invoked, the effect
variable y∗ is present in the effect context. The translation of the block body directly
applies ŷ to 𝑥. The effect variable y∗ must be in the effect context specified by @ y∗

because ŷ is used.

Boxes. In System C we can turn a second-class block into a first-class value by boxing
it as follows.

y :∗ Int ⇒ 1 ⊢ gen′𝐶 � box {(𝑥 : Int) ⇒ y(𝑥)} : Int ⇒ 1 at {y}

This typing judgement has no capability set because it types a value, and values are
always pure in System C. The value has type Int ⇒ 1 at {y}, which means it is a boxed
block of type Int ⇒ 1 with capability set {y}. The block may only use the capability
y. We can unbox a boxed block 𝑉 via unbox 𝑉 which gives back a second-class block.
We simply encode boxing and unboxing as modality introduction and elimination in
Met(𝒮). For instance, we encode gen′𝐶 as follows.

y∗ , ŷ :[y∗] Int → 1 ⊢ ⟦gen′𝐶⟧ = mod[y∗] (𝜆𝑥Int.ŷ 𝑥) : [y∗](Int → 1) @ ·

The capability set annotation at {y} in the type is encoded as the absolute modality
[y∗]. The encoding shows the connection between boxes of System C and modalities,
supporting the claim of Brachthäuser et al. [2022] that boxes of System C are inspired
by modal connectives [Choudhury and Krishnaswami 2020].

Higher-order blocks. The situation becomes more involved when we consider higher-
order blocks that take other blocks as arguments. This is because System C entangles
the introduction and tracking of capabilities with blocks, especially their construction
and application.

1If we strictly follow the encoding of System C in Section 7.3.2, there would be an extra identity modality
for the translated function. This modality is crucial for keeping the encoding systematic. We omit such
identity modalities in the overview.
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Let us consider the uncurried and curried application functions in System C.

app𝐶 � {(𝑥 : Int, 𝑓 : Int ⇒ 1) ⇒ 𝑓 (𝑥)} : (Int, 𝑓 : Int ⇒ 1) ⇒ 1

app′𝐶 � {( 𝑓 : Int ⇒ 1) ⇒ box {(𝑥 : Int) ⇒ 𝑓 (𝑥)}} : ( 𝑓 : Int ⇒ 1) ⇒ (Int ⇒ 1 at { 𝑓 })

These are block constructions. The first block app𝐶 binds the integer parameter 𝑥 first
because System C requires value parameters like 𝑥 to appear before block parameters
like 𝑓 in a parameter list. In addition to behaving like standard 𝜆-abstractions, block
constructions also play an important role in capability tracking. Specifically:

1. Both app𝐶 and app′𝐶 bind a capability 𝑓 : Int ⇒ 1 for their block bodies. This
capability 𝑓 can also be used in the type as shown in the type of app′𝐶 .

2. For soundness, System C assumes that this new capability 𝑓 is called directly at
least once in the block body even if 𝑓 may actually not be used. (The capability 𝑓
is indeed called directly in app𝐶 , whereas in app′𝐶 the call occurs inside a box.)
Consequently, the capability 𝑓 is always added to the capability set of the block
body tracked by the typing judgement.

3. In addition to the new capability 𝑓 , both app𝐶 and app′𝐶 allow any capability from
the context to be called as well.

Our encoding of block constructions in Met(𝒮) takes account of these three constraints
and exposes them explicitly via modalities. For instance, app𝐶 is encoded as follows.

⟦app𝐶⟧ = Λ 𝑓 ∗.mod⟨ 𝑓 ∗⟩ (𝜆𝑥Int.𝜆 𝑓 [ 𝑓
∗](Int→1).let mod[ 𝑓 ∗] 𝑓 = 𝑓 in 𝑓 𝑥)

: ∀ 𝑓 ∗.⟨ 𝑓 ∗⟩(Int → [ 𝑓 ∗](Int → 1) → 1)

For (1), in order to allow the term variable 𝑓 to appear in types, we introduce an effect
variable 𝑓 ∗ and wrap the type Int → 1 of the argument 𝑓 with an absolute modality [ 𝑓 ∗].
The effect variable 𝑓 ∗ represents the term variable 𝑓 at the level of types. Additionally,
we immediately eliminate the modality of 𝑓 to 𝑓 . As a result, in the context of the
application 𝑓 𝑥 we have three local bindings 𝑓 ∗, 𝑓 , and 𝑓 . For (2) and (3), we use a
relative modality ⟨ 𝑓 ∗⟩ to wrap the whole function type. The relative modality adds the
effect variable 𝑓 ∗ to the ambient effect context for the function to use, in accordance
with (2). The relative modality also allows the function to use effects from the ambient
effect context, in accordance with (3).

The translation of app′𝐶 is similar.

⟦app′𝐶⟧ = Λ 𝑓 ∗.mod⟨ 𝑓 ∗⟩ (𝜆 𝑓 [ 𝑓
∗](Int→1).let mod[ 𝑓 ∗] 𝑓 = 𝑓 in mod[ 𝑓 ∗] (𝜆𝑥. 𝑓 𝑥))

: ∀ 𝑓 ∗.⟨ 𝑓 ∗⟩([ 𝑓 ∗](Int → 1) → [ 𝑓 ∗](Int → 1))

In general, the translation of block types from System C to Met(𝒮) is as follows, where
we let 𝐴 and 𝐵 range over value types and let 𝑇 range over block types.

⟦(𝐴, 𝑓 : 𝑇) ⇒ 𝐵⟧ = ∀ 𝑓 ∗.⟨ 𝑓 ∗⟩(⟦𝐴⟧→ [ 𝑓 ∗]⟦𝑇⟧→ ⟦𝐵⟧)
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A block type is decomposed into a standard function type with extra modalities and
type quantifiers, which makes explicit exactly how System C introduces and tracks
capabilities.

Block calls. Blocks must be fully applied. Assuming we have a capability y : Int ⇒ 1

in the context, we can apply the blocks app𝐶 and app′𝐶 to the block gen𝐶 as follows.

y :∗ Int ⇒ 1 ⊢ app𝐶(42, gen𝐶) : 1 | {y}
y :∗ Int ⇒ 1 ⊢ app′𝐶(gen𝐶) : Int ⇒ 1 at {y} | {y}

As blocks must be fully applied, we must additionally pass an integer to app𝐶 , in this
case 42. These two programs are block calls. Like block constructions, block calls in
System C not only pass arguments to a block but also play an important role in capability
tracking. Specifically:

1. Recall that both app𝐶 and app′𝐶 bind a capability 𝑓 . Consequently, when calling
them with gen𝐶 , System C substitutes 𝑓 with the capability set {y} of gen𝐶 in types.
This is reflected by at {y} in the result type of the call to app′𝐶 (before substitution
it was at { 𝑓 }).

2. Recall that System C assumes the capability 𝑓 bound by app𝐶 and app′𝐶 is called
directly. Consequently, the capability set of the whole block call must be extended
with the capability set {y} of the argument gen𝐶 . This is reflected by the fact that
both typing judgements track the capability sets {y} even though the application
of app′𝐶 does not call y directly.

Our encoding of block calls inMet(𝒮) takes account of these two constraints and exposes
them explicitly via modalities. For instance, our example application of app𝐶 above is
encoded as follows.

y∗ , ŷ :[y∗] Int → 1 ⊢ let mod⟨y∗⟩ 𝑓 = ⟦app𝐶⟧ y∗ in 𝑓 42 (mod[y∗] ⟦gen𝐶⟧) : 1 @ y∗

For (1), recall that in the translation ⟦app𝐶⟧ we bind an effect variable 𝑓 ∗ to represent
the capability 𝑓 and wrap the argument type with an absolute modality [ 𝑓 ∗]. Thus
for the application of ⟦app𝐶⟧, we instantiate the effect variable 𝑓 ∗ with y∗ and box the
argument ⟦gen𝐶⟧with the absolute modality [y∗]. For (2), the elimination of the relative
modality ⟨y∗⟩ of ⟦app𝐶⟧ y∗ and the use of 𝑓 ensure that y∗ must be present in the effect
context.

The translation of the call of app′𝐶 is similar.

y∗ , ŷ :[y∗] Int → 1 ⊢ let mod⟨y∗⟩ 𝑓 = ⟦app′𝐶⟧ y∗ in 𝑓 (mod[y∗] ⟦gen𝐶⟧) : [y∗](Int → 1) @ y∗

As with the encoding in Section 7.1.1, the encoding of System C in Met(𝒮) helps
elucidate exactly how the capability tracking in System C is entangled with constructs
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like block constructions and calls. Modality introduction and elimination reveal the
hidden mechanisms.

We give the full encoding of System C into Met(𝒮) in Section 7.3.2.

7.1.3 Comparing rows and capabilities

As a uniform framework, Met(𝒳) allows us to directly compare how effect tracking
differs in different effect systems without dealing with the subtleties in their typing and
reduction rules.
For instance, let us compare the encoding of function types and polymorphic types

in System F𝜖 with the encoding of block types and box types in System C.

System F𝜖 to Met(ℛscp) : ⟦𝐴→𝐸 𝐵⟧ = [⟦𝐸⟧](⟦𝐴⟧→ ⟦𝐵⟧)
⟦∀𝜀.𝐴⟧ = ∀𝜀.⟦𝐴⟧

System C to Met(𝒮) : ⟦(𝐴, 𝑓 : 𝑇) ⇒ 𝐵⟧ = ∀ 𝑓 ∗.⟨ 𝑓 ∗⟩(⟦𝐴⟧→ [ 𝑓 ∗]⟦𝑇⟧→ ⟦𝐵⟧)
⟦𝑇 at 𝐶⟧ = [⟦𝐶⟧]⟦𝑇⟧

From the encodings we can immediately observe two key differences between System F𝜖

and System C.

1. The encoding of function types in System F𝜖 is wrapped with an absolute modality,
whereas the encoding of a block type in System C is wrappedwith a relativemodality.
The encoding of box types in System C is wrapped with an absolute modality. The
different modalities reveal a fundamental difference between the meanings of
functions in System F𝜖 and blocks in System C: functions in System F𝜖 can only use
those effects specified in their types, whereas blocks in System C can use arbitrary
effects from the context unless they are boxed.

2. The encoding of block types in System C binds a list of effect variables and wraps
each block argument type with an absolute modality of the corresponding effect
variable, whereas the encoding of a function type in System F𝜖 is much less involved.
Only the encoding of polymorphic types in System F𝜖 binds effect variables. The
difference in the treatment of argument types reveals that capabilities in System C
act as an implicit form of parametric polymorphism, abstracting the capabilities
used by each block variable. This explains why capability-based effect systems do
not require explicit effect variables in many cases where row-based effect systems
do.
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7.1.4 Encoding effect handlers

We have seen how effectful functions in System F𝜖 and System C are encoded in Met(𝒳).
These are the most important parts of our encodings, as most effect systems track effects
by giving different interpretations to functions. Although all effect systems discussed in
this chapter support effect handlers, the same ideas apply equally to traditional effect
systems for languages with only built-in effects. Nonetheless, the encodings of effect
handlers in System F𝜖 and System C are interesting and reveal fundamental differences
between the typing and semantics of effect handlers in these two calculi.

In this section, we show how effect handlers in System F𝜖 and System C are encoded.
We use the following handler in Met(𝒳) for the yield operation as an example.

sumMet(𝒳) � handle (do yield 42;do yield 37; 0) with {yield 𝑝 𝑟 ↦→ 𝑝 + 𝑟 ()}

This handler handles the yield operation by adding all yielded integers together. We
omit the return clause, which is simply return 𝑥 ↦→ 𝑥, for simplicity.

Encoding effect handlers in System F𝝐. System F𝜖 does not use the handle with syntax.
Instead, a handler in System F𝜖 is defined as a handler value, which is a function that
takes an argument to handle. Consider the following polymorphic handler for the yield
operation.

sumF𝜖 � Λ𝜀.handler {yield 𝑝 𝑟 ↦→ 𝑝 + 𝑟 ()} : ∀𝜀.(1 →yield,𝜀 Int) →𝜀 Int

The term sumF𝜖 is polymorphic over other effects 𝜀 that it does not handle. The handler
syntax defines a handler, which is a function that takes an argument of type 1 →yield,𝜀

Int, calls this argument with unit and handles the yield operation. The continuation
𝑟 has type 1 →𝜀 Int as it may use effects abstracted by 𝜀. For instance, we can apply
sumF𝜖 using the following expression, which reduces to 79.

sumF𝜖 𝐸 (𝜆𝑥1.do yield 42; do yield 37; 0)

We can easily encode sumF𝜖 in Met(ℛscp) as a polymorphic function whose body uses
the handle with syntax to handle the argument. Themain difficulty is that for the handler
clause, the continuation 𝑟 should have type ⟦1 →𝜀 Int⟧ = [𝜀](1 → Int) following the
translation of function types in Section 7.1.1. However, the naive typing rule of handlers
in Section 4.5 only allows us to give a function type to 𝑟 with no modality. We use
the extension of modality-parameterised handlers in Section 5.8 to resolve this issue. The
handler syntax is annotated with a modality 𝜇 as handle𝜇 𝑀 with 𝐻. The continuation
𝑟 in the handler clause of 𝐻 now has the plain type 𝐴→ 𝐵 and carries the modality 𝜇
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on its binder. The translated return clause uses its binder directly. With the modality-
parameterised handler, we can translate sumF𝜖 as follows, omitting the details of the
translation of the handler clause, which we name 𝐻′.
⟦sumF𝜖⟧ = Λ𝜀.mod[𝜀] (𝜆 𝑓 [yield,𝜀](1→Int).handle[𝜀] (let mod[yield,𝜀] 𝑓 ′ = 𝑓 in 𝑓 ′ ()) with 𝐻′)

: ∀𝜀.[𝜀]([yield, 𝜀](1 → Int) → Int)
We eliminate the modality of the argument 𝑓 before applying and handling 𝑓 . The
type translation follows the translation given in Section 7.1.1. We formally define the
translation of handlers in Section 7.2.2.

Encoding effect handlers in System C. System C adopts named handlers. Instead of
using operation labels to identify which operation we want to invoke and handle, in
System C each handler binds a fresh capability in the scope of the handler and handles
the use of this capability. For instance, we can define a named handler and use it to
handle a computation as follows.

⊢ sum𝐶 � try {yInt⇒1 ⇒ y(42); y(37); 0} with {𝑝 𝑟 ↦→ 𝑝 + 𝑟(())} : Int | 𝐶

Handlers in System C use the try with syntax. This handler introduces a capability y
of type Int ⇒ 1 in the scope between try and with. We use the capability y to yield
integers 42 and 37. These two uses of y are handled by the handler, whose operation
clause is similar to what we have seen before, except that it uses a capability in place of
an operation label.
The semantics of named handlers in System C differs from that of the standard

effect handlers of Plotkin and Pretnar [2013]. Named handlers have a generative
semantics [Biernacki et al. 2020] which dynamically generates a fresh runtime label for
each capability introduced by a handler. Dynamic generation guarantees the uniqueness
of runtime labels, which ensures that all uses of a capability must be handled by the
handler that introduces the capability.
To encode the named handlers of System C into Met(𝒳), we need to resolve this

semantic gap. Adding named handlers toMet(𝒳)would work but is rather heavyweight.
We observe that the essence of named handlers is actually a way to dynamically generate
labels. We use the extension of local labels from Section 5.6, which decouples dynamic
generation of labels from named handlers. The syntax local ℓ : 𝐴↠ 𝐵 in 𝑀 introduces
a local label in the scope of 𝑀. The type system ensures that the local label ℓ cannot
escape from 𝑀. The semantics generates a fresh label to replace the local label ℓ . With
local labels, we can encode sum𝐶 as follows, omitting the handler 𝐻′, which contains
an operation clause for ℓy translated from the handler of sum𝐶 .

⊢ ⟦sum𝐶⟧ = local ℓy : Int↠ 1 in handle[⟦𝐶⟧]

(𝜆y[ℓy](Int→1).let mod[ℓy] ŷ = y in ŷ 42; ŷ 37; 0) (mod[ℓy] (𝜆𝑥Int.do ℓy 𝑥)) with 𝐻′ : Int @ ⟦𝐶⟧
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We introduce a local label ℓy for the handler. We use the term mod[ℓy] (𝜆𝑥Int.do ℓy 𝑥)
which invokes the operation ℓy to simulate the capability introduced by the named
handler in sum𝐶 . The translation of the handled computation binds this function to
y, eliminates the modality of y to ŷ, and uses ŷ to yield integers 42 and 37. As in the
encoding of effect handlers in System F𝜖, we also use our modality-parameterised
handlers here and annotate handle with the modality [⟦𝐶⟧].
Our translation ⟦sum𝐶⟧ is simplified for clarity; it is actually the result of reducing

the full translation of sum𝐶 by a few steps. We give the full translation in Section 7.3.2.

Comparing encodings of effect handlers. Our encodings of effect handlers in Sys-
tem F𝜖 and System C elucidate how effect handlers differ in these two effect systems.

1. The System C encoding requires local labels, whereas the System F𝜖 encoding does
not, which reveals the syntactic difference that capabilities in System C have scopes
whereas operation labels in System F𝜖 do not, and the semantic difference that
System C generates fresh runtime labels for effect handlers, whereas System F𝜖 does
not.

2. The System F𝜖 encoding performs operations directly,whereas the System C encoding
wraps operation invocations into a function (such as the term mod[ℓy](𝜆𝑥Int.do ℓy 𝑥)
in ⟦sum𝐶⟧) and passes this function to the handled computation. This difference
shows how, in a capability-based effect system such as System C, operations are
not directly invoked via their labels but are instead explicitly invoked and passed
around as blocks at the term level.

7.1.5 More encodings

The encodings of System F𝜖 and System C illustrate the core idea of using modalities
to encode and compare effect systems with different foundations in Met(𝒳). However,
Met(𝒳) can be used for much more than encoding these two effect systems. In Sec-
tions 7.2.4, 7.3.4 and 7.4.2, we give three more representative encodings of effect systems
into Met(𝒳), including

• System Ξ [Brachthäuser et al. 2020], an early core calculus for Effekt based on
capabilities,

• System F𝜖+sn [Xie et al. 2022], a core calculus formalising scope-safe named
handlers of Koka, and

• System F1𝜖, a practical fragment of System F𝜖 that can be encoded into modal effect
types without using effect variables.
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These results further demonstrate the expressiveness of Met(𝒳) as a general framework
for encoding, comparing, and analysing effect systems. We further discuss practical
language design insights arising from our encodings in Section 7.5.1.

7.2 Rows as modal effects

In this section, we first briefly present System F𝜖 [Xie et al. 2020], a System F-style core
calculus formalising the row-based effect system of Koka [Leijen 2026], and show how
to encode it into Met(ℛscp). Then we present System F𝜖+sn, a variant of System F𝜖 which
formalises named handlers in Koka, and show how to encode it into Met(𝒮).

7.2.1 System F𝝐

Figure 7.1 gives the full syntax and typing rules of System F𝜖. Unlike Xie et al. [2022],
our version of System F𝜖 is fine-grain call-by-value [Levy et al. 2003]. Effect rows 𝐸
are scoped rows [Leijen 2005] with an optional tail effect variable 𝜀. As in Met(𝒳), we
assume a fixed global label context Σ. By convention, we write 𝜀 for effect variables and
𝛼 for value type variables. We omit their kinds, Effect and Value, when obvious. In type
abstractions and applications, we let 𝐴 range over both value types and effect rows, and
let 𝛼 range over their type variables.
Typing judgements in System F𝜖 include Γ ⊢ 𝑉 : 𝐴 for values and Γ ⊢ 𝑀 : 𝐴 | 𝐸

for computations, where the latter tracks effects 𝐸. The typing rules are standard for a
System F-style calculus with effect handlers and a row-based effect system [Hillerström
and Lindley 2016; Leijen 2017]. The operational semantics is also standard and is given
in Figure 7.2.
Rule T-Abs introduces a 𝜆-abstraction. Rule T-Do invokes an operation ℓ . Rule

T-Handler introduces a handler as a function that takes a function argument of type
1 →ℓ ,𝐸 𝐴 as in Section 7.1.4. Xie et al. [2020] do not include a return clause in handlers
for System F𝜖. Figure 7.2 also defines the runtime handler construct and evaluation
contexts. The runtime handler construct is typed as follows.

T-Handle
Σ ∋ ℓ : 𝐴′ ↠ 𝐵′ Γ ⊢ 𝑀 : 𝐴 | ℓ , 𝐸 Γ, 𝑝 : 𝐴′, 𝑟 : 𝐵′ →𝐸 𝐴 ⊢ 𝑁 : 𝐴 | 𝐸

Γ ⊢ handle 𝑀 with {ℓ 𝑝 𝑟 ↦→ 𝑁} : 𝐴 | 𝐸

89



7 Encodings

Value Types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→𝐸 𝐵 | ∀𝛼𝐾 .𝐴
Effect Rows 𝐸, 𝐹 ::= · | 𝜀 | ℓ , 𝐸
Kind 𝐾 ::= Effect | Value
Contexts Γ ::= · | Γ, 𝑥 : 𝐴 | Γ, 𝛼 : 𝐾
Label Contexts Σ ::= · | Σ, ℓ : 𝐴↠ 𝐵

Values 𝑉,𝑊 ::= () | 𝑥 | 𝜆𝐸𝑥𝐴.𝑀
| Λ𝛼𝐾 .𝑉 | handler 𝐻

Computations 𝑀, 𝑁 ::= return 𝑉 | 𝑉 𝑊 | 𝑉 𝐴
| do ℓ 𝑉 | let 𝑥 = 𝑀 in 𝑁

Handlers 𝐻 ::= {ℓ 𝑝 𝑟 ↦→ 𝑁}

Γ ⊢ 𝑉 : 𝐴

T-Unit

Γ ⊢ () : 1

T-Var
Γ ∋ 𝑥 : 𝐴
Γ ⊢ 𝑥 : 𝐴

T-Abs
Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 | 𝐸

Γ ⊢ 𝜆𝐸𝑥𝐴.𝑀 : 𝐴→𝐸 𝐵

T-TAbs
Γ, 𝛼 : 𝐾 ⊢ 𝑉 : 𝐴

Γ ⊢ Λ𝛼𝐾 .𝑉 : ∀𝛼𝐾 .𝐴

T-Handler
Σ ∋ ℓ : 𝐴′ ↠ 𝐵′ Γ, 𝑝 : 𝐴′, 𝑟 : 𝐵′ →𝐸 𝐴 ⊢ 𝑁 : 𝐴 | 𝐸

Γ ⊢ handler {ℓ 𝑝 𝑟 ↦→ 𝑁} : (1 →ℓ ,𝐸 𝐴) →𝐸 𝐴

Γ ⊢ 𝑀 : 𝐴 | 𝐸

T-Value
Γ ⊢ 𝑉 : 𝐴

Γ ⊢ return 𝑉 : 𝐴 | 𝐸

T-Let
Γ ⊢ 𝑀 : 𝐴 | 𝐸 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝐵 | 𝐸

Γ ⊢ let 𝑥 = 𝑀 in 𝑁 : 𝐵 | 𝐸

T-App
Γ ⊢ 𝑉 : 𝐴→𝐸 𝐵 Γ ⊢𝑊 : 𝐴

Γ ⊢ 𝑉 𝑊 : 𝐵 | 𝐸

T-TApp
Γ ⊢ 𝑉 : ∀𝛼𝐾 .𝐵 Γ ⊢ 𝐴 : 𝐾

Γ ⊢ 𝑉 𝐴 : 𝐵[𝐴/𝛼] | 𝐸

T-Do
Σ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝑉 : 𝐴

Γ ⊢ do ℓ 𝑉 : 𝐵 | ℓ , 𝐸

Figure 7.1: Syntax and typing rules for System F𝜖.

Computations 𝑀 ::= · · · | handle 𝑀 with 𝐻
Evaluation Contexts ℰ ::= [ ] | let 𝑥 = ℰ in 𝑁 | handle ℰ with 𝐻

E-TApp (Λ𝛼𝐾 .𝑉)𝑇 ⇝ 𝑉[𝑇/𝛼]
E-App (𝜆𝑥𝐴.𝑀)𝑉 ⇝ 𝑀[𝑉/𝑥]
E-Handler handler 𝐻 𝑉 ⇝ handle 𝑉 () with 𝐻,
E-Ret handle (return 𝑉) with 𝐻 ⇝ return 𝑉
E-Op handle ℰ[do ℓ 𝑉] with 𝐻 ⇝ 𝑁[𝑉/𝑝, (𝜆𝑦.handle ℰ[return 𝑦] with 𝐻)/𝑟],

where ℓ ∉ bl(ℰ) and 𝐻 ∋ (ℓ 𝑝 𝑟 ↦→ 𝑁)
E-Lift ℰ[𝑀]⇝ ℰ[𝑁], if 𝑀 ⇝ 𝑁

Figure 7.2: Operational semantics of System F𝜖.
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⟦−⟧ : Kind → Kind
⟦Effect⟧ = Effect
⟦Value⟧ = Abs

⟦−⟧ : Effect Row → Effect Context
⟦·⟧ = ·
⟦𝜀⟧ = 𝜀
⟦ℓ , 𝐸⟧ = ℓ , ⟦𝐸⟧

⟦−⟧ : Label Context → Label Context
⟦·⟧ = ·

⟦Σ, ℓ : 𝐴↠ 𝐵⟧ = ⟦Σ⟧, ℓ : ⟦𝐴⟧ ↠ ⟦𝐵⟧

⟦−⟧ : Value / Handler → Term
⟦()⟧ = ()
⟦𝑥⟧ = 𝑥

⟦Λ𝛼𝐾 .𝑉⟧ = Λ𝛼⟦𝐾⟧ .⟦𝑉⟧

⟦𝜆𝐸𝑥𝐴 .𝑀⟧ = mod[⟦𝐸⟧] (𝜆𝑥⟦𝐴⟧ .⟦𝑀⟧)�handler 𝐻 :
(1 →ℓ ,𝐸 𝐴) →𝐸 𝐴

�
= mod[⟦𝐸⟧] (𝜆 𝑓 .handle[⟦𝐸⟧] (let mod[⟦ℓ ,𝐸⟧] 𝑓 ′ = 𝑓 in 𝑓 ′ ()) with ⟦𝐻𝐸⟧)

⟦{ℓ 𝑝 𝑟 ↦→ 𝑁}𝐸⟧ = {return 𝑥 ↦→ 𝑥, ℓ 𝑝 𝑟 ↦→ let 𝑟′ = mod[⟦𝐸⟧] 𝑟 in ⟦𝑁⟧[𝑟′/𝑟]}

⟦−⟧ : Type → Type
⟦1⟧ = 1
⟦𝛼⟧ = 𝛼

⟦𝐴→𝐸 𝐵⟧ = [⟦𝐸⟧](⟦𝐴⟧→ ⟦𝐵⟧)
⟦∀𝛼𝐾 .𝐴⟧ = ∀𝛼⟦𝐾⟧ .⟦𝐴⟧

⟦−⟧ : Context → Context
⟦·⟧ = ·

⟦Γ, 𝑥 : 𝐴⟧ = ⟦Γ⟧ , 𝑥 : ⟦𝐴⟧
⟦Γ, 𝛼 : 𝐾⟧ = ⟦Γ⟧ , 𝛼 : ⟦𝐾⟧

⟦Γ⟧𝐸 = ⟦Γ⟧ ,µ[⟦𝐸⟧]

⟦−⟧ : Computation → Term
⟦return 𝑉⟧ = ⟦𝑉⟧

⟦let 𝑥 = 𝑀 in 𝑁⟧ = let 𝑥 = ⟦𝑀⟧ in ⟦𝑁⟧
⟦𝑉 𝐴⟧ = ⟦𝑉⟧ ⟦𝐴⟧

⟦(𝑉 : 𝐴→𝐸 𝐵)𝑊⟧ = let mod[⟦𝐸⟧] 𝑥 = ⟦𝑉⟧ in 𝑥 ⟦𝑊⟧
⟦do ℓ 𝑉⟧ = do ℓ ⟦𝑉⟧

Figure 7.3: An encoding of System F𝜖 in Met(ℛscp).

7.2.2 Encoding System F𝝐 into Met(ℛscp)

Figure 7.3 encodes System F𝜖 in Met(ℛscp). The translation is mostly straightforward.
For kinds, we translate the effect kind Effect to the effect kind Effect and the value

kind Value to the kind Abs. We always translate values in System F𝜖 into values of kind
Abs in Met(ℛscp).

For types, we translate an effectful function type 𝐴→𝐸 𝐵 into a function type with
an absolute modality [⟦𝐸⟧](⟦𝐴⟧→ ⟦𝐵⟧).
For contexts, we homomorphically translate each entry. For a typing judgement

Γ ⊢ 𝑀 : 𝐴 | 𝐸 in System F𝜖, we pass the effect context 𝐸 to the translation of its context Γ
as ⟦Γ⟧𝐸, which adds a lock µ[⟦𝐸⟧] to the translated context. This lock is used to maintain
the invariant of Met(𝒳) typing judgements that ⟦Γ⟧𝐸 @ ⟦𝐸⟧.
For terms, the translation is type-directed and essentially defined on typing judge-

ments. We annotate components of a term with their types as necessary. We highlight
modality-relevant syntax of the term translation in grey. The grey parts show how
modalities decouple effect tracking. The black parts themselves remain valid programs
after type erasure.
The translation of lambda abstraction 𝜆𝐸𝑥𝐴.𝑀 introduces an absolute modality by

mod[⟦𝐸⟧], and the translation of function application 𝑉 𝑊 first eliminates the modality
of ⟦𝑉⟧ by let mod[⟦𝐸⟧] 𝑥 = ⟦𝑉⟧ before applying it. Examples of translations of lambda
abstraction and application can be found in Section 7.1.1 as ⟦genF𝜖⟧ and ⟦appF𝜖⟧.
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Translations of type abstraction, type application, operation invocation, and let-
binding are homomorphic. Let-binding in Met(𝒳) is syntactic sugar defined in the
standard way as let 𝑥 = 𝑀 in 𝑁 � (𝜆𝑥.𝑁) 𝑀. The translation of return 𝑉 is simply
⟦𝑉⟧.
A handler value handler 𝐻 of type (1 →ℓ ,𝐸 𝐴) →𝐸 𝐴 is translated to a higher-

order function that handles the application of its function argument 𝑓 . We eliminate
the modality of 𝑓 before applying it to () since 𝑓 has type [⟦ℓ , 𝐸⟧](1 → ⟦𝐴⟧). We
introduce a modality mod[⟦𝐸⟧] for the whole translated function since handler 𝐻 is
an effectful function with effect 𝐸. In the return clause of ⟦𝐻⟧, the modality [⟦ℓ , 𝐸⟧]
appears on the binder of 𝑥, so no modality elimination is needed. The operation clause
of ⟦𝐻⟧ demonstrates whywemust usemodality-parameterised handlers. Note that rule
T-Handler of System F𝜖 gives the continuation 𝑟 in 𝐻 the type 𝐵′ →𝐸 𝐴. By annotating
handle with [⟦𝐸⟧], the modality [⟦𝐸⟧] appears on the binder of the continuation 𝑟 in
⟦𝐻⟧, while 𝑟 has type ⟦𝐵′⟧→ ⟦𝐴⟧. We therefore rebox 𝑟 and bind the result to 𝑟′ before
translating𝑁 , so that 𝑟′ has type [⟦𝐸⟧](⟦𝐵′⟧→ ⟦𝐴⟧), which is equal to ⟦𝐵′ →𝐸 𝐴⟧. The
runtime handler construct is translated as follows. It is used in the proof of semantics
preservation in Appendix C.1.

⟦−⟧ : Computation → Term
⟦handle 𝑀 with 𝐻 : 𝐴 | 𝐸⟧ = handle[⟦𝐸⟧] ⟦𝑀⟧ with ⟦𝐻⟧

Translations of evaluation contexts are analogous to the translations of their correspond-
ing terms.

We now give the full translation of the handler sumF𝜖 of Section 7.1.4.

⟦sumF𝜖⟧ = Λ𝜀.mod[𝜀] (𝜆 𝑓 [yield,𝜀](1→Int).handle[𝜀] (let mod[yield,𝜀] 𝑓 ′ = 𝑓 in 𝑓 ′ ()) with
{return 𝑥 ↦→ 𝑥, ℓ 𝑝 𝑟 ↦→ let 𝑟′ = mod[𝜀] 𝑟 in 𝑝 + (let mod[𝜀] 𝑟′′ = 𝑟′ in 𝑟′′ ())})

: ∀𝜀.[𝜀]([yield, 𝜀](1 → Int) → Int)
We have the following type and semantics preservation theorems with proofs in

Appendix C.1.

Theorem 11 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 | 𝐸 in System F𝜖, then ⟦Γ⟧𝐸 ⊢ ⟦𝑀⟧ :
⟦𝐴⟧ @ ⟦𝐸⟧ in Met(ℛscp). Similarly for typing judgements of values.

Theorem 12 (Semantics Preservation). If 𝑀 is well-typed and 𝑀 ⇝ 𝑁 in System F𝜖, then
⟦𝑀⟧ ⇝∗ ⟦𝑁⟧ in Met(ℛscp) where⇝∗ denotes the reflexive-transitive closure of⇝.

7.2.3 System F𝝐+sn

Xie et al. [2022] extend Koka with named handlers and formalise this extension in
the core calculus System F𝜖+sn, which is based on System F𝜖. System F𝜖+sn allows each
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handler to bind a handler name that can be used to invoke operations. A handler name
is similar to a capability in System C, but it is a first-class value. For instance, we can
define a named handler in System F𝜖+sn as follows.

sumF𝜖+sn � Λ𝜀.nhandler {yield 𝑝 𝑟 ↦→ 𝑝 + 𝑟 ()} : ∀𝜀.(∀𝑎.ev yield𝑎 →yield𝑎 ,𝜀 Int) →𝜀 Int

This handler is similar to the handler sumF𝜖 in Section 7.1.4. The main difference is that
the argument takes a value of type ev yield𝑎 . This is a first-class handler name with
which we can invoke the yield operation. For example, we can apply sumSystem F𝜖+sn as
follows.

sumF𝜖+sn 𝐸 (Λ𝑎.𝜆ℎev yield𝑎 .ℎ 42; ℎ 37; 0)

Instead of using the label yield to invoke the operation as in the application of sumF𝜖 in
Section 7.1.4, we directly apply the handler name ℎ to arguments. This is reminiscent
of the handler sumSystem C in Section 7.1.4 where we invoke the operation by calling the
capability introduced by the handler. This program reduces to 79. The scope variable
𝑎 ensures scope safety of the handler name, similar to the technique used by runST in
Haskell [Launchbury and Peyton Jones 1995]. We give the full syntax, typing rules, and
operational semantics of System F𝜖+sn below.
Figure 7.4 gives the syntax of System F𝜖+sn. Our presentation of System F𝜖+sn is fine-

grain call-by-value. We highlight new parts compared to System F𝜖. Each effect label ℓ
is annotated with a scope variable 𝑎. As before, we omit kinds when obvious from the
variable names.

Value Types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→𝐸 𝐵 | ∀𝛼𝐾 .𝐴 | ev ℓ 𝑎

Kind 𝐾 ::= Value | Effect | Scope(ℓ )
Effect Rows 𝐸 ::= · | 𝜀 | ℓ 𝑎 , 𝐸
Contexts Γ ::= · | Γ, 𝑥 : 𝐴 | Γ, 𝛼 : 𝐾
Values 𝑉,𝑊 ::= () | 𝑥 | 𝜆𝐸𝑥𝐴.𝑀 | Λ𝛼𝐾 .𝑉 | nhandler 𝐻
Computations 𝑀, 𝑁 ::= return 𝑉 | 𝑉 𝑊 | 𝑉 𝐴 | let 𝑥 = 𝑀 in 𝑁 | do 𝑉 𝑊
Handlers 𝐻 ::= {ℓ 𝑝 𝑟 ↦→ 𝑀}
Label Contexts Σ ::= · | Σ, ℓ : 𝐴↠ 𝐵

Figure 7.4: Syntax of System F𝜖+sn.

Unlike Xie et al. [2022], the kind Scope(ℓ ) of scope variables is annotatedwith an effect
label ℓ . For 𝑎 : Scope(ℓ ), each appearance of 𝑎 in effect rows must be associated with
this label ℓ as ℓ 𝑎 . This annotation is important to rule out well-typed but meaningless
terms in System F𝜖+sn. Not every well-typed term in System F𝜖+sn is meaningful in the
sense that we can find an appropriate evaluation context to fully apply its abstractions
and handle its effects. For example, a function of type ∀𝑎.ev ℓ1𝑎 × ev ℓ2𝑎 →ℓ 𝑎1 ,ℓ

𝑎
2 1 cannot

be applied and handled when ℓ1 ≠ ℓ2, because named handlers cannot provide two
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evidence values of types ev ℓ1𝑎 and ev ℓ2𝑎 with the same scope variable 𝑎 but different
operations ℓ1 and ℓ2. (This type becomes meaningful with umbrella effects in Xie et al.
[2022].) Each handler introduces its own scope variable 𝑎 with some fixed operation
label ℓ . Annotating the kind Scope with an operation label ℓ solves the problem of
attaching the same scope variable 𝑎 to different operation labels.

Figure 7.5 gives the typing rules. Rule T-NamedHandler introduces a named handler
as a function, whose argument takes a handler name of the evidence type ev ℓ 𝑎 . An evid-
ence type specifies an effect ℓ and a scope variable 𝑎. The use of rank-2 polymorphism
guarantees that the handler name of type ev ℓ 𝑎 cannot escape the scope of the handler.
Rule T-DoName invokes an operation via a handler name 𝑀 of the evidence type ev ℓ 𝑎 .

Γ ⊢ 𝑉 : 𝐴

T-Unit

Γ ⊢ () : 1

T-Var
Γ ∋ 𝑥 : 𝐴
Γ ⊢ 𝑥 : 𝐴

T-Abs
Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 | 𝐸

Γ ⊢ 𝜆𝐸𝑥𝐴.𝑀 : 𝐴→𝐸 𝐵

T-TAbs
Γ, 𝛼 : 𝐾 ⊢ 𝑉 : 𝐴

Γ ⊢ Λ𝛼𝐾 .𝑉 : ∀𝛼𝐾 .𝐴

T-NamedHandler
Σ ∋ ℓ : 𝐴′ ↠ 𝐵′ Γ, 𝑝 : 𝐴′, 𝑟 : 𝐵′ →𝐸 𝐴 ⊢ 𝑁 : 𝐴 | 𝐸

Γ ⊢ nhandler {ℓ 𝑝 𝑟 ↦→ 𝑁} : (∀𝑎Scope(ℓ ).ev ℓ 𝑎 →ℓ 𝑎 ,𝐸 𝐴) →𝐸 𝐴

Γ ⊢ 𝑀 : 𝐴 | 𝐸

T-Value
Γ ⊢ 𝑉 : 𝐴

Γ ⊢ return 𝑉 : 𝐴 | 𝐸

T-App
Γ ⊢ 𝑉 : 𝐴→𝐸 𝐵 Γ ⊢𝑊 : 𝐴

Γ ⊢ 𝑉 𝑊 : 𝐵 | 𝐸

T-TApp
Γ ⊢ 𝑉 : ∀𝛼𝐾 .𝐵 Γ ⊢ 𝐴 : 𝐾

Γ ⊢ 𝑉 𝐴 : 𝐵[𝐴/𝛼] | 𝐸

T-Let
Γ ⊢ 𝑀 : 𝐴 | 𝐸 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝐵 | 𝐸

Γ ⊢ let 𝑥 = 𝑀 in 𝑁 : 𝐵 | 𝐸

T-DoName
Σ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝑉 : ev ℓ 𝑎 Γ ⊢𝑊 : 𝐴

Γ ⊢ do 𝑉 𝑊 : 𝐵 | ℓ 𝑎 , 𝐸

Figure 7.5: Typing rules for System F𝜖+sn.

Figure 7.6 gives the operational semantics of System F𝜖+sn, including the definitions of
runtime constructs and evaluation contexts. As in the operational semantics of Met(𝒳)
and System C, reduction rules in System F𝜖+sn are also of the form 𝑀 | Ω⇝ 𝑁 | Ω′. The
most interesting rule is E-Gen, which reduces a handler application to a runtime handle
construct and passes a runtime evidence value evℎ to the argument. This rule generates
a fresh marker ℎ and a fresh scope variable 𝑎. The runtime context Ω associates each
dynamically generatedmarker ℎwith its operation label ℓ and its dynamically generated
scope variable 𝑎.

Unlike Xie et al. [2022], our E-NOp rule for System F𝜖+sn has the condition ℎ ∉ BH(ℰ),
which ensures that there is no other handler in ℰ with the marker ℎ. This condition
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is necessary to guarantee that the current handler is the nearest one for the marker ℎ,
because even for named handlers it is still possible to duplicate the same handler at
runtime, as observed by Biernacki et al. [2020].

Runtime Markers ℎ
Runtime Contexts Ω ::= · | Ω, ℎ : ℓ 𝑎
Computations 𝑀 ::= · · · | handleℎ 𝑀 with 𝐻
Values 𝑉 ::= · · · | evℎ
Evaluation Contexts ℰ ::= [ ] | let 𝑥 = ℰ in 𝑁 | handleℎ ℰ with 𝐻

E-TApp (Λ𝛼𝐾 .𝑉)𝐴⇝ 𝑉[𝐴/𝛼]
E-App (𝜆𝑥𝐴.𝑀)𝑉 ⇝ 𝑀[𝑉/𝑥]
E-Gen nhandler 𝐻 𝑉 | Ω⇝ handleℎ (let 𝑥 = 𝑉 𝑎 in 𝑥 evℎ) with 𝐻 | Ω, ℎ : ℓ 𝑎

where 𝑎, ℎ fresh and 𝐻 ∋ (ℓ 𝑝 𝑟 ↦→ 𝑁)
E-NRet handleℎ (return 𝑉) with 𝐻 ⇝ return 𝑉
E-NOp handleℎ ℰ[do evℎ 𝑉] with 𝐻 ⇝ 𝑁[𝑉/𝑝, (𝜆𝑦.handleℎ ℰ[return 𝑦] with 𝐻)/𝑟],

where ℎ ∉ BH(ℰ) and 𝐻 ∋ (ℓ 𝑝 𝑟 ↦→ 𝑁)
E-Lift ℰ[𝑀] | Ω⇝ ℰ[𝑁] | Ω′, if 𝑀 | Ω⇝ 𝑁 | Ω′

Figure 7.6: Operational semantics for System F𝜖+sn.

The meta-function BH(ℰ) gives the set of runtime markers bound by handlers in ℰ:

BH([ ]) = ∅
BH(let 𝑥 = ℰ in 𝑁) = BH(ℰ)

BH(handleℎ ℰ with 𝐻) = BH(ℰ) ∪ {ℎ}.

Typing rules for runtime constructs are as follows.

T-Evidence
Ω ∋ ℎ : ℓ 𝑎

Ω | Γ ⊢ evℎ : ev ℓ 𝑎

T-HandleName
Ω ∋ ℎ : ℓ 𝑎 Σ ∋ ℓ : 𝐴′ ↠ 𝐵′

Ω | Γ ⊢ 𝑀 : 𝐴 | ℓ 𝑎 , 𝐸 Ω | Γ, 𝑝 : 𝐴′, 𝑟 : 𝐵′ →𝐸 𝐴 ⊢ 𝑁 : 𝐴 | 𝐸
Ω | Γ ⊢ handleℎ 𝑀 with {ℓ 𝑝 𝑟 ↦→ 𝑁} : 𝐴 | 𝐸

7.2.4 Encoding System F𝝐+sn into Met(𝒮)

As with the encoding of named handlers in System C, we can encode a named handler
of System F𝜖+sn by introducing a local label ℓ𝑎 and using the term mod[ℓ𝑎] (𝜆𝑥.do ℓ𝑎 𝑥)
to simulate the handler name. We use the effect structure 𝒮 instead of ℛscp because
handler names are unique. The theory 𝒮 allows multiple effect variables, which we
use to encode scope variables. We give the full encoding below and prove its type and
semantics preservation in Appendix C.4.
Figure 7.7 gives the translation of System F𝜖+sn into Met(𝒮). The evidence type ev ℓ 𝑎

with Σ ∋ ℓ : 𝐴↠ 𝐵 is translated to a function type [𝑎](⟦𝐴⟧→ ⟦𝐵⟧). Correspondingly,
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an operation invocation do 𝑉 𝑊 for 𝑉 : ev ℓ 𝑎 is translated in the same way as a function
application. A named handler nhandler 𝐻 is translated to a function that takes a function
argument 𝑓 and handles it with a handler inMet(𝒮). We pass the term mod[𝑎] (𝜆𝑥.do𝑎 𝑥)
to the argument 𝑓 to simulate the handler name of type ev ℓ 𝑎 in System F𝜖+sn.

⟦−⟧ : Kind → Kind
⟦Value⟧ = Abs
⟦Effect⟧ = Effect

⟦Scope(ℓ )⟧ = Effect

⟦−⟧ : Type → Type
⟦1⟧ = 1

⟦𝛼⟧ = 𝛼
⟦𝐴→𝐸 𝐵⟧ = [⟦𝐸⟧](⟦𝐴⟧→ ⟦𝐵⟧)
⟦∀𝛼𝐾 .𝐴⟧ = ∀𝛼⟦𝐾⟧ .⟦𝐴⟧
⟦ev ℓ 𝑎⟧ = [𝑎](⟦𝐴⟧→ ⟦𝐵⟧)

where Σ ∋ ℓ : 𝐴↠ 𝐵

⟦−⟧ : Effect Row → Effect Context
⟦·⟧ = ·
⟦𝜀⟧ = 𝜀

⟦ℓ 𝑎 , 𝐸⟧ = 𝑎, ⟦𝐸⟧

⟦−⟧ : Context → Context
⟦·⟧ = ·

⟦Γ, 𝑥 : 𝐴⟧ = ⟦Γ⟧ , 𝑥 : ⟦𝐴⟧
⟦Γ, 𝛼 : 𝐾⟧ = ⟦Γ⟧ , 𝛼 : ⟦𝐾⟧

⟦Γ⟧𝐸 = ⟦Γ⟧ ,µ[⟦𝐸⟧]

⟦−⟧ : Label Context → Label Context
⟦·⟧ = ·

⟦Σ, ℓ : 𝐴↠ 𝐵⟧ = ⟦Σ⟧, ℓ : ⟦𝐴⟧ ↠ ⟦𝐵⟧

⟦−⟧ : Value / Computation → Term
⟦()⟧ = ()
⟦𝑥⟧ = 𝑥

⟦Λ𝛼𝐾 .𝑉⟧ = Λ𝛼⟦𝐾⟧ .⟦𝑉⟧
⟦return 𝑉⟧ = ⟦𝑉⟧

⟦let 𝑥 = 𝑀 in 𝑁⟧ = let 𝑥 = ⟦𝑀⟧ in ⟦𝑁⟧
⟦𝑉 𝐴⟧ = ⟦𝑉⟧ ⟦𝐴⟧

⟦𝑉𝐴→𝐸𝐵 𝑊⟧ = let mod[⟦𝐸⟧] 𝑥 = ⟦𝑉⟧ in 𝑥 ⟦𝑊⟧
⟦do 𝑉ev ℓ 𝑎 𝑊⟧ = let mod[𝑎] 𝑥 = ⟦𝑉⟧ in 𝑥 ⟦𝑊⟧�nhandler 𝐻

: (∀𝑎ℓ .ev ℓ 𝑎 →ℓ 𝑎 ,𝐸 𝐴) →𝐸 𝐴

�
= mod[⟦𝐸⟧] (𝜆 𝑓 .local ℓ𝑎 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧ in handle[⟦𝐸⟧]

(let 𝑥 = 𝑓 ℓ𝑎 in
let mod[ℓ𝑎 ,⟦𝐸⟧] 𝑓

′ = 𝑥 in
𝑓 ′ (mod[ℓ𝑎 ] (𝜆𝑥⟦𝐴

′⟧ .do ℓ𝑎 𝑥)))
with ⟦𝐻𝑎,𝐸⟧)

⟦𝐻𝑎,𝐸⟧ = {return 𝑥 ↦→ 𝑥,

ℓ𝑎 𝑝 𝑟 ↦→ let 𝑟′ = mod[⟦𝐸⟧] 𝑟 in ⟦𝑁⟧[𝑟′/𝑟]}

Figure 7.7: An encoding of System F𝜖+sn in Met(𝒮).

The following theorems show that our encoding preserves types and operational
semantics.

Theorem 13 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 | 𝐸 in System F𝜖+sn, then ⟦Γ⟧𝐸 ⊢ ⟦𝑀⟧ :
⟦𝐴⟧ @ ⟦𝐸⟧ in Met(𝒮). Similarly for typing judgements of values.
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Theorem 14 (Semantics Preservation). Suppose no two entries of Ω contain the same scope
variable. If 𝑀 is well-typed and 𝑀 | Ω ⇝ 𝑁 | Ω′ in System F𝜖+sn, then ⟦𝑀⟧ | ⟦Ω⟧ ⇝∗

⟦𝑁⟧ | ⟦Ω′⟧ in Met(𝒮), where⇝∗ denotes the reflexive-transitive closure of⇝.

Translations of runtime constructs for System F𝜖+sn are as follows. Note that we
translate dynamically generated scope variables 𝑎 to their corresponding dynamically
generated labels ℓ𝑎 , where Ω ∋ ℎ : ℓ 𝑎 . The translations of terms do not use ℎ, as
the scope variable 𝑎 is also dynamically generated and suffices to assign operations
uniquely to handlers. The translations are used in the proof of semantics preservation
in Appendix C.4.

⟦−⟧ : Runtime Context → Runtime Context
⟦·⟧ = ·

⟦Ω, ℎ : ℓ 𝑎⟧ = ⟦Ω⟧, ℓ𝑎 : ⟦𝐴⟧ ↠ ⟦𝐵⟧ where Σ ∋ ℓ : 𝐴↠ 𝐵

⟦−⟧ : Term → Term
⟦𝑉 𝑎⟧ = ⟦𝑉⟧ ℓ𝑎 where Ω ∋ ℎ : ℓ 𝑎

⟦evℎ⟧ = mod[ℓ𝑎 ] (𝜆𝑥⟦𝐴⟧ .do ℓ𝑎 𝑥)
where Ω ∋ ℎ : ℓ 𝑎 and Σ ∋ ℓ : 𝐴↠ 𝐵

⟦handleℎ 𝑀 with 𝐻 : 𝐴 | 𝐸⟧ = handle[⟦𝐸⟧] ⟦𝑀⟧ with ⟦𝐻⟧
where Ω ∋ ℎ : ℓ 𝑎 and Σ ∋ ℓ : 𝐴↠ 𝐵

Translations of evaluation contexts are analogous to the translations of their correspond-
ing terms.

7.3 Capabilities as modal effects

In this section,we present System C [Brachthäuser et al. 2022], a core calculus formalising
the capability-based effect system of Effekt [Brachthäuser et al. 2026], and show how to
encode it into Met(𝒮). We refer to Brachthäuser et al. [2022] for a complete introduction
to System C.

7.3.1 System C

Figure 7.8 gives the syntax and typing rules for System C, which is fine-grain call-
by-value [Levy et al. 2003] and distinguishes between first-class values 𝑉 , blocks 𝑃
(second-class functions), and computations 𝑀.

We have three typing judgements for values, blocks, and computations, respectively.
Judgements for blocks Γ ⊢ 𝑃 : 𝑇 | 𝐶 and computations Γ ⊢ 𝑀 : 𝐴 | 𝐶 explicitly track a
capability set 𝐶, which contains the capabilities in Γ that may be used.
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Value Types 𝐴, 𝐵 ::= 1 | 𝑇 at 𝐶
Block Types 𝑇 ::= (𝐴, 𝑓 : 𝑇) ⇒ 𝐵

Capability Sets 𝐶 ::= { 𝑓 }
Contexts Γ ::= · | Γ, 𝑥 : 𝐴 | Γ, 𝑓 :𝐶 𝑇 | Γ, 𝑓 :∗ 𝑇
Values 𝑉,𝑊 ::= 𝑥 | () | box 𝑃
Handlers 𝐻 ::= {𝑝 𝑟 ↦→ 𝑁}

Blocks 𝑃, 𝑄 ::= 𝑓 | {(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}
| unbox 𝑉

Computations 𝑀, 𝑁 ::= return 𝑉 | 𝑃(𝑉, 𝑄)
| let 𝑥 = 𝑀 in 𝑁
| def 𝑓 = 𝑃 in 𝑁
| try { 𝑓 (𝐴)⇒𝐵 ⇒ 𝑀} with 𝐻

Γ ⊢ 𝑉 : 𝐴 Γ ⊢ 𝑃 : 𝑇 | 𝐶

T-Unit

Γ ⊢ () : 1

T-Var
Γ ∋ 𝑥 : 𝐴
Γ ⊢ 𝑥 : 𝐴

T-Box
Γ ⊢ 𝑃 : 𝑇 | 𝐶

Γ ⊢ box 𝑃 : 𝑇 at 𝐶

T-Transparent
Γ ∋ 𝑓 :𝐶 𝑇
Γ ⊢ 𝑓 : 𝑇 | 𝐶

T-Tracked
Γ ∋ 𝑓 :∗ 𝑇

Γ ⊢ 𝑓 : 𝑇 | { 𝑓 }

T-Unbox
Γ ⊢ 𝑉 : 𝑇 at 𝐶

Γ ⊢ unbox 𝑉 : 𝑇 | 𝐶

T-Block
Γ, 𝑥 : 𝐴, 𝑓 :∗ 𝑇 ⊢ 𝑀 : 𝐵 | 𝐶 ∪ { 𝑓 }

Γ ⊢ {(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀} : (𝐴, 𝑓 : 𝑇) ⇒ 𝐵 | 𝐶

T-BSub
Γ ⊢ 𝑃 : 𝑇 | 𝐶′ 𝐶′ ⊆ 𝐶

Γ ⊢ 𝑃 : 𝑇 | 𝐶

Γ ⊢ 𝑀 : 𝐴 | 𝐶

T-Value
Γ ⊢ 𝑉 : 𝐴

Γ ⊢ return 𝑉 : 𝐴 | ·

T-Let
Γ ⊢ 𝑀 : 𝐴 | 𝐶

Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝐵 | 𝐶′

Γ ⊢ let 𝑥 = 𝑀 in 𝑁 : 𝐵 | 𝐶 ∪ 𝐶′

T-Call
Γ ⊢ 𝑃 : (𝐴𝑖 , 𝑓𝑗 : 𝑇𝑗) ⇒ 𝐵 | 𝐶

Γ ⊢ 𝑉𝑖 : 𝐴𝑖 Γ ⊢ 𝑄 𝑗 : 𝑇𝑗 | 𝐶 𝑗
Γ ⊢ 𝑃(𝑉𝑖 , 𝑄 𝑗) : 𝐵[𝐶 𝑗/ 𝑓𝑗] | 𝐶 ∪ 𝐶 𝑗

T-Sub
Γ ⊢ 𝑀 : 𝐴 | 𝐶′

𝐶′ ⊆ 𝐶

Γ ⊢ 𝑀 : 𝐴 | 𝐶

T-Def
Γ ⊢ 𝑃 : 𝑇 | 𝐶′

Γ, 𝑓 :𝐶′
𝑇 ⊢ 𝑀 : 𝐴 | 𝐶

Γ ⊢ def 𝑓 = 𝑃 in 𝑀 : 𝐴 | 𝐶

T-Handle
Γ, 𝑓 :∗ (𝐴′) ⇒ 𝐵′ ⊢ 𝑀 : 𝐴 | 𝐶 ∪ { 𝑓 }
Γ, 𝑝 : 𝐴′, 𝑟 :𝐶 (𝐵′) ⇒ 𝐴 ⊢ 𝑁 : 𝐴 | 𝐶

Γ ⊢ try { 𝑓 (𝐴′)⇒𝐵′ ⇒ 𝑀} with {𝑝 𝑟 ↦→ 𝑁} : 𝐴 | 𝐶

Figure 7.8: Syntax and typing rules for System C. We mostly follow the syntax of Brachthäuser
et al. [2022]. The main difference is that we write ⇒ for block types to emphasise
that they are second-class.

The typing rules of System C are much more involved than those of System F𝜖 as
capability tracking is deeply entangled with term constructs such as block constructions
(T-Block), block calls (T-Call), block bindings (T-Def), and uses of block variables
(T-Transparent and T-Tracked). Due to space constraints, we focus on explaining these
key rules.

There are two rules for uses of block variables as there are two forms of block variable
bindings in contexts. A tracked binding 𝑓 :∗ 𝑇 stands for a capability. Rule T-Tracked
tracks 𝑓 itself in the singleton capability set { 𝑓 }. A transparent binding 𝑓 :𝐶 𝑇 stands for
a user-defined block whose capability set 𝐶 is known. Rule T-Transparent tracks 𝐶 as
the capability set.
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Rules T-Def and T-Block both bind block variables. Rule T-Def binds a block 𝑃 as
a transparent block variable 𝑓 :𝐶′

𝑇 where 𝐶′ is the capability set of 𝑃. Rule T-Block
binds a list of tracked block variables (capabilities) 𝑓 :∗ 𝑇 whose concrete capability sets
are unknown until called. The rule T-Block reflects the roles that block constructions
play in capability tracking, as discussed in Section 7.1.2. For instance, all capabilities 𝑓
are added to the capability set of the block body 𝑀.
Rule T-Call fully applies a block 𝑃 to values 𝑉𝑖 and blocks 𝑄 𝑗 . The rule reflects the

roles that block calls play in capability tracking, as discussed in Section 7.1.2. It replaces
each block variable 𝑓𝑗 (recall that these variables are bound as 𝑓𝑗 :∗ 𝑇 in rule T-Block)
with the capability set 𝐶 𝑗 of the block 𝑄 𝑗 in type 𝐵. The capability set of the call is the
union of the capability sets of 𝑃 and all its block arguments because all these arguments
might be invoked.

Rule T-Handle defines a named handler which introduces a capability 𝑓 : (𝐴′) ⇒ 𝐵′

into the scope of 𝑀. An operation invoked by calling 𝑓 in 𝑀 is handled by this handler.
The capability 𝑓 is added to the capability set of 𝑀. The continuation 𝑟 is introduced as
a transparent binding with capability set 𝐶 as it may only use capabilities in 𝐶 provided
by the context.

System C adopts named handlers and a generative semantics with a reduction relation
𝑀 | Ω⇝ 𝑁 | Ω′, where Ω ::= · | ℓ : (𝐴) ⇒ 𝐵 is a context for runtime operation labels,
similar to Met(𝒳). The most interesting reduction rule is E-Gen, which uses a runtime
capability value capℓ with a runtime label ℓ to replace a capability 𝑓 introduced by a
handler. The full operational semantics and runtime constructs are given in Figure 7.9.
Figure 7.9 also defines the syntax of runtime constructs for System C. Reduction in

System C is defined on both terms and blocks, since we have unbox 𝑉 which can reduce.
Since System Cuses block variables 𝑓 as both term-level and type-level variables, we need
to substitute them separately. We follow Brachthäuser et al. [2022] in overloading the
notion of substitution. We write 𝐶/ 𝑓 for substitution in types and 𝑃/ 𝑓 for substitution
in terms.

Typing rules for runtime constructs are as follows.

T-Cap
Ω ∋ ℓ : 𝐴⇒ 𝐵

Ω | Γ ⊢ capℓ : 𝐴⇒ 𝐵 | {ℓ}

T-Handle
Ω ∋ ℓ : 𝐴′ ⇒ 𝐵′ Ω | Γ ⊢ 𝑀 : 𝐴 | 𝐶 ∪ {ℓ}

Ω | Γ, 𝑝 : 𝐴′, 𝑟 :𝐶 (𝐵′) ⇒ 𝐴 ⊢ 𝑁 : 𝐴 | 𝐶
Ω | Γ ⊢ tryℓ 𝑀 with {𝑝 𝑟 ↦→ 𝑁} : 𝐴 | 𝐶
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Runtime Labels ℓ
Runtime Contexts Ω ::= · | Ω, ℓ : 𝐴⇒ 𝐵
Capability Sets 𝐶 ::= · | {ℓ} | { 𝑓 } | 𝐶 ∪ 𝐶′

Blocks 𝑃, 𝑄 ::= · · · | capℓ
Computations 𝑀 ::= · · · | tryℓ 𝑀 with 𝐻
Evaluation Contexts ℰ ::= [ ] | let 𝑥 = ℰ in 𝑁 | def 𝑓 = ℰ in 𝑁 | ℰ(𝑉, 𝑄) | tryℓ ℰ with 𝐻

E-Box unbox (box 𝑃)⇝ 𝑃
E-Let let 𝑥 = return 𝑉 in 𝑁 ⇝ 𝑁[𝑉/𝑥]
E-Def def 𝑓 = 𝑃 in 𝑁 ⇝ 𝑁[𝑃/ 𝑓 ]
E-Call {(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}(𝑉, 𝑄) | Ω⇝ 𝑀[𝑉/𝑥, 𝑄/ 𝑓 , 𝐶/ 𝑓 ] | Ω

where Ω | · ⊢ 𝑄 : 𝑇 | 𝐶
E-Gen try { 𝑓 𝐴⇒𝐵 ⇒ 𝑀} with 𝐻 | Ω⇝ tryℓ 𝑀[capℓ/ 𝑓 , {ℓ}/ 𝑓 ] with 𝐻 | Ω, ℓ : 𝐴⇒ 𝐵

where ℓ fresh
E-Ret tryℓ (return 𝑉) with 𝐻 ⇝ return 𝑉
E-Op tryℓ ℰ[capℓ (𝑉)] with 𝐻 ⇝ 𝑁[𝑉/𝑝, {(𝑦) ⇒ tryℓ ℰ[return 𝑦] with 𝐻}/𝑟],

where ℓ ∉ bl(ℰ) and 𝐻 = {𝑝 𝑟 ↦→ 𝑁}
E-Lift ℰ[𝑀] | Ω⇝ ℰ[𝑁] | Ω′, if 𝑀 | Ω⇝ 𝑁 | Ω′

Figure 7.9: Operational semantics for System C.

7.3.2 Encoding System C in Met(𝒮)

Figure 7.10 encodes System C in Met(𝒮). The term translation is type-directed and
defined on typing judgements. We annotate components of a term with their types and
capability sets as necessary. In the term translation, we highlight syntax relevant to
modalities and type abstraction in grey. The grey parts show how modalities decouple
capability tracking. The black parts remain valid programs after type erasure. The
encoding is unavoidably more involved than that of System F𝜖 because of the deeper
entanglement of capability tracking with blocks. As in Section 7.3.1, we focus on
explaining the encoding of block-relevant constructs.

For block constructions and block calls, we have explained their encodings in detail
in Section 7.1.2, using the block constructions and calls app𝐶 and app′𝐶 as examples.

A block binding def 𝑓 = 𝑃 in 𝑁 not only binds 𝑓 to a block 𝑃 but also annotates
the binding 𝑓 :𝐶′

𝑇 with the capability set 𝐶′ of the block 𝑃 as shown by rule T-Def in
Figure 7.8. For instance, we can bind the block gen𝐶 in Section 7.1.2 to 𝑓 and apply it to
42. Its typing derivation is as follows.

y :∗ Int ⇒ 1 ⊢ gen𝐶 : Int ⇒ 1 | {y} y :∗ Int ⇒ 1, 𝑓 :{y} Int ⇒ 1 ⊢ 𝑓 (42) : 1 | {y}
y :∗ Int ⇒ 1 ⊢ def 𝑓 = gen𝐶 in 𝑓 (42) : 1 | {y}
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⟦−⟧ : Cap Set → Effect Context
⟦{ 𝑓 }⟧ = 𝑓 ∗

⟦−⟧ : Value / Block Type → Type
⟦1⟧ = 1

⟦𝑇 at 𝐶⟧ = [⟦𝐶⟧]⟦𝑇⟧
⟦(𝐴, 𝑓 : 𝑇) ⇒ 𝐵⟧ = ∀ 𝑓 ∗.⟨ 𝑓 ∗⟩(⟦𝐴⟧→ [ 𝑓 ∗]⟦𝑇⟧→ ⟦𝐵⟧)

⟦−⟧ : Value → Term
⟦()⟧ = ()
⟦𝑥⟧ = 𝑥

⟦box 𝑃 : 𝑇 at 𝐶⟧ = mod[⟦𝐶⟧] ⟦𝑃⟧

⟦−⟧ : Context → Context
⟦·⟧ = ·

⟦Γ, 𝑥 : 𝐴⟧ = ⟦Γ⟧ , 𝑥 : ⟦𝐴⟧
⟦Γ, 𝑓 :∗ 𝑇⟧ = ⟦Γ⟧ , 𝑓 ∗ , 𝑓 :[ 𝑓 ∗] ⟦𝑇⟧
⟦Γ, 𝑓 :𝐶 𝑇⟧ = ⟦Γ⟧ , 𝑓 :[⟦𝐶⟧] ⟦𝑇⟧

⟦Γ⟧𝐶 = ⟦Γ⟧ ,µ[⟦𝐶⟧]
⟦−⟧ : Block → Term
⟦ 𝑓 ⟧ = 𝑓

⟦{(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}⟧ = Λ 𝑓 ∗.mod⟨ 𝑓 ∗⟩ (𝜆𝑥⟦𝐴⟧ 𝑓
[ 𝑓 ∗]⟦𝑇⟧ .

let mod[ 𝑓 ∗] 𝑓 = 𝑓 in ⟦𝑀⟧)
⟦unbox 𝑉 : 𝑇 | 𝐶⟧ = let mod[⟦𝐶⟧] 𝑥 = ⟦𝑉⟧ in 𝑥

⟦−⟧ : Computation / Handler → Term
⟦return 𝑉⟧ = ⟦𝑉⟧

⟦let 𝑥 = 𝑀 in 𝑁⟧ = let 𝑥 = ⟦𝑀⟧ in ⟦𝑁⟧
⟦def 𝑓 = 𝑃 : 𝑇 | 𝐶 in 𝑁⟧ = let 𝑓 = mod[⟦𝐶⟧] ⟦𝑃⟧ in let mod[⟦𝐶⟧] 𝑓 = 𝑓 in ⟦𝑁⟧

⟦𝑃(𝑉𝑖 , 𝑄 𝑗 : 𝑇𝑗 | 𝐶 𝑗)⟧ = let mod⟨⟦𝐶 𝑗⟧⟩ 𝑥 = ⟦𝑃⟧ ⟦𝐶 𝑗⟧ in 𝑥 ⟦𝑉𝑖⟧ (mod[⟦𝐶 𝑗⟧] ⟦𝑄 𝑗⟧)�try { 𝑓 (𝐴′)⇒𝐵′ ⇒ 𝑀}
with 𝐻 : 𝐴 | 𝐶

�
= local ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧ in let[⟦𝐶⟧] mod⟨ℓ 𝑓 ⟩ 𝑔 =

(Λ 𝑓 ∗.mod⟨ 𝑓 ∗⟩ (𝜆 𝑓 .let mod[ 𝑓 ∗] 𝑓 = 𝑓 in ⟦𝑀⟧)) ℓ 𝑓
in handle[⟦𝐶⟧] (𝑔 (mod[ℓ 𝑓 ] (mod⟨⟩ (𝜆𝑥⟦𝐴

′⟧ .do ℓ 𝑓 𝑥)))) with ⟦𝐻 𝑓 ,𝐶⟧

⟦{𝑝 𝑟 ↦→ 𝑁} 𝑓 ,𝐶⟧ = {return 𝑥 ↦→ 𝑥,

ℓ 𝑓 𝑝 𝑟 ↦→ let 𝑟′ = mod[⟦𝐶⟧] (mod⟨⟩ 𝑟) in let mod[⟦𝐶⟧] 𝑟 = 𝑟′ in ⟦𝑁⟧}

Figure 7.10: An encoding of System C in Met(𝒮).

The binding of 𝑓 in the second premise is annotated with its capability set {y} since
gen𝐶 uses the capability y. We cannot simply encode such a transparent binding by
ignoring its capability-set annotation. Instead, we use an absolute modality to simulate
this annotation. To encode the binding of 𝑓 , we wrap the translated block gen𝐶 in the
absolute modality [y]. The full translation of the above term is as follows, where we
include the identity modality omitted in Section 7.1.2.

let 𝑓 = mod[y∗] (mod⟨⟩ (𝜆𝑥Int.ŷ 𝑥)) in let mod[y∗] 𝑓 = 𝑓 in let mod⟨⟩ 𝑓 ′ = 𝑓 in 𝑓 ′ 42

We eliminate the modality [y∗] of 𝑓 and bind it to 𝑓 , reminiscent of how we translate
block arguments bound by block constructions. In general, for a transparent block
variable binding 𝑓 :𝐶 𝑇 in the context, we only keep the binding 𝑓 :[⟦𝐶⟧] ⟦𝑇⟧. The
intermediate binding 𝑓 above is introduced locally by the term translation and is not
retained by the context translation.
The translation of block-variable uses is simple. We translate each 𝑓 to its hatted

version 𝑓 . This simplicity stems from the fact that we eagerly eliminate the modality of
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each 𝑓 after it is introduced, for example, in the translations of block constructions and
block bindings.
The translation of named handlers try { 𝑓 (𝐴′)⇒𝐵′ ⇒ 𝑀} with 𝐻 is different from the

translation of sum𝐶 in Section 7.1.4. The full translation of sum𝐶 is as follows, where we
make the omitted identity modalities explicit.

local ℓy : Int↠ 1 in let[⟦𝐶⟧] mod⟨ℓy⟩ 𝑔 = (Λy∗.mod⟨y∗⟩ (𝜆y.let mod[y∗] ŷ = y in ŷ 42; ŷ 37; 0)) ℓy
in handle[⟦𝐶⟧] (𝑔 (mod[ℓy] (mod⟨⟩ (𝜆𝑥Int.do ℓy 𝑥))))

with {return 𝑥 ↦→ 𝑥, ℓy 𝑝 𝑟 ↦→ let 𝑟′ = mod[⟦𝐶⟧] (mod⟨⟩ 𝑟) in
let mod[⟦𝐶⟧] 𝑟 = 𝑟′ in 𝑝 + (let mod⟨⟩ 𝑟′′ = 𝑟 in 𝑟′′ ())}

The main difference is that, instead of directly using the local label ℓy for the handled
computation, we introduce an effect variable y∗ first and substitute it with ℓy. This
extra layer of abstraction is necessary to keep the translation systematic, because our
translations of types and terms consistently translate a capability y to an effect variable
y∗. After reducing the type application and the binding of 𝑔 in the translation above,
we obtain the translation of sum𝐶 in Section 7.1.4.

In the return clause, the modality [ℓy , ⟦𝐶⟧] appears on the binder of 𝑥, so no modality
elimination is needed. In the operation clause, the modality [⟦𝐶⟧] appears on the
binder of 𝑟, while 𝑟 has a plain function type. Using a modality-parameterised handler
is important because in sum𝐶 , the continuation 𝑟 is a transparent binding of the form
𝑟 :𝐶 1 → Int as shown by the typing rule T-Handle of System C in Section 7.3.1. We
therefore give 𝑟 the identity modality used by translated block types, rebox it with
[⟦𝐶⟧], and eliminate the latter to bind 𝑟, consistently with the translation of transparent
bindings.
For contexts, we translate each entry. For a variable binding 𝑥 : 𝐴, we translate it

homomorphically. For a transparent binding of a block variable 𝑓 :𝐶 𝑇, we translate it
to the term variable 𝑓 as discussed in the translation of def above. For a tracked binding
of a block variable 𝑓 :∗ 𝑇, we translate it to an effect variable 𝑓 ∗ and a term variable 𝑓 as
discussed in Section 7.1.2.

We have the following type preservation theorem with its proof in Appendix C.2.

Theorem 15 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 | 𝐶 in System C, then ⟦Γ⟧𝐶 ⊢ ⟦𝑀⟧ :
⟦𝐴⟧ @ ⟦𝐶⟧ in Met(𝒮). Similarly for typing judgements of values and blocks.

Unlike the previous encodings, we do not have a one-to-many correspondence
between the reduction steps in System C and Met(𝒮) such as Theorems 12 and 14.
It is still possible to establish a semantics preservation theorem up to the reduction
steps on values in Met(𝒮). We leave the formal statement and proof of this theorem to
future work.
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7.3.3 System Ξ

System Ξ [Brachthäuser et al. 2020] is an early core calculus for the Effekt language.
System Ξ is essentially a fragment of System C without boxes. As a result, in System Ξ

capabilities can never appear in types since we cannot box a second-class block into a
first-class value. System Ξ does not track capabilities in typing judgements. There is no
danger of capability leakage since capabilities are second-class. Figure 7.11 gives the
syntax and typing rules of System Ξ.

Value Types 𝐴, 𝐵 ::= 1

Block Types 𝑇 ::= (𝐴, 𝑇) ⇒ 𝐵
Contexts Γ ::= · | Γ, 𝑥 : 𝐴 | Γ, 𝑓 : 𝑇
Values 𝑉,𝑊 ::= 𝑥 | ()
Blocks 𝑃, 𝑄 ::= 𝑓 | {(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}

Computations 𝑀, 𝑁 ::= return 𝑉 | let 𝑥 = 𝑀 in 𝑁
| def 𝑓 = 𝑃 in 𝑁 | 𝑃(𝑉, 𝑄)
| try { 𝑓 𝐴⇒𝐵 ⇒ 𝑀} with 𝐻

Handlers 𝐻 ::= {𝑝 𝑟 ↦→ 𝑁}

Γ ⊢ 𝑉 : 𝐴 Γ ⊢ 𝑃 : 𝑇 Γ ⊢ 𝑀 : 𝐴

T-Unit

Γ ⊢ () : 1

T-Var
Γ ∋ 𝑥 : 𝐴
Γ ⊢ 𝑥 : 𝐴

T-BlockVar
Γ ∋ 𝑓 : 𝑇
Γ ⊢ 𝑓 : 𝑇

T-Block
Γ, 𝑥 : 𝐴, 𝑓 : 𝑇 ⊢ 𝑀 : 𝐵

Γ ⊢ {(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀} : (𝐴, 𝑇) ⇒ 𝐵

T-Value
Γ ⊢ 𝑉 : 𝐴

Γ ⊢ return 𝑉 : 𝐴

T-Let
Γ ⊢ 𝑀 : 𝐴 Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝐵

Γ ⊢ let 𝑥 = 𝑀 in 𝑁 : 𝐵

T-Def
Γ ⊢ 𝑃 : 𝑇 Γ, 𝑓 : 𝑇 ⊢ 𝑁 : 𝐵

Γ ⊢ def 𝑓 = 𝑃 in 𝑁 : 𝐵

T-Call
Γ ⊢ 𝑃 : (𝐴𝑖 , 𝑇 𝑗) ⇒ 𝐵

Γ ⊢ 𝑉𝑖 : 𝐴𝑖 Γ ⊢ 𝑄 𝑗 : 𝑇𝑗
Γ ⊢ 𝑃(𝑉 𝑖 , 𝑄 𝑗) : 𝐵

T-Handle
Γ, 𝑓 : 𝐴′ ⇒ 𝐵′ ⊢ 𝑀 : 𝐴 Γ, 𝑝 : 𝐴′, 𝑟 : 𝐵′ ⇒ 𝐴 ⊢ 𝑁 : 𝐴

Γ ⊢ try { 𝑓 𝐴′⇒𝐵′ ⇒ 𝑀} with {𝑝 𝑟 ↦→ 𝑁} : 𝐴

Figure 7.11: Syntax and typing rules for System Ξ.

The operational semantics of System Ξ is almost identical to that of System C, except
that it omits the E-Box rule and capability-set substitutions 𝐶/ 𝑓 .

7.3.4 Encoding System Ξ in Met(𝒮)

While our encoding of System C in Section 7.3.2 directly gives an encoding of System Ξ in
Met(𝒮), it introduces unnecessary complexity. Since capabilities never appear in types
in System Ξ, we do not need to introduce an effect variable 𝑓 ∗ for each capability 𝑓 in the
encoding. It turns out that we can simply encode second-class blocks in System Ξ as first-
class functions in Met(𝒮) without introducing any extra term constructs. For instance, a
block {(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀} is encoded as a function 𝜆𝑥⟦𝐴⟧ 𝑓 ⟦𝑇⟧ .⟦𝑀⟧ by changing only
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7 Encodings

the notation. Figure 7.12 gives the encoding of System Ξ into Met(𝒮). This encoding
is straightforward and does not require any non-identity modalities. We mostly just
translate the syntax of second-class blocks in System Ξ to first-class functions in Met(𝒮).
For named handlers, we introduce local labels.

⟦−⟧ : Type → Type
⟦1⟧ = 1

⟦(𝐴, 𝑇) ⇒ 𝐵⟧ = ⟦𝐴⟧→ ⟦𝑇⟧→ ⟦𝐵⟧

⟦−⟧ : Context → Context
⟦·⟧ = ·

⟦Γ, 𝑥 : 𝐴⟧ = ⟦Γ⟧, 𝑥 : ⟦𝐴⟧
⟦Γ, 𝑓 : 𝑇⟧ = ⟦Γ⟧, 𝑓 : ⟦𝑇⟧

⟦−⟧ : Value → Term
⟦𝑥⟧ = 𝑥
⟦()⟧ = ()

⟦−⟧ : Block → Term
⟦ 𝑓 ⟧ = 𝑓

⟦{(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}⟧ = 𝜆𝑥⟦𝐴⟧ 𝑓 ⟦𝑇⟧ .⟦𝑀⟧

⟦−⟧ : Computation → Term
⟦return 𝑉⟧ = ⟦𝑉⟧

⟦let 𝑥 = 𝑀 in 𝑁⟧ = let 𝑥 = ⟦𝑀⟧ in ⟦𝑁⟧
⟦def 𝑓 = 𝑃 in 𝑁⟧ = let 𝑓 = ⟦𝑃⟧ in ⟦𝑁⟧

⟦𝑃(𝑉, 𝑄)⟧ = ⟦𝑃⟧ ⟦𝑉⟧ ⟦𝑄⟧
⟦try { 𝑓 𝐴⇒𝐵 ⇒ 𝑀} with 𝐻⟧ = local ℓ 𝑓 : ⟦𝐴⟧ ↠ ⟦𝐵⟧ in

handle (𝜆 𝑓 .⟦𝑀⟧) (𝜆𝑥⟦𝐴⟧ .do ℓ 𝑓 𝑥) with ⟦𝐻 𝑓 ⟧
⟦{𝑝 𝑟 ↦→ 𝑁} 𝑓 ⟧ = {return 𝑥 ↦→ 𝑥, ℓ 𝑓 𝑝 𝑟 ↦→ ⟦𝑁⟧}

Figure 7.12: An encoding of System Ξ in Met(𝒮).

We translate runtime contexts as follows.

⟦·⟧ = ·
⟦Ω, ℓ : 𝐴⇒ 𝐵⟧ = ⟦Ω⟧, ℓ : ⟦𝐴⟧ ↠ ⟦𝐵⟧

We translate runtime constructs used in the operational semantics as follows.

⟦capℓ ⟧ = 𝜆𝑥⟦𝐴⟧ .do ℓ 𝑥 where Ω ∋ ℓ : 𝐴⇒ 𝐵

⟦tryℓ 𝑀 with 𝐻⟧ = handle ⟦𝑀⟧ with ⟦𝐻ℓ ⟧

⟦{𝑝 𝑟 ↦→ 𝑁}ℓ ⟧ = {return 𝑥 ↦→ 𝑥, ℓ 𝑝 𝑟 ↦→ ⟦𝑁⟧}

We have the following theorems, whose proofs are in Appendix C.3.

Theorem 16 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 in System Ξ, then ⟦Γ⟧ ⊢ ⟦𝑀⟧ : ⟦𝐴⟧ @ ·
in Met(𝒮). Similarly for values and blocks.

Theorem 17 (Semantics Preservation). If 𝑀 is well-typed and 𝑀 | Ω ⇝ 𝑁 | Ω′ in
System Ξ, then ⟦𝑀⟧ | ⟦Ω⟧ ⇝∗ ⟦𝑁⟧ | ⟦Ω′⟧ in Met(𝒮).
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7.4 Implicit effect polymorphism as simply-typed Met

Even without effect variables, Met is sufficiently expressive to encode programs from
conventional row-based effect systems, provided effect variables on function arrows
always refer to the lexically closest one. This is an important special case, since most
functions in practice use at most one effect variable. For example, as of August 2026,
the Koka [Leijen 2026] repository contains 583 effectful functions across 134 files, but
only 86 functions across 5 files use more than one effect variable; almost all of these
are internal primitives for handlers that are not exposed to programmers. Also, almost
all programs in the Frank [Convent et al. 2020] repository make no mention of effect
variables, relying on syntactic sugar to hide the single effect variable. We formally
characterise and prove this claim about the expressiveness of Met.

7.4.1 System F1𝝐

We first define System F1𝜖, the fragment of System F𝜖 with implicit effect variables but
explicit concrete effects. Effect abstraction omits the bound effect variable. Effect applic-
ation gives the concrete prefix of the instantiation row, but omits its tail effect variable,
which is always the lexically closest one.2 As a result, this fragment guarantees that in
each scope we can only refer to the lexically closest effect variable.
Figure 7.13 gives the full syntax and typing rules of System F1𝜖. We need no effect

variables in System F1𝜖, but we retain effect variables in grey to make the connection
to System F𝜖 explicit. For clarity, we also wrap effect rows with grey braces. We add
Λ to effect variable bindings in contexts to indicate effect variable bindings. All effect
variables are grey and can be erased, whereas the concrete effects at an effect application
remain explicit. Everything in red is only used for the encoding. We get a fragment of
System F𝜖 by dropping everything in red, dropping the effect row on the value typing
judgement, and making everything else black.

For simplicity, we assume that operation argument and result types are not function
types, although they may be effect abstractions. For instance, ℓ : (∀𝜀.1 →{𝜀} 1) ↠ 1

is allowed, but ℓ : (1 →{𝜀} 1) ↠ 1 is not. This restriction ensures our invariant that
only the lexically closest effect variable can be referred to; otherwise, an operation call
could carry an effect variable 𝜀 to a scope where 𝜀 is no longer the lexically closest effect
variable.

Typing judgements include Γ ⊢ 𝑉 : 𝐴 | {𝐸, 𝜀} for values and Γ ⊢ 𝑀 : 𝐴 | {𝐸, 𝜀} for
computations. The effect variable 𝜀 in the effect row is always the lexically closest effect
2This is different from the notion of implicit polymorphism in the sense of Hindley-Milner type inference,
where type abstraction and application are fully inferred. In System F1𝜖 , we still keep the syntax for
effect abstraction and application as in System F, but erase effect variables from them.
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Value Types 𝐴, 𝐵 ::= 1 | 𝐴→{𝐸,𝜀} 𝐵 | ∀𝜀.𝐴
Effects 𝐸, 𝐹 ::= · | ℓ , 𝐸
Contexts Γ ::= · | Γ, 𝑥 : 𝐴

| Γ,Λ𝜀 | Γ, q
𝐸

Label Contexts Σ ::= · | Σ, ℓ : 𝐴↠ 𝐵

Values 𝑉,𝑊 ::= () | 𝑥 | 𝜆{𝐸,𝜀}𝑥𝐴.𝑀
| Λ𝜀.𝑉 | handler 𝐻

Computations 𝑀, 𝑁 ::= return 𝑉 | 𝑉 𝑊 | 𝑉 {𝐸, 𝜀}
| do ℓ 𝑉 | let 𝑥 = 𝑀 in 𝑁

Handlers 𝐻 ::= {ℓ 𝑝 𝑟 ↦→ 𝑁}

Γ ⊢ 𝑉 : 𝐴 | {𝐸, 𝜀}

T1-Unit

Γ ⊢ () : 1 | {𝐸, 𝜀}

T1-Var
Λ ∉ Γ2 or 𝐴 = ∀𝜀′.𝐴′ or 𝐴 = 1

Γ1 , 𝑥 : 𝐴, Γ2 ⊢ 𝑥 : 𝐴 | {𝐸, 𝜀}

T1-Abs
Γ, q𝐹 , 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 | {𝐸, 𝜀}

Γ ⊢ 𝜆{𝐸,𝜀}𝑥𝐴.𝑀 : 𝐴→{𝐸,𝜀} 𝐵 | {𝐹, 𝜀}

T1-EAbs
Γ,Λ𝜀′, q𝐸 ⊢ 𝑉 : 𝐴 | {𝜀′}
Γ ⊢ Λ𝜀′.𝑉 : ∀𝜀′.𝐴 | {𝐸, 𝜀}

T1-Handler
Σ ∋ ℓ : 𝐴′ ↠ 𝐵′ Γ, q𝐹 , 𝑝 : 𝐴′, 𝑟 : 𝐵′ →{𝐸,𝜀} 𝐴 ⊢ 𝑁 : 𝐴 | {𝐸, 𝜀}

Γ ⊢ handler {ℓ 𝑝 𝑟 ↦→ 𝑁} : (1 →{ℓ ,𝐸,𝜀} 𝐴) →{𝐸,𝜀} 𝐴 | {𝐹, 𝜀}

Γ ⊢ 𝑀 : 𝐴 | {𝐸, 𝜀}

T1-Value
Γ ⊢ 𝑉 : 𝐴 | {𝐸, 𝜀}

Γ ⊢ return 𝑉 : 𝐴 | {𝐸, 𝜀}

T1-Let
Γ ⊢ 𝑀 : 𝐴 | {𝐸, 𝜀} Γ, 𝑥 : 𝐴 ⊢ 𝑁 : 𝐵 | {𝐸, 𝜀}

Γ ⊢ let 𝑥 = 𝑀 in 𝑁 : 𝐵 | {𝐸, 𝜀}

T1-App
Γ ⊢ 𝑉 : 𝐴→{𝐸,𝜀} 𝐵 | {𝐸, 𝜀} Γ ⊢𝑊 : 𝐴 | {𝐸, 𝜀}

Γ ⊢ 𝑉 𝑊 : 𝐵 | {𝐸, 𝜀}

T1-EApp
Γ ⊢ 𝑉 : ∀𝜀′.𝐴 | {𝐸, 𝜀}

Γ ⊢ 𝑉 {𝐹, 𝜀} : 𝐴[{𝐹, 𝜀}/𝜀′] | {𝐸, 𝜀}

T1-Do
Σ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝑉 : 𝐴 | {ℓ , 𝐸, 𝜀}

Γ ⊢ do ℓ 𝑉 : 𝐵 | {ℓ , 𝐸, 𝜀}

Figure 7.13: Syntax and typing rules for System F1𝜖.

variable. Unlike System F𝜖, we also keep the effect variable for value typing judgements
to ensure that when defining a function in T1-Abs, we refer to the lexically closest effect
variable. Notice that these effect variables are grey, indicating that they are irrelevant to
the typing of System F1𝜖. The red effect rows on value typing judgements record the
ambient effect rows at which values are translated. Red markers q

𝐸
in contexts indicate

the transitions of ambient effect rows as in rules T1-Abs, T1-EAbs, and T1-Handler.
These red rows and the redmarkers are auxiliary annotations used only by the encoding.
Because of these red markers, contexts are ordered.

The context entry Λ𝜀 introduced by T1-EAbs indicates an effect-variable binding.
We retain the black Λ so that we know an effect variable is bound here, whereas the
concrete effect variable name is not needed and is therefore grey. Rule T1-Var prevents
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7.4 Implicit effect polymorphism as simply-typed Met

variables from crossing an effect-variable binding entry (Λ), unless their type is an
effect abstraction or 1. This condition ensures that we cannot use variables that refer to
effect variables that are not the lexically closest. In rule T1-EApp, we instantiate an effect
abstraction with an effect row whose concrete prefix 𝐹 is explicit and whose tail is the
implicit, lexically closest effect variable. The other typing rules are restrictions of the
corresponding rules of System F𝜖. The operational semantics of System F1𝜖 follows the
operational semantics of System F𝜖 in Figure 7.2, except that it erases effect variables.

The instantiation operator [{𝐸, 𝜀}/𝜀′] implements part of standard type substitution
when the grey effect variables are taken into account:

1[{𝐸, 𝜀}/𝜀′] = 1 (∀𝜀′′.𝐴)[{𝐸, 𝜀}/𝜀′] = ∀𝜀′′.𝐴
(𝐴→{𝐹,𝜀′} 𝐵)[{𝐸, 𝜀}/𝜀′] = 𝐴[{𝐸, 𝜀}/𝜀′] →{𝐹,𝐸,𝜀} 𝐵[{𝐸, 𝜀}/𝜀′]

Two cases cannot arise because of the invariant that only the lexically closest effect
variable can be referred to, so we do not include them here. First, when instantiating
an effect abstraction, we never need to further substitute in 𝐴, which can mention only
𝜖′′, whose binding is closer than that of 𝜖′. Second, when instantiating a function type,
the effect variable on the function arrow is always the same as the effect variable being
instantiated, because this is the lexically closest effect variable that can be referred to.

For example, the following System F1𝜖 handler sums all yielded integers.

asSum : ∀𝜀.(1 →{Gen Int,𝜀} Int) →{𝜀} Int

asSum = Λ𝜀.handler {yield 𝑥 𝑟 ↦→ 𝑥 + 𝑟 ()}

7.4.2 Encoding System F1𝝐 in Met(ℛscp)

We now give compositional translations of types, contexts, and terms from System F1𝜖

into Met(ℛscp). The encoding relies on the mask extension of Met from Section 5.1. Our
framework does not include masks, because masks are designed for scoped rows. Our
target calculus is Met(ℛscp)with the mask extension.
Figure 7.14 gives the type, context, label-context, and term translations. For label

contexts, the restriction on operation signatures ensures that their translations do not
depend on the effect context, so we use the empty context. We always translate a type
to a modal type. For the unit type, we insert the identity modality for uniformity.
For a function arrow, the relative modality ⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩ transforms the outside effect
context 𝐸 to the effect context 𝐹 of the function body. For effect abstraction, the empty
absolute modality simulates entering a scope with a fresh effect variable. For contexts,
we translate term bindings bymoving top-level modalities to their binders, and translate
red markers to their corresponding locks. The sequence Λ, q

𝐹
becomes an absolute lock
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since it is introduced by effect abstraction; other markers become relative locks since
they are introduced by lambda abstraction or handlers.

⟦−⟧𝐸 : Value Type → Type
⟦1⟧𝐸 = ⟨⟩1

⟦𝐴→𝐹 𝐵⟧𝐸 = ⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩(⟦𝐴⟧𝐹 → ⟦𝐵⟧𝐹)
⟦∀.𝐴⟧𝐸 = []⟦𝐴⟧·

⟦−⟧𝐸 : Context → Context
⟦·⟧𝐸 = µ[𝐸]

⟦Γ, 𝑥 : 𝐴⟧𝐸 = ⟦Γ⟧𝐸 , 𝑥 :𝜇 𝐴′ if ⟦𝐴⟧𝐸 = 𝜇𝐴′

⟦Γ,Λ, q
𝐹
⟧· = ⟦Γ⟧𝐹 ,µ[]

⟦Γ, q
𝐹
⟧𝐸 = ⟦Γ⟧𝐹 ,µ⟨𝐹−𝐸|𝐸−𝐹⟩ if Γ ≠ Γ′,Λ

⟦−⟧ : Label Context → Label Context
⟦·⟧ = ·

⟦Σ, ℓ : 𝐴↠ 𝐵⟧ = ⟦Σ⟧ , ℓ : ⟦𝐴⟧· ↠ ⟦𝐵⟧·

⟦−⟧ : Value → Term
⟦()⟧ = mod⟨⟩ ()

⟦𝑥 : 𝐴 | 𝐸⟧ = modtop(⟦𝐴⟧𝐸) 𝑥
⟦𝜆𝐹𝑥𝐴.𝑀 : 𝐵 | 𝐸⟧ = mod⟨𝐸−𝐹 |𝐹−𝐸⟩ (𝜆𝑥⟦𝐴⟧𝐹 .let modtop(⟦𝐴⟧𝐹) 𝑥 = 𝑥 in ⟦𝑀⟧)

⟦Λ.𝑉⟧ = mod[] ⟦𝑉⟧
⟦handler 𝐻 : (1 →ℓ ,𝐸 𝐴) →𝐸 𝐴 | 𝐹⟧ = mod⟨𝐹−𝐸|𝐸−𝐹⟩ (𝜆 𝑓 ⟦1→

ℓ ,𝐸𝐴⟧𝐸 .let mod⟨ℓ⟩ 𝑓 ′ = 𝑓 in
handle 𝑓 ′ (mod⟨⟩ ()) with ⟦𝐻 : 𝐴 | 𝐸⟧)

⟦{ℓ 𝑝 𝑟 ↦→ 𝑁} : 𝐴 | 𝐸⟧ = {return 𝑥 ↦→ let⟨ℓ⟩ modtop(⟦𝐴⟧ℓ ,𝐸) 𝑦 = 𝑥 in modtop(⟦𝐴⟧𝐸) 𝑦,
ℓ 𝑝 𝑟 ↦→ let modtop(⟦𝐴′⟧𝐸) 𝑝

′ = 𝑝 in ⟦𝑁⟧[𝑝′/𝑝]}
where Σ ∋ ℓ : 𝐴′ ↠ 𝐵′.

⟦−⟧ : Computation → Term
⟦return 𝑉⟧ = ⟦𝑉⟧

⟦let 𝑥 = 𝑀 : 𝐴 | 𝐸 in 𝑁⟧ = (𝜆𝑥.let modtop(⟦𝐴⟧𝐸) 𝑥 = 𝑥 in ⟦𝑁⟧) ⟦𝑀⟧
⟦𝑉 𝑊⟧ = let mod⟨⟩ 𝑓 = ⟦𝑉⟧ in 𝑓 ⟦𝑊⟧

⟦(𝑉 : ∀.𝐴) 𝐹 | 𝐸⟧ = let mod[] 𝑥 = ⟦𝑉⟧ in inst(𝑥;𝐴; 𝐹;𝐸)
⟦do ℓ 𝑉⟧ = do ℓ ⟦𝑉⟧

Figure 7.14: Encoding of System F1𝜖 in Met(ℛscp).

As with all other encodings in this chapter, the term translations are defined on
typing judgements. We annotate terms with their types and effect contexts only when
the translations need them.All terms are translated to termswhose types have a top-level
modality. We use top(𝜇𝐴) = 𝜇 to extract a top-level modality. We eliminate top-level
modalities when variables are bound and reintroduce them when variables are used,
as shown in the translations of variables, abstractions, and let-bindings. The translation
of application eliminates the identity modality of the function. The translation of effect
abstraction introduces the empty absolute modality.
Effect application is the most interesting case. It eliminates the empty absolute

modality introduced by effect abstraction and then uses the meta-function inst to adjust
the top-level modality with respect to the ambient effects 𝐸 and the instantiation effects
𝐹. The goal of this meta-function is to get a valuewith the appropriate top-level modality
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that matches the translation of the instantiated type 𝐴[𝐹/] at the ambient effect context
𝐸. The meta-function inst is defined as:

inst(𝑥; 1; 𝐹;𝐸) = 𝑥
inst(𝑥;∀.𝐴; 𝐹;𝐸) = 𝑥

inst(𝑥;𝐴→𝐸′ 𝐵; 𝐹;𝐸) = let⟨𝐸−𝐹 |𝐹−𝐸⟩ mod⟨𝐸′⟩ 𝑦 = 𝑥 in mod⟨𝐸−(𝐸′,𝐹)|(𝐸′,𝐹)−𝐸⟩ 𝑦

The unit and effect-abstraction cases of inst are trivial because their translations do not
depend on the ambient effect context. The only non-trivial case is for a function type. In
this case, the variable 𝑥 is bound at modality [] with type ⟦𝐴→𝐸′ 𝐵⟧· = ⟨𝐸′⟩(⟦𝐴⟧𝐸′ →
⟦𝐵⟧𝐸′). Our goal, the translation of the instantiated function type, is:

⟦𝐴[𝐹/] →𝐸′,𝐹 𝐵[𝐹/]⟧𝐸 = ⟨𝐸 − (𝐸′, 𝐹)|(𝐸′, 𝐹) − 𝐸⟩(⟦𝐴[𝐹/]⟧𝐸′,𝐹 → ⟦𝐵[𝐹/]⟧𝐸′,𝐹)

By an induction on types, it is easy to see that we have ⟦𝐴⟧𝐸′ = ⟦𝐴[𝐹/]⟧𝐸′,𝐹 and ⟦𝐵⟧𝐸′ =
⟦𝐵[𝐹/]⟧𝐸′,𝐹 . Thus we only need to reconstruct the appropriate top-level modality, which
is exactlywhat themodality introduction and elimination in the function type case of inst
do. To see how it works, let 𝜉 = ⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩, 𝜇 = ⟨𝐸′⟩, and 𝜈 = ⟨𝐸 − (𝐸′, 𝐹)|(𝐸′, 𝐹) − 𝐸⟩.
We eliminate themodality𝜇 of the translated function type and reintroduce themodality
𝜈. The modality 𝜉 changes the ambient effect context 𝐸 to the instantiation effect context
𝐹, so that the effect context for the argument and result types of 𝑦 is 𝐸′, 𝐹 as required, not
𝐸′, 𝐸. This 𝜉 modality guarantees the term is well-typed as we have the transformation
𝜉 ◦ 𝜇 ⇒ 𝜈 @𝐸.

The translation of a handler value follows its presentation in System F𝜖 as a higher-
order function. The modality of the function argument 𝑓 is eliminated before 𝑓 is
invoked. The translation of handler clauses generates a return clause that changes the
type of the returned value from ⟦𝐴⟧ℓ ,𝐸 to ⟦𝐴⟧𝐸. In the operation clause, the modality of
the operation argument 𝑝 is eliminated according to its translated type. The continuation
𝑟 needs no elimination: the identity modality on its binder is exactly the top-level
modality of ⟦𝐵′ →𝐸 𝐴⟧𝐸. The runtime handler construct is translated homomorphically
as:

⟦handle 𝑀 with 𝐻 : 𝐴 | 𝐸⟧ = handle ⟦𝑀⟧ with ⟦𝐻 : 𝐴 | 𝐸⟧.

As an example of type translation, the type of asSum from Section 7.4.1 is translated to

[](⟨Gen Int⟩(⟨⟩1 → ⟨⟩Int) → ⟨⟩Int).
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Omitting introduction and elimination of identity modalities, its term translation is

⟦asSum⟧ = mod[] (𝜆 𝑓 .let mod⟨Gen Int⟩ 𝑓 ′ = 𝑓 in
handle 𝑓 ′ () with {return 𝑥 ↦→ 𝑥, yield 𝑝 𝑟 ↦→ 𝑝 + 𝑟 ()})

We have the following type preservation theorem.

Theorem 18 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 | {𝐸, 𝜀}, then ⟦Γ⟧𝐸 ⊢ ⟦𝑀⟧ : ⟦𝐴⟧𝐸 @𝐸 in
Met(ℛscp). Similarly, if Γ ⊢ 𝑉 : 𝐴 | {𝐸, 𝜀}, then ⟦Γ⟧𝐸 ⊢ ⟦𝑉⟧ : ⟦𝐴⟧𝐸 @𝐸 in Met(ℛscp).

Its proof is in Appendix C.5.

7.5 Discussion

In this section, we highlight practical language design insights gleaned from our
encodings, discuss the extensibility of our encodings, and outline potential extensions
to our framework Met(𝒳).

7.5.1 Insights for language design

In Section 7.1.3 and Section 7.1.4, we demonstrated how our encodings provide a direct
way to compare System F𝜖 and System C. Moreover, our encodings can help inform
language design choices based on the following observations.

1. Our encodings together demonstrate that modal effect types are as expressive as
the row-based and capability-based effect systems we consider.

2. The encoding of System Ξ (Section 7.3.4) implies that we need not sacrifice first-class
functions in order to obtain the benefits of the contextual effect polymorphism of
Effekt.

3. The encodings of System C (Section 7.3.2), System Ξ (Section 7.3.4), and System F𝜖+sn

(Section 7.2.4) demonstrate that we can use local labels, the minimal extension
introduced in Section 5.6, to simulate the relatively heavyweight feature of named
handlers in Effekt and Koka.

4. The encoding of System F𝜖+sn (Section 7.2.4) further demonstrates that the first-class
handler names of Koka offer no extra expressiveness over the second-class local
labels of Met(𝒳).

5. The encoding of System C (Section 7.3.2) shows that instead of having a built-in
form of capabilities which can appear at both term and type levels, as in Effekt
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and Scala [Boruch-Gruszecki et al. 2023], we can simulate such capabilities by
introducing an effect variable for each argument and wrapping the argument in an
absolute modality with the corresponding effect variable.

6. The encoding of System F1𝜖 (Section 7.4.2) shows that modal effect types without
any effect variables are sufficient to enable modular reuse of effectful programs in
many practical cases as characterised by the fragment System F1𝜖 of System F𝜖.

7.5.2 Extensibility

Our encodings focus on the core idea. None of our encodings considers data types.
Most of our encodings, except those in Section 7.2, do not consider polymorphism over
value types. It is straightforward to add these features to the encodings in Sections 7.2
and 7.3. Data types and polymorphism are simply translated homomorphically. For the
encoding of System F1𝜖 in Section 7.4, encoding data types and polymorphism is more
subtle, which we discuss below.
Recall that in Section 7.4.2 we always translate types to modal types and greedily

eliminate modalities and lazily introduce them for variables. For variables of data types
such as a pair 𝐴 × 𝐵, we just need to further destruct the pair before greedy modality
elimination and reconstruct the pair upon lazy modality introduction. This is because
the translations of its components may produce terms of type 𝜇𝐴′ and 𝜈𝐵′ with different
modalities which require separate modality eliminations. For variables of recursive
data types, we need to destruct only to the extent that the data type is unfolded in the
function body, where we may treat recursive invocations as opaque. While this requires
a higher-order translation, it does not require destructing the recursive data type and
eliminating its modalities more than a small number of times.

The translation is complicated becausewe use let-stylemodality elimination following
MTT. For modalities with certain structures (right adjoints), it is possible to use Fitch-
style modality elimination [Clouston 2018], which allows modalities to be eliminated
directly without binding [Gratzer 2023; Shulman 2023]. We are interested in exploring
whether we can extend Met to use Fitch-style modality elimination and thus give a
compositional local encoding for recursive data types. Fortunately, these issues appear
to cause problems only in the encoding, not in practice. Functional programs typically
use pattern matching in a structured way that plays nicely with the automatic modality
elimination of bidirectional typing.
Extending the encoding with polymorphism for value types is tricky because the

source calculus System F1𝜖 is not stable under value type substitution. For instance,
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the following substitution breaks the condition that function arrows only refer to the
lexically closest effect variable:

(∀𝜀′.𝛼)[(1 →{𝜀} 1)/𝛼] = ∀𝜀′.1 →{𝜀} 1.

This exemplifies the fragility of the syntactic approach of Frank. It is still possible to
define the encoding by forcing the substituted type to satisfy the lexical restriction. We
leave the full development of such an encoding as future work.

7.5.3 Potential extensions to Met(𝒳)

We discuss three potential extensions to Met(𝒳) that would enable encodings of more
effect systems. We leave their full development as future work.

Effect kinds. We can extend the effect structure to abstract over effect kinds instead of
having a single kind Effect. The augmented definition of an effect structure is a triple
𝒳 = ⟨R, :,≡⟩ where the new component R is a set of effect kinds. We must extend the
kinding and equivalence relations accordingly. As an example of this extension, in order
to characterise Rémy-style row types [Rémy 1989], which use a kind system to ensure
that there are no duplicate labels, we can declare R = {Rowℒ | ℒ}, whereℒ is the set of
labels that must not occur in the row. As another example, this extension enables us to
combine different effect structures by assigning a kind to each theory. For instance, we
can declare two kinds Set and Row for theories 𝒮 and ℛscp, respectively, and then give
local labels the kind Set and global labels the kind Row. We can then treat local labels
as sets and global labels as scoped rows.

Presence types. We can associate operation labels in extensions and effect contexts
with presence types [Rémy 1994]. Furthermore, instead of predefining the operation
types for labels, we can assign operation types to labels in extensions and effect contexts
in the manner of Tang et al. [2025]. For instance, the syntax of extensions could be
extended to 𝐷 ::= · | ℓ : 𝑃, 𝐷 | 𝜀, 𝐷, where 𝑃 is a presence type typically defined as
𝑃 ::= − | Pre(𝐴↠ 𝐵) | 𝜃. A label can be absent (−), present with a type (Pre(𝐴↠ 𝐵)),
or polymorphic over its presence (𝜃).

Masks. Met(𝒳) does not include the mask operator and the mask modality ⟨𝐿|⟩ from
Section 5.1. Masking Biernacki et al. [2018]; Convent et al. [2020] is useful for effect
systems based on scoped rows where duplicated labels indicate nested handlers for
the same operation label. However, it is unclear what masking means for other effect
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structures, which is why we do not include it in Met(𝒳). An interesting direction for
future work is to extend Met(𝒳) with a suitable notion of an abstract mask operator
and extend the syntax of relative modalities to ⟨𝐿|𝐷⟩, where 𝐿 is a mask and 𝐷 is
an extension. This extension will require extending the effect structure to define the
kinding and equivalence relations of masks.
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Part III

Maetel the Language

We design a language Maetel with modal effect types, whose central feature is the Fresco
type inference algorithm for inferring first-class modal types, where modal types can
be implicitly introduced, eliminated, and used for instantiation.

Chapter 8 introduces the Fresco type system for first-class polymorphism. Chapter 9
presents the type inference algorithm of Fresco and proves its soundness and complete-
ness. Chapter 10 extends Fresco to infer modal effect types.
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8 A haunted bidirectional type system

Now, I call out to the spirits of this place.

—Arthas,Warcraft III (2002)

I like my type systems to be bidirectional.

—Conor Titania McBride (2018)

Consider the following application of a map function to a Church-encoded list

churchMap (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) churchIds

where churchMap and churchIds have the standard types

churchMap : ∀𝑎 𝑏.(𝑎 → 𝑏) → CList 𝑎 → CList 𝑏

churchIds : CList (∀𝑎.𝑎 → 𝑎)

with the type alias CList 𝑎 = ∀𝑏.𝑏 → (𝑎 → 𝑏 → 𝑏) → 𝑏 for the Church encoding.
This simple example turns out to be surprisingly challenging for many type inference

systems. We identify two key challenges for type checking our example:

1. instantiating the type variable 𝑎 of churchMap with the polymorphic type ∀𝑎.𝑎 → 𝑎,
2. assigning the polymorphic type ∀𝑎.𝑎 → 𝑎 to the parameter 𝑓 of the first argument

term 𝜆 𝑓 .( 𝑓 42, 𝑓 true).

ML-style type inference [Damas and Milner 1982; Milner et al. 1990] fails immediately
since it only supports rank-1 polymorphism, which restricts universal quantifiers to the
top level of types, while the types of churchMap and churchIds have universal quantifiers
nested inside function arrows. Bidirectional type inference [Peyton Jones et al. 2007;
Dunfield and Krishnaswami 2013] nicely supports higher-rank polymorphism, allowing
quantifiers to appear flexibly in types, as in the types of churchMap and churchIds.
Moreover, bidirectional type inference allows local type information to flow from
functions to arguments, which would address challenge (2) provided challenge (1) had
already been addressed. However, most existing work on bidirectional type inference
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with higher-rank polymorphism is restricted to monomorphic instantiation, i.e., instan-
tiation with monomorphic types (monotypes), and so does not address challenge (1),
which requires polymorphic instantiation, i.e., instantiation with polymorphic types
(polytypes).We refer to the combination of higher-rank polymorphism and polymorphic
instantiation as first-class polymorphism (FCP).

Type inference for FCP is a hot topic, with many different approaches, including
PolyML [Garrigue and Rémy 1999], LTI [Pierce and Turner 2000], MLF [Le Botlan
and Rémy 2003], HML [Leijen 2009], Boxy [Vytiniotis et al. 2006], HMF [Leijen 2008],
QML [Russo and Vytiniotis 2009], GI [Serrano et al. 2018], QuickLook [Serrano et al.
2020], FCIF [Kovács 2020], FreezeML [Emrich et al. 2020, 2022], SuperF [Parreaux et al.
2024], LCTI [Xue et al. 2026], and ATIA [Morris 2026]. However, almost all of these
approaches still fail to type check the above example.1 Many of these approaches handle
polymorphic instantiation as in challenge (1) by using their own heuristics or constraint
solving algorithms to determine that churchMap should be instantiatedwith the polytype
∀𝑎.𝑎 → 𝑎 as required by the argument churchIds. However, unlike bidirectional type
inference, they cannot make use of local type information flow to address challenge
(2). Some approaches, such as QuickLook [Serrano et al. 2020], the algorithm behind
the ImpredicativeTypes extension in GHC, do adopt bidirectional typing techniques
to support information flow from functions to arguments. This enables QuickLook to
address challenge (2), but it fails to address challenge (1), because it can make only
limited use of information about arguments to guide polymorphic instantiation.

Our two key challenges exemplify the need for different directions of type information
flow between functions and arguments. To address challenge (1), type informationmust
flow from the second argument churchIds to the function churchMap for polymorphic
instantiation. To address challenge (2), type informationmust flow from the instantiated
function to the first argument 𝜆 𝑓 .( 𝑓 42, 𝑓 true) in order to assign a polymorphic type to
𝑓 . However, combining these two directions of type information flow to obtain both of
their advantages is much more subtle than it may seem. Several existing type inference
systems emphasise mixed directions of type information flow [Vytiniotis et al. 2006;
Serrano et al. 2020; Odersky et al. 2001; Xue et al. 2026]. However, as far as we are
aware, none of them suffices to type check the above example due to limitations on how
different directions of type information flow can be mixed. Moreover, they often rely on
ad hoc algorithmic procedures to propagate local type information from arguments to
functions, and thus lack declarative specifications.

1The exception is SuperF [Parreaux et al. 2024], which extends surface type syntax with constraints, but
lacks completeness results.
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In this chapter, we propose a novel bidirectional type system Fresco2 for FCP that
utilises mixed directions of type information flow. Our central idea is to allow local
type information to first flow from arguments to functions, addressing challenge (1),
and then flow back from functions to arguments, addressing challenge (2). Fresco
enables this mixed information flow by haunting the type system. Instead of relying on
ad hoc mechanisms for collecting local type information from arguments, Fresco uses
skeleton inference, which mimics type inference, to infer skeletons of arguments. Skeletons
extend types with ghosts that represent unknown information. An ordinary ghost
represents an unknown type, while a universal ghost ∀ represents unknown universal
quantifiers. For instance, a skeleton ∀ . → Int represents a possibly polymorphic
function type with result type Int. Skeletons enable mixed information flow between
functions and arguments: known information in an argument skeleton is passed to its
function; unknown information denoted by ghosts in the skeleton is then filled in by
the function and passed back to the argument.

In order to provide fine-grained control over which information is considered known
and thus flows from arguments to functions, we introduce a term-level freezing operator
inspired by FreezeML [Emrich et al. 2020]. Freezing a term fixes its skeleton to be exactly
what is inferred from the term itself.

In order to succinctly distinguish synthesised (known from the term) and inherited
(known from the environment) information within a type, we follow Odersky et al.
[2001] in ascribing colours to types. This enables us to concisely express the declarative
type system in a form similar to more conventional bidirectional type systems, making
Fresco easier to understand and reason about.

A fundamental guiding principle of Fresco is that “polymorphism should never be
guessed out of thin air”. When instantiating a polymorphic type, Fresco only guesses
a universal quantifier if this quantifier is determined by known information collected
from the environment, such as via skeleton inference. Inspired by classic ideas on
provenance in database systems [Buneman et al. 2001] and Barendregt’s proof for
finiteness of developments [Barendregt 1985],we formalise this principle in a declarative
specification by tagging each guessed quantifier.

In the rest of this chapter, we first give a high-level overview of Fresco in Section 8.1,
and then present a declarative type system for Fresco. We give a type inference algorithm
for Fresco in Chapter 9 and prove its soundness and completeness with respect to the
declarative type system.We focus on type inference for FCP in this chapter andChapter 9.
In Chapter 10, we extend Fresco to infer modal effect types for our language Maetel.

2The name Fresco is a loose acronym of the key notions “FREezing, Skeletons, Colours, and ghOsts”.
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8 A haunted bidirectional type system

8.1 Overview

In this section, we give a high-level overview of Fresco. We begin with a brief recap
of conventional bidirectional type systems. Then we explain the key technical ideas of
Fresco one by one, including skeletons and ghosts, colours and modes, polymorphic
subtyping with tags, and freezing. Finally we provide more examples and discuss the
limitations of Fresco.

8.1.1 Conventional bidirectional type systems

Conventional bidirectional type systems split typing into inference mode I, where we
infer the type of a term, and checking mode C, where we check a term against a given
type. A function application rule typically has the following shape.

Γ ⊢I 𝑀 : 𝐴 inst(𝐴) = 𝐴1 → 𝐵 Γ ⊢C 𝑁 : 𝐴1

Γ ⊢I 𝑀 𝑁 : 𝐵

The application itself is in inference mode. We first infer the type 𝐴 of the function,
then instantiate its type to a function type 𝐴1 → 𝐵, and finally check the argument
against the argument type 𝐴1. Thus information flows from functions to arguments.
Such information flow naturally solves challenge (2) at the beginning of this chapter,
assuming the argument type is known. In the motivating example, if we are given the
type (∀𝑎.𝑎 → 𝑎) → Int × Bool, type checking the first argument proceeds as follows.

Γ, 𝑓 : ∀𝑎.𝑎 → 𝑎 ⊢C ( 𝑓 42, 𝑓 true) : Int × Bool

Γ ⊢C 𝜆 𝑓 .( 𝑓 42, 𝑓 true) : (∀𝑎.𝑎 → 𝑎) → Int × Bool

The checking rule of lambda abstraction assigns the known polytype ∀𝑎.𝑎 → 𝑎 to the
parameter 𝑓 .

The missing step is the polymorphic instantiation in challenge (1). Many existing
bidirectional type systems restrict attention to higher-rank polymorphism [Dunfield
and Pfenning 2004; Dunfield and Krishnaswami 2013; Cui et al. 2023; Zhao and d. S. Oli-
veira 2022; Jiang et al. 2025] and only allow instantiation with monotypes. We cannot
simply extend such systems with arbitrary implicit polymorphic instantiation as this
is an undecidable problem [Chrząszcz 1998; Tiuryn and Urzyczyn 1996]. However, in
our example the second argument churchIds provides the information to instantiate
churchMap with: the polytype ∀𝑎.𝑎 → 𝑎. Thus, in order to address challenge (1), we
naturally wish information to flow from arguments to functions. Fresco enables such
information flow via skeletons and ghosts.
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8.1.2 Skeletons and ghosts

In order to perform polymorphic instantiation, we must collect information from the
argument churchIds of type CList (∀𝑎.𝑎 → 𝑎), which expands to ∀𝑏.𝑏 → ((∀𝑎.𝑎 → 𝑎) →
𝑏 → 𝑏) → 𝑏. Directly using the argument type is, however, not always sufficient. Even
though this works in the motivating example, in general, further implicit instantiation
or generalisation may occur on the argument, before its type can be matched against
the argument type of the function. For instance, in foo churchIds where foo : (𝐴 →
((∀𝑎.𝑎 → 𝑎) → 𝐴 → 𝐴) → 𝐴) → 𝐵, the type of churchIds is instantiated with 𝐴. As
a result, we should make sure that the information we collect from the argument is
compatible with the types of the argument after any instantiation or type abstraction.

Fresco uses skeletons to represent the information collected from arguments. Skeletons
extend types with ghosts, including both ordinary ghosts , which represent unknown
types, and universal ghosts ∀ , which represent unknown (possibly empty) sequences
of universal quantifiers. For instance, we infer the following skeleton for churchIds.

∀ . → ((∀𝑎.𝑎 → 𝑎) → → ) →

This skeleton is consistent with any possible type that churchIds may have. Note that ∀

is not a binder itself, and all instances of ghosts in a skeleton are unrelated. The four
appearances of can match any other types we use to instantiate churchIds. The top-
level ∀ can match any number of universal quantifiers introduced by type abstraction
on churchIds. As a result, in the example foo churchIds defined above, the skeleton of
churchIds is consistent with the argument type of foo. Meanwhile, the skeleton still
shows that list elements have type ∀𝑎.𝑎 → 𝑎.

As another example, the skeleton of the first argument 𝜆 𝑓 .( 𝑓 42, 𝑓 true) to churchMap

is ∀ . → ∀ . × . It tells us that the term should have a possibly polymorphic function
type with an unknown argument type and a possibly polymorphic product return type.
Again, this skeleton is consistent with any possible type for a lambda abstraction of this
shape. In particular, it does not commit the type of 𝑓 to be any specific type, but leaves it
as a ghost . Later, this information can flow back from the argument type of churchMap
to the lambda abstraction and resolve challenge (2), as illustrated in Section 8.1.1.

Skeletons only carry polymorphic information that we are certain about. For instance,
the skeleton of id cannot be ∀𝛼.𝛼 → 𝛼, because the quantifier ∀𝛼 may be instantiated.
On the other hand, the quantifier ∀𝛼 in the skeleton of churchIds is allowed, because it
is in a guarded position (under function arrows) which cannot be instantiated.
Skeleton inference rules of Fresco correspond one-to-one with the syntax-directed

typing rules of Fresco with systematic minimal changes (Section 8.7). We believe that
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8 A haunted bidirectional type system

skeleton inference smoothly scales to support other typing features. We provide some
evidence for this belief by extending our implementation of Fresco with effects and
handlers along with a modal effect type system [Tang et al. 2025; Tang and Lindley
2026].

8.1.3 Colours

Information provided by skeletons of arguments is known. When typing the function,
wewant to synthesise its type guided by such information inherited from the arguments.
We use colours, following coloured local type inference (CLTI) [Odersky et al. 2001], to
distinguish between synthesised and inherited parts of a type. Unlike in CLTI [Odersky
et al. 2001], we allow monotypes to be freely guessed as they can be solved efficiently
by unification. As a result, we need only ascribe colours to universal quantifiers, which
cannot be guessed. For instance, we can fill in the ghosts of the skeleton of churchIds to
obtain a coloured type (which we call a bidirectional type) as follows for the function
churchMap.

∀𝑏.𝑏 → ((∀𝑎.𝑎 → 𝑎) → 𝑏 → 𝑏) → 𝑏

The quantifier ∀𝑎 is inherited (blue) since it is provided by the skeleton of the argument
churchIds. The quantifier ∀𝑏 is synthesised (red) since it has to be inferred from the
function churchMap itself; the skeleton of churchIds only provides a universal ghost ∀

in this position. In general, a blue quantifier is inherited from the context and a red
quantifier is synthesised from the term itself. Monotypes such as function arrows and
type variables are always uncoloured. When writing a monotype with colours, we mean
the same type as the uncoloured one. For instance, Int is the same as Int.
Type metavariables are classified into different syntactic categories by their colours.

A red 𝐴 (a synthesised type) has only red quantifiers, a blue 𝐴 (an inherited type) has
only blue quantifiers, and a grey 𝐴 (a bidirectional type) may have both red and blue
quantifiers. A black 𝐴 has uncoloured quantifiers and only appears in term annotations
and contexts. For the same type metavariable 𝐴 in different colours, these coloured
versions are all structurally equal, differing only in the colours of quantifiers. In other
words, type metavariables are colour blind. We also colour skeletons and have the same
conventions for 𝑃, 𝑃, 𝑃 and 𝑃.

We define the above operation of filling in the ghosts as a skeleton refinement relation
𝑃 ▶ 𝐴. Here, 𝑃 is an inherited skeleton, and 𝐴 is a bidirectional type with inherited
information from 𝑃 and new synthesised information. For instance, the above skeleton
refinement is written as:

∀ . → ((∀𝑎.𝑎 → 𝑎) → → ) → ▶ ∀𝑏.𝑏 → ((∀𝑎.𝑎 → 𝑎) → 𝑏 → 𝑏) → 𝑏
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The refinement relation characterises what other types a skeleton represents. We can-
not fill in ghosts with arbitrary types. In 𝑃 ▶ 𝐴, we disallow use of variables introduced
by inherited quantifiers in 𝑃 to fill in ghosts. For instance, ∀𝑎. → 𝑎 ▶ ∀𝑎.𝑎 → 𝑎 is
invalid, even though the result type is well-scoped, because we use the bound variable
𝑎 to fill in a ghost. This restriction guarantees that when a quantifier is known, all
appearances of the bound variablemust also be known, since these variable appearances
also describe the shape of the polytype.

8.1.4 Modes

In order to type check the motivating example, we need to utilise the information
from the second argument. However, a standard application rule such as the one in
Section 8.1.1 only takes one argument into account. Some previous work [Pierce and
Turner 2000; Serrano et al. 2020] gives the application spine 𝑀 𝑁 a special typing rule.
However, it is not stable under term transformations such as adding a dummy lambda
abstraction, e.g., (𝜆𝑥.𝑀) 42 𝑁 . We adopt a more general approach to dealing with
argument terms. As shown in Section 8.1.1, bidirectional typing typically has twomodes
I and C. Inspired by counters in Contextual Typing [Xue and Oliveira 2024], we add a
function mode form F m (where m ranges over modes), for terms in function position.
Our modes are primarily used to track local program structure, unlike traditional
bidirectional typing where modes fully determine the direction of information flow.
For instance, the typing judgement for churchMap in our running example has the form
Γ ⊢F F I churchMap : 𝐴 for some type 𝐴. The mode F F I merely tells us that it is applied to
two arguments, and that the whole application is in an inference position with no input
type. Information flow is determined by colours in the bidirectional type 𝐴.

8.1.5 Flowing back and forth

With all the above ideas (skeletons, ghosts, colours, and modes), we now show the key
rule of Fresco, the typing rule for function application. This rule enables information to
flow back and forth between functions and arguments.

Γ ⊢C 𝑁⇒⇒ 𝑃 1 Γ ⊢ 𝑃 ▶ 𝐴 2 Γ ⊢F m 𝑀 : 𝐴→ 𝐵 3 Γ ⊢C 𝑁 : 𝐴 4

Γ ⊢m 𝑀 𝑁 : 𝐵

Though the rule is declarative, it is easiest to explain via an algorithmic intuition.
Skeleton inference 1 first infers a synthesised skeleton 𝑃 for the argument 𝑁 , which
carries the polytype information gleaned from 𝑁 itself. The skeleton 𝑃 is red since
it is known from the argument 𝑁 itself. Since the argument skeleton is now known,
skeleton refinement 2 refines inherited 𝑃 to a bidirectional type 𝐴, which is used as
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the argument type of the function 𝑀 in the typing judgement 3 . The skeleton 𝑃 is
blue since for the function 𝑀, it is inherited from the context (the argument 𝑁). The
occurrences of the grey𝐴 in 2 and 3 denote the same typewith the same structure and
colours. Inherited quantifiers in 𝐴 come from the argument 𝑁 in 1 , while synthesised
quantifiers in 𝐴 are inferred from the function𝑀 in 3 . Finally, since the argument type
is fully known, we type check the argument 𝑁 against the type 𝐴 in 4 . The type 𝐴 is
blue since it is inherited from the context (the function 𝑀). In summary, information
first flows from the argument to the function, and then flows back from the function to
the argument. This differs from the application rule in Section 8.1.1, where information
only flows from function to argument.

It is worth noting that skeleton inference 1 uses checking mode C. This is because 𝑁
is in a checking position where potential instantiation or type abstraction may happen.
Skeleton inference takes this into account and infers a skeleton that is consistent with
any possible type of 𝑁 .

As an example, we show how the running example is typed using the application
rule. With 𝑃ids = ∀ . → ((∀𝑎.𝑎 → 𝑎) → → ) → and CList (∀𝑎.𝑎 → 𝑎) = ∀𝑏.𝑏 →
((∀𝑎.𝑎 → 𝑎) → 𝑏 → 𝑏) → 𝑏, the typing of the outer application goes as follows.

Γ ⊢C churchIds⇒⇒ 𝑃ids Γ ⊢ 𝑃ids ▶ CList (∀𝑎.𝑎 → 𝑎)
Γ ⊢F I churchMap (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) : CList (∀𝑎.𝑎 → 𝑎) → CList (Int × Bool)

Γ ⊢C churchIds : CList (∀𝑎.𝑎 → 𝑎)
Γ ⊢I churchMap (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) churchIds : CList (Int × Bool)

In each premise, we highlight the part that demonstrates how information flows from
the argument to the function and back. We infer the skeleton 𝑃ids of churchIds, refine it
to the bidirectional type CList (∀𝑎.𝑎 → 𝑎), use this type as the argument type for the
inner application at mode F I, and finally type check churchIds. The typing of the inner
application goes as follows.

Γ ⊢C (𝜆 𝑓 .( 𝑓 42, 𝑓 true))⇒⇒ ∀ . → ∀ . ×
Γ ⊢ ∀ . → ∀ . × ▶ (∀𝑐.𝑐 → 𝑐) → Int × Bool

Γ ⊢F F I churchMap : ((∀𝑐.𝑐 → 𝑐) → Int × Bool) → CList (∀𝑎.𝑎 → 𝑎) → CList (Int × Bool)
Γ ⊢C 𝜆 𝑓 .( 𝑓 42, 𝑓 true) : (∀𝑐.𝑐 → 𝑐) → Int × Bool

Γ ⊢F I churchMap (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) : CList (∀𝑎.𝑎 → 𝑎) → CList (Int × Bool)

In this case the skeleton ∀ . → ∀ . × of the argument 𝜆 𝑓 .( 𝑓 42, 𝑓 true) does not
really provide anypolymorphic information. The function churchMap infers the quantifier
∀𝑐, which is then used as inherited information to type check the argument.
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8.1.6 Polymorphic subtyping with tags

We have seen how information flows back and forth. Now we focus on how the
polymorphic instantiation of churchMap is performed in its typing judgement:

Γ ⊢F F I churchMap : ((∀𝑐.𝑐 → 𝑐) → Int × Bool) → CList (∀𝑐.𝑐 → 𝑐) → CList (Int × Bool)

The second argument type carries the inherited quantifier ∀𝑐 from the skeleton of
churchIds. Recall that the type of churchMap is ∀𝑎 𝑏.(𝑎 → 𝑏) → CList 𝑎 → CList 𝑏. We
want to instantiate the type of churchMap to the bidirectional type above. As usual, we
combine instantiation together with type abstraction into a subtyping relation. For the
example here, the subtyping is:

Γ ⊢F F I ∀𝑎 𝑏.(𝑎 → 𝑏) → CList 𝑎 → CList 𝑏 ⩽

((∀𝑐.𝑐 → 𝑐) → Int × Bool) → CList (∀𝑐.𝑐 → 𝑐) → CList (Int × Bool)

Intuitively, this judgement upcasts the LHS to the RHS guided by inherited informa-
tion on the RHS.Wemust instantiate 𝑎 to a polymorphic type ∀𝑐.𝑐 → 𝑐 as determined by
the inherited information from the second argument. In a traditional bidirectional type
system such as that of Dunfield and Krishnaswami [2013], the declarative subtyping
rule guesses a monomorphic type for instantiation, which is solved by unification. In
Fresco, though we can still guess monotypes, we cannot guess polytypes arbitrarily.
Otherwise, for instance, single id would have possible types List (∀𝑎.𝑎 → 𝑎) and
List (𝐴→ 𝐴) with no best choice. Instead, we want to guess polytypes only based on
the inherited information we know. However, it is challenging to distil the idea of “never
guess polymorphism out of thin air” in a declarative way. This is one of the main reasons
that many type systems for FCP lack declarative specification and completeness results.
For instance, QuickLook [Serrano et al. 2020], which also collects information from
arguments to guide polymorphic instantiation of functions, only has an algorithmic
specification of instantiation.

We propose a novel approach to characterise the idea of “never guess polymorphism
out of thin air” in a declarative way, inspired by work on provenance tracking [Buneman
et al. 2001] and residuals in lambda calculus [Barendregt 1985]. Within a polytype we
guess for instantiation, we tag each quantifier with a unique tag, and track whether
each quantifier is determined by inherited information via its tag. For instance, in the
subtyping judgement above, for the type variables 𝑎 and 𝑏 we guess 𝜑𝑎 = ∀𝜖𝑐.𝑐 → 𝑐

and 𝜑𝑏 = Int× Bool. The tag 𝜖 is fresh. After substituting 𝜑𝑎 for 𝑎, the second argument
type of the function type becomes CList (∀𝜖𝑐.𝑐 → 𝑐), which matches the argument type
on the RHS:

𝜖 | Γ ⊢ CList (∀𝜖𝑐.𝑐 → 𝑐) ∼ CList (∀𝑐.𝑐 → 𝑐).
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This consistency judgement determines the tag 𝜖 via the inherited quantifier ∀𝑐 on the
RHS. The judgement includes a tag context (here the singleton 𝜖).
Tags share information about whether a guessed quantifier is determined across

different appearances of the same quantifier. A guessed quantifier is determined as long
as one of its appearances is determined by inherited information. For instance, in the
working example, 𝜑𝑎 appears twice in the instantiated type, but it is determined fully
by its second appearance in the second argument type CList (∀𝜖𝑐.𝑐 → 𝑐). This improves
over prior work such as CLTI [Odersky et al. 2001] and Boxy types [Vytiniotis et al.
2006]. These approaches also support mixed information flow through ideas similar
to colours and skeletons. However, they have a stricter restriction on polymorphic
instantiation, requiring all appearances of the guessed instantiation to be determined,
rather than just one.

Wenowpresent a negative examplewhere subtyping fails as itwould require guessing
polymorphism out of thin air. Consider single id. We may have the invalid subtyping
judgement:

Γ ⊢F I ∀𝑎.𝑎 → List 𝑎 ⩽ (∀𝑏.𝑏 → 𝑏) → List (∀𝑏.𝑏 → 𝑏)

Guessing 𝜑𝑎 = ∀𝜖𝑏.𝑏 → 𝑏 for the instantiation, we have the subtyping judgement:

Γ ⊢F I (∀𝜖𝑏.𝑏 → 𝑏) → List (∀𝜖𝑏.𝑏 → 𝑏) ⩽ (∀𝑏.𝑏 → 𝑏) → List (∀𝑏.𝑏 → 𝑏)

Wecannot determine the tag 𝜖 via this judgement, as both appearances of∀𝜖𝑏 correspond
to synthesised ∀𝑏 on the RHS. As a result, in Fresco, List (∀𝑎.𝑎 → 𝑎) is not a valid type
for single id. This solves the no best choice problem.
Our algorithm for subtyping does not guess types for instantiation. Instead, for an

instantiation, it uses a look judgement to inspect the RHS for the quantified variable.
Look is separated into constraint collection and constraint solving. In the motivating
example, constraint collection for 𝑎 extracts from the correspondence between CList 𝑎

and CList (∀𝑐.𝑐 → 𝑐) that the type for 𝑎 should be consistent with ∀𝑐.𝑐 → 𝑐. Constraint
solving then determines the instantiation for 𝑎 as ∀𝑐.𝑐 → 𝑐. One advantage of look is
that it is local: it only happens in subtyping for solving instantiation, and it does not
introduce any unification variable to the context. As a result, our algorithm only does
standard global unification for monotypes.

8.1.7 Freezing

The motivating example does not require freezing. The skeleton of churchIds already
provides enough information. Freezing is useful when argument skeletons do not
provide enough information. For instance, in single id, Fresco does not infer the type
List (∀𝑎.𝑎 → 𝑎). The reason is that the skeleton of id is ∀ . → . We cannot give id a
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more concrete skeleton such as ∀𝑎.𝑎 → 𝑎, as a skeleton should be consistent with any
possible type of the term (Section 8.1.2).

Freezing enables a programmer to fine-tune the information flowing from arguments
to functions. Freezing a term disables any potential instantiation or type abstraction on
it, regardless of the context. We write ⌈𝑀⌉ for freezing a term 𝑀. For instance, ⌈id⌉ has
skeleton ∀𝑎.𝑎 → 𝑎. As a result, Fresco infers the type List (∀𝑎.𝑎 → 𝑎) for single ⌈id⌉
via the following derivation.

Γ ⊢C ⌈id⌉⇒⇒ ∀𝑏.𝑏 → 𝑏 Γ ⊢ ∀𝑏.𝑏 → 𝑏 ▶ ∀𝑏.𝑏 → 𝑏

Γ ⊢F I single : (∀𝑏.𝑏 → 𝑏) → List (∀𝑏.𝑏 → 𝑏) Γ ⊢C ⌈id⌉ : ∀𝑏.𝑏 → 𝑏

Γ ⊢I single ⌈id⌉ : List (∀𝑏.𝑏 → 𝑏)

The polymorphic instantiation of the function single succeeds because the first ∀𝑏 is
inherited.
Though freezing an argument provides more information for the function, it is not

always desirable. For instance, run ⌈id⌉ where run : (Int → Int) → Int is ill-typed,
because run expects a function type Int → Int, yet ⌈id⌉ disables instantiation on id.

We give one more example of freezing based on a variant of our motivating example.
With a standard application function app : ∀𝑎 𝑏.(𝑎 → 𝑏) → 𝑎 → 𝑏, the following
application is ill-typed.

app (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) id

The argument id does not provide enough information to instantiate appwith a polytype
∀𝑎.𝑎 → 𝑎, unlike churchIds in the motivating example. We can make it well-typed by
freezing id as follows.

app (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) ⌈id⌉

Now app instantiates with ∀𝑎.𝑎 → 𝑎, which then flows back to the lambda abstraction
and assigns a polytype to 𝑓 .

8.1.8 Features and design choices

We discuss some important features and design choices of Fresco with examples.

Order irrelevance. Fresco is not sensitive to argument order. This observation is
exemplified by ourmotivating example, where the second argument churchIds provides
the information to instantiate the function churchMap, and this information flows back to
the first argument 𝜆 𝑓 .( 𝑓 42, 𝑓 true). As another simple example, consider two functions
choose : ∀𝑎.𝑎 → 𝑎 → 𝑎 and auto : (∀𝑏.𝑏 → 𝑏) → (∀𝑏.𝑏 → 𝑏). Fresco infers the same type
for both choose auto id and choose id auto. In both cases, auto guides the instantiation
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of choose with (∀𝑏.𝑏 → 𝑏) → (∀𝑏.𝑏 → 𝑏), which then flows back to id and instantiates
id with ∀𝑏.𝑏 → 𝑏.

Polymorphic instantiation guided by result type. Section 8.1.6 illustrates how argu-
ment types guide polymorphic instantiation of functions. Inherited result types can
also guide polymorphic instantiation. For instance, for the type checking judgement
Γ ⊢C nil : List (∀𝑏.𝑏 → 𝑏) where nil : ∀𝑎.List 𝑎, its subtyping judgement is
Γ ⊢C ∀𝑎.List 𝑎 ⩽ List (∀𝑏.𝑏 → 𝑏). We guess ∀𝜖𝑏.𝑏 → 𝑏 for instantiation, which is
determined by the consistency 𝜖 | Γ ⊢ ∀𝜖𝑏.𝑏 → 𝑏 ∼ ∀𝑏.𝑏 → 𝑏.

Flowing back and forth within one argument. We have seen how information flows
from one argument to the function, and then flows back to another argument. Fresco
also allows information to flow back to the same argument. For instance, consider the
application foo bar where foo : ∀𝑎.((∀𝑏.𝑏 → 𝑏) → 𝑎) → 𝑎 and bar : ∀𝑐.𝑐 → (∀𝑑.𝑑 → 𝑑).
The argument guides the function to instantiate 𝑎 with ∀𝑑.𝑑 → 𝑑, while the function
guides the argument to instantiate 𝑐 with ∀𝑏.𝑏 → 𝑏.

Further instantiation. As one would expect, Fresco allows types used for instantiation
to be further instantiated. For instance, given functions head : ∀𝑎.List 𝑎 → 𝑎 and ids :
List (∀𝑎.𝑎 → 𝑎), Fresco infers the type Int for head ids 42. The first application head ids

instantiates head with ∀𝑎.𝑎 → 𝑎, which is the result type that is further instantiated
with Int to match 42.

Shallow subtyping. Fresco only considers shallow subtyping, i.e., instantiation and
type abstraction apply only to top-level types of terms. This is a common design choice
for FCP type systems, as it enables more polymorphism to be inferred. For instance, in
our motivating example, the skeleton of churchIds only contains the quantifier because
it is in a guarded position (inside a function arrow) and thus can never be instantiated.
In contrast, the skeleton of id is ∀ . → without the top-level quantifier, because it can
be instantiated. Modes play a central role in subtyping, determining when subtyping is
allowed. For instance, in the subtyping judgement

Γ ⊢F C Int → ∀𝑎.𝑎 → 𝑎 ⩽ Int → Int → Int

we can still instantiate ∀𝑎 without breaking the shallow subtyping restriction as the
function mode F C specifies that the term is in function position, and we can instantiate
the whole function application term of type ∀𝑎.𝑎 → 𝑎 with Int.
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8.1 Overview

Value restriction. Fresco adopts the value restriction [Milner et al. 1990; Wright 1995].
Type abstraction only applies to syntactic values. For instance, given poly : (∀𝑎.𝑎 →
𝑎) → Int, the term poly (𝜆𝑥.𝑥) is well-typed as information flowing from the function to
the argument introduces type abstraction on the argument𝜆𝑥.𝑥. In contrast, poly (id id)
is ill-typed as we cannot generalise the application id id because it is not a value. To
make it well-typed, we can either 𝜂-expand the argument to a value as poly (𝜆𝑥.id id 𝑥),
or freeze the second id as poly (id ⌈id⌉). Freezing allows us to directly infer the type
∀𝑎.𝑎 → 𝑎 for the argument id ⌈id⌉ without a type abstraction. The value restriction
is helpful for extending Fresco with effects and inference for modal effect types in
Chapter 10.

8.1.9 Limitations

We discuss some limitations of Fresco with examples.

Failures. Consider the subtyping judgement Γ ⊢F C ∀𝑎.1 → 𝑎 ⩽ 1 → ∀𝑏.𝑏 → 𝑏.
The LHS type is uninhabited. Unfortunately, this subtyping judgement is invalid in
Fresco. Suppose we guess ∀𝜖𝑐.𝑐 → 𝑐 as the instantiation of 𝑎. After instantiation we
have Γ ⊢C ∀𝜖𝑐.𝑐 → 𝑐 ⩽ ∀𝑏.𝑏 → 𝑏. The quantifier ∀𝜖𝑐 is not determined by ∀𝑏 because
we can still further instantiate it. However, for the original subtyping judgement, the
instantiation with ∀𝜖𝑐.𝑐 → 𝑐 is obviously the simplest solution. Extending Fresco to
support such subtyping judgements without violating the “never guess polymorphism
out of thin air” principle is an interesting direction for future work.

Ghosts are nameless. In Fresco, ghosts are nameless. Being nameless keeps skeletons
simple, but also loses the connection between different occurrences of ghosts. For
instance, consider the application compose poly head with type signatures:

compose : ∀𝑎 𝑏 𝑐.(𝑏 → 𝑐) → (𝑎 → 𝑏) → 𝑎 → 𝑐 head : ∀𝑑.List 𝑑 → 𝑑 poly : (∀𝑒.𝑒 → 𝑒) → Int

The skeleton of poly is its type (∀𝑒.𝑒 → 𝑒) → Int. The skeleton of head is ∀ .List → ,
which fails to capture the connection between the argument and result types of head.
The skeleton of poly guides instantiation of 𝑏 with ∀𝑒.𝑒 → 𝑒. Type checking head would
require instantiating 𝑎 with the polytype List (∀𝑒.𝑒 → 𝑒), which is not possible as the
inherited information is too coarse.

In other systems such as QuickLook, this program is well-typed. QuickLook directly
uses unification variables when specifying the type inference algorithm, which pre-
serves the connection between argument and result types of head. We intentionally
omit unification variables from the declarative system of Fresco for simplicity and
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8 A haunted bidirectional type system

predictability. In order to permit such examples, a promising extension to explore is
named ghosts. We defer this exploration to future work.

Only flowing back and forth once. Fresco only allows information to flow back and
forth once, first flowing from the argument to the function, and then flowing back from
the function to the argument. It can be helpful for information to flow back and forth
multiple times between function and argument. For instance, consider the application
f g with two variables:

𝑓 : ∀𝑐 𝑑.(𝑐 → 𝑐 → List 𝑑) → Int 𝑔 : ∀𝑏.(∀𝑎.𝑎 → 𝑎) → 𝑏 → List 𝑏

The skeleton of g is ∀ .(∀𝑎.𝑎 → 𝑎) → → List , which guides 𝑓 to instantiate 𝑐
with ∀𝑎.𝑎 → 𝑎. This information then flows back to 𝑔 and guides it to instantiate 𝑏
with ∀𝑎.𝑎 → 𝑎. However, in order to make it well-typed, we should instantiate 𝑑 with
∀𝑎.𝑎 → 𝑎 as well, which requires information flow from 𝑔 to 𝑓 again. We intentionally
do not allow such recurring information flow in Fresco for efficiency and predictability
reasons. We defer exploring such an extension to future work.

8.1.10 Comparison of type systems for FCP

We make no claim that Fresco is the most expressive type inference system for FCP.
There are examples that type check in other systems but not in Fresco (and vice versa).
We compare Fresco with representative type inference algorithms for FCP including
QuickLook (QL) [Serrano et al. 2020], HMF [Leijen 2008], MLF [Le Botlan and Rémy
2003], ATIA [Morris 2026], and FCIF [Kovács 2020] through examples. Figure 8.2
shows the comparison results, where most examples are taken from Serrano et al. [2018,
2020]. We add a few new examples that benefit from mixed directions of information
flow. Type signatures of functions appearing in these tables are given in Figure 8.1. For
Fresco, QL, andHMF, we show results with both native lists (Nat.) and Church-encoded
lists (Ch.), if they are different. For MLF, ATIA, and FCIF, we only show results with
Church-encoded lists.
Our comparison shows that Fresco performs well compared to systems that extend

surface type syntax (MLF) or algorithms without declarative specification (QL, ATIA,
FCIF), even though Fresco stays with plain System F types and has a declarative
specification with completeness results. We believe that Fresco achieves a good balance
between expressiveness and simplicity in the sense that programs that are obviously
well-typed through mixed directions of local type information between functions and
arguments can be type checked in Fresco.
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8.1 Overview

head : ∀𝑎.List 𝑎 → 𝑎 tail : ∀𝑎.List 𝑎 → List 𝑎

append : ∀𝑎.List 𝑎 → List 𝑎 → List 𝑎 nil : ∀𝑎.List 𝑎
cons : ∀𝑎.𝑎 → List 𝑎 → List 𝑎 map : ∀𝑎 𝑏.(𝑎 → 𝑏) → List 𝑎 → List 𝑏

single : ∀𝑎.𝑎 → List 𝑎 length : ∀𝑎.List 𝑎 → Int

compose : ∀𝑎 𝑏 𝑐.(𝑏 → 𝑐) → (𝑎 → 𝑏) → 𝑎 → 𝑐 runST : ∀𝑎.(∀𝑠.ST 𝑠 𝑎) → 𝑎

app : ∀𝑎 𝑏.(𝑎 → 𝑏) → 𝑎 → 𝑏 pair : ∀𝑎 𝑏.𝑎 → 𝑏 → 𝑎 × 𝑏
argST : ∀𝑠.ST 𝑠 Int revapp : ∀𝑎 𝑏.𝑎 → (𝑎 → 𝑏) → 𝑏

choose : ∀𝑎.𝑎 → 𝑎 → 𝑎 id : ∀𝑎.𝑎 → 𝑎

auto : (∀𝑎.𝑎 → 𝑎) → (∀𝑎.𝑎 → 𝑎) auto′ : ∀𝑏.(∀𝑎.𝑎 → 𝑎) → (𝑏 → 𝑏)
ids : List (∀𝑎.𝑎 → 𝑎) inc : Int → Int

poly : (∀𝑎.𝑎 → 𝑎) → Int × Bool polys : List (∀𝑎.𝑎 → 𝑎) → Int × Bool

Figure 8.1: Type signatures for functions used in the comparison. For Church encodings, List 𝐴
denotes ∀𝑏.𝑏 → (𝐴→ 𝑏 → 𝑏) → 𝑏.
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Fresco QL HMF MLF ATIA FCIF
Nat. Ch. Nat. Ch. Nat. Ch.

A Polymorphic instantiation
A1 𝜆𝑥 𝑦.𝑦
A2 choose id
A3 choose nil ids
A4 𝜆(𝑥 : ∀𝑎.𝑎 → 𝑎).𝑥 𝑥
A5 id auto
A6 id auto′

A7 choose id auto
A8 choose id auto′

A9 𝑓 (choose id) ids where
𝑓 : ∀𝑎.(𝑎 → 𝑎) → List 𝑎 → 𝑎

A10a poly id
A10b poly (𝜆𝑥.𝑥)
A10c id poly (𝜆𝑥.𝑥)
A11 𝑘 (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) 𝑥𝑠 where

𝑘 : ∀𝑎.𝑎 → List 𝑎 → Int,
𝑥𝑠 : List ((∀𝑎.𝑎 → 𝑎) → (Int, Bool))

A12a app poly id
A12b revapp id poly
A13a app runST argST
A13b revapp argST runST

B Functions on polymorphic lists
B1a tail ids
B1b head ids
B1c single id
B2 cons id ids
B3 cons (𝜆𝑥.𝑥) ids
B4 append (single inc) (single id)
B5 append (single id) ids
B6 map poly (single id)
B7 map head (single ids)
B8 head ids true

C Inference of polymorphic lambda binders and generalisation points
C1a 𝜆 𝑓 .( 𝑓 42, 𝑓 true)
C1b 𝜆( 𝑓 : ∀𝑎.𝑎 → 𝑎).( 𝑓 42, 𝑓 true)
C1c 𝑔 (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) where

𝑔 : ((∀𝑎.𝑎 → 𝑎) → Int × Bool) → 1
C2 𝑟 (𝜆𝑥 𝑦.𝑦) where

𝑟 : (∀𝑎.𝑎 → ∀𝑏.𝑏 → 𝑏) → Int

Figure 8.2: Comparison of type systems for FCP. means accepted and means rejected.
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Fresco QL HMF MLF ATIA FCIF
Nat. Ch. Nat. Ch. Nat. Ch.

E 𝜼-expansion
E1a 𝑘 ℎ lst
E1b 𝑘 (𝜆𝑥.ℎ 𝑥) lst where

lst : List (∀𝑎.Int → 𝑎 → 𝑎),
𝑘 : ∀𝑎.𝑎 → List 𝑎 → 𝑎,
ℎ : Int → ∀𝑎.𝑎 → 𝑎

E2a 𝜆𝑥.poly 𝑥
E2b (𝜆𝑥.poly 𝑥) : (∀𝑎.𝑎 → 𝑎) → Int × Bool
E3a app poly id
E3b app (𝜆𝑥.poly 𝑥) id

Fresco: app (𝜆𝑥.poly 𝑥) ⌈id⌉
E4a map poly ids
E4b map (𝜆𝑥.poly 𝑥) ids
E5a compose poly head
E5b 𝜆𝑥𝑠.poly (head 𝑥𝑠)
E 𝜼-expansion (new)
E6 (𝜆 𝑓 .app 𝑓 ) poly id
E7 (𝜆 𝑓 .app poly 𝑓 ) id

Fresco: (𝜆 𝑓 .app poly 𝑓 ) ⌈id⌉
F Bidirectional information flow (new)
F1 map (𝜆 𝑓 .( 𝑓 true, 𝑓 42)) ids
F2 app (𝜆 𝑓 .( 𝑓 true, 𝑓 42)) id

Fresco: app (𝜆 𝑓 .( 𝑓 true, 𝑓 42)) ⌈id⌉
F3 map id ids
F4 (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) id

Fresco: (𝜆 𝑓 .( 𝑓 42, 𝑓 true)) ⌈id⌉
F5 pair (𝜆𝑥.42) 42 :

((∀𝑎.𝑎 → 𝑎) → Int) × Int
F6 choose nil ids
F7 head (choose nil ids)

Fresco: head (choose nil ⌈ids⌉)
F8 𝑓 (𝜆𝑥.ids) where

𝑓 : ∀𝑎.(Int → 𝑎) → 𝑎
F9 𝑓 (𝜆𝑥.(𝑥, ids)) where

𝑓 : ∀𝑎.(∀𝑏.𝑏 → 𝑏 × 𝑎) → 𝑎
F10 𝑓 (𝜆𝑥.ids) where

𝑓 : ∀𝑎.((∀𝑏.𝑏 → 𝑏) → 𝑎) → 𝑎
F11a polys (single id)
F11b let 𝑥𝑠 = single id in polys 𝑥𝑠

Fresco: let 𝑥𝑠 = single ⌈id⌉ in polys 𝑥𝑠

Figure 8.2: Comparison of type systems for FCP (continued). means accepted, means
rejected, and means accepted with freezing.
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8.2 Syntax, colours, and modes

For clarity, we first present the syntax of types and terms, typing, and subtyping for
Fresco, and then introduce skeletons and skeleton inference.

Types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼.𝐴
Synthesised types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼.𝐴
Inherited types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼.𝐴
Bidirectional types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼.𝐴 | ∀𝛼.𝐴
Modes m ::= I | C | F m
Terms 𝑀, 𝑁 ::= () | 𝑥 | 𝜆𝑥.𝑀 | 𝜆𝑥𝐴.𝑀 | 𝑀 : 𝐴

| ⌈𝑀⌉ | 𝑀 𝑁

Values 𝑉 ::= () | 𝑥 | 𝜆𝑥.𝑀 | 𝜆𝑥𝐴.𝑀 | 𝑉 : 𝐴
Contexts Γ ::= · | Γ, 𝛼 | Γ, 𝑥 : 𝐴

Figure 8.3: Syntax of Fresco.

Figure 8.3 shows the syntax of types, terms, contexts, and modes for Fresco. Types
include a unit type (1), type variables (𝛼), function types (𝐴→ 𝐵), and universal types
(∀𝛼.𝐴). As usual, we have standard well-scopedness (Γ ⊢ 𝐴) and 𝛼-equivalence (Γ ⊢
𝐴 ≡ 𝐵) on types, including coloured types, as well as terms. We adopt the Barendregt
convention that all variables are distinct [Barendregt 1985].We say that a type is guarded
if it has no top-level quantifiers.

Modes, as introduced in Section 8.1.4, track local program structure, indicating
whether a term is in an inference position (I), a checking position (C), or a function
position (F m) with function body at mode m. Function modes specify whether the
argument type comes from an argument term.

Colours, as introduced in Section 8.1.3, track the direction of information flow for
polytypes.Wewrite plain types in black, synthesised types in red, inherited types in blue,
and bidirectional types in grey. We only care about whether a quantifier is synthesised
or inherited; monotypes are always black. A bidirectional type 𝐴 tracks whether each
quantifier is synthesised (∀𝛼) or inherited (∀𝛼). The syntax of bidirectional types
subsumes the syntax of synthesised and inherited types. Types in term annotations
and contexts remain black. Consequently, programmers never write coloured types in
annotations, and never see variable bindings with coloured types in contexts.

The syntax of terms and contexts is mostly standard. We include a freezing operator
⌈𝑀⌉ inspired by FreezeML [Emrich et al. 2020], which allows us to freeze the type
synthesised for 𝑀 in the current context, and thus treat it as inherited. We have a
syntactic category of values 𝑉 for the value restriction [Milner et al. 1990; Wright 1995].

134



8.3 Typing rules

8.3 Typing rules

Figure 8.4 gives the declarative typing rules for Fresco. We highlight judgements we
have not yet defined in light grey background. The typing judgement has the form
Γ ⊢m 𝑀 : 𝐴, which states that under context Γ in mode m the term𝑀 has type 𝐴. As usual,
we require standardwell-scopedness of𝑀 and𝐴 under Γ as well-formedness conditions
for the typing judgement. Moreover, we require compatibility between coloured types
and modes 𝐴 :ty m defined as follows.

𝐴 :ty I 𝐴 :ty C

𝐵 :ty m

𝐴→ 𝐵 :ty F m

This compatibility relation demonstrates how local program structures interact with
information flow directions. In inference mode I, the type is always synthesised (i.e.,
determined by the term itself). In checking mode C, the type is always inherited (i.e.,
determined by the term context). In function mode F m, the type is a function type whose
argument type is bidirectional and whose result type depends on m recursively.

Γ ⊢m 𝑀 : 𝐴

D-Unit

Γ ⊢I () : 1

D-Var
Γ ∋ 𝑥 : 𝐴
Γ ⊢I 𝑥 : 𝐴

D-Anno
Γ ⊢C 𝑀 : 𝐴

Γ ⊢I (𝑀 : 𝐴) : 𝐴

D-Sub
Γ ⊢I 𝑀 : 𝐴 Γ ⊢m 𝐴 ⩽ 𝐵

Γ ⊢m 𝑀 : 𝐵

D-Freeze
Γ ⊢I 𝑀 : 𝐴
Γ ⊢C ⌈𝑀⌉ : 𝐴

D-Forall
Γ, 𝛼 ⊢C 𝑉 : 𝐴
Γ ⊢C 𝑉 : ∀𝛼.𝐴

D-Abs
Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵
Γ ⊢m 𝜆𝑥.𝑀 : 𝐴→ 𝐵

D-AbsAnno
Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵

Γ ⊢m 𝜆𝑥𝐴.𝑀 : 𝐴→ 𝐵

D-App
Γ ⊢C 𝑁⇒⇒ 𝑃 Γ ⊢ 𝑃 ▶ 𝐴 Γ ⊢F m 𝑀 : 𝐴→ 𝐵 Γ ⊢C 𝑁 : 𝐴

Γ ⊢m 𝑀 𝑁 : 𝐵

Figure 8.4: Declarative typing rules for Fresco.

Many of the rules are standard bidirectional typing rules. Rule D-Unit infers the unit
type for unit. Rule D-Var infers the type 𝐴 for variable 𝑥 from the context. Rule D-Anno
checks the term 𝑀 against the type 𝐴 inherited from the type annotation and infers the
type 𝐴. As mentioned in Section 8.1.3, the types 𝐴, 𝐴, and 𝐴 in this rule are identical
modulo colour. Rule D-Forall introduces an inherited universal quantifier in checking
mode. We require the quantifier to be inherited to avoid guessing type abstraction.
Upcasting and abstraction rules allow an arbitrary mode m in the conclusion, gener-

alising standard bidirectional typing, which only allows checking mode. Rule D-Sub
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upcasts the synthesised type 𝐴 of a term 𝑀 to the bidirectional type 𝐵 guided by the
mode m. We define the subtyping judgement in Section 8.5. Rule D-Abs introduces an
unannotated lambda abstraction. We require the argument type to be inherited to avoid
guessing quantifiers without restricting it to monotypes. Rule D-AbsAnno introduces
an annotated lambda abstraction. The argument type in the conclusion does not need
to be inherited since it is fully determined by the known type annotation. In both rules,
we use m− as the mode of the premises defined as follows.

(F m)− = m I− = I C− = C

Since monotypes are uncoloured, our rule D-Abs allows monotypes to be guessed for
arguments of lambda abstractions. For instance, we have the following typing derivation
where we guess the unit type for the parameter 𝑥 of a lambda abstraction.

𝑥 : 1 ⊢I 𝑥 : 1

· ⊢I 𝜆𝑥.𝑥 : 1 → 1
(applying D-Abs)

Rule D-App is key to enabling bidirectional type information flow, as we explained in
detail in Section 8.1.5. We will formally define skeletons 𝑃, skeleton inference Γ ⊢C 𝑁⇒⇒
𝑃, and skeleton refinement Γ ⊢ 𝑃 ▶ 𝐴 in Sections 8.6 and 8.7.

Rule D-Freeze freezes the synthesised type 𝐴 of term𝑀, as explained in Section 8.1.7.
It disables further upcasting by switching from inference mode I to checking mode
C. For instance, we cannot apply rule D-Sub to the term ⌈id⌉, because ⌈id⌉ must be
in checking mode, while D-Sub requires inference mode for its premise. Similarly, we
cannot apply rule D-Sub to the term (𝜆𝑥.⌈𝑖𝑑⌉) either, which can only be in checking
mode or function modes. Moreover, we may not apply D-Forall to ⌈id⌉, as the syntax
of values 𝑉 does not include frozen terms.

8.4 Syntax-directed typing rules

Our typing rules in Figure 8.4 enjoy a clear connection to conventional bidirectional
typing rules. However, they are not syntax-directed because of overlaps introduced
by rules D-Sub and D-Forall. We incorporate both rules into other rules to obtain a
syntax-directed type system. The full syntax-directed typing rules are given in Figure 8.5
where the main changes are highlighted.

Concretely, we incorporate D-Sub into the three base rules D-Unit, D-Var, and
D-Anno, having the subtyping judgement as a premise. We incorporate D-Forall into
the two lambda abstraction rules D-Abs and D-AbsAnno, which requires separating the
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Γ ⊢m 𝑀 : 𝐴

SD-Unit
Γ ⊢m 1 ⩽ 𝐴
Γ ⊢m () : 𝐴

SD-Var
Γ ∋ 𝑥 : 𝐴 Γ ⊢m 𝐴 ⩽ 𝐵

Γ ⊢m 𝑥 : 𝐵

SD-Anno
Γ ⊢C 𝑀 : 𝐴 Γ ⊢m 𝐴 ⩽ 𝐵

Γ ⊢m (𝑀 : 𝐴) : 𝐵

SD-Freeze
Γ ⊢I 𝑀 : 𝐴
Γ ⊢C ⌈𝑀⌉ : 𝐴

SD-AbsCheck
Γ, 𝛼, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵

Γ ⊢C 𝜆𝑥.𝑀 : ∀𝛼. 𝐴→ 𝐵

SD-Abs
m ≠ C Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵

Γ ⊢m 𝜆𝑥.𝑀 : 𝐴→ 𝐵

SD-AbsAnnoCheck
Γ, 𝛼, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵

Γ ⊢C 𝜆𝑥𝐴.𝑀 : ∀𝛼. 𝐴→ 𝐵

SD-AbsAnno
m ≠ C Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵

Γ ⊢m 𝜆𝑥𝐴.𝑀 : 𝐴→ 𝐵

SD-App
Γ ⊢C 𝑁⇒⇒ 𝑃 Γ ⊢ 𝑃 ▶ 𝐴 Γ ⊢F m 𝑀 : 𝐴→ 𝐵 Γ ⊢C 𝑁 : 𝐴

Γ ⊢m 𝑀 𝑁 : 𝐵

Figure 8.5: Syntax-directed declarative typing rules for Fresco.

rules for checking mode, SD-AbsCheck and SD-AbsAnnoCheck, where we introduce
inherited quantifiers, from the rules for other modes, SD-Abs and SD-AbsAnno.

Writing Γ ⊢sm 𝑀 : 𝐴 for the syntax-directed typing judgement, we prove the following
soundness and completeness lemmas of the syntax-directed type system in our Rocq
mechanisation.

Lemma 19 (Soundness of Syntax-Directed Rule). If Γ ⊢sm 𝑀 : 𝐴, then Γ ⊢m 𝑀 : 𝐴.

Lemma 20 (Completeness of Syntax-Directed Rule). If Γ ⊢m 𝑀 : 𝐴, then Γ ⊢sm 𝑀 : 𝐴.

The key challenge is to prove the completeness lemma, which requires showing that
the general subsumption rule D-Sub is admissible in the syntax-directed type system.
The intuition is that if we upcast the type of a term 𝑀 non-trivially in the declarative
type system, we can always push the upcast down, depending on the structure of 𝑀,
until we reach a base case where we can apply the rules SD-Unit, SD-Var, or SD-Anno.
This syntax-directed type system helps with the design of skeleton inference in

Section 8.7 and the design of type inference algorithms in Chapter 9.

8.5 Subtyping and consistency

A fundamental principle of Fresco is to never guess polytypes out of thin air. Instead,
we only guess polytypes that can be determined by inherited type information. In
order to make sure that every universal quantifier we guess is determined by some
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8 A haunted bidirectional type system

Decorated types 𝜑 ::= 1 | 𝛼 | 𝜑1 → 𝜑2 | ∀𝜖𝛼.𝜑
Unresolved types 𝑇 ::= 1 | 𝛼 | 𝑇1 → 𝑇2 | ∀𝛿𝛼.𝑇

Tag contexts Ψ ::= · | Ψ, 𝜖
Potential tags 𝛿 ::= · | 𝜖

Tags 𝜖

Γ ⊢ 𝜑 # Ψ 𝜑 # Ψ

Γ ⊢ 𝜑 𝜑 # Ψ

Γ ⊢ 𝜑 # Ψ 1 # · 𝛼 # ·
𝜑1 # Ψ 𝜑2 # Ψ′

𝜑1 → 𝜑2 # Ψ ⊎Ψ′
𝜑 # Ψ

∀𝜖𝛼.𝜑 # Ψ ⊎ {𝜖}

Figure 8.6: Syntax and well-formedness rules for tagged types.

Ψ | Γ ⊢m 𝑇 ⩽ 𝐴

S-Infer
· | Γ ⊢ 𝑇 ∼ 𝐴

· | Γ ⊢I 𝑇 ⩽ 𝐴

S-Check
𝑇, 𝐴 guarded Ψ | Γ ⊢ 𝑇 ∼ 𝐴

Ψ | Γ ⊢C 𝑇 ⩽ 𝐴

S-ForallR
Ψ | Γ, 𝛼 ⊢C 𝑇 ⩽ 𝐴
Ψ | Γ ⊢C 𝑇 ⩽ ∀𝛼.𝐴

S-Arrow
Ψ1 | Γ ⊢ 𝑇1 ∼ 𝐴1 Ψ2 | Γ ⊢m 𝑇2 ⩽ 𝐴2

Ψ1 ,Ψ2 | Γ ⊢F m 𝑇1 → 𝑇2 ⩽ 𝐴1 → 𝐴2

S-ForallL
m ≠ I Ψ′ fresh Γ ⊢ 𝜑 # Ψ′ Ψ,Ψ′ | Γ ⊢m 𝑇[𝜑/𝛼] ⩽ 𝐴

Ψ | Γ ⊢m ∀𝛿𝛼.𝑇 ⩽ 𝐴

Ψ | Γ ⊢ 𝑇 ∼ 𝐴

C-Unit

· | Γ ⊢ 1 ∼ 1

C-Var
Γ ∋ 𝛼

· | Γ ⊢ 𝛼 ∼ 𝛼

C-ForallInh
Ψ | Γ, 𝛼 ⊢ 𝑇 ∼ 𝐴

Ψ, 𝛿 | Γ ⊢ ∀𝛿𝛼.𝑇 ∼ ∀𝛼.𝐴

C-ForallSyn
Ψ | Γ, 𝛼 ⊢ 𝑇 ∼ 𝐴

Ψ | Γ ⊢ ∀𝛿𝛼.𝑇 ∼ ∀𝛼.𝐴
C-Arrow
Ψ1 | Γ ⊢ 𝑇1 ∼ 𝐴1 Ψ2 | Γ ⊢ 𝑇2 ∼ 𝐴2

Ψ1 ,Ψ2 | Γ ⊢ 𝑇1 → 𝑇2 ∼ 𝐴1 → 𝐴2

Figure 8.7: Subtyping and consistency rules for Fresco.

inherited quantifier, we decorate universal quantifiers with tags, whose syntax and
well-formedness rules are given in Figure 8.6.

Tags track the provenance of quantifiers, as explained in Section 8.1.6. A decorated
type 𝜑 is always synthesised and includes a tag 𝜖 on every quantifier. An unresolved
type 𝑇 is always synthesised and may have tags on some quantifiers. A tag contextΨ is
a set of tags. We write Ψ,Ψ′ for set union and Ψ ⊎Ψ′ for disjoint union. A potential
tag 𝛿 is either a tag or empty. We defineΨ, 𝛿 asΨ if 𝛿 is empty, and asΨ, 𝜖 if 𝛿 is 𝜖. We
define well-formedness of decorated types Γ ⊢ 𝜑 # Ψ in Figure 8.6. This judgement
combines Γ ⊢ 𝜑, the standard well-scopedness judgement of types, and 𝜑 # Ψ, which
checks thatΨ contains all tags in 𝜑 and each quantifier has a unique tag.
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8.5 Subtyping and consistency

Figure 8.7 defines the subtyping and consistency relations for Fresco. The subtyping
judgement has the form Ψ | Γ ⊢m 𝑇 ⩽ 𝐴 (abbreviated as Γ ⊢m 𝑇 ⩽ 𝐴 if Ψ is empty),
which states that given tags Ψ under context Γ in mode m, unresolved type 𝑇 is a
subtype of bidirectional type 𝐴. As with the typing judgement, we require standard
well-scopedness and 𝐴 :ty m as well-formedness conditions for the subtyping judgement.
The consistency judgement has the form Ψ | Γ ⊢ 𝑇 ∼ 𝐴, which states that given tags
Ψ under context Γ the unresolved type 𝑇 is consistent with the bidirectional type 𝐴.
Intuitively, in addition to their usual roles, subtyping and consistency rules aim to use
inherited quantifiers from 𝐴 to determine tagged quantifiers in 𝑇, so that these tagged
quantifiers are not guessed out of thin air. The tag contextΨ does not contain all tags in
𝑇, but only those determined from 𝐴.

Rule S-Infer solves no tags in inference mode. Rule S-Check degenerates to consist-
ency when both sides are guarded. Rule S-ForallR introduces an inherited quantifier
in checking mode. Rule S-Arrow upcasts a function type 𝑇1 → 𝑇2 to a bidirectional
function type 𝐴1 → 𝐴2 in function mode F m by unifying the argument types and
recursively upcasting the result type. This does not break our claim of only allowing
shallow subtyping, because the mode F m indicates that the term of this function type is
indeed applied to an argument, so the upcasting of its result type is allowed. The solved
tags of the conclusion are the union of those from the two premises. In this sense, the
tag context is a relevant context: tags may be duplicated, but each tag it contains must
be determined.

Rule S-ForallL is the most interesting one, since it is where guessing polytypes
happens. We have explained its core idea with the motivating example in Section 8.1.6.
It requires the mode not to be I to avoid overlapping with S-Infer where no instantiation
is allowed. For instance, the type ∀𝛼.𝛼 → 𝛼 can only be upcast to itself in inference
mode; we cannot instantiate it. For the instantiation, we guess a decorated type 𝜑

whose tags in Ψ′ are unique and fresh. Adding all tags Ψ′ of 𝜑 to the tag context of
the premise subtyping judgement ensures that every quantifier in 𝜑 is determined by
inherited information from 𝐴. The potential tag 𝛿 is not solved in this rule since we
cannot guarantee that the quantifier being instantiated must exist.

Most consistency rules are straightforward. Rule C-ForallInh is the only rule where
we add a tag to the tag context, since this tag is determined by the inherited quantifier
on the RHS. Rule C-ForallSyn does not determine any tag since the RHS is synthesised.

139



8 A haunted bidirectional type system

8.6 Skeletons and ghosts

Skeletons extend types with ghosts to represent unknown type information. Figure 8.8
gives the syntax, well-formedness, and refinement rules for skeletons.

Skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼.𝑃 | | ∀ .𝑃
Synthesised skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼.𝑃 | | ∀ .𝑃
Inherited skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼.𝑃 | | ∀ .𝑃
Bidirectional skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼.𝑃 | ∀𝛼.𝑃 | | ∀ .𝑃

Γ | Δ ⊢ 𝑃

Γ | Δ ⊢ Γ | Δ ⊢ 1

Γ ∋ 𝛼

Γ | Δ ⊢ 𝛼

Γ | Δ ⊢ 𝑃 Γ | Δ ⊢ 𝑄
Γ | Δ ⊢ 𝑃 → 𝑄

Γ, 𝛼 | Δ, 𝛼 ⊢ 𝑃
Γ | Δ ⊢ ∀𝛼.𝑃

𝑃 guarded Γ \ Δ | · ⊢ 𝑃
Γ | Δ ⊢ ∀ .𝑃

Γ | Δ ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ 1 ▶ 1 Γ | Δ ⊢ 𝛼 ▶ 𝛼

Γ | Δ ⊢ 𝑃1 ▶ 𝑄1 Γ | Δ ⊢ 𝑃2 ▶ 𝑄2

Γ | Δ ⊢ 𝑃1 → 𝑃2 ▶ 𝑄1 → 𝑄2

Γ, 𝛼 | Δ, 𝛼 ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀𝛼.𝑃 ▶ ∀𝛼.𝑄

Δ ∩ ftv(𝑄) = ∅
Γ | Δ ⊢ ▶ 𝑄

Γ | Δ ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀ .𝑃 ▶ 𝑄

Γ, 𝛼 | Δ ⊢ ∀ .𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀ .𝑃 ▶ ∀𝛼.𝑄
Γ | Δ ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀ .𝑃 ▶ ∀ .𝑄

Figure 8.8: Syntax, well-formedness, and refinement rules for skeletons.

A plain ghost represents an unknown type. A universal ghost ∀ in ∀ .𝑃 represents
a sequence of unknown universal quantifiers. Like types, skeletons may be coloured as
synthesised skeletons (𝑃), inherited skeletons (𝑃), and bidirectional skeletons (𝑃). Only
concrete quantifiers are coloured; ghosts themselves are always black. The guarded
condition is extended to skeletons, with ∀ .𝑃 and being unguarded, and similarly
extended to coloured skeletons.

Well-formedness of skeletons. We require universal ghosts to only appear at the end
of a sequence of quantifiers. This is important for our algorithm to deterministically
solve the unification between two quantifier sequences. Moreover, given a skeleton
𝑃, for each universal ghost ∀ .𝑄 in 𝑃, a type variable free in 𝑄 cannot be bound in 𝑃.
This maintains the above invariant under instantiation. For instance, under a context
containing 𝛽, ∀𝛼. ∀ .𝛼 is not well-formed, because the bound variable 𝛼 appears under a
universal ghost, while ∀𝛼. ∀ .𝛽 is well-formed, because 𝛽 is not bound by the skeleton
but by the context.
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8.7 Skeleton inference

We characterise these requirements on universal ghosts via the well-formedness of
skeletons. We write Γ ⊢ 𝑃 if the bidirectional skeleton 𝑃 is well-formed under context
Γ. We use an auxiliary set Δ to track the type variables bound by universal quantifiers
in the skeleton, since these variables cannot be used under universal ghosts. The full
judgement thus has the form Γ | Δ ⊢ 𝑃. We write Γ \Δ for the context after removing the
variables in Δ from Γ. The well-formedness rules are given in Figure 8.8, where we write
∀𝛼 to match both ∀𝛼 and ∀𝛼. Since colours play no role here, we define well-formedness
of uncoloured skeletons (Γ ⊢ 𝑃) by simply ignoring colours in these rules.

Skeleton refinement. We define a skeleton refinement relation Γ ⊢ 𝑃 ▶ 𝑄 which fills
in ghosts on the LHS with synthesised skeletons to obtain the RHS. We require well-
formedness of both 𝑃 and 𝑄 under Γ as well-formedness conditions of the refinement
judgement. Skeleton refinement characterises what skeletons a skeleton can represent.
As discussed in Section 8.1.3, no ghost in a skeleton 𝑃 can represent skeletons that use
type variables bound in 𝑃. To enforce this requirement, we augment the full judgement
form to Γ | Δ ⊢ 𝑃 ▶ 𝑄, where the set Δ tracks type variables bound in 𝑃. The refinement
rules are given in Figure 8.8. As with well-formedness, we define the refinement of
uncoloured skeletons (Γ ⊢ 𝑃 ▶ 𝑄) by ignoring colours in these rules.

For refining , we require 𝑄 to contain no variables from Δ. For refining ∀ , we have
three rules. The first rule removes a ∀ on the left. The second rule feeds a concrete
quantifier 𝛼 on the right into a ∀ on the left. We do not add 𝛼 to Δ in the premise
because it is bound by the synthesised quantifier and can be used when filling ghosts,
unlike variables bound by inherited quantifiers in Δ. The third rule removes a ∀ on the
left and the right.

8.7 Skeleton inference

There are different skeleton inference strategies. The most naive approach is to always
infer the trivial skeleton , which provides no useful information. A more refined and
principled approach to skeleton inference is to follow the structure of the typing rules,
inserting ghosts as needed.

To define skeleton inference, we extend the syntax of variable bindings 𝑥 : 𝐴 in
contexts Γ to 𝑥 : 𝑃. Figure 8.9 gives the skeleton inference rules. Skeleton inference has
the form Γ ⊢m 𝑀⇒⇒ 𝑃, which means that the term 𝑀 has skeleton 𝑃 under context Γ in
mode m. We require well-formedness of𝑀 and 𝑃 under Γ as well-formedness conditions
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8 A haunted bidirectional type system

for the skeleton inference judgement, as well as the compatibility between bidirectional
skeletons and modes 𝑃 :sk m defined as follows.

𝑃 :sk I 𝑃 :sk C

𝑄 :sk m

𝑃 → 𝑄 :sk F m

The only difference from 𝐴 :ty m defined in Section 8.3 is that checking mode also
requires a synthesised skeleton, since the goal of skeleton inference in checking mode
is to infer a skeleton consistent with any types that the term can be checked against,
instead of checking the term against an inherited type.

Γ ⊢m 𝑀⇒⇒ 𝑃

P-Unit
Γ ⊢skm 1 ⩽ 𝑃
Γ ⊢m ()⇒⇒ 𝑃

P-Var
Γ ∋ 𝑥 : 𝑃 Γ ⊢skm 𝑃 ⩽ 𝑄

Γ ⊢m 𝑥⇒⇒ 𝑄

P-Anno
Γ ⊢skm 𝐴 ⩽ 𝑃

Γ ⊢m (𝑀 : 𝐴)⇒⇒ 𝑃

P-Freeze
Γ ⊢I 𝑀⇒⇒ 𝑃

Γ ⊢C ⌈𝑀⌉⇒⇒ 𝑃

P-AbsCheck
Γ, 𝑥 : ⊢C 𝑀⇒⇒ 𝑄

Γ ⊢C 𝜆𝑥.𝑀⇒⇒ ∀ . → 𝑄

P-Abs
m ≠ C Γ, 𝑥 : 𝑃 ⊢m− 𝑀⇒⇒ 𝑄

Γ ⊢m 𝜆𝑥.𝑀⇒⇒ 𝑃 → 𝑄

P-AbsAnnoCheck
Γ, 𝑥 : 𝐴 ⊢C 𝑀⇒⇒ 𝑄

Γ ⊢C 𝜆𝑥𝐴.𝑀⇒⇒ ∀ .𝐴→ 𝑄

P-AbsAnno
m ≠ C Γ, 𝑥 : 𝐴 ⊢m− 𝑀⇒⇒ 𝑄

Γ ⊢m 𝜆𝑥𝐴.𝑀⇒⇒ 𝐴→ 𝑄

P-App
Γ ⊢C 𝑁⇒⇒ 𝑃 Γ ⊢ 𝑃 ▶ 𝑃′ Γ ⊢F m 𝑀⇒⇒ 𝑃′ → 𝑄

Γ ⊢m 𝑀 𝑁⇒⇒ 𝑄

Figure 8.9: Skeleton inference rules for Fresco.

Skeleton inference rules correspond one-to-one with the syntax-directed variant of
the typing rules in Sections 8.3 and 8.4. There are two main differences. The first is
that in rules P-Anno and P-App we do not need to do type checking, because skeleton
inference only cares about inferring a skeleton for the term, rather than ensuring that the
term is well-typed. The second is that in P-AbsCheck and P-AbsAnnoCheck we insert
universal ghosts, while in the corresponding syntax-directed typing rules SD-AbsCheck
and SD-AbsAnnoCheck we have inherited universal quantifiers.

In P-Unit, P-Var, and P-Anno, we use the subtyping judgement between skeletons
Γ ⊢skm 𝑃 ⩽ 𝑄 which also mimics the subtyping judgement for types in Section 8.5. Unlike
typing, a general subsumption rule like D-Sub does not work for skeleton inference.
Otherwise, for example, we can infer a skeleton ∀ .1 → (∀𝛼.𝛼 → 𝛼) for 𝜆𝑥1.id under
mode C, by first inferring the skeleton of this term under mode I and then applying a
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8.8 Skeleton subtyping and consistency

Decorated skeletons 𝜓 ::= 1 | 𝛼 | 𝜓1 → 𝜓2 | ∀𝜖𝛼.𝜓 | | ∀ .𝜓
Unresolved skeletons 𝑆 ::= 1 | 𝛼 | 𝑆1 → 𝑆2 | ∀𝛿𝛼.𝑆 | | | ∀ .𝑆 | ∀ .𝑆

Γ ⊢sk 𝜓 # Ψ 𝜓 # Ψ

Γ ⊢ 𝜓 𝜓 # Ψ

Γ ⊢sk 𝜓 # Ψ 1 # · 𝛼 # ·
𝜓1 # Ψ 𝜓2 # Ψ′

𝜓1 → 𝜓2 # Ψ ⊎Ψ′
𝜓 # Ψ

∀𝜖𝛼.𝜓 # Ψ ⊎ {𝜖}

# ·
𝜓 # Ψ

∀ .𝜓 # Ψ

Figure 8.10: Syntax and well-formedness rules for decorated skeletons.

general subsumption rule. However, this skeleton is not compatible with instantiation
of id. The expected skeleton is ∀ .1 → ( ∀ . → ).

8.8 Skeleton subtyping and consistency

As in Section 8.5, we define decorated skeletons and unresolved skeletons in Figure 8.10.
In addition to adding tags to quantifiers, we also use dotted ghosts and ∀ in

decorated skeletons. Dotted ghosts are used to avoid trivial guesses for instantiation
as explained later. As in Section 8.5, we write 𝜓 # Ψ if Ψ contains all tags in 𝜓 and
each quantifier has a unique tag. We define an erasure operation ⌊𝑆⌋ which gives a
synthesised skeleton by removing all tags and transforming dotted ghosts to normal
ghosts. Well-formedness and guardedness of decorated skeletons and unresolved
skeletons are defined by those of their erasure. The judgement Γ ⊢sk 𝜓 # Ψ combines
Γ ⊢ 𝜓 with 𝜓 # Ψ, as defined in Figure 8.10. The superscript sk distinguishes this
judgement from the well-formedness judgement of decorated types in Section 8.5,
which we sometimes also annotate with ty as Γ ⊢ty 𝜑 # Ψ. We define the sort n = ty | sk
and write Γ ⊢n 𝜓 # Ψ to range over both.

Figure 8.11 defines skeleton subtyping and skeleton consistency.Most of the subtyping
and consistency rules mimic their type counterparts in Figure 8.7. We highlight the new
rules for ghosts; other rules coincide with those for types. As with well-formedness
judgements, we annotate the subtyping judgement with a sort n as Ψ | Γ ⊢nm 𝑆 ⩽ 𝑃 to
range over both types and skeletons. When n = ty, the judgement is for types and
metavariables 𝑆 and 𝑃 are types; when n = sk, the judgement is for skeletons.
Skeleton subtypingΨ | Γ ⊢skm 𝑆 ⩽ 𝑃 requires well-formedness of 𝑆 and 𝑃 under Γ as

well as 𝑃 :sk m as well-formedness conditions. Intuitively, skeleton subtyping upcasts 𝑆
to 𝑃 guided by inherited information in 𝑃. Rule S-UnivGhostR inserts a universal ghost
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8 A haunted bidirectional type system

Ψ | Γ ⊢skm 𝑆 ⩽ 𝑃

S-Infer
· | Γ ⊢ 𝑆 ∼ 𝑃
· | Γ ⊢skI 𝑆 ⩽ 𝑃

S-UnivGhostR
𝑆, 𝑃 guarded · | Γ ⊢ 𝑆 ∼ 𝑃

· | Γ ⊢skC 𝑆 ⩽ ∀ .𝑃

S-Ghost

· | Γ ⊢skm ⩽ 𝑃

S-GhostG

· | Γ ⊢skm ⩽

S-Arrow
Ψ1 | Γ ⊢ 𝑆1 ∼ 𝑃1 Ψ2 | Γ ⊢skm 𝑆2 ⩽ 𝑃2

Ψ1 ,Ψ2 | Γ ⊢skF m 𝑆1 → 𝑆2 ⩽ 𝑃1 → 𝑃2

S-ForallL
m ≠ I Ψ′ fresh Γ ⊢sk 𝜓 # Ψ′ Ψ,Ψ′ | Γ ⊢skm 𝑆[𝜓/𝛼] ⩽ 𝑃

Ψ | Γ ⊢skm ∀𝛿𝛼.𝑆 ⩽ 𝑃

S-UnivGhostL
m ≠ I Ψ | Γ ⊢skm 𝑆 ⩽ 𝑃

Ψ | Γ ⊢skm ∀ .𝑆 ⩽ 𝑃

S-UnivGhostLG
m ≠ I Ψ | Γ ⊢skm 𝑆 ⩽ 𝑃

Ψ | Γ ⊢skm ∀ .𝑆 ⩽ 𝑃

Ψ | Γ ⊢ 𝑆 ∼ 𝑃

C-Unit

· | Γ ⊢ 1 ∼ 1

C-Var
Γ ∋ 𝛼

· | Γ ⊢ 𝛼 ∼ 𝛼

C-ForallInh
Ψ | Γ, 𝛼 ⊢ 𝑆 ∼ 𝑃

Ψ, 𝛿 | Γ ⊢ ∀𝛿𝛼.𝑆 ∼ ∀𝛼.𝑃

C-ForallSyn
Ψ | Γ, 𝛼 ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ ∀𝛿𝛼.𝑆 ∼ ∀𝛼.𝑃

C-Arrow
Ψ1 | Γ ⊢ 𝑆1 ∼ 𝑃1 Ψ2 | Γ ⊢ 𝑆2 ∼ 𝑃2
Ψ1 ,Ψ2 | Γ ⊢ 𝑆1 → 𝑆2 ∼ 𝑃1 → 𝑃2

C-Ghost

· | Γ ⊢ ∼ 𝑃

C-GhostG

· | Γ ⊢ ∼

C-UnivGhostG
Ψ | Γ ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ ∀ .𝑆 ∼ ∀ .𝑃

C-UnivGhost
Ψ | Γ ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ ∀ .𝑆 ∼ ∀ .𝑃

C-UnivGhost1
Ψ | Γ, 𝛼 ⊢ ∀ .𝑆 ∼ 𝑃
Ψ | Γ ⊢ ∀ .𝑆 ∼ ∀𝛼.𝑃

C-UnivGhost2
Ψ | Γ ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ ∀ .𝑆 ∼ 𝑃

Figure 8.11: Subtyping and consistency rules of skeletons for Fresco.

in checking mode, replacing S-Check and S-ForallR in Figure 8.7. Rule S-UnivGhostL
instantiates a universal ghost. Like S-ForallL, it requires the mode not to be inference
mode. Rule S-Ghost upcasts a ghost to any inherited skeleton. There are two new rules
for dotted ghosts. S-UnivGhostLG is the same as S-UnivGhostL. S-GhostG forces the
RHS to be a ghost to avoid trivial guesses.

Skeleton consistency Ψ | Γ ⊢ 𝑆 ∼ 𝑃 requires well-formedness of 𝑆 and 𝑃 under
Γ as well as the refinement judgement Γ ⊢ ⌊𝑆⌋ ▶ 𝑃. Intuitively, skeleton consistency
refines 𝑆 to 𝑃 guided by inherited information in 𝑃. The first five rules are the same
as their type counterparts in Figure 8.7, except that they are lifted to skeletons. The
remaining rules are for ghosts and dotted ghosts. Rule C-Ghost matches a ghost
with any inherited skeleton, while rule C-GhostG matches a dotted ghost with a
ghost. Rule C-UnivGhostG matches a dotted universal ghost with a universal ghost.
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8.8 Skeleton subtyping and consistency

Rules C-UnivGhost, C-UnivGhost1, and C-UnivGhost2 match a universal ghost to a
universal ghost or an inherited quantifier, or remove a universal ghost.
As shown in rules S-GhostG, C-GhostG, and C-UnivGhostG, a dotted ghost can

only match a ghost. This avoids trivial guesses in S-ForallL. Otherwise, for example,
we can always guess the trivial skeleton for instantiation, which always succeeds but
provides no information.
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In fact “wrong” has no type.

—Robin Milner (1978)

We presented the declarative specification of Fresco in Chapter 8. It is non-algorithmic
because of guesses: we guess monotypes arbitrarily and we guess decorated polytypes
for instantiation in subtyping. In this chapter, we give an algorithmic type system for
Fresco presented in the style of the type-inference-in-context approach [Gundry 2013;
Gundry et al. 2010]. For guessing monotypes, we introduce flexible type variables and
solve them with standard first-order unification. For guessing decorated polytypes, we
introduce a novel look judgement which first collects local polymorphic constraints
for a type variable and then constructs a polytype for instantiating the type variable
by solving these constraints. This judgement is the most interesting machinery of the
algorithm and is presented in Section 9.6.
We prove the algorithmic type system is sound and complete with respect to the

declarative type system in Chapter 8. Our completeness result indicates that instead
of understanding and simulating the involved details of the algorithm, programmers
can reason about which programs type check by using the more succinct declarative
specification. This is in contrast to many existing approaches to type inference for FCP
in the literature which focus on developing advanced algorithms without declarative
specifications or completeness results [Kovács 2020; Morris 2026; Serrano et al. 2020;
Parreaux et al. 2024].

9.1 Algorithmic syntax

Figure 9.1 gives the extended syntax of types, skeletons, and algorithmic contexts for
the algorithm. We extend the syntax of types and skeletons with flexible type variables
𝛼̂ which stand for unsolved monomorphic types. These variables are generated and
manipulated by the algorithm and can be unified with other monomorphic types. In
contrast, rigid type variables come from the object language and cannot be unified
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with anything. Restricting flexible variables to monomorphic types is crucial to avoid
guessing polymorphic types.

Types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼.𝐴 | 𝛼̂
Monotypes 𝜏,𝜋 ::= 1 | 𝛼 | 𝜏 → 𝜋 | 𝛼̂
Skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼.𝑃 | 𝛼̂ | | ∀ .𝑃

Entries 𝑒 ::= 𝛼 | 𝑥 : 𝑃 | 𝛼̂ | 𝛼̂ ≔ 𝜏
Algorithmic contexts Θ ::= · | Θ, 𝑒
Suffixes Ξ ::= · | Ξ, 𝛼̂ | Ξ, 𝛼̂ ≔ 𝜏

Figure 9.1: Algorithmic syntax.

Algorithmic contexts Θ are ordered. Entries can only depend on those before them.
Flexible variables in algorithmic contexts Θ are either declarations (𝛼̂) or definitions
(𝛼̂ ≔ 𝜏). Suffixes Ξ are lists of declarations and definitions of flexible variables that can
be moved around by algorithms. We define well-formedness of algorithmic contexts
Θ ⊢ ctx as follows.

· ⊢ ctx

Θ ⊢ ctx

Θ, 𝛼̂ ⊢ ctx

Θ ⊢ 𝜏 Θ ⊢ ctx

Θ, 𝛼̂ ≔ 𝜏 ⊢ ctx

Θ ⊢ 𝑃 Θ ⊢ ctx

Θ, 𝑥 : 𝑃 ⊢ ctx

Θ ⊢ ctx

Θ, 𝛼 ⊢ ctx

9.1.1 Metasubstitutions

Following Gundry et al. [2010], we define metasubstitutions (or information increase)
in Figure 9.2. A metasubstitution 𝜃 :: Θ ⊑ Θ′ is a finite map 𝜃 from flexible variables in
Θ to well-formed monotypes in Θ′ such that the structure and dependency order of Θ
are preserved. Metasubstitutions solve and move flexible variables, thus representing
an increase in monomorphic information. We write 𝜄 :: Θ ⊑ Θ′ for an identity metasub-
stitution and sometimes omit the name 𝜄. For an identity metasubstitution, all entries
of flexible variables in Θ are preserved in Θ′ but possibly with more monomorphic
information (e.g., from 𝛼̂ to 𝛼̂ ≔ 1). Our algorithms always give identity metasubstitu-
tions. We also define equivalence of metasubstitutions 𝜃 ≡ 𝜃′ :: Θ ⊑ Θ′ standardly in
the same figure.

9.1.2 Declarative judgements in algorithmic contexts

Although all the declarative judgements in Chapter 8, including well-formedness,
typing, skeleton inference, skeleton refinement, subtyping, and consistency, are defined
on declarative contexts Γ, it is easy to extend them to algorithmic contexts Θ. For
most rules we simply replace declarative contexts Γ with algorithmic contexts Θ. In
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9.1 Algorithmic syntax

𝜃 :: Θ ⊑ Θ′

𝜄 :: · ⊑ Ξ

𝜃 :: Θ ⊑ Θ′ Θ′ ⊢ 𝜏

(𝜃, 𝜏/𝛼̂) :: Θ, 𝛼̂ ⊑ Θ′
𝜃 :: Θ ⊑ Θ′ Θ′ ⊢ 𝜏′ ≡ 𝜃𝜏

(𝜃, 𝜏′/𝛼̂) :: Θ, 𝛼̂ ≔ 𝜏 ⊑ Θ′

𝜃 :: Θ ⊑ Θ′

𝜃 :: Θ, 𝑥 : 𝑃 ⊑ Θ′, 𝑥 : 𝜃𝑃,Ξ
𝜃 :: Θ ⊑ Θ′

𝜃 :: Θ, 𝛼 ⊑ Θ′, 𝛼,Ξ

𝜃 ≡ 𝜃′ :: Θ ⊑ Θ′

𝜄 ≡ 𝜄 :: · ⊑ Ξ

𝜃1 ≡ 𝜃2 :: Θ ⊑ Θ′ Θ′ ⊢ 𝜏1 ≡ 𝜏2

(𝜃1 , 𝜏1/𝛼̂) ≡ (𝜃2 , 𝜏2/𝛼̂) :: Θ, 𝛼̂ ⊑ Θ′

𝜃1 ≡ 𝜃2 :: Θ ⊑ Θ′ Θ′ ⊢ 𝜏1 ≡ 𝜏2 Θ′ ⊢ 𝜏1 ≡ 𝜃1𝜏

(𝜃1 , 𝜏1/𝛼̂) ≡ (𝜃2 , 𝜏2/𝛼̂) :: Θ, 𝛼̂ ≔ 𝜏 ⊑ Θ′
𝜃1 ≡ 𝜃2 :: Θ ⊑ Θ′

𝜃1 ≡ 𝜃2 :: Θ, 𝑥 : 𝑃 ⊑ Θ′, 𝑥 : 𝜃1𝑃,Ξ

𝜃1 ≡ 𝜃2 :: Θ ⊑ Θ′

𝜃1 ≡ 𝜃2 :: Θ, 𝛼 ⊑ Θ′, 𝛼,Ξ

Figure 9.2: Metasubstitutions and equivalence of metasubstitutions.

rules where we implicitly make use of 𝛼-equivalence of types or skeletons, we need to
explicitly state the equivalence relation because of the existence of flexible variables. We
only need to add new rules for the new cases of flexible variables, for which we always
retrieve the definition of a flexible variable from the algorithmic context and continue
with its definition.

Figure 9.3 gives the new and changed declarative rules in algorithmic contexts. For
syntax-directed typing, we only need to extend freezing and annotated lambda rules
with explicit type equivalence premises. For subtyping, we add a new rule S-FlexMono
when the LHS is a flexible variable in function mode. For consistency, we add two
new rules C-FlexL and C-FlexR when either the LHS or the RHS is a flexible variable.
For refinement, we also add two rules dealing with flexible variables. We omit well-
formedness rules, where we simply look up the declaration or definition of a flexible
variable, and if it is a definition, we recursively check the well-formedness of this
definition.

9.1.3 From colours to input skeletons

Our declarative judgements for typing Γ ⊢m 𝑀 : 𝑄, skeleton inference Γ ⊢m 𝑀⇒⇒ 𝑄,
subtyping Γ ⊢nm 𝑃 ⩽ 𝑄, and consistency Γ ⊢ 𝑃 ∼ 𝑄 all use a bidirectional skeleton 𝑄 on
the RHS, whose colours distinguish between inherited and synthesised information.
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9 Type inference algorithm

Θ ⊢m 𝑀 : 𝐴 syntax-directed typing

SD-Freeze
Θ ⊢I 𝑀 : 𝐵
Θ ⊢ 𝐵 ≡ 𝐴

Θ ⊢C ⌈𝑀⌉ : 𝐴

SD-AbsAnnoCheck
Θ, 𝛼 ⊢ 𝐴 ≡ 𝐴′

Θ, 𝛼, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵
Θ ⊢C 𝜆𝑥𝐴.𝑀 : ∀𝛼.𝐴′ → 𝐵

SD-AbsAnno
m ≠ C Θ ⊢ 𝐴 ≡ 𝐴′

Θ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵
Θ ⊢m 𝜆𝑥𝐴.𝑀 : 𝐴′ → 𝐵

Ψ | Θ ⊢nm 𝑆 ⩽ 𝑄 subtyping

S-FlexMono
Θ ∋ 𝛼̂ ≔ 𝜏 Ψ | Θ ⊢nF m 𝜏 ⩽ 𝑄

Ψ | Θ ⊢nF m 𝛼̂ ⩽ 𝑄

Ψ | Θ ⊢ 𝑆 ∼ 𝑄 consistency

C-FlexL
Θ ∋ 𝛼̂ ≔ 𝜏 Ψ | Θ ⊢ 𝜏 ∼ 𝑄

Ψ | Θ ⊢ 𝛼̂ ∼ 𝑄

C-FlexR
Θ ∋ 𝛼̂ ≔ 𝜏 Ψ | Θ ⊢ 𝑆 ∼ 𝜏

Ψ | Θ ⊢ 𝑆 ∼ 𝛼̂

Θ | Δ ⊢ 𝑃 ▶ 𝑄 refinement

Θ ∋ 𝛼̂ ≔ 𝜏 Θ | Δ ⊢ 𝜏 ▶ 𝑄

Θ | Δ ⊢ 𝛼̂ ▶ 𝑄

Θ ∋ 𝛼̂ ≔ 𝜏 Θ | Δ ⊢ 𝑃 ▶ 𝜏

Θ | Δ ⊢ 𝑃 ▶ 𝛼̂

Figure 9.3: Declarative judgements in algorithmic contexts (showing only new and changed
rules).

(In typing, we know 𝑄 is a concrete type. We use 𝑄 here for uniformity with the other
three judgements.)

We do not have colours in our algorithmic judgements. Instead, for each judgement,
we add an input skeleton 𝑃0 to represent the inherited information. As we will explain
in detail in the following sections, our algorithmic judgements for typing Θ [𝑃0]-- m 𝑀 ⇒
𝑄 ⊣ Θ′, skeleton inference Θ [𝑃0]-- m 𝑀⇒⇒ 𝑄 ⊣ Θ′, subtyping Θ [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ′, and
consistency Θ [𝑃0]-- 𝑃 ∼ 𝑄 ⊣ Θ′ all have an input skeleton 𝑃0 and an output skeleton
𝑄. The synthesised information is the part of the output skeleton 𝑄 that is not in 𝑃0.
This is formally characterised by the refinement judgement 𝑃 ▶ 𝑄 in Section 8.6. In
the following sections, we use this judgement to establish the connection between the
declarative and algorithmic judgements in the metatheory.
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9.2 Algorithmic type inference

9.2 Algorithmic type inference

Figure 9.4 gives the type inference rules together with auxiliary skeleton splitting rules.
The type inference rules correspond one-to-one with syntax-directed typing rules in
Section 8.4. The type inference judgement has the form Θ [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ′. The input
includes a context Θ, a mode m, a skeleton 𝑃, and a term 𝑀; the output includes a type
𝐴 and a context Θ′. As usual, we require all inputs to be well-formed. In addition, we
require a compatibility relation betweenmodes and input skeletons as awell-formedness
condition, playing the same role as the relation 𝐴 :ty m in Section 8.3. The relation 𝑃 :ty m
is defined as follows.

:ty I 𝐴 :ty C

𝑄 :ty m

𝑃 → 𝑄 :ty F m

Rules I-Unit, I-Var, and I-Anno follow the corresponding syntax-directed rules in
Section 8.4. Each rule uses the algorithmic subtyping judgementwhichwill be defined in
Section 9.5. Rule I-Freeze infers the type of 𝑀 without using any inherited information
and then checks the consistency between the inferred type and the inherited type 𝐴
using the algorithmic consistency judgement which will be defined in Section 9.4.
Rule I-Abs infers the type of a lambda abstraction when not in checking mode,

corresponding to the rule SD-Abs in Section 8.4. It uses the skeleton splitting judgement
Θ ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ′ to split the input skeleton into a function shape. Here, Θ and
𝑃0 are inputs while 𝑃 → 𝑄 and Θ′ are outputs. The last case is the most interesting
one, where we split a flexible variable 𝛼̂ into a function type with two fresh flexible
variables 𝛽̂ and 𝛾̂ as its domain and codomain. Rule I-Abs also uses the meta-function
guess(𝑃) = (𝛼̂;𝐴) to get a type𝐴 by filling in each ghost in 𝑃with a fresh flexible variable
in 𝛼̂ and removing universal ghosts in 𝑃. We formally define guess(𝑃) as follows.

guess( ) = (𝛼̂; 𝛼̂) where 𝛼̂ fresh guess(1) = (·; 1)
guess( ∀ .𝑃) = guess(𝑃) guess(𝛼) = (·; 𝛼)
guess(∀𝛼.𝑃) = (𝛼̂;∀𝛼.𝑃′) where guess(𝑃) = (𝛼̂;𝑃′) guess(𝛼̂) = (·; 𝛼̂)
guess(𝑃 → 𝑄) = (𝛼̂1 , 𝛼̂2;𝑃′ → 𝑄′) where guess(𝑃) = (𝛼̂1;𝑃′) and guess(𝑄) = (𝛼̂2;𝑄′)

Rule I-AbsCheck deals with the checking mode, corresponding to the rule
SD-AbsCheck. Rules I-AbsAnno and I-AbsAnnoCheck deal with annotated lambda
abstractions, corresponding to the rules SD-AbsAnno and SD-AbsAnnoCheck. Both
rules check consistency between the annotated type of 𝑥 and the argument type or
skeleton inherited from the input skeleton.
Rule I-App infers the type of an application, corresponding to the rule D-App in

Section 8.3. We first infer the skeleton 𝑃 of the argument, then use it as the argument
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Θ [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ′

I-Unit
Θ0 [𝑃]-- tym 1 ⩽ 𝐴 ⊣ Θ1

Θ0 [𝑃]-- m () ⇒ 𝐴 ⊣ Θ1

I-Var
Θ0 ∋ 𝑥 : 𝐴 Θ0 [𝑃]-- tym 𝐴 ⩽ 𝐵 ⊣ Θ1

Θ0 [𝑃]-- m 𝑥 ⇒ 𝐵 ⊣ Θ1

I-Anno
Θ0 [𝐴]-- C 𝑀 ⇒ 𝐴 ⊣ Θ1 Θ1 [𝑃]-- tym 𝐴 ⩽ 𝐵 ⊣ Θ2

Θ0 [𝑃]-- m (𝑀 : 𝐴) ⇒ 𝐵 ⊣ Θ2

I-Freeze
Θ0 [ ]-- I 𝑀 ⇒ 𝐵 ⊣ Θ1 Θ1 ⊢ 𝐵 ∼ 𝐴 ⊣ Θ2

Θ0 [𝐴]-- C ⌈𝑀⌉ ⇒ 𝐴 ⊣ Θ2

I-AbsCheck
Θ0 , 𝛼 ⊢ 𝐴0 ⊲ 𝐴→ 𝐵 ⊣ Θ1 , 𝛼

Θ1 , 𝛼, 𝑥 : 𝐴 [𝐵]-- C 𝑀 ⇒ 𝐵 ⊣ Θ2 , 𝛼, 𝑥 : 𝐴,Ξ
Θ0 [∀𝛼.𝐴0]-- C 𝜆𝑥.𝑀 ⇒ ∀𝛼.𝐴→ 𝐵 ⊣ Θ2

I-Abs
m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ1 guess(𝑃) = (𝛼̂;𝐴)

Θ1 , 𝛼̂, 𝑥 : 𝐴 [𝑄]-- m− 𝑀 ⇒ 𝐵 ⊣ Θ2 , 𝑥 : 𝐴,Ξ
Θ0 [𝑃0]-- m 𝜆𝑥.𝑀 ⇒ 𝐴→ 𝐵 ⊣ Θ2 ,Ξ

I-AbsAnnoCheck
Θ0 , 𝛼 ⊢ 𝐴0 ⊲ 𝐴

′ → 𝐵 ⊣ Θ1 , 𝛼
Θ1 , 𝛼 ⊢ 𝐴′ ∼ 𝐴 ⊣ Θ2 , 𝛼

Θ2 , 𝛼, 𝑥 : 𝐴 [𝐵]-- C 𝑀 ⇒ 𝐵 ⊣ Θ3 , 𝛼, 𝑥 : 𝐴,Ξ
Θ0 [∀𝛼.𝐴0]-- C 𝜆𝑥𝐴.𝑀 ⇒ ∀𝛼.𝐴→ 𝐵 ⊣ Θ3

I-AbsAnno
m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ1

Θ1 ⊢ 𝐴 ∼ 𝑃 ⊣ Θ2
Θ2 , 𝑥 : 𝐴 [𝑄]-- m− 𝑀 ⇒ 𝐵 ⊣ Θ3 , 𝑥 : 𝐴,Ξ
Θ0 [𝑃0]-- m 𝜆𝑥𝐴.𝑀 ⇒ 𝐴→ 𝐵 ⊣ Θ3 ,Ξ

I-App
Θ0 [ ]-- C 𝑁⇒⇒ 𝑃 ⊣ Θ1 Θ1 [𝑃 → 𝑄]-- F m 𝑀 ⇒ 𝐴→ 𝐵 ⊣ Θ2 Θ2 [𝐴]-- C 𝑁 ⇒ 𝐴′ ⊣ Θ3

Θ0 [𝑄]-- m 𝑀 𝑁 ⇒ 𝐵 ⊣ Θ3

Θ ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ′

Θ0 ⊢ 𝑃 → 𝑄 ⊲ 𝑃 → 𝑄 ⊣ Θ0 Θ0 ⊢ ⊲ → ⊣ Θ0

Θ0 , 𝛽̂, 𝛾̂ ⊢ 𝛼̂ ∼ 𝛽̂ → 𝛾̂ ⊣ Θ1

Θ0 ⊢ 𝛼̂ ⊲ 𝛽̂ → 𝛾̂ ⊣ Θ1

Figure 9.4: Algorithmic type inference and skeleton splitting.

skeleton to infer the type 𝐴→ 𝐵 of the function, and finally check the argument against
type 𝐴.
It is worth noting that although we have two passes for the argument in the rule

I-App, the time complexity of the algorithm is still polynomial in the size of the input
term. This is because the first pass is just skeleton inference, in which we only traverse
the argument once as we will see in Section 9.3. As a result, even in the extreme case of
𝑛 nested applications 𝑀 (𝑁1 · · · (𝑁𝑛−1 𝑁𝑛) · · · ), the total number of traversals of the
innermost argument 𝑁𝑛 is 𝑛 + 1 instead of 2𝑛 .
We now state the metatheory of type inference. Following Gundry et al. [2010],

we first define the notion of problems and solutions of type inference, and then state
soundness, completeness, and optimality. Our proofs can be found in Appendix D.2.
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9.3 Algorithmic skeleton inference

Definition 9 (Problems and solutions of type inference). A problem of type inference is a
tuple (Θ0; m;𝑃;𝑀) where Θ0 is well-formed, 𝑃 and 𝑀 are well-formed in Θ0, and 𝑃 :ty m. A
solution to it is a tuple (𝜃1 :: Θ0 ⊑ Θ1;𝐴) such that Θ1 ⊢m 𝑀 : 𝐴 where Θ1 ⊢ 𝜃1𝑃 ▶ 𝐴. Such
a solution is optimal if for any other solution (𝜃 :: Θ0 ⊑ Θ; 𝐵), there exists a metasubstitution
𝜁 :: Θ1 ⊑ Θ such that 𝜃 ≡ 𝜁 ◦ 𝜃1 :: Θ0 ⊑ Θ (𝜃 factors through 𝜃1 with cofactor 𝜁) and
Θ ⊢ 𝜁𝐴 ≡ 𝐵.

Theorem 21 (Soundness of type inference). Given a type inference problem (Θ0; m;𝑃;𝑀),
if Θ0 [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝐴) is a solution.

Theorem 22 (Completeness and optimality of type inference). Given a type inference
problem (Θ0; m;𝑃;𝑀), if there exists a solution (𝜃 :: Θ0 ⊑ Θ; 𝐵), then Θ0 [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ1

gives its optimal solution (Θ0 ⊑ Θ1;𝐴).

9.3 Algorithmic skeleton inference

Figure 9.5 gives the skeleton inference rules, which correspond one-to-one with the
declarative skeleton inference rules in Section 8.7. The judgement has the form Θ [𝑃0]-- m
𝑀⇒⇒ 𝑃 ⊣ Θ′. The input includes a context Θ, a mode m, a skeleton 𝑃0, and a term 𝑀;
the output includes a skeleton 𝑃 and a context Θ′. As before, we require 𝑃0 :sk m as a
well-formedness condition defined as follows.

:sk I :sk C

𝑄 :sk m

𝑃 → 𝑄 :sk F m

Algorithmic skeleton inference rules closely mimic algorithmic type inference rules
in Section 9.2. Rule PI-Abs, unlike rule I-Abs, does not guess a monomorphic type from
𝑃 but directly puts 𝑥 : 𝑃 into the context. Introducing flexible variables for ghosts here
would be problematic because these ghosts may be matched with inherited polytypes
later, as in our motivating example at the beginning of Chapter 8. Rule PI-AbsCheck in-
troduces a universal ghost for the function skeleton, similar to P-AbsCheck in Section 8.7.
Rule PI-App does not do type checking for the argument 𝑁 , similar to P-App.
Problems and solutions of skeleton inference, as well as soundness, completeness,

and optimality theorems, are defined similarly to those of type inference in Section 9.2.
The main difference is that to characterise the optimality of skeleton inference, we need
to formally define when a skeleton is more precise than another skeleton. We write
Θ ⊢ 𝑃 ⪯ 𝑄, read as 𝑃 is more precise than 𝑄, if 𝑃 contains exactly all quantifiers in 𝑄,
but may have more universal ghosts, and fewer monomorphic types. This is exactly
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Θ [𝑃0]-- m 𝑀⇒⇒ 𝑃 ⊣ Θ′

PI-Unit
Θ0 [𝑃0]-- skm 1 ⩽ 𝑃 ⊣ Θ1

Θ0 [𝑃0]-- m ()⇒⇒ 𝑃 ⊣ Θ1

PI-Var
Θ0 ∋ 𝑥 : 𝑃 Θ0 [𝑃0]-- skm 𝑃 ⩽ 𝑄 ⊣ Θ1

Θ0 [𝑃0]-- m 𝑥⇒⇒ 𝑄 ⊣ Θ1

PI-Anno
Θ0 [𝑃]-- skm 𝐴 ⩽ 𝑄 ⊣ Θ1

Θ0 [𝑃]-- m (𝑀 : 𝐴)⇒⇒ 𝑄 ⊣ Θ1

PI-Freeze
Θ0 [ ]-- I 𝑀⇒⇒ 𝑃 ⊣ Θ1

Θ0 [ ]-- C ⌈𝑀⌉⇒⇒ 𝑃 ⊣ Θ1

PI-AbsCheck
Θ0 , 𝑥 : [ ]-- C 𝑀⇒⇒ 𝑄 ⊣ Θ1 , 𝑥 : ,Ξ

Θ0 [ ]-- C 𝜆𝑥.𝑀⇒⇒ ∀ . → 𝑄 ⊣ Θ1 ,Ξ

PI-Abs
m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄0 ⊣ Θ1

Θ1 , 𝑥 : 𝑃 [𝑄0]-- m− 𝑀⇒⇒ 𝑄 ⊣ Θ2 , 𝑥 : 𝑃,Ξ
Θ0 [𝑃0]-- m 𝜆𝑥.𝑀⇒⇒ 𝑃 → 𝑄 ⊣ Θ2 ,Ξ

PI-AbsAnnoCheck
Θ0 , 𝑥 : 𝐴 [ ]-- C 𝑀⇒⇒ 𝑄 ⊣ Θ1 , 𝑥 : 𝐴,Ξ
Θ0 [ ]-- C 𝜆𝑥𝐴.𝑀⇒⇒ ∀ .𝐴→ 𝑄 ⊣ Θ1 ,Ξ

PI-AbsAnno
m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄0 ⊣ Θ1 Θ1 ⊢ 𝐴 ∼ 𝑃 ⊣ Θ2

Θ2 , 𝑥 : 𝐴 [𝑄0]-- m− 𝑀⇒⇒ 𝑄 ⊣ Θ3 , 𝑥 : 𝐴,Ξ
Θ0 [𝑃0]-- m 𝜆𝑥𝐴.𝑀⇒⇒ 𝐴→ 𝑄 ⊣ Θ3 ,Ξ

PI-App
Θ0 [ ]-- C 𝑁⇒⇒ 𝑃0 ⊣ Θ1 Θ1 [𝑃0 → 𝑄0]-- F m 𝑀⇒⇒ 𝑃 → 𝑄 ⊣ Θ2

Θ0 [𝑄0]-- m 𝑀 𝑁⇒⇒ 𝑄 ⊣ Θ2

Figure 9.5: Algorithmic skeleton inference.

what Θ ⊢ 𝑃 ▶ 𝑄 means. Since 𝑄 is inherited, the refinement relation cannot fill 𝑃 with
more quantifiers, but can only fill its ghosts with monotypes and remove universal
ghosts.1 We therefore directly define Θ ⊢ 𝑃 ⪯ 𝑄 as Θ ⊢ 𝑃 ▶ 𝑄. On types, precision
coincides with type equivalence. Our optimality theorem guarantees that algorithmic
skeleton inference always infers the most precise skeleton. We state the metatheory of
skeleton inference below. The proofs can be found in Appendix D.3.

Definition 10 (Problems and solutions of skeleton inference). A problem of skeleton
inference is a tuple (Θ0; m;𝑃0;𝑀) where Θ0 is well-formed, 𝑃0 and 𝑀 are well-formed in Θ0,
and 𝑃0 :sk m. A solution to it is a tuple (𝜃1 :: Θ0 ⊑ Θ1;𝑃1) such that Θ1 ⊢m 𝑀⇒⇒ 𝑃1 where
Θ1 ⊢ 𝜃1𝑃0 ▶ 𝑃1. Such a solution is optimal if for any other solution (𝜃 :: Θ0 ⊑ Θ;𝑄), there
exists a metasubstitution 𝜁 :: Θ1 ⊑ Θ such that 𝜃 ≡ 𝜁 ◦ 𝜃1 :: Θ0 ⊑ Θ and Θ ⊢ 𝜁𝑃1 ⪯ 𝑄.

Theorem 23 (Soundness of skeleton inference). Given a skeleton inference problem
(Θ0; m;𝑃0;𝑀), if Θ0 [𝑃0]-- m 𝑀⇒⇒ 𝑃 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝑃) is a solution.

1It may appear intriguing that we say 𝑃 is more precise than 𝑄 but actually 𝑄 can have more monotypes
than 𝑃. We use the word “precision” not in terms of the quantity of information, but in terms of how a
skeleton characterises terms with fewer unnecessary restrictions.
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Theorem 24 (Completeness and optimality of skeleton inference). Given a skeleton
inference problem (Θ0; m;𝑃0;𝑀), if there exists a solution (𝜃 :: Θ0 ⊑ Θ;𝑄), then Θ0 [𝑃0]-- m
𝑀⇒⇒ 𝑃 ⊣ Θ1 gives its optimal solution (Θ0 ⊑ Θ1;𝑃).

9.4 Algorithmic consistency

We first introduce algorithmic consistency before algorithmic subtyping. Figure 9.6
gives the algorithmic consistency rules, together with the auxiliary variable unification
and assignment rules. The judgement has the form Θ0 [𝑃0]-- 𝑃 ∼ 𝑄 ⊣ Θ1. The input
includes a context Θ0, a skeleton 𝑃0, and a skeleton 𝑃; the output includes a skeleton 𝑄
and a context Θ1. This judgement refines 𝑃 to 𝑄 guided by 𝑃0, which itself refines to 𝑄.
Intuitively, 𝑄 can be understood as the join of 𝑃 and 𝑃0, viewing the refinement relation
as a partial order. When both 𝑃 and 𝑃0 are concrete types, this judgement degenerates
to the standard unification of 𝑃 and 𝑃0 in type inference.

Refinement disallows uses of bound variables in ghosts. Thus, to enforce that 𝑄 is a
valid refinement of 𝑃 and 𝑃0, we augment the judgement with two input variable sets
Δ1 and Δ2 to track bound variables in 𝑃0 and 𝑃, respectively. The full judgement has the
form Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1. Rules U-ForallInh, U-ForallSyn, and U-UnivGhost1
add bound variables to Δ1 or Δ2. The names of rules show their correspondence to
declarative consistency rules in Section 8.8. Rules U-Ghost and U-GhostR restrict the
uses of variables from Δ1 or Δ2 in the output skeleton, guaranteeing the output skeleton
is a valid refinement of both input skeletons.
Compared to declarative consistency, algorithmic consistency has three new rules

dealing with cases where either or both sides are flexible variables: U-Flex, U-FlexL,
and U-FlexR. They use auxiliary judgements to look up definitions of flexible variables
and move other dependencies as necessary. These auxiliary judgements are stand-
ard [Gundry et al. 2010] and are given in the continuation of Figure 9.6. There are also
two new rules to deal with ghosts in the input skeletons: U-GhostR and U-UnivGhostR.
Declarative consistency does not have these two rules because it has no explicit input
skeletons.
We write Θ0 ⊢ 𝑃 ∼ 𝑃0 ⊣ Θ1 for Θ0 [𝑃0]-- 𝑃 ∼ 𝑄 ⊣ Θ1 when the output 𝑄 is not used.

When either 𝑃 or 𝑃0 is a type 𝐴, the output 𝑄 is a type equivalent to 𝐴.
The auxiliary judgement Θ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ′ deals with the case of unifying two flexible

variables by looking up their definitions. The judgement Θ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ′ deals
with the case of assigning a flexible variable 𝛼̂ to a skeleton 𝑃. It uses the context Ξ to
contain flexible variables that occur in 𝑃 and thus need to be moved before 𝛼̂. Among
these rules, rule U-Assign-UnivGhost-Id deals with the special corner case where 𝑃 is
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∀ .𝛼̂, which is not covered by rule U-Assign-SolveM due to its side condition for the
occurrence check 𝛼̂ ∉ ftv(𝑃).
We state the metatheory of consistency below. The proofs of soundness and com-

pleteness of consistency are in Appendices D.5.2 and D.5.3.

Definition 11 (Problems and solutions of consistency).

1. A problem of consistency is a tuple (Θ0;𝑃0;𝑃) where 𝑃0 and 𝑃 are well-formed in Θ0.
A solution to it is a tuple (𝜃1 :: Θ0 ⊑ Θ1;𝑃1) such that Θ1 ⊢ 𝜃1𝑃 ∼ 𝑃1 where Θ1 ⊢
𝜃1𝑃0 ▶ 𝑃1. The solution is optimal if for any other solution (𝜃 :: Θ0 ⊑ Θ;𝑄), there exists
a metasubstitution 𝜁 :: Θ1 ⊑ Θ such that 𝜃 ≡ 𝜁 ◦ 𝜃1 :: Θ0 ⊑ Θ and Θ ⊢ 𝜁𝑃1 ⪯ 𝑄.

2. A problem of unification of flexible variables is a tuple (Θ0; 𝛼̂; 𝛽̂) where 𝛼̂ ∈ dom(Θ0)
and 𝛽̂ ∈ dom(Θ0). A solution to it is a metasubstitution 𝜃1 :: Θ0 ⊑ Θ1 such that
Θ1 ⊢ 𝜃1𝛼̂ ∼ 𝜃1𝛽̂. The solution is optimal if for any other solution 𝜃 :: Θ0 ⊑ Θ, there
exists a metasubstitution 𝜁 :: Θ1 ⊑ Θ such that 𝜃 ≡ 𝜁 ◦ 𝜃1 :: Θ0 ⊑ Θ.

3. A problem of assignment of a flexible variable is a tuple (Θ0;Ξ; 𝛼̂;𝑃) where 𝛼̂ ∈ dom(Θ0)
and 𝑃 is well-formed in Θ0 ,Ξ and 𝑃 is not a flexible variable and Ξ only contains
declarations of flexible variables appearing in 𝑃. A solution to it is a metasubstitution
𝜃1 :: Θ0 ,Ξ ⊑ Θ1 such that Θ1 ⊢ 𝜃1𝑃 ∼ 𝜃1𝛼̂. The solution is optimal if for any
other solution 𝜃 :: Θ0 ,Ξ ⊑ Θ, there exists a metasubstitution 𝜁 :: Θ1 ⊑ Θ such that
𝜃 ≡ 𝜁 ◦ 𝜃1 :: Θ0 ,Ξ ⊑ Θ.

Lemma 25 (Soundness of consistency).

1. Given a problem of consistency (Θ0;𝑃0;𝑃), if Θ0 [𝑃0]-- 𝑃 ∼ 𝑃1 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝑃1)
is a solution to it.

2. Given a problem of variable unification (Θ0; 𝛼̂; 𝛽̂), if Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1, then Θ0 ⊑ Θ1 is
a solution to it.

3. Given a problem of assignment (Θ0;Ξ; 𝛼̂;𝑃), if Θ0 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1, then Θ0 ,Ξ ⊑ Θ1

is a solution to it.

Lemma 26 (Completeness and optimality of consistency).

1. Given a problem of consistency (Θ0;𝑃0;𝑃), if there exists a solution to it, then Θ0 [𝑃0]--
𝑃 ∼ 𝑃1 ⊣ Θ1 gives its optimal solution (Θ0 ⊑ Θ1;𝑃1).

2. Given a problem of variable unification (Θ0; 𝛼̂; 𝛽̂), if there exists a solution to it, then
Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1 gives its optimal solution Θ0 ⊑ Θ1.
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3. Given a problem of assignment (Θ0;Ξ; 𝛼̂;𝑃), if there exists a solution to it, then Θ0 | Ξ ⊢
𝛼̂ ≔ 𝑃 ⊣ Θ1 gives its optimal solution Θ0 ,Ξ ⊑ Θ1.

Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1

U-Ghost
Δ2 ∩ ftv(𝑃0) = ∅

Θ0 [𝑃0]-- Δ1|Δ2 ∼ 𝑃0 ⊣ Θ0

U-Unit

Θ0 [1]-- Δ1|Δ2 1 ∼ 1 ⊣ Θ0

U-Rigid
Θ0 ∋ 𝛼

Θ0 [𝛼]-- Δ1|Δ2 𝛼 ∼ 𝛼 ⊣ Θ0

U-Arrow
Θ0 [𝑃′1]-- Δ1|Δ2 𝑃1 ∼ 𝑄1 ⊣ Θ1 Θ1 [𝑃′2]-- Δ1|Δ2 𝑃2 ∼ 𝑄2 ⊣ Θ2

Θ0 [𝑃′1 → 𝑃′2]-- Δ1|Δ2 𝑃1 → 𝑃2 ∼ 𝑄1 → 𝑄2 ⊣ Θ2

U-ForallInh
Θ0 , 𝛼 [𝑃0]-- Δ1 ,𝛼|Δ2 ,𝛼 𝑃 ∼ 𝑄 ⊣ Θ1 , 𝛼

Θ0 [∀𝛼.𝑃0]-- Δ1|Δ2 ∀𝛼.𝑃 ∼ ∀𝛼.𝑄 ⊣ Θ1

U-ForallSyn
Θ0 , 𝛼 [ ∀ .𝑃0]-- Δ1|Δ2 ,𝛼 𝑃 ∼ 𝑄 ⊣ Θ1 , 𝛼

Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 ∀𝛼.𝑃 ∼ ∀𝛼.𝑄 ⊣ Θ1

U-UnivGhost
Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1

Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 ∀ .𝑃 ∼ ∀ .𝑄 ⊣ Θ1

U-UnivGhost1
Θ0 , 𝛼 [𝑃0]-- Δ1 ,𝛼|Δ2 ∀ .𝑃 ∼ 𝑄 ⊣ Θ1 , 𝛼

Θ0 [∀𝛼.𝑃0]-- Δ1|Δ2 ∀ .𝑃 ∼ ∀𝛼.𝑄 ⊣ Θ1

U-UnivGhost2
Θ0 ⊢ 𝑃0 guarded 𝑃0 non-flex Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1

Θ0 [𝑃0]-- Δ1|Δ2 ∀ .𝑃 ∼ 𝑄 ⊣ Θ1

U-Flex
Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1

Θ0 [𝛽̂]-- Δ1|Δ2 𝛼̂ ∼ 𝛼̂ ⊣ Θ1

U-FlexL
𝑃0 non-flex

Θ0 | · ⊢ 𝛼̂ ≔ 𝑃0 ⊣ Θ1

Θ0 [𝑃0]-- Δ1|Δ2 𝛼̂ ∼ 𝛼̂ ⊣ Θ1

U-FlexR
𝑃 non-flex

Θ0 | · ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1

Θ0 [𝛼̂]-- Δ1|Δ2 𝑃 ∼ 𝛼̂ ⊣ Θ1

U-GhostR
Δ1 ∩ ftv(𝑃) = ∅

Θ0 [ ]-- Δ1|Δ2 𝑃 ∼ 𝑃 ⊣ Θ0

U-UnivGhostR
Θ0 ⊢ 𝑃 guarded 𝑃 non-flex Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1

Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1

Figure 9.6: Algorithmic consistency.
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Θ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ′

U-Flex-Flex-Id
𝛼̂ ∈ dom(Θ0)

Θ0 ⊢ 𝛼̂ ≃ 𝛼̂ ⊣ Θ0

U-Flex-Flex-L
𝛼̂ ≠ 𝛽̂

Θ0 , 𝛼̂ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ0 , 𝛼̂ ≔ 𝛽̂

U-Flex-Flex-R
𝛼̂ ≠ 𝛽̂

Θ0 , 𝛽̂ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ0 , 𝛽̂ ≔ 𝛼̂

U-Flex-Flex-Assign
Θ0 ⊢ 𝛼̂[𝜏/𝛾̂] ∼ 𝛽̂[𝜏/𝛾̂] ⊣ Θ1

Θ0 , 𝛾̂ ≔ 𝜏 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1 , 𝛾̂ ≔ 𝜏

U-Flex-Flex-Skip
𝛼̂ ≠ 𝛾̂ 𝛽̂ ≠ 𝛾̂ Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1

Θ0 , 𝛾̂ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1 , 𝛾̂

U-Flex-Flex-Skip’
𝑒 = 𝛾 or 𝑥 : 𝑃 Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1

Θ0 , 𝑒 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1 , 𝑒

Θ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ′

U-Assign-UnivGhost-Id

Θ0 , 𝛼̂ | · ⊢ 𝛼̂ ≔ ∀ .𝛼̂ ⊣ Θ0 , 𝛼̂

U-Assign-SolveM
𝛼̂ ∉ ftv(𝑃) guess(𝑃) = (𝛽̂; 𝜏)

Θ0 , 𝛼̂ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ0 ,Ξ, 𝛽̂, 𝛼̂ ≔ 𝜏

U-Assign-Assign
Θ0 ,Ξ ⊢ 𝛼̂[𝜏/𝛽̂] ∼ 𝑃[𝜏/𝛽̂] ⊣ Θ1

Θ0 , 𝛽̂ ≔ 𝜏 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 , 𝛽̂ ≔ 𝜏

U-Assign-Depend
𝛼̂ ≠ 𝛽̂ 𝛽̂ ∈ ftv(𝑃) Θ0 | 𝛽̂,Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1

Θ0 , 𝛽̂ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1

U-Assign-Skip
𝛼̂ ≠ 𝛽̂ 𝛽̂ ∉ ftv(𝑃)
Θ0 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1

Θ0 , 𝛽̂ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 , 𝛽̂

U-Assign-SkipRigid
𝛽 ∉ ftv(𝑃) Θ0 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1

Θ0 , 𝛽 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 , 𝛽

U-Assign-SkipTmVar
Θ0 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1

Θ0 , 𝑥 : 𝑄 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 , 𝑥 : 𝑄

Figure 9.6: Algorithmic consistency (continued).

9.5 Algorithmic subtyping

Figure 9.7 gives the algorithmic subtyping rules. The algorithmic subtyping judgement
has the form Θ [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ′. The input includes a context Θ, a sort n, a mode
m, a skeleton 𝑃0, and a skeleton 𝑃; the output includes a skeleton 𝑄 and a context
Θ′. This judgement upcasts 𝑃 to 𝑄 guided by the input skeleton 𝑃0, which itself
refines to 𝑄. In addition to well-formedness of all inputs, we require 𝑃0 :n m as a well-
formedness condition of the judgement, as for algorithmic type inference (Section 9.2)
and algorithmic skeleton inference (Section 9.3).
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Θ [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ′

SI-Infer

Θ0 [ ]-- nI 𝑃 ⩽ 𝑃 ⊣ Θ0

SI-Check
𝐴, 𝐵 guarded Θ0 [𝐵]-- 𝐴 ∼ 𝐵 ⊣ Θ1

Θ0 [𝐵]-- tyC 𝐴 ⩽ 𝐵 ⊣ Θ1

SI-ForallR
Θ0 , 𝛼 [𝐵]-- tyC 𝐴 ⩽ 𝐵 ⊣ Θ1 , 𝛼,Ξ

Θ0 [∀𝛼.𝐵]-- tyC 𝐴 ⩽ ∀𝛼.𝐵 ⊣ Θ1

SI-UnivGhostR
𝑃 guarded

Θ0 [ ]-- skC 𝑃 ⩽ ∀ .𝑃 ⊣ Θ0

SI-FlexMono
Θ0 | · [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1

Θ0 [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1

SI-Arrow
Θ0 [𝑃′1]-- 𝑃1 ∼ 𝑄1 ⊣ Θ1 Θ1 [𝑃′2]--

n
m 𝑃2 ⩽ 𝑄2 ⊣ Θ2

Θ0 [𝑃′1 → 𝑃′2]--
n
F m 𝑃1 → 𝑃2 ⩽ 𝑄1 → 𝑄2 ⊣ Θ2

SI-ForallL
m ≠ I 𝑃0 guarded or 𝑃0 = 𝑃 ⩽n

m 𝑃0 �
𝛼 Ξ;𝑃1 Θ0 ,Ξ ⊢ 𝑃1

Θ0 ,Ξ [𝑃0]-- nm 𝑃[𝑃1/𝛼] ⩽ 𝑄 ⊣ Θ1

Θ0 [𝑃0]-- nm ∀𝛼.𝑃 ⩽ 𝑄 ⊣ Θ1

SI-Ghost

Θ0 [𝑃0]-- skm ⩽ 𝑃0 ⊣ Θ0

SI-UnivGhostL
m ≠ I Θ0 [𝑃0]-- skm 𝑃 ⩽ 𝑄 ⊣ Θ1

Θ0 [𝑃0]-- skm ∀ .𝑃 ⩽ 𝑄 ⊣ Θ1

Θ | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ′

SI-Flex-Solve
𝛼̂, 𝛽̂ fresh Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ [𝑃0]-- nF m 𝛼̂ → 𝛽̂ ⩽ 𝑄 ⊣ Θ1

Θ0 , 𝛼̂0 | Ξ [𝑃0]-- nF m 𝛼̂0 ⩽ 𝑄 ⊣ Θ1

SI-Flex-Assign
Θ0 ,Ξ [𝑃0[𝜏/𝛽̂]]-- nF m 𝛼̂[𝜏/𝛽̂] ⩽ 𝑄 ⊣ Θ1

Θ0 , 𝛽̂ ≔ 𝜏 | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1 , 𝛽̂ ≔ 𝜏

SI-Flex-Depend
𝛼̂ ≠ 𝛽̂ 𝛽̂ ∈ ftv(𝑃0)

Θ0 | 𝛽̂,Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1

Θ0 , 𝛽̂ | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1

SI-Flex-Skip
𝛼̂ ≠ 𝛽̂ 𝛽̂ ∉ ftv(𝑃0)

Θ0 | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1

Θ0 , 𝛽̂ | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1 , 𝛽̂

SI-Flex-SkipRigid
𝛽 ∉ ftv(𝑃0) Θ0 | Ξ [𝑃0]-- nm 𝛼̂ ⩽ 𝑄 ⊣ Θ1

Θ0 , 𝛽 | Ξ [𝑃0]-- nm 𝛼̂ ⩽ 𝑄 ⊣ Θ1 , 𝛽

SI-Flex-SkipTmVar
Θ0 | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1

Θ0 , 𝑥 : 𝑃 | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ1 , 𝑥 : 𝑃

Figure 9.7: Algorithmic subtyping.
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9 Type inference algorithm

Rules SI-Infer, SI-Check, SI-ForallR, SI-UnivGhostR, SI-Arrow, SI-Ghost, and
SI-UnivGhostL closely follow the declarative rules in Sections 8.5 and 8.8.
Rule SI-ForallL uses the auxiliary look judgement 𝑃 ⩽n

m 𝑃′ �𝛼 Ξ;𝑄 defined in
Section 9.6 to obtain a skeleton 𝑃1, which uses fresh flexible variables in Ξ, from the
inputs 𝑃 and 𝑃0. It checks the well-formedness of 𝑃1 and uses it to instantiate 𝛼. Its side
conditions (m ≠ I and 𝑃0 guarded or 𝑃0 = ) avoid overlapping with other rules.

Rule SI-FlexMono corresponds to declarative rule S-FlexMono in Section 9.1.2 when
the flexible variable has a definition. For an unsolved flexible variable, there is no
corresponding declarative rule. Rule SI-FlexMono handles both cases in function mode
by using the auxiliary judgement Θ | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑄 ⊣ Θ′, which is similar to the
variable assignment judgement in Section 9.4. We only consider the function mode F m

here to avoid overlapping; the other modes are covered by the first four rules.
We define problems and solutions of subtyping, and then state the soundness,

completeness, and optimality of subtyping. The proofs can be found inAppendices D.4.2
and D.4.3.

Definition 12 (Problems and solutions of subtyping). A subtyping problem is a tuple
(Θ0; n; m;𝑃0;𝑃) where Θ0 is well-formed and 𝑃0 and 𝑃 are well-formed in Θ0 and 𝑃0 :n m. A
solution to it is a tuple (𝜃1 :: Θ0 ⊑ Θ1;𝑃1) such that Θ1 ⊢nm 𝜃1𝑃 ⩽ 𝑃1 where Θ1 ⊢ 𝜃1𝑃0 ▶ 𝑃1.
The solution is optimal if for any other solution (𝜃 :: Θ0 ⊑ Θ;𝑄), there exists a metasubstitution
𝜁 :: Θ1 ⊑ Θ such that 𝜃 ≡ 𝜁 ◦ 𝜃1 :: Θ0 ⊑ Θ and Θ ⊢ 𝜁𝑃1 ⪯ 𝑄.

Theorem 27 (Soundness of subtyping). Given a subtyping problem (Θ0; n; m;𝑃0;𝑃), if
Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝑄) is a solution.

Theorem 28 (Completeness and optimality of subtyping). Given a subtyping problem
(Θ0; n; m;𝑃0;𝑃), if there exists a solution, Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑃1 ⊣ Θ1 gives its optimal solution
(Θ0 ⊑ Θ1;𝑃1).

9.6 Constraint collection and solving for subtyping

Figures 9.8 and 9.9 give the look, constraint collection, and constraint solving rules. The
look judgement has the form 𝑃 ⩽n

m 𝑃0 �
𝛼 Ξ;𝑃1. The input includes a sort n, a mode m, and

two skeletons 𝑃 and 𝑃0. The goal of this judgement is to find a proper substitution for 𝛼
in 𝑃 such that the substituted 𝑃 can be upcast to some 𝑄 compatible with 𝑃0. The type
variable 𝛼 may appear only in 𝑃. We require this as a well-formedness condition of the
judgement. We do not need the context Θ0 since we care about extracting polymorphic
information, while flexible variables in Θ0 only carry monomorphic information. The
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output includes a skeleton 𝑃1 that carries all polymorphic information we extract for 𝛼,
and a context Ξ of fresh flexible variables used in 𝑃1.

The look judgement replaces the guessing of decorated skeletons in S-ForallL in
Sections 8.5 and 8.8. A look judgement first collects all constraints 𝒞 and fresh flexible
variablesΞ for 𝛼 using the constraint-collection judgement 𝑃 ⩽m 𝑃

′ �𝛼 Ξ;𝒞 . A constraint
list 𝒞 contains subtyping constraints subm(𝑃) and consistency constraints eq(𝑃). The
look judgement then solves these constraints using the constraint-solving judgement
𝒞 ; ⇝ Ξ′;𝑄, where is the empty input skeleton,𝑄 is the result, and Ξ′ is the suffix of
fresh flexible variables used in 𝑄. Finally, when n = sk, we use the solved 𝑄 as the final
output; when n = ty, since we want a type for instantiation, we further transform 𝑄 to
a type 𝐴 by guessing fresh flexible variables with the meta-function guess(𝑄) = (Ξ′′;𝐴)
as defined in Section 9.2.

Constraint collection is separated into two judgement forms: one for subtyping 𝑃 ⩽m

𝑃′ �𝛼 Ξ;𝒞 and the other for consistency 𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞 . We omit the suffix Ξ when it is
empty. Both judgements try to find the skeletons in 𝑃′ that correspond to appearances
of 𝛼 in 𝑃, and collect these constraints. Their rules follow the algorithmic subtyping and
consistency rules, respectively. We discuss representative rules here. Rules LS-Var and
LE-Var deal with the base cases when the LHS is the type variable we look for. We add
the constraint subm(𝑃) or eq(𝑃) to the output constraints. Rules LS-Arrow and LE-Arrow
deal with arrows. We recursively look at the argument and result components, and
append their constraints and flexible variables together. Rule LS-ForallL removes a top-
level universal quantifier on the LHS.We do not need to instantiate 𝛽, since our goal is to
extract polymorphic information for 𝛼, which the instantiation of 𝛽 contributes nothing
to. Rule LE-FlexR deals with a flexible variable 𝛽̂ on the RHS. Since 𝛼 ∈ ftv(𝑃), we know
that 𝛼 corresponds to some monotype which carries no polymorphic information. Thus,
we allocate a fresh flexible variable 𝛾̂ and add the constraint eq(𝛾̂). Rules LS-Absent
and LE-Absent add no constraint when 𝛼 does not appear on the left-hand side. Rules
LS-Vacuous and LE-Vacuous add no constraint when the RHS is a ghost.

Constraint solving 𝒞 ;𝑃 ⇝ Ξ;𝑄 sequentially solves each constraint 𝐶, starting from
the input skeleton 𝑃 and producing the output skeleton𝑄 and a suffix Ξ of fresh flexible
variables. It calls two auxiliary judgements: 𝑃 ⩽m 𝑄 ⇝ Ξ;𝑃′ for solving a subtyping
constraint and 𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′ for solving a consistency constraint. We omit the suffix Ξ

when it is empty. Their rules again follow the algorithmic subtyping and consistency
rules, respectively. We discuss representative rules here. Rules SolS-Var and SolE-Var
deal with the base cases when the LHS is a rigid variable.We directly keep this rigid type
variable instead of forcing both sides to coincide, since our goal is to extract polymorphic
information while a rigid variable is monomorphic. Similarly, rules SolE-FlexL and
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9 Type inference algorithm

SolS-Flex also ignore the RHS and keep the left-hand side variable. Rules SolS-Arrow
and SolE-Arrow deal with arrow shapes. We recursively solve the argument and result
components, and build the output arrow skeleton from the results. Rule SolS-ForallL
deals with a universal quantifier on the LHS, which we simply keep in the output. Rule
SolE-GhostL deals with the base case where the LHS is a ghost and we simply keep
the RHS in the output.

As an example, consider the algorithmic subtyping judgement

Θ [(∀𝑏. → 𝑏) → Int → Int]-- tyF F C ∀𝑎.𝑎 → 𝑎 ⩽ 𝑄 ⊣ Θ′

for some 𝑄, Θ, and Θ′. Its look judgement has the form:

𝑎 → 𝑎 ⩽ty
F F C (∀𝑏. → 𝑏) → Int → Int �𝑎 ·;∀𝑏.Int → 𝑏

The constraint collection process collects two constraints eq(∀𝑏. → 𝑏) and subF C(Int →
Int) by first applying LS-Arrow and then LE-Var and LS-Var for the argument and
result components, respectively. The constraint solving judgement is derived as follows,
with two individual constraint solving judgements highlighted and numbered.

∼ ∀𝑏. → 𝑏 ⇝ ∀𝑏. → 𝑏 1

∀𝑏. → 𝑏 ⩽F C Int → Int⇝ ∀𝑏.Int → 𝑏 2

subF C(Int → Int);∀𝑏. → 𝑏 ⇝ ∀𝑏.Int → 𝑏

eq(∀𝑏. → 𝑏), subF C(Int → Int); ⇝ ∀𝑏.Int → 𝑏

We solve 1 by SolE-GhostL. We solve 2 by SolS-ForallL, SolS-Arrow, and then
SolE-GhostL and SolS-Var for the argument and result, respectively.
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9.6 Constraint collection and solving for subtyping

Constraints 𝒞 ::= · | subm(𝑃) | eq(𝑃),𝒞

𝑃 ⩽n
m 𝑃

′ �𝛼 Ξ;𝑄 look

𝑃 ⩽m 𝑃
′ �𝛼 Ξ;𝒞 𝒞 ; ⇝ Ξ′;𝑄 (Ξ′′;𝐴) = guess(𝑄)

𝑃 ⩽ty
m 𝑃′ �𝛼 Ξ,Ξ′,Ξ′′;𝐴

𝑃 ⩽m 𝑃
′ �𝛼 Ξ;𝒞 𝒞 ; ⇝ Ξ′;𝑄
𝑃 ⩽sk

m 𝑃′ �𝛼 Ξ,Ξ′;𝑄

𝑃 ⩽m 𝑃
′ �𝛼 Ξ;𝒞 𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞 constraint collection

LS-Var

𝛼 ⩽m 𝑃 �𝛼 subm(𝑃)

LS-Absent
𝛼 ∉ ftv(𝑃)
𝑃 ⩽m 𝑃

′ �𝛼 ·

LS-Vacuous

𝑃 ⩽m �𝛼 ·
LS-Check
𝐴 ≠ 𝛼 𝐴, 𝐵 guarded 𝐴 ∼ 𝐵 �𝛼 Ξ;𝒞

𝐴 ⩽C 𝐵 �𝛼 Ξ;𝒞

LS-ForallR
𝐴 ⩽C 𝐵 �𝛼 Ξ;𝒞

𝐴 ⩽C ∀𝛽.𝐵 �𝛼 Ξ;𝒞
LS-Arrow
𝑃1 ∼ 𝑃′

1 �
𝛼 Ξ1;𝒞1 𝑃2 ⩽m 𝑃

′
2 �

𝛼 Ξ2;𝒞2

𝑃1 → 𝑃2 ⩽F m 𝑃
′
1 → 𝑃′

2 �
𝛼 Ξ1 ,Ξ2;𝒞1 ,𝒞2

LS-ForallL
𝑃 ⩽m 𝑃

′ �𝛼 Ξ;𝒞
∀𝛽.𝑃 ⩽m 𝑃

′ �𝛼 Ξ;𝒞

LS-UnivGhostL
𝑃 ⩽m 𝑃

′ �𝛼 Ξ;𝒞
∀ .𝑃 ⩽m 𝑃

′ �𝛼 Ξ;𝒞

LE-Var

𝛼 ∼ 𝑃 �𝛼 eq(𝑃)

LE-Absent
𝛼 ∉ ftv(𝑃)
𝑃 ∼ 𝑃′ �𝛼 ·

LE-Vacuous

𝑃 ∼ �𝛼 ·

LE-FlexR
𝑃 ≠ 𝛼 𝛼 ∈ ftv(𝑃) 𝛾̂ fresh

𝑃 ∼ 𝛽̂ �𝛼 𝛾̂; eq(𝛾̂)
LE-Arrow
𝑃1 ∼ 𝑃′

1 �
𝛼 Ξ1;𝒞1 𝑃2 ∼ 𝑃′

2 �
𝛼 Ξ2;𝒞2

𝑃1 → 𝑃2 ∼ 𝑃′
1 → 𝑃′

2 �
𝛼 Ξ1 ,Ξ2;𝒞1 ,𝒞2

LE-ForallInh
𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞

∀𝛽.𝑃 ∼ ∀𝛽.𝑃′ �𝛼 Ξ;𝒞

LE-ForallSyn
𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞

∀𝛽.𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞
LE-UnivGhost
𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞

∀ .𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞

LE-UnivGhost1
∀ .𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞

∀ .𝑃 ∼ ∀𝛽.𝑃′ �𝛼 Ξ;𝒞

LE-UnivGhost2
𝑃′ guarded 𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞

∀ .𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞
LE-UnivGhostR
𝑃 ≠ 𝛼 𝑃 guarded 𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞

𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞

Figure 9.8: Look and constraint collection.
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9 Type inference algorithm

𝒞 ;𝑃 ⇝ Ξ;𝑄 constraint solving

·;𝑃 ⇝ 𝑃

𝑃 ⩽m 𝑄 ⇝ Ξ;𝑃′

subm(𝑄);𝑃 ⇝ Ξ;𝑃′
𝑃 ∼ 𝑄 ⇝ Ξ1;𝑃1 𝒞 ;𝑃1 ⇝ Ξ2;𝑃′

eq(𝑄),𝒞 ;𝑃 ⇝ Ξ1 ,Ξ2;𝑃′

𝑃 ⩽m 𝑄 ⇝ Ξ;𝑃′

SolS-Var

𝛼 ⩽m 𝑄 ⇝ 𝛼

SolS-ForallL
𝑃 ⩽m 𝑄 ⇝ Ξ;𝑃′

∀𝛼.𝑃 ⩽m 𝑄 ⇝ Ξ;∀𝛼.𝑃′

SolS-UnivGhostL
𝑃 ⩽m 𝑄 ⇝ Ξ;𝑃′

∀ .𝑃 ⩽m 𝑄 ⇝ Ξ; ∀ .𝑃′

SolS-Vacuous

𝑃 ⩽m ⇝ 𝑃

SolS-Check
𝑃, 𝐵 guarded 𝑃 ∼ 𝐵⇝ Ξ;𝑃′

𝑃 ⩽C 𝐵⇝ Ξ;𝑃′

SolS-ForallR
𝐴 ⩽C 𝐵⇝ Ξ;𝑃′

𝐴 ⩽C ∀𝛽.𝐵⇝ Ξ;𝑃′

SolS-Arrow
𝑃1 ∼ 𝑄1 ⇝ Ξ1;𝑃′

1 𝑃2 ⩽m 𝑄2 ⇝ Ξ2;𝑃′
2

𝑃1 → 𝑃2 ⩽F m 𝑄1 → 𝑄2 ⇝ Ξ1 ,Ξ2;𝑃′
1 → 𝑃′

2

SolS-GhostLF
∼ 𝑄1 ⇝ Ξ1;𝑃′

1 ⩽m 𝑄2 ⇝ Ξ2;𝑃′
2

⩽F m 𝑄1 → 𝑄2 ⇝ Ξ1 ,Ξ2; ∀ .𝑃′
1 → 𝑃′

2

SolS-GhostL
𝐵 guarded
⩽C 𝐵⇝ ∀ .𝐵

SolS-Flex

𝛼̂ ⩽m 𝑄 ⇝ 𝛼̂

𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

SolE-Unit

1 ∼ 1⇝ 1

SolE-Var

𝛼 ∼ 𝑄 ⇝ 𝛼

SolE-GhostL

∼ 𝑄 ⇝ 𝑄

SolE-VacuousR

𝑃 ∼ ⇝ 𝑃

SolE-Arrow
𝑃1 ∼ 𝑄1 ⇝ Ξ1;𝑃′

1 𝑃2 ∼ 𝑄2 ⇝ Ξ2;𝑃′
2

𝑃1 → 𝑃2 ∼ 𝑄1 → 𝑄2 ⇝ Ξ1 ,Ξ2;𝑃′
1 → 𝑃′

2

SolE-Forall
𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

∀𝛼.𝑃 ∼ ∀𝛼.𝑄 ⇝ Ξ;∀𝛼.𝑃′

SolE-UnivGhost
𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

∀ .𝑃 ∼ ∀ .𝑄 ⇝ Ξ; ∀ .𝑃′

SolE-GhostForall
∀ .𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

∀ .𝑃 ∼ ∀𝛼.𝑄 ⇝ Ξ;∀𝛼.𝑃′

SolE-GhostGuarded
𝑄 guarded 𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

∀ .𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

SolE-ForallGhost
𝑃 ∼ ∀ .𝑄 ⇝ Ξ;𝑃′

∀𝛼.𝑃 ∼ ∀ .𝑄 ⇝ Ξ;∀𝛼.𝑃′

SolE-GuardedGhost
𝑃 guarded 𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

𝑃 ∼ ∀ .𝑄 ⇝ Ξ;𝑃′

SolE-FlexL

𝛼̂ ∼ 𝑃 ⇝ 𝛼̂

SolE-FlexR
𝑃 non-flex guess(𝑃) = (Ξ;𝑃′)

𝑃 ∼ 𝛼̂ ⇝ Ξ;𝑃′

Figure 9.9: Constraint solving.
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10 Inferring modal effect types

Farewell, Maetel. Farewell, Galaxy Express 999. Farewell, days of youth.

—Closing line, Galaxy Express 999 (1979)

We outline the design of Maetel, a surface language with modal effect types and type
inference based on Fresco. As introduced in Part I, Met is an explicit core calculus which
requires explicit annotations for lambda abstractions as well as explicit introduction and
elimination of modal types. The extension with polymorphism in Section 5.4 also re-
quires explicit type abstraction and instantiation. Even though Met reduces the verbosity
of conventional effect types by not requiring effect variables, the remaining annotation
burdens of explicit modalities and polymorphism in Met are still not satisfactory for
practical programming.

In Chapters 8 and 9, we have introduced the Fresco type inference approach which
infers first-class polymorphism, allowing polymorphic types to be implicitly introduced,
eliminated, and used for instantiation. In this chapter, we adapt the Fresco type inference
algorithm to further infer first-class modal types, allowing modal types to be implicitly
introduced, eliminated, and used for instantiation. We only consider modal effect types
in this chapter, but we believe the same approach can be applied to other modal type
systems.
We first discuss how the problem of inferring first-class modal types is related to

the problem of inferring first-class polymorphism (Section 10.1). Then we formally
present the declarative type system of a core fragment of Maetel, which extends the
declarative type system of Fresco with modal effect types (Section 10.2), and sketch
how the algorithm is extended as well (Section 10.3). Finally we discuss other features
and design choices of the language Maetel (Section 10.4).

10.1 First-class modal types

As discussed in Chapter 8, first-class polymorphism consists of higher-rank polymorph-
ism, which allows quantifiers to appear in arbitrary positions in types, and polymorphic
instantiation, which allows instantiation with polymorphic types. Similarly, first-class
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10 Inferring modal effect types

modal types allow modalities to appear in arbitrary positions in types and allow
modal instantiation, i.e., instantiation with modal types. Our goal of inferring first-
class modal types is to infer introduction and elimination of modalities, as well as
modal instantiation.

As observed by Tang et al. [2025], inferring implicit introduction and elimination
of modalities is closely related to inferring implicit type abstraction and instantiation
for FCP. For instance, in Met, a type ∀𝑎.[log](𝑎 → 𝑎) denotes a polymorphic function
that may use the log effect, as specified by the modality [log]. Consequently, for the
type checking judgement Γ ⊢C 𝜆𝑥.𝑥 : ∀𝑎.[log](𝑎 → 𝑎), we infer not only the type
abstraction of 𝑎, but also the modality introduction of [log]. As another example, for
the application run idlog where run : (Int → Int) → Int and idlog : ∀𝑎.[log](𝑎 → 𝑎),
we not only infer the instantiation of 𝑎 to Int, but also the elimination of the modality
[log]. Usual bidirectional type systems, such as the one proposed in Tang et al. [2025],
can neatly infer such implicit introduction and elimination of modalities, but only in a
simply-typed setting.

Incorporating modal instantiation is challenging, for the same reason that incorporat-
ing polymorphic instantiation in FCP is. We must avoid guessing arbitrary modal types
for instantiation. Otherwise, for instance, single ilog where ilog : [log](Int → Int)
would have two possible types List ([log](Int → Int)) and [log](List (Int → Int))
with no best choice.

Mixing different directions of information flow plays an important role in inferring
modal instantiation, as it does in inferring polymorphic instantiation. It is particularly
desirable for modal effect types. A typical pattern of effectful programming is that given
a polymorphic effect handler ℎ : ∀𝑎.⟨𝐸⟩(1 → 𝐴) → 𝐵 for some effect 𝐸 and types 𝐴
and 𝐵 (the modality ⟨𝐸⟩ attaches to the argument type), we want to apply this handler
to a suspended computation 𝜆𝑥.𝑀 to handle the effects used in 𝑀. In order to type
ℎ (𝜆𝑥.𝑀), the information should first flow from the argument 𝜆𝑥.𝑀 to the function ℎ
for instantiation of 𝑎, then flow back to the argument to introduce the modality ⟨𝐸⟩.

10.2 A haunted bidirectional type system with modal effects

We present a declarative type system for Maetel based on the declarative type system
of Fresco in Chapter 8. For brevity, we only consider the core features of Met from
Chapter 4 plus polymorphism for value types from Section 5.4. Other extensions are
more routine; we will discuss some of them in Section 10.4.
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10.2.1 Syntax

Figure 10.1 gives the syntax of Maetel. It extends Fresco syntax with modal effect types,
including extensions, effect contexts, modalities, kinds, locks, and term constructs for
invoking and handling effects. We may omit the kind of a type variable when it is Any.
The mode theory remains unchanged from that of Met in Section 4.3.

Types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼𝐾 .𝐴 | 𝜇𝐴

Synthesised types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼𝐾 .𝐴 | 𝜇𝐴

Inherited types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼𝐾 .𝐴 | 𝜇𝐴

Bidirectional types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼𝐾 .𝐴 | ∀𝛼𝐾 .𝐴 | 𝜇𝐴 | 𝜇𝐴

Skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼𝐾 .𝑃 | 𝜇𝑃 | | ∀ .𝑃

Synthesised skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼𝐾 .𝑃 | 𝜇𝑃 | | ∀ .𝑃

Inherited skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼𝐾 .𝑃 | 𝜇𝑃 | | ∀ .𝑃

Bidirectional skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼𝐾 .𝑃 | ∀𝛼𝐾 .𝑃 | 𝜇𝑃 | 𝜇𝑃 | | ∀ .𝑃

Extensions 𝐷 ::= · | ℓ , 𝐷
Effect contexts 𝐸, 𝐹 ::= · | ℓ , 𝐸
Modalities 𝜇, 𝜈 ::= [𝐸] | ⟨𝐷⟩
Kinds 𝐾 ::= Abs | Any
Telescopes 𝜌 ::= · | ∀𝛼𝐾 .𝜌 | 𝜇𝜌
Modes m ::= I | C | F m

Terms 𝑀, 𝑁 ::= () | 𝑥 | 𝜆𝑥.𝑀 | 𝜆𝑥𝐴.𝑀 | 𝑀 𝑁
| 𝑀 : 𝐴 | ⌈𝑀⌉
| do ℓ 𝑀 | handle𝑀 with𝐻

Handlers 𝐻 ::= {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖
Values 𝑉 ::= () | 𝑥 | 𝜆𝑥.𝑀 | 𝜆𝑥𝐴.𝑀 | 𝑉 : 𝐴
Contexts Γ ::= · | Γ, 𝛼 : 𝐾 | Γ, 𝑥 : 𝐴 | Γ,µ𝜇

Figure 10.1: Syntax of Maetel.

We colour modalities in the same way as quantifiers. Thus, a synthesised or inherited
type has all quantifiers and modalities in the corresponding colour. A bidirectional type
may mix the two colours. Skeletons are also extended with modalities 𝜇𝑃. A universal
ghost ∀ now represents both unknown quantifiers and unknown modalities.

The kinding relation for types is unchanged from Met. For coloured types, we simply
ignore colours. Figure 10.2 gives kinding and refinement for skeletons. The kinding
relation combines kinding of types in Metwith well-formedness of skeletons in Fresco.
We highlight rules relevant to modalities and ghosts. The rules for modalities follow the
kinding rules of Met. The most interesting rules are for ghosts. An ordinary ghost has
kind Any. A universal ghost preserves the kind of its body, which must be guarded and
independent of the variables bound by the skeleton as required in Fresco. As a result,
we can preserve the kind of a skeleton regardless of how it is refined later. Refinement
may refine a skeleton of kind Any to one of kind Abs, which is also of kind Any.
One main difference from Met is that since modality eliminations are implicit in

Maetel, variable bindings in contexts do not need to carry modality indices any more.
Instead, for a variable binding 𝑥 : 𝐴, all top-level modalities of 𝐴 can be implicitly
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10 Inferring modal effect types

Γ | Δ ⊢ 𝑃 : 𝐾

Γ | Δ ⊢ : Any Γ | Δ ⊢ 1 : Abs
Γ | Δ ⊢ 𝑃 : Abs
Γ | Δ ⊢ 𝑃 : Any

Γ ∋ 𝛼 : 𝐾
Γ | Δ ⊢ 𝛼 : 𝐾

Γ | Δ ⊢ 𝑃 : Any Γ | Δ ⊢ 𝑄 : Any
Γ | Δ ⊢ 𝑃 → 𝑄 : Any

Γ, 𝛼 : 𝐾 | Δ, 𝛼 ⊢ 𝑃 : 𝐾′

Γ | Δ ⊢ ∀𝛼𝐾 .𝑃 : 𝐾′
Γ ⊢ [𝐸] Γ | Δ ⊢ 𝑃 : Any

Γ | Δ ⊢ [𝐸]𝑃 : Abs

Γ ⊢ ⟨𝐷⟩ Γ | Δ ⊢ 𝑃 : 𝐾
Γ | Δ ⊢ ⟨𝐷⟩ 𝑃 : 𝐾

𝑃 guarded Γ \ Δ | · ⊢ 𝑃 : 𝐾
Γ | Δ ⊢ ∀ .𝑃 : 𝐾

Γ | Δ ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ 1 ▶ 1 Γ | Δ ⊢ 𝛼 ▶ 𝛼

Γ | Δ ⊢ 𝑃1 ▶ 𝑄1 Γ | Δ ⊢ 𝑃2 ▶ 𝑄2

Γ | Δ ⊢ 𝑃1 → 𝑃2 ▶ 𝑄1 → 𝑄2

Γ, 𝛼 : 𝐾 | Δ, 𝛼 ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀𝛼𝐾 .𝑃 ▶ ∀𝛼𝐾 .𝑄
Γ | Δ ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ 𝜇𝑃 ▶ 𝜇𝑄

Δ ∩ ftv(𝑄) = ∅
Γ | Δ ⊢ ▶ 𝑄

Γ | Δ ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀ .𝑃 ▶ 𝑄

Γ, 𝛼 : 𝐾 | Δ ⊢ ∀ .𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀ .𝑃 ▶ ∀𝛼𝐾 .𝑄
Γ | Δ ⊢ ∀ .𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀ .𝑃 ▶ 𝜇𝑄

Γ | Δ ⊢ 𝑃 ▶ 𝑄

Γ | Δ ⊢ ∀ .𝑃 ▶ ∀ .𝑄

Figure 10.2: Kinding and refinement rules for skeletons in Maetel.

eliminated as necessary when using 𝑥. An elaboration process, which we will discuss
in Section 10.5.2, can reintroduce let mod terms for explicit elimination.
A telescope 𝜌 records a sequence of quantifiers and modalities. For 𝑃 ranging over

types and skeletons, telescope application 𝜌{𝑃} is defined as follows.

·{𝑃} = 𝑃 (∀𝛼𝐾 .𝜌){𝑃} = ∀𝛼𝐾 .𝜌{𝑃} (𝜇𝜌){𝑃} = 𝜇𝜌{𝑃}

We introduce some conventions for writing telescopes. As usual, we write ∀𝛼𝐾 for a
telescope consisting of a sequence of quantifiers, and write ∀𝛼𝐾 .𝐴 for the type ∀𝛼𝐾{𝐴}.
Similarly, we write 𝜇 for a telescope consisting of a sequence of modalities, and write 𝜇𝐴
for the type 𝜇{𝐴}. For brevity, we also write 𝜇 in places where a modality is expected,
by which we mean the modality derived by composing the sequence of modalities in 𝜇

starting with the identity modality ⟨⟩.

10.2.2 Typing and skeleton inference

Figure 10.3 gives the declarative typing rules for Maetel. The typing judgement has the
form Γ ⊢m 𝑀 : 𝐴 @𝐸. It extends the judgement of Fresco with an ambient effect context
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10.2 A haunted bidirectional type system with modal effects

𝐸. We require the usual well-formedness conditions from Fresco and Met. Most typing
rules are inherited from Fresco by adding the same effect context 𝐸 to the premises and
conclusion. We highlight rules that are new or changed.

Γ ⊢ 𝐴⇒ (𝜈, 𝐵)

Γ ⊢ 𝐴 : Abs
Γ ⊢ 𝐴⇒ (𝜈, 𝐴)

Γ ⊬ 𝐴 : Abs 𝐴 = 𝜇𝐵 𝐵 non-modal 𝜈\𝜇 = 𝜁

Γ ⊢ 𝐴⇒ (𝜈, 𝜁𝐵)

Γ ⊢m 𝑀 : 𝐴 @𝐸

D-Unit

Γ ⊢I () : 1 @𝐸

D-Var
Γ0 ⊢ 𝐴⇒ (locks(Γ1), 𝐵)
Γ0 , 𝑥 : 𝐴, Γ1 ⊢I 𝑥 : 𝐵 @𝐸

D-Anno
Γ ⊢C 𝑀 : 𝐴 @𝐸

Γ ⊢I (𝑀 : 𝐴) : 𝐴 @𝐸

D-Sub
Γ ⊢I 𝑀 : 𝐴 @𝐸 Γ ⊢m 𝐴 ⩽ 𝐵 @𝐸

Γ ⊢m 𝑀 : 𝐵 @𝐸

D-Freeze
Γ ⊢I 𝑀 : 𝐴 @𝐸
Γ ⊢C ⌈𝑀⌉ : 𝐴 @𝐸

D-Telescope
𝜌{Γ} ⊢C 𝑉 : 𝐴 @ 𝜌{𝐸}
Γ ⊢C 𝑉 : 𝜌{𝐴} @𝐸

D-Abs
Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵 @𝐸
Γ ⊢m 𝜆𝑥.𝑀 : 𝐴→ 𝐵 @𝐸

D-AbsAnno
Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵 @𝐸

Γ ⊢m 𝜆𝑥𝐴.𝑀 : 𝐴→ 𝐵 @𝐸

D-App
Γ ⊢C 𝑁⇒⇒ 𝑃 Γ ⊢ 𝑃 ▶ 𝐴

Γ ⊢F m 𝑀 : 𝐴→ 𝐵 @𝐸 Γ ⊢C 𝑁 : 𝐴 @𝐸
Γ ⊢m 𝑀 𝑁 : 𝐵 @𝐸

D-Do
Σ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢C 𝑀 : 𝐴 @ ℓ , 𝐸

Γ ⊢I do ℓ 𝑀 : 𝐵 @ ℓ , 𝐸

D-Handle
𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢I 𝑀 : 𝐴 @𝐷, 𝐸 Γ, 𝑥 : ⟨𝐷⟩𝐴 ⊢m 𝑁 : 𝐵 @𝐸

[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢m 𝑁𝑖 : 𝐵 @𝐸 ]𝑖
Γ ⊢m handle𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @𝐸

Figure 10.3: Declarative typing rules for Maetel.

Rule D-Telescope generalises rule D-Forall of Fresco. It introduces any sequence of
quantifiers and modalities described by a telescope 𝜌. To state this rule, we define the
applications of a telescope to a typing context and an effect context as follows.

·{Γ} = Γ ·{𝐸} = 𝐸

(∀𝛼𝐾 .𝜌){Γ} = 𝜌{Γ, 𝛼 : 𝐾} (∀𝛼𝐾 .𝜌){𝐸} = 𝜌{𝐸}
(𝜇𝜌){Γ} = 𝜌{Γ,µ𝜇} (𝜇𝜌){𝐸} = 𝜌{𝜇(𝐸)}

Both applications are defined only if the inputs are well-formed. A quantifier extends
the typing context but does not change the effect context. A modality adds a lock and
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10 Inferring modal effect types

transforms the effect context. As with rule D-Forall of Fresco and T-Mod of Met, rule
D-Telescope is restricted to values.
Rule D-Var is the most interesting rule. It differs from that of Fresco because locks

control variable access. For a context Γ0 , 𝑥 : 𝐴, Γ1, in order to use 𝑥, we need to properly
eliminate the top-level modalities of 𝐴 so that 𝑥 can go across the locks in Γ1. We define
an across judgement Γ ⊢ 𝐴⇒ (𝜈, 𝐵)which gives a type 𝐵 for 𝑥 after crossing the locks in
Γ1 with 𝜈 = locks(Γ1). If 𝐴 has kind Abs, we can cross any modality 𝜈 without changing
the type. Otherwise, we take all top-level modalities 𝜇 of 𝐴, and calculate the right
residual 𝜁 = 𝜈\𝜇 for the output type following Tang et al. [2025]. The side condition
𝐵 non-modal indicates that 𝐵 has no top-level modalities. The right residual operator is
defined as follows.

𝜈\[𝐸] = [𝐸]
⟨𝐷′⟩\⟨𝐷⟩ = ⟨𝐷′′⟩ if 𝐷 ≡ 𝐷′′, 𝐷′

Intuitively, the right residual 𝜁 = 𝜈\𝜇 gives the best modality 𝜁 after crossing 𝜈 from
𝜇. First, we have Γ ⊢ 𝜇 ⇒ 𝜈 ◦ 𝜁 @ 𝐹, which shows that 𝜁 is sufficient to cross 𝜈 from
𝜇. Second, for any Γ ⊢ 𝜇 ⇒ 𝜈 ◦ 𝜉 @ 𝐹, we have Γ ⊢ 𝜁 ⇒ 𝜉 @ 𝜈(𝐹), which shows that
𝜁 is as good as any other remaining modality since it can be further transformed to
it. For example, suppose 𝑓 : ⟨log, yield⟩(1 → 1) is bound outside a handler for yield.
Inside the handler, accessing 𝑓 crosses the lock µ⟨yield⟩ introduced by the handler. Since
⟨yield⟩\⟨log, yield⟩ = ⟨log⟩, rule D-Var gives 𝑓 the type ⟨log⟩(1 → 1).

Rules D-Do and D-Handle extend the corresponding typing rules of Metwith modes
and colours. Rule D-Do requires the inference mode; we can apply D-Sub for other
modes. Rule D-Handle infers the type of the handled computation 𝑀, and checks all
handler clauses against the same result type 𝐵 in the same mode m.

As in Section 8.4, the typing rules here are not syntax-directed because of the overlaps
introduced by D-Sub and D-Telescope. We incorporate both rules into other rules to
obtain a syntax-directed type system. The full syntax-directed typing rules are given in
Figure 10.4, where the rules that differ from Fresco are highlighted.
Concretely, we incorporate D-Sub into SD-Unit, SD-Var, SD-Anno, and SD-Do.

We incorporate D-Telescope into the two abstraction rules in checking mode, giving
SD-AbsCheck and SD-AbsAnnoCheck. These two rules generalise their Fresco
counterparts by allowing introduction of both quantifiers and modalities.

Figure 10.5 gives the skeleton inference rules for Maetel, which correspond one-to-one
with the syntax-directed typing rules in Figure 10.4. The skeleton inference judgement
has the same form Γ ⊢m 𝑀⇒⇒ 𝑃 as in Fresco with the same well-formedness conditions.
As in Fresco, we extend variable bindings 𝑥 : 𝐴 in contexts to 𝑥 : 𝑃 for skeleton inference.

Unlike typing, skeleton inference does not take an effect context and ignores locks
in Γ when accessing variables. This is because rules P-AbsCheck and P-AbsAnnoCheck
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10.2 A haunted bidirectional type system with modal effects

Γ ⊢m 𝑀 : 𝐴 @𝐸

SD-Unit
Γ ⊢m 1 ⩽ 𝐴 @𝐸
Γ ⊢m () : 𝐴 @𝐸

SD-Var
Γ0 ⊢ 𝐴⇒ (locks(Γ1), 𝐵)

Γ0 , 𝑥 : 𝐴, Γ1 ⊢m 𝐵 ⩽ 𝐵′ @𝐸
Γ0 , 𝑥 : 𝐴, Γ1 ⊢m 𝑥 : 𝐵′ @𝐸

SD-Anno
Γ ⊢C 𝑀 : 𝐴 @𝐸
Γ ⊢m 𝐴 ⩽ 𝐵 @𝐸

Γ ⊢m (𝑀 : 𝐴) : 𝐵 @𝐸

SD-Freeze
Γ ⊢I 𝑀 : 𝐴 @𝐸
Γ ⊢C ⌈𝑀⌉ : 𝐴 @𝐸

SD-AbsCheck
𝜌{Γ}, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵 @ 𝜌{𝐸}
Γ ⊢C 𝜆𝑥.𝑀 : 𝜌{𝐴→ 𝐵} @𝐸

SD-Abs
m ≠ C Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵 @𝐸

Γ ⊢m 𝜆𝑥.𝑀 : 𝐴→ 𝐵 @𝐸

SD-AbsAnnoCheck
𝜌{Γ}, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵 @ 𝜌{𝐸}
Γ ⊢C 𝜆𝑥𝐴.𝑀 : 𝜌{𝐴→ 𝐵} @𝐸

SD-AbsAnno
m ≠ C Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵 @𝐸

Γ ⊢m 𝜆𝑥𝐴.𝑀 : 𝐴→ 𝐵 @𝐸

SD-App
Γ ⊢C 𝑁⇒⇒ 𝑃 Γ ⊢ 𝑃 ▶ 𝐴

Γ ⊢F m 𝑀 : 𝐴→ 𝐵 @𝐸 Γ ⊢C 𝑁 : 𝐴 @𝐸
Γ ⊢m 𝑀 𝑁 : 𝐵 @𝐸

SD-Do
Σ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢C 𝑀 : 𝐴 @ ℓ , 𝐸

Γ ⊢m 𝐵 ⩽ 𝐵′ @ ℓ , 𝐸
Γ ⊢m do ℓ 𝑀 : 𝐵′ @ ℓ , 𝐸

SD-Handle
𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢I 𝑀 : 𝐴 @𝐷, 𝐸

Γ, 𝑥 : ⟨𝐷⟩𝐴 ⊢m 𝑁 : 𝐵 @𝐸 [Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢m 𝑁𝑖 : 𝐵 @𝐸 ]𝑖
Γ ⊢m handle𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @𝐸

Figure 10.4: Syntax-directed typing rules for Maetel.

Γ ⊢m 𝑀⇒⇒ 𝑃

P-Unit
Γ ⊢skm 1 ⩽ 𝑃
Γ ⊢m ()⇒⇒ 𝑃

P-Var
Γ ∋ 𝑥 : 𝑃 Γ ⊢skm 𝑃 ⩽ 𝑄

Γ ⊢m 𝑥⇒⇒ 𝑄

P-Anno
Γ ⊢skm 𝐴 ⩽ 𝑃

Γ ⊢m (𝑀 : 𝐴)⇒⇒ 𝑃

P-Freeze
Γ ⊢I 𝑀⇒⇒ 𝑃

Γ ⊢C ⌈𝑀⌉⇒⇒ 𝑃

P-AbsCheck
Γ, 𝑥 : ⊢C 𝑀⇒⇒ 𝑄

Γ ⊢C 𝜆𝑥.𝑀⇒⇒ ∀ . → 𝑄

P-Abs
m ≠ C Γ, 𝑥 : 𝑃 ⊢m− 𝑀⇒⇒ 𝑄

Γ ⊢m 𝜆𝑥.𝑀⇒⇒ 𝑃 → 𝑄

P-AbsAnnoCheck
Γ, 𝑥 : 𝐴 ⊢C 𝑀⇒⇒ 𝑄

Γ ⊢C 𝜆𝑥𝐴.𝑀⇒⇒ ∀ .𝐴→ 𝑄

P-AbsAnno
m ≠ C Γ, 𝑥 : 𝐴 ⊢m− 𝑀⇒⇒ 𝑄

Γ ⊢m 𝜆𝑥𝐴.𝑀⇒⇒ 𝐴→ 𝑄

P-App
Γ ⊢C 𝑁⇒⇒ 𝑃 Γ ⊢ 𝑃 ▶ 𝑃′ Γ ⊢F m 𝑀⇒⇒ 𝑃′ → 𝑄

Γ ⊢m 𝑀 𝑁⇒⇒ 𝑄

P-Do
Σ ∋ ℓ : 𝐴↠ 𝐵

Γ ⊢skm 𝐵 ⩽ 𝑃

Γ ⊢m do ℓ 𝑀⇒⇒ 𝑃

P-Handle
𝐷 = ℓ𝑖 Γ ⊢I 𝑀⇒⇒ 𝑃 Γ, 𝑥 : ⟨𝐷⟩𝑃 ⊢m 𝑁⇒⇒ 𝑄

[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝑄 ⊢m 𝑁𝑖⇒⇒ 𝑄 ]𝑖
Γ ⊢m handle𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖⇒⇒ 𝑄

Figure 10.5: Skeleton inference rules for Maetel.
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10 Inferring modal effect types

introduce universal ghosts which may represent any modalities. As a result, even if
we tracked effect contexts, we would not know what the effect context for the premise
should be andwhich lock to introduce. Since we do not track effect contexts or introduce
locks in rules P-AbsCheck and P-AbsAnnoCheck, rule P-Var reads the skeleton stored
in the context without using the across judgement. Another option is to introduce ghosts
into locks and effect contexts, so that for rules P-AbsCheck and P-AbsAnnoCheck, we
can introduce µ and set the effect context to for the premises. We leave this as future
work.

Freezing interacts with modal types in an interesting way during skeleton inference.
In short, for 𝑥 : 𝐴, the frozen term ⌈𝑥⌉ makes sure that the skeleton must be the type 𝐴
as if the variable were not influenced by any locks in the context and any input type.
This behaviour is consistent with the fact that during skeleton inference, we do not
know which potential modalities may be introduced.

10.2.3 Subtyping and consistency

As in Fresco, we introduce decorated types which attach tags to quantifiers and modal-
ities. Figure 10.6 gives the syntax and well-formedness rules for types with tags. These
provenance tags ensure that subtyping does not guess quantifiers or modalities out of
thin air.

Decorated types 𝜑 ::= 1 | 𝛼 | 𝜑1 → 𝜑2 | ∀𝜖𝛼𝐾 .𝜑 | 𝜇𝜖𝜑

Unresolved types 𝑇 ::= 1 | 𝛼 | 𝑇1 → 𝑇2 | ∀𝛿𝛼𝐾 .𝑇 | 𝜇𝛿𝑇

Tag contexts Ψ ::= · | Ψ, 𝜖
Potential tags 𝛿 ::= · | 𝜖
Tags 𝜖

Γ ⊢ 𝜑 # Ψ : 𝐾 𝜑 # Ψ

Γ ⊢ 𝜑 : 𝐾 𝜑 # Ψ

Γ ⊢ 𝜑 # Ψ : 𝐾 1 # · 𝛼 # ·
𝜑1 # Ψ 𝜑2 # Ψ′

𝜑1 → 𝜑2 # Ψ ⊎Ψ′

𝜑 # Ψ

∀𝜖𝛼𝐾 .𝜑 # Ψ ⊎ {𝜖}
𝜑 # Ψ

𝜇𝜖𝜑 # Ψ ⊎ {𝜖}

Figure 10.6: Syntax and well-formedness rules for tagged types in Maetel.

A decorated type 𝜑 has a tag on every quantifier and modality. An unresolved type
𝑇 may have these tags on some of its quantifiers and modalities. As in Fresco, a tag
contextΨ is a set of tags, and a potential tag 𝛿 is either a tag or empty. The judgement
Γ ⊢ 𝜑 # Ψ : 𝐾 combines the kinding judgement Γ ⊢ 𝜑 : 𝐾 with 𝜑 # Ψ, which requiresΨ
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10.2 A haunted bidirectional type system with modal effects

to contain every tag in 𝜑 exactly once. We say that a type is guarded if it has no top-level
quantifier or modality.

Figure 10.7 gives the full subtyping and consistency rules. We highlight the rules
about modalities.

Ψ | Γ ⊢m 𝑇 ⩽ 𝐴 @𝐸

S-Infer
· | Γ ⊢ 𝑇 ∼ 𝐴

· | Γ ⊢I 𝑇 ⩽ 𝐴 @𝐸

S-Check
𝑇, 𝐴 guarded Ψ | Γ ⊢ 𝑇 ∼ 𝐴

Ψ | Γ ⊢C 𝑇 ⩽ 𝐴 @𝐸

S-ForallR
Ψ | Γ, 𝛼 : 𝐾 ⊢C 𝑇 ⩽ 𝐴 @𝐸
Ψ | Γ ⊢C 𝑇 ⩽ ∀𝛼𝐾 .𝐴 @𝐸

S-Arrow
Ψ1 | Γ ⊢ 𝑇1 ∼ 𝐴1 Ψ2 | Γ ⊢m 𝑇2 ⩽ 𝐴2 @𝐸
Ψ1 ,Ψ2 | Γ ⊢F m 𝑇1 → 𝑇2 ⩽ 𝐴1 → 𝐴2 @𝐸

S-ForallL
m ≠ I Ψ′ fresh Γ ⊢ 𝜑 # Ψ′ : 𝐾

Ψ,Ψ′ | Γ ⊢m 𝑇[𝜑/𝛼] ⩽ 𝐴 @𝐸
Ψ | Γ ⊢m ∀𝛿𝛼𝐾 .𝑇 ⩽ 𝐴 @𝐸

S-ModCheck
Γ ⊢ (𝜈, 𝑇) ⇒ 𝜇 @𝐸 Ψ | 𝜇{Γ} ⊢C 𝑇 ⩽ 𝐴 @𝜇{𝐸}

Ψ | Γ ⊢C 𝜈𝛿𝑇 ⩽ 𝜇𝐴 @𝐸

S-ModFun
Γ ⊢ (𝜈, 𝑇) ⇒ ⟨⟩ @𝐸 Ψ | Γ ⊢F m 𝑇 ⩽ 𝐴 @𝐸

Ψ | Γ ⊢F m 𝜈𝛿𝑇 ⩽ 𝐴 @𝐸

Ψ | Γ ⊢ 𝑇 ∼ 𝐴

C-Unit

· | Γ ⊢ 1 ∼ 1

C-Var
Γ ∋ 𝛼 : 𝐾

· | Γ ⊢ 𝛼 ∼ 𝛼

C-ForallInh
Ψ | Γ, 𝛼 : 𝐾 ⊢ 𝑇 ∼ 𝐴

Ψ, 𝛿 | Γ ⊢ ∀𝛿𝛼𝐾 .𝑇 ∼ ∀𝛼𝐾 .𝐴

C-ForallSyn
Ψ | Γ, 𝛼 : 𝐾 ⊢ 𝑇 ∼ 𝐴

Ψ | Γ ⊢ ∀𝛿𝛼𝐾 .𝑇 ∼ ∀𝛼𝐾 .𝐴

C-ModInh
Ψ | Γ ⊢ 𝑇 ∼ 𝐴

Ψ, 𝛿 | Γ ⊢ 𝜇𝛿𝑇 ∼ 𝜇𝐴

C-ModSyn
Ψ | Γ ⊢ 𝑇 ∼ 𝐴

Ψ | Γ ⊢ 𝜇𝛿𝑇 ∼ 𝜇𝐴

C-Arrow
Ψ1 | Γ ⊢ 𝑇1 ∼ 𝐴1 Ψ2 | Γ ⊢ 𝑇2 ∼ 𝐴2

Ψ1 ,Ψ2 | Γ ⊢ 𝑇1 → 𝑇2 ∼ 𝐴1 → 𝐴2

Figure 10.7: Subtyping and consistency rules for Maetel.

The subtyping judgement has the form Ψ | Γ ⊢m 𝑇 ⩽ 𝐴 @𝐸. As with typing,
it extends the subtyping judgement of Fresco with an ambient effect context. The
subtyping judgement states that, given tags Ψ under Γ in mode m and effect context
𝐸, the unresolved type 𝑇 is a subtype of 𝐴. We require standard well-scopedness and
compatibility between 𝐴 and m. The consistency judgementΨ | Γ ⊢ 𝑇 ∼ 𝐴 states that,
given tagsΨ under Γ, the unresolved type 𝑇 is consistent with 𝐴. It does not depend on
an effect context. As in Fresco,Ψ contains only the tags determined by 𝐴, rather than
all tags in 𝑇.

The rules for quantifiers and functions follow Fresco, with kind annotations added to
quantifiers. Rule S-ModCheck introduces, eliminates, or replaces a modality sequence
when the transformation judgement holds. Its premise checks the bodies under 𝜇{Γ} at
𝜇{𝐸}. Rule S-ModFun removes a modality sequence from the left-hand side in function
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10 Inferring modal effect types

mode. Neither rule determines modality tags, since modality transformation does not
determine a unique modality on the left-hand side. The two highlighted consistency
rules are the modal counterparts of C-ForallInh and C-ForallSyn. Rule C-ModInh
solves the tag of an inherited modality, whereas C-ModSyn does not solve the tag of a
synthesised modality.
As in Fresco, decorated and unresolved skeletons extend their type counterparts

with ghosts. Figure 10.8 gives their full syntax and well-formedness rules. The tag
judgements for skeletons are defined in the same way as those for types. The additional
rules account for dotted ghosts. They have the same role as in Fresco.

Decorated skeletons 𝜓 ::= 1 | 𝛼 | 𝜓1 → 𝜓2 | ∀𝜖𝛼𝐾 .𝜓 | 𝜇𝜖𝜓 | | ∀ .𝜓

Unresolved skeletons 𝑆 ::= 1 | 𝛼 | 𝑆1 → 𝑆2 | ∀𝛿𝛼𝐾 .𝑆 | 𝜇𝛿𝑆 | | | ∀ .𝑆 | ∀ .𝑆

Guarded skeletons 𝑅 ::= 1 | 𝛼 | 𝑃 → 𝑄
Guarded unresolved skeletons 𝑉 ::= 1 | 𝛼 | 𝑆1 → 𝑆2

Γ ⊢ 𝜓 # Ψ : 𝐾 𝜓 # Ψ

Γ ⊢ 𝜓 : 𝐾 𝜓 # Ψ

Γ ⊢ 𝜓 # Ψ : 𝐾 1 # · 𝛼 # ·
𝜓1 # Ψ 𝜓2 # Ψ′

𝜓1 → 𝜓2 # Ψ ⊎Ψ′
𝜓 # Ψ

∀𝜖𝛼𝐾 .𝜓 # Ψ ⊎ {𝜖}

𝜓 # Ψ

𝜇𝜖𝜓 # Ψ ⊎ {𝜖} # ·
𝜓 # Ψ

∀ .𝜓 # Ψ

Figure 10.8: Syntax and well-formedness rules for tagged skeletons in Maetel.

Figure 10.9 gives the full skeleton subtyping and consistency rules. Most rules follow
their counterparts in Fresco. The highlighted rules extend them with modalities.
The skeleton subtyping judgement states that, given tagsΨ under Γ in mode m, the

unresolved skeleton 𝑆 is a subtype of 𝑃. The skeleton consistency judgement states that,
given tagsΨ under Γ, the unresolved skeleton 𝑆 is consistent with 𝑃.

Rule S-Mod removes arbitrary modality sequences from both sides outside inference
mode, without determining their tags. It has no modality-transformation premise
because skeleton subtyping does not care about whether the transformation holds. Rule
C-UnivGhostMod additionally matches a universal ghost with an inherited modality
while retaining the ghost in its premise.
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Ψ | Γ ⊢skm 𝑆 ⩽ 𝑃

S-Infer
· | Γ ⊢ 𝑆 ∼ 𝑃
· | Γ ⊢skI 𝑆 ⩽ 𝑃

S-UnivGhostR
𝑆, 𝑃 guarded · | Γ ⊢ 𝑆 ∼ 𝑃

· | Γ ⊢skC 𝑆 ⩽ ∀ .𝑃

S-Ghost

· | Γ ⊢skm ⩽ 𝑃

S-GhostG

· | Γ ⊢skm ⩽

S-Mod
m ≠ I Ψ | Γ ⊢skm 𝑆 ⩽ 𝑃

Ψ | Γ ⊢skm 𝜇𝛿
𝑆 ⩽ 𝜈 𝑃

S-Arrow
Ψ1 | Γ ⊢ 𝑆1 ∼ 𝑃1 Ψ2 | Γ ⊢skm 𝑆2 ⩽ 𝑃2

Ψ1 ,Ψ2 | Γ ⊢skF m 𝑆1 → 𝑆2 ⩽ 𝑃1 → 𝑃2

S-ForallL
m ≠ I 𝐾 ∈ {Abs, Any} Ψ′ fresh Γ ⊢ 𝜓 # Ψ′ : 𝐾 Ψ,Ψ′ | Γ ⊢skm 𝑆[𝜓/𝛼] ⩽ 𝑃

Ψ | Γ ⊢skm ∀𝛿𝛼𝐾 .𝑆 ⩽ 𝑃

S-UnivGhostL
m ≠ I Ψ | Γ ⊢skm 𝑆 ⩽ 𝑃

Ψ | Γ ⊢skm ∀ .𝑆 ⩽ 𝑃

S-UnivGhostLG
m ≠ I Ψ | Γ ⊢skm 𝑆 ⩽ 𝑃

Ψ | Γ ⊢skm ∀ .𝑆 ⩽ 𝑃

Ψ | Γ ⊢ 𝑆 ∼ 𝑃

C-Unit

· | Γ ⊢ 1 ∼ 1

C-Var
Γ ∋ 𝛼 : 𝐾

· | Γ ⊢ 𝛼 ∼ 𝛼

C-ForallInh
Ψ | Γ, 𝛼 : 𝐾 ⊢ 𝑆 ∼ 𝑃

Ψ, 𝛿 | Γ ⊢ ∀𝛿𝛼𝐾 .𝑆 ∼ ∀𝛼𝐾 .𝑃

C-ForallSyn
Ψ | Γ, 𝛼 : 𝐾 ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ ∀𝛿𝛼𝐾 .𝑆 ∼ ∀𝛼𝐾 .𝑃

C-ModInh
Ψ | Γ ⊢ 𝑆 ∼ 𝑃

Ψ, 𝛿 | Γ ⊢ 𝜇𝛿𝑆 ∼ 𝜇𝑃

C-ModSyn
Ψ | Γ ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ 𝜇𝛿𝑆 ∼ 𝜇𝑃

C-Arrow
Ψ1 | Γ ⊢ 𝑆1 ∼ 𝑃1 Ψ2 | Γ ⊢ 𝑆2 ∼ 𝑃2
Ψ1 ,Ψ2 | Γ ⊢ 𝑆1 → 𝑆2 ∼ 𝑃1 → 𝑃2

C-Ghost

· | Γ ⊢ ∼ 𝑃

C-GhostG

· | Γ ⊢ ∼

C-UnivGhostG
Ψ | Γ ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ ∀ .𝑆 ∼ ∀ .𝑃

C-UnivGhost
Ψ | Γ ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ ∀ .𝑆 ∼ ∀ .𝑃

C-UnivGhost1
Ψ | Γ, 𝛼 : 𝐾 ⊢ ∀ .𝑆 ∼ 𝑃
Ψ | Γ ⊢ ∀ .𝑆 ∼ ∀𝛼𝐾 .𝑃

C-UnivGhostMod
Ψ | Γ ⊢ ∀ .𝑆 ∼ 𝑃
Ψ | Γ ⊢ ∀ .𝑆 ∼ 𝜇𝑃

C-UnivGhost2
Ψ | Γ ⊢ 𝑆 ∼ 𝑃

Ψ | Γ ⊢ ∀ .𝑆 ∼ 𝑃

Figure 10.9: Skeleton subtyping and consistency rules for Maetel.

10.3 Type inference algorithm

We sketch how the type inference algorithm can be extended for Maetel. We leave a full
formalisation of the type inference algorithm and its metatheory for future work.

10.3.1 Algorithmic syntax and kinding

Algorithmic syntax. Figure 10.10 gives the algorithmic syntax of Maetel. It extends
the syntax of Fresco in Figure 9.1 with the highlighted forms. In particular, types include
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10 Inferring modal effect types

modalities, rigid and flexible type variables carry kinds, and algorithmic contexts
contain locks. Flexible type variables still range over monotypes, so the algorithm does
not guess modalities.

Types 𝐴, 𝐵 ::= 1 | 𝛼 | 𝐴→ 𝐵 | ∀𝛼𝐾 .𝐴 | 𝜇𝐴 | 𝛼̂
Monotypes 𝜏,𝜋 ::= 1 | 𝛼 | 𝜏 → 𝜋 | 𝛼̂
Skeletons 𝑃, 𝑄 ::= 1 | 𝛼 | 𝑃 → 𝑄 | ∀𝛼𝐾 .𝑃 | 𝜇𝑃 | 𝛼̂ | | ∀ .𝑃

Kinds 𝐾 ::= Abs | Any
Extensions 𝐷 ::= · | ℓ , 𝐷
Effect contexts 𝐸, 𝐹 ::= · | ℓ , 𝐸
Modalities 𝜇, 𝜈 ::= [𝐸] | ⟨𝐷⟩
Entries 𝑒 ::= 𝛼 : 𝐾 | 𝑥 : 𝑃 | 𝛼̂ : 𝐾 | 𝛼̂ ≔ 𝜏 | µ𝜇

Algorithmic contexts Θ ::= · | Θ, 𝑒
Suffixes Ξ ::= · | Ξ, 𝛼̂ : 𝐾 | Ξ, 𝛼̂ ≔ 𝜏

Figure 10.10: Algorithmic syntax of Maetel.

The well-formedness and metasubstitution rules of Fresco extend to the new syntax
in the standard way. Before assigning a solution to 𝛼̂ : 𝐾, the algorithm checks that
the solution has kind 𝐾. The solved entry 𝛼̂ ≔ 𝜏 does not retain 𝐾, since any required
kind of 𝛼̂ can then be checked against 𝜏. Locks are preserved by metasubstitution. Since
every type of kind Abs also has kind Any, an information increase may change the kind
of an unsolved flexible type variable from Any to Abs.

Algorithmic kinding. Algorithmic kinding has the form Θ0 ⊢ 𝑃 : 𝐾 ⊣ Θ1, where Θ1

is an output context and the other components are inputs. Most of its rules follow the
declarative kinding rules in Figure 10.2 and thread the context through their premises.
The only new rules concern flexible type variables, as shown in Figure 10.11.

Θ0 ⊢ 𝑃 : 𝐾 ⊣ Θ1

K-FlexAny
Θ ∋ 𝛼̂ : 𝐾

Θ ⊢ 𝛼̂ : Any ⊣ Θ

K-FlexAbs

Θ0 , 𝛼̂ : 𝐾,Ξ ⊢ 𝛼̂ : Abs ⊣ Θ0 , 𝛼̂ : Abs,Ξ

K-FlexDef
Θ0 ⊢ 𝜏 : 𝐾 ⊣ Θ1

Θ0 , 𝛼̂ ≔ 𝜏,Ξ ⊢ 𝛼̂ : 𝐾 ⊣ Θ1 , 𝛼̂ ≔ 𝜏,Ξ

Figure 10.11: Algorithmic kinding rules for flexible variables in Maetel.

Algorithmic kinding may change the kind of a flexible type variable from Any to Abs
as shown by rule K-FlexAbs. If the type variable has been solved, rule K-FlexDef checks
its solution 𝜏 at the required kind, which may further change the kind of any flexible
type variables in 𝜏.
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10.3.2 Algorithmic type and skeleton inference

Type inference. The type inference judgement now includes an ambient effect context
and has the form Θ0 [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ1 @𝐸. The effect context is an input and
is unchanged by the judgement. Figure 10.12 shows the central changed rules. The
remaining rules follow Fresco.

Θ0 ⊢ 𝐴⇒ (𝜈, 𝐵) ⊣ Θ1

𝐴 = 𝜇𝐵 𝐵 non-modal 𝜈\𝜇 = 𝜁

Θ ⊢ 𝐴⇒ (𝜈, 𝜁𝐵) ⊣ Θ

Θ0 ⊢ 𝐴 : Abs ⊣ Θ1

Θ0 ⊢ 𝐴⇒ (𝜈, 𝐴) ⊣ Θ1

Θ0 [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ1 @𝐸

I-Var
Θ0 ⊢ 𝐴⇒ (locks(Θ1), 𝐵) ⊣ Θ′

0 Θ′
0 , 𝑥 : 𝐴,Θ1 [𝑃]-- tym 𝐵 ⩽ 𝐶 ⊣ Θ2 @𝐸

Θ0 , 𝑥 : 𝐴,Θ1 [𝑃]-- m 𝑥 ⇒ 𝐶 ⊣ Θ2 @𝐸

I-Abs
m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ1

guess(𝑃) = (𝛼̂ : Any;𝐴) Θ1 , 𝛼̂ : Any, 𝑥 : 𝐴 [𝑄]-- m− 𝑀 ⇒ 𝐵 ⊣ Θ2 , 𝑥 : 𝐴,Ξ @𝐸
Θ0 [𝑃0]-- m 𝜆𝑥.𝑀 ⇒ 𝐴→ 𝐵 ⊣ Θ2 ,Ξ @𝐸

I-AbsCheck
𝜌{Θ0} ⊢ 𝐴0 ⊲ 𝐴→ 𝐵 ⊣ 𝜌{Θ1} 𝜌{Θ1}, 𝑥 : 𝐴 [𝐵]-- C 𝑀 ⇒ 𝐵 ⊣ 𝜌{Θ2}, 𝑥 : 𝐴,Ξ @ 𝜌{𝐸}

Θ0 [𝜌{𝐴0}]-- C 𝜆𝑥.𝑀 ⇒ 𝜌{𝐴→ 𝐵} ⊣ Θ2 @𝐸

I-AbsAnnoCheck
𝜌{Θ0} ⊢ 𝐴0 ⊲ 𝐴

′ → 𝐵 ⊣ 𝜌{Θ1}
𝜌{Θ1} [𝐴]-- 𝐴′ ∼ 𝐴 ⊣ 𝜌{Θ2} 𝜌{Θ2}, 𝑥 : 𝐴 [𝐵]-- C 𝑀 ⇒ 𝐵 ⊣ 𝜌{Θ3}, 𝑥 : 𝐴,Ξ @ 𝜌{𝐸}

Θ0 [𝜌{𝐴0}]-- C 𝜆𝑥𝐴.𝑀 ⇒ 𝜌{𝐴→ 𝐵} ⊣ Θ3 @𝐸

Figure 10.12: Changed type inference rules for Maetel.

To state rule I-Var, we use an algorithmic version of the across judgement: Θ0 ⊢ 𝐴⇒
(𝜈, 𝐵) ⊣ Θ1. The two rules are ordered. The algorithm first attempts to compute the right
residual. Only if this fails does it check 𝐴 against the kind Abs.
Rule I-Abs gives every fresh flexible type variable introduced by guess(𝑃) kind Any.

Typing the body may later require some of these variables to have kind Abs, in which
case algorithmic kinding changes their kinds, as in the I-Var rule. Rules I-AbsCheck
and I-AbsAnnoCheck use a telescope 𝜌, which is the maximal top-level telescope of the
input type. We use 𝜌 to extend the typing context with rigid type variables and locks,
and to transform the ambient effect context. The rules for operations and handlers are
obtained from the syntax-directed rules in Figure 10.4 by replacing each declarative
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premise with its algorithmic counterpart and threading the output context through the
premises.

We give an example of how kinds of flexible type variables may change during type
inference. Suppose 𝑓 : ∀𝑎.[]𝑎 → 𝑎 and consider 𝜆𝑥. 𝑓 𝑥. Rule I-Abs initially guesses a
fresh flexible type variable 𝛼̂ for 𝑥 with kind Any. Typing the application instantiates 𝑎
with 𝛼̂ and checks 𝑥 against []𝛼̂. The typing derivation of checking 𝑥 is:

Θ, 𝛼̂ : Any ⊢ 𝛼̂ : Abs ⊣ Θ, 𝛼̂ : Abs
K-FlexAbs

Θ, 𝛼̂ : Any ⊢ 𝛼̂ ⇒ ([], 𝛼̂) ⊣ Θ, 𝛼̂ : Abs · · ·
Θ, 𝛼̂ : Any, 𝑥 : 𝛼̂,µ[] [𝛼̂]-- C 𝑥 ⇒ 𝛼̂ ⊣ Θ, 𝛼̂ : Abs, 𝑥 : 𝛼̂,µ[] @ ·

I-Var

Θ, 𝛼̂ : Any, 𝑥 : 𝛼̂ [[]𝛼̂]-- C 𝑥 ⇒ []𝛼̂ ⊣ Θ, 𝛼̂ : Abs, 𝑥 : 𝛼̂ @𝐸
I-Telescope

As the derivation shows, the algorithmic kinding changes 𝛼̂ from kind Any to Abs. We do
not lose completeness with respect to the declarative type system. For the term 𝜆𝑥. 𝑓 𝑥,
any monotype 𝜏 guessed for 𝑥 must be usable under the modality [], which forces the
type 𝜏 to have kind Abs.

Skeleton inference. Algorithmic skeleton inference Θ0 [𝑃0]-- m 𝑀⇒⇒ 𝑃 ⊣ Θ1 keeps all
rules from Section 9.3. It has no ambient effect context. The new rules for operations
and handlers follow Figure 10.5, using algorithmic subtyping and threading the output
context through handler clauses.

10.3.3 Algorithmic subtyping, consistency, and look

Subtyping. The subtyping judgement has the form Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1 @𝐸. The
effect context is only needed when n = ty. The new rules are shown in Figure 10.13.
The modality sequences in these rules are maximal, and at least one sequence in
each conclusion is non-empty. Rule SI-ModCheck checks the same auxiliary modality
transformation judgement as declarative S-ModCheck and checks the bodies under
the target locks and transformed effect context. This auxiliary check uses algorithmic
kinding for its Abs case, so it may change kinds in the output context. Rule SI-ForallL
also uses algorithmic kinding to check that the instantiation returned by the look
judgement has the kind required by the quantified variable.
Rule SI-ModFun removes source modalities in function mode. For skeletons, rule

SI-Mod removes both modality sequences without comparing them. The full type pass
performs the omitted transformation check.
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Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1 @𝐸

SI-ModCheck
Θ0 ⊢ (𝜈, 𝑃) ⇒ 𝜇 @𝐸 ⊣ Θ1 𝜇{Θ1} [𝑃0]-- tyC 𝑃 ⩽ 𝑄 ⊣ 𝜇{Θ2} @𝜇{𝐸}

Θ0 [𝜇𝑃0]-- tyC 𝜈𝑃 ⩽ 𝜇𝑄 ⊣ Θ2 @𝐸

SI-ModFun
Θ0 ⊢ (𝜈, 𝑃) ⇒ ⟨⟩ @𝐸 ⊣ Θ1 Θ1 [𝑃0]-- tyF m 𝑃 ⩽ 𝑄 ⊣ Θ2 @𝐸

Θ0 [𝑃0]-- tyF m 𝜈𝑃 ⩽ 𝑄 ⊣ Θ2 @𝐸

SI-Mod
m ≠ I Θ0 [𝑃0]-- skm 𝑃 ⩽ 𝑄 ⊣ Θ1

Θ0 [𝜇𝑃0]-- skm 𝜈𝑃 ⩽ 𝜇𝑄 ⊣ Θ1

SI-ForallL
m ≠ I 𝑃0 guarded or 𝑃0 = 𝑃 ⩽n

m 𝑃0 �
𝛼 Ξ;𝑃1

Θ0 ,Ξ ⊢ 𝑃1 : 𝐾 ⊣ Θ1 Θ1 [𝑃0]-- nm 𝑃[𝑃1/𝛼] ⩽ 𝑄 ⊣ Θ2 @𝐸
Θ0 [𝑃0]-- nm ∀𝛼𝐾 .𝑃 ⩽ 𝑄 ⊣ Θ2 @𝐸

Θ0 [𝑃0]-- 𝑃 ∼ 𝑄 ⊣ Θ1

U-ModInh
Θ0 [𝑃0]-- 𝑃 ∼ 𝑄 ⊣ Θ1

Θ0 [𝜇𝑃0]-- 𝜇𝑃 ∼ 𝜇𝑄 ⊣ Θ1

U-ModSyn
Θ0 [ ∀ .𝑃0]-- 𝑃 ∼ 𝑄 ⊣ Θ1

Θ0 [ ∀ .𝑃0]-- 𝜇𝑃 ∼ 𝜇𝑄 ⊣ Θ1

U-UnivGhostMod
Θ0 [𝑃0]-- ∀ .𝑃 ∼ 𝑄 ⊣ Θ1

Θ0 [𝜇𝑃0]-- ∀ .𝑃 ∼ 𝜇𝑄 ⊣ Θ1

Θ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ′

U-Assign-SolveM
𝛼̂ ∉ ftv(𝑃) guess(𝑃) = (𝛽̂ : Any; 𝜏) Θ0 ,Ξ, 𝛽̂ : Any ⊢ 𝜏 : 𝐾 ⊣ Θ1

Θ0 , 𝛼̂ : 𝐾 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 , 𝛼̂ ≔ 𝜏

Figure 10.13: Changed algorithmic subtyping and consistency rules for Maetel.

Consistency. Algorithmic consistency keeps the judgement formΘ0 [𝑃0]-- 𝑃 ∼ 𝑄 ⊣ Θ1.
We show changed and new rules in Figure 10.13. As in Section 9.4, the full judgement
also carries two sets of bound variables, which we omit here since they are unchanged
in the shown rules. Rules U-ModInh and U-ModSyn are the modality counterparts of
the corresponding quantifier rules in Fresco. Rule U-UnivGhostMod allows a universal
ghost to match an inherited modality while retaining the ghost in its premise. Rule
U-ModInh compares its two modalities up to modality equivalence, which we do not
write out here since we have no flexible variables in modalities. The changed assignment
rule U-Assign-SolveM checks the guessed monotype at the kind of the flexible type
variable before assigning it.
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10 Inferring modal effect types

The look judgement. The look judgement keeps the form 𝑃 ⩽n
m 𝑃0 �𝛼 Ξ;𝑃1 from

Section 9.6. It first collects constraints for 𝛼 and then solves them to obtain 𝑃1. Constraint
collection keeps the forms 𝑃 ⩽m 𝑃0 �

𝛼 Ξ;𝒞 and 𝑃 ∼ 𝑃0 �𝛼 Ξ;𝒞 . Constraint solving keeps
the form 𝒞 ;𝑃 ⇝ 𝑄 with two individual solving judgements of the forms 𝑃 ⩽m 𝑄 ⇝ 𝑃′

and 𝑃 ∼ 𝑄 ⇝ 𝑃′.

𝑃 ⩽m 𝑃
′ �𝛼 Ξ;𝒞

LS-Telescope
𝜌1 ≠ · or 𝜌2 ≠ · 𝑃 ⩽m 𝑃

′ �𝛼 Ξ;𝒞
𝜌1{𝑃} ⩽m 𝜌2{𝑃′} �𝛼 Ξ;𝒞

𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞

LE-TelescopeInh
𝜌 ≠ · 𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞
𝜌{𝑃} ∼ 𝜌{𝑃′} �𝛼 Ξ;𝒞

LE-TelescopeSyn
𝜌 ≠ · 𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞

𝜌{𝑃} ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞

LE-UnivGhostTelescope
𝜌 ≠ · ∀ .𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞

∀ .𝑃 ∼ 𝜌{𝑃′} �𝛼 Ξ;𝒞

LE-FlexR
𝑃 ≠ 𝛼 𝛼 ∈ ftv(𝑃) 𝛾̂ fresh

𝑃 ∼ 𝛽̂ �𝛼 𝛾̂ : Any; eq(𝛾̂)

Figure 10.14: Changed constraint-collection rules for Maetel.

Figure 10.14 shows the changed constraint-collection rules. Rule LS-Telescope
replaces rules LS-ForallL and LS-ForallR. It collects constraints from the bodies
of the two telescopes. Rule LE-TelescopeInh replaces rule LE-ForallInh. Rule
LE-TelescopeSyn replaces rule LE-ForallSyn. Rule LE-UnivGhostTelescope replaces
rule LE-UnivGhost1. Rule LE-FlexR declares its fresh flexible variable at kind Any.

𝑃 ⩽m 𝑄 ⇝ Ξ;𝑃′

SolS-Telescope
𝜌1 ≠ · or 𝜌2 ≠ · 𝑃 ⩽m 𝑄 ⇝ Ξ;𝑃′

𝜌1{𝑃} ⩽m 𝜌2{𝑄} ⇝ Ξ; 𝜌1{𝑃′}

𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

SolE-TelescopeInh
𝜌 ≠ · 𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

𝜌{𝑃} ∼ 𝜌{𝑄} ⇝ Ξ; 𝜌{𝑃′}

SolE-TelescopeSyn
𝜌 ≠ · 𝑃 ∼ ∀ .𝑄 ⇝ Ξ;𝑃′

𝜌{𝑃} ∼ ∀ .𝑄 ⇝ Ξ; 𝜌{𝑃′}

SolE-UnivGhostTelescope
𝜌 ≠ · ∀ .𝑃 ∼ 𝑄 ⇝ Ξ;𝑃′

∀ .𝑃 ∼ 𝜌{𝑄} ⇝ Ξ; 𝜌{𝑃′}

Figure 10.15: Changed constraint-solving rules for Maetel.
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Figure 10.15 shows the changed constraint-solving rules. Rule SolS-Telescope
replaces rules SolS-ForallL and SolS-ForallR. It retains the first telescope in
the result and recursively solves the two bodies. Rule SolE-TelescopeInh replaces
rule SolE-Forall. Rule SolE-TelescopeSyn replaces rule SolE-ForallGhost. Rule
SolE-UnivGhostTelescope replaces rule SolE-GhostForall.

10.4 Extensions and design choices

We discuss some extensions and design choices of Maetel.

10.4.1 Algebraic data types

Maetel supports algebraic data types and pattern matching. This extension poses no
particular challenge. Taking pairs as an example, the declarative skeleton inference rules
for pair introduction and elimination in Maetel are as follows.

P-Pair
Γ ⊢I 𝑀⇒⇒ 𝑃 Γ ⊢I 𝑁⇒⇒ 𝑄

Γ ⊢I (𝑀, 𝑁)⇒⇒ 𝑃 ×𝑄

P-PairCheck
Γ ⊢C 𝑀⇒⇒ 𝑃 Γ ⊢C 𝑁⇒⇒ 𝑄

Γ ⊢C (𝑀, 𝑁)⇒⇒ ∀ .𝑃 ×𝑄

P-Case
Γ ⊢C 𝑀⇒⇒ 𝜌{[ ∀ ].(𝑃1 × 𝑃2)} Γ, 𝑥 : 𝜌{[ ∀ ].𝑃1}, 𝑦 : 𝜌{[ ∀ ].𝑃2} ⊢m 𝑁⇒⇒ 𝑄

Γ ⊢m case 𝑀 of {(𝑥, 𝑦) ↦→ 𝑁}⇒⇒ 𝑄

We have two rules for pair introduction, one for inference mode and the other for
checking mode. In P-PairCheck, we introduce a universal ghost to cover potential type
abstraction, similar to P-AbsCheck in Section 8.7. We use a case construct to eliminate
pairs. We allow the term to be inferred with a pair skeleton under a telescope, followed
by an optional universal ghost. The same telescope and universal ghost prefix the
skeletons assigned to the two pattern variables. The branch term 𝑁 has the same mode
m as the whole case term.

10.4.2 Global functions are absolute

Aswith bidirectional typing, we require type annotations for global functions. Moreover,
we assume that global functions are always absolute; they are implicitly wrapped into
a [] modality if no absolute modality is given. This enables us to give higher-order
functions such as map their usual types.
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10 Inferring modal effect types

10.4.3 Modality elimination within telescopes

As shown by the D-Var rule in Section 10.2.2, when we use a variable, we only allow
implicit elimination of its top-level modalities. We can further generalise this to allow
implicit elimination of modalities within the top-level telescope. For example, suppose
we have a variable binding 𝑥 : ∀𝑎.⟨yield⟩(𝑎 → 𝑎) in the context with an operation
yield : Int↠ 1. We can write the following program to run 𝑥 and handle its effects:

handle 𝑥 ()with {return 𝑦 ↦→ 𝑦, yield 𝑝 𝑟 ↦→ 𝑟 ()}

However, under the current typing rules, 𝑥 cannot cross the lock µ⟨yield⟩ introduced by
the handler, because themodality in its type occurs beneath the quantifier ∀𝑎. Extending
implicit modality elimination from top-level modalities to top-level telescopes makes
this program type check. The top-level telescope of 𝑥 is ∀𝑎.⟨yield⟩, whose modality
⟨yield⟩ can be consumed to cross the lock µ⟨yield⟩.
Considering a top-level telescope as a whole would also enable a more powerful

subtyping relation. For instance, the subtyping relation

Γ ⊢F m ⟨yield|⟩(∀𝑎.⟨yield⟩(1 → 1)) ⩽ 1 → 1 @ yield

fails because S-ModFun first tries to transform the modality ⟨yield|⟩ to the identity
modality, which is not allowed. If we consider the top-level telescope ⟨yield|⟩∀𝑎.⟨yield⟩
as a whole, we can transform it to the identity modality.
We leave a formal treatment of this extension to future work.

10.4.4 Masks

Adding masks is routine. The only challenge is to update the right residual operator
𝜈\𝜇 to account for masks, which is already covered in Tang et al. [2025].

10.4.5 Parameterised effects

We ignored parameterised effects in the formal presentation of Maetel. Adding paramet-
erised effects is mostly routine, except for introducing a new challenge to kind inference.
In Section 10.3, we always give kind Any to flexible type variables and make them Abs
when necessary during type inference. This approach does not break completeness of
type inference because when we make a flexible variable Abs, we know this is the only
choice. However, with parameterised effects, it may not be the only choice any more.
For instance, in order to make the transformation ⟨Gen 𝑎̂⟩𝑐 ⇒ ⟨Gen 𝑏⟩𝑐 hold, we can
either make 𝑐 Abs or unify 𝑎̂ and 𝑏. It would be interesting future work to find a simple
solution to this problem without breaking completeness.
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10.4.6 Effect variables

We ignored effect variables in the formal presentation of Maetel. There are two ways to
add effect variables to Maetel. One approach is to introduce flexible effect variables 𝜀̂
when instantiating an effect abstraction and solve them during type inference, similar to
how we solve flexible type variables. The challenge with this approach is that we may
encounter inequality constraints such as 𝜀̂ ⩽ 𝐸 since Maetel has subeffecting, in which
case we may not be able to find an optimal solution. Another approach is to never guess
effect types out of thin air. Instead, when instantiating an effect abstraction, we decide
which effect type to use from known information following what we do for quantifiers
and modalities. In the declarative type system, we would also attach tags to effect types.
We leave a formal treatment of effect variables to future work.

10.5 Implementation and elaboration

We discuss the implementation and elaboration of Maetel.

10.5.1 Implementation

I do not yet have a full implementation of Maetel. I am working on a prototype im-
plementation of Maetel on top of my implementation of Metl [Tang 2025], a surface
languagewith amuch simpler bidirectional type inference algorithm introduced in Tang
et al. [2025]. Aghilas Y. Boussaa implemented a surface language for modal effect types
withML-like syntax and the type inference algorithm described in this chapter [Boussaa
2026].

10.5.2 Elaboration

Maetel has neither explicit introduction nor elimination for quantifiers and modalities.
We can elaborate a Maetel term into a Met term by inserting explicit introduction and
elimination forms at the appropriate positions guided by the typing derivation.

In Figure 10.16, we define the elaboration from the declarative type system of Maetel in
Section 10.2 toMet. The judgement Γ ⊢m 𝑀 : 𝐴 @𝐸 99K 𝑀′ elaborates the Maetel term𝑀

to the Met term𝑀′. The key intuition is that we insert modality elimination forms when
a variable is bound, and insert modality introduction forms when a variable is used. We
also insert type abstraction and modality introduction forms in the D-Telescope rule,
and insert instantiation, together with modality introduction and elimination forms, in
the D-Sub rule, which uses a separate elaboration on subtyping relations defined later.
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10 Inferring modal effect types

For simplicity, we follow Met(𝒳) in treating let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑊 as a value when
both 𝑉 and𝑊 are values in order to make sure the elaboration preserves values. The
operational semantics is extended correspondingly to use value normal forms as in
Met(𝒳). We also extend telescope application to values to insert type abstractions and
modality introductions:

·{𝑉} = 𝑉

(∀𝛼𝐾 .𝜌){𝑉} = Λ𝛼𝐾 .𝜌{𝑉}
(𝜇𝜌){𝑉} = mod𝜇 𝜌{𝑉}

The auxiliary function unvar(𝑥;𝐴;𝑀) eliminates all top-level modalities of a variable
𝑥 of type 𝐴. The auxiliary function unvar𝜇(𝑥;𝐴;𝑀) additionally assumes the variable 𝑥
is annotated with the modality 𝜇 in the context.

unvar(𝑥;𝐴;𝑀) = unvar⟨⟩(𝑥;𝐴;𝑀)
unvar𝜈(𝑥;𝜇𝐴;𝑀) = let𝜈 mod𝜇 𝑥 = 𝑥 in unvar𝜈◦𝜇(𝑥;𝐴;𝑀)

unvar𝜈(𝑥;𝐴;𝑀) = 𝑀 if 𝐴 non-modal

Rule D-Var reintroduces the modalities in the type 𝐵 returned by the across judgement.
Rules D-Abs and D-AbsAnno use unvar to immediately eliminate the modalities of the
bound variable 𝑥. In D-Handle, Met already binds the return variable as 𝑥 :⟨𝐷⟩ 𝐴, so
we use unvar⟨𝐷⟩. The continuation has no top-level modality and needs no modality
elimination.

Figure 10.17 elaborates a subtyping relation in Figure 10.7 to a meta-level function
between Met values. The judgement has the form Γ ⊢m 𝐴 ⩽ 𝐵 @𝐸 99K 𝑓 , where 𝑓 is a
meta-function that transforms a Met value of type 𝐴 into one of type 𝐵. We write ƛ𝑉.𝑊
for defining such a meta-level function. It binds the metavariable 𝑉 in𝑊 . We write
𝑓 (𝑉 ′) for applying a meta-function. For simplicity, when we write 𝑇 or 𝜑 in black, we
implicitly erase their tags. We write let mod𝜇 𝑥 = 𝑉 in 𝑀 as a shorthand for a sequence
of modality eliminations.

Rules S-Infer and S-Check leave the value unchanged. Rule S-ForallL inserts type
application, and S-ForallR inserts type abstraction. Rule S-Arrow upcasts the function
result and leaves the argument unchanged. Rule S-ModCheck eliminates the original
modalities and introduces the new modalities for the recursively elaborated term. We
insert an extra modality elimination for the identity modality to ensure 𝑉 is fully
evaluated before passing to 𝑓 even when 𝜈 is empty. Otherwise, we cannot guarantee
that any value 𝑉 can be accessed under the 𝜇 modalities since our extended definition
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Γ ⊢m 𝑀 : 𝐴 @𝐸 99K 𝑀′

D-Unit

Γ ⊢I () : 1 @𝐸 99K ()

D-Var
Γ0 ⊢ 𝐴⇒ (locks(Γ1), 𝐵) 𝐵 = 𝜁𝐵0 𝐵0 non-modal

Γ0 , 𝑥 : 𝐴, Γ1 ⊢I 𝑥 : 𝐵 @𝐸 99K 𝜁{𝑥}

D-Anno
Γ ⊢C 𝑀 : 𝐴 @𝐸 99K 𝑀′

Γ ⊢I (𝑀 : 𝐴) : 𝐴 @𝐸 99K 𝑀′

D-Sub
Γ ⊢I 𝑀 : 𝐴 @𝐸 99K 𝑀′ Γ ⊢m 𝐴 ⩽ 𝐵 @𝐸 99K 𝑓

Γ ⊢m 𝑀 : 𝐵 @𝐸 99K

{
𝑓 (𝑀′) if 𝑀′ is a value
let 𝑥𝐴 = 𝑀′ in 𝑓 (𝑥) otherwise

D-Freeze
Γ ⊢I 𝑀 : 𝐴 @𝐸 99K 𝑀′

Γ ⊢C ⌈𝑀⌉ : 𝐴 @𝐸 99K 𝑀′

D-Telescope
𝜌{Γ} ⊢C 𝑉 : 𝐴 @ 𝜌{𝐸} 99K 𝑉 ′

Γ ⊢C 𝑉 : 𝜌{𝐴} @𝐸 99K 𝜌{𝑉 ′}

D-Abs
Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵 @𝐸 99K 𝑀′

Γ ⊢m 𝜆𝑥.𝑀 : 𝐴→ 𝐵 @𝐸 99K 𝜆𝑥𝐴.unvar(𝑥;𝐴;𝑀′)

D-AbsAnno
Γ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵 @𝐸 99K 𝑀′

Γ ⊢m 𝜆𝑥𝐴.𝑀 : 𝐴→ 𝐵 @𝐸 99K 𝜆𝑥𝐴.unvar(𝑥;𝐴;𝑀′)

D-App
Γ ⊢C 𝑁⇒⇒ 𝑃 Γ ⊢ 𝑃 ▶ 𝐴

Γ ⊢F m 𝑀 : 𝐴→ 𝐵 @𝐸 99K 𝑀′ Γ ⊢C 𝑁 : 𝐴 @𝐸 99K 𝑁 ′

Γ ⊢m 𝑀 𝑁 : 𝐵 @𝐸 99K 𝑀′ 𝑁 ′

D-Do
Σ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢C 𝑀 : 𝐴 @ ℓ , 𝐸 99K 𝑀′

Γ ⊢I do ℓ 𝑀 : 𝐵 @ ℓ , 𝐸 99K do ℓ 𝑀′

D-Handle
𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢I 𝑀 : 𝐴 @𝐷, 𝐸 99K 𝑀′ Γ, 𝑥 : ⟨𝐷⟩𝐴 ⊢m 𝑁 : 𝐵 @𝐸 99K 𝑁 ′

[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢m 𝑁𝑖 : 𝐵 @𝐸 99K 𝑁 ′
𝑖 ]𝑖

Γ ⊢m handle𝑀 with {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @𝐸
99K handle𝑀′ with {return 𝑥 ↦→ unvar⟨𝐷⟩(𝑥;𝐴;𝑁 ′)} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ unvar(𝑝𝑖 ;𝐴𝑖 ;𝑁 ′

𝑖 )}𝑖

Figure 10.16: Elaboration from Maetel to Met.
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10 Inferring modal effect types

of values contains let𝜈 mod𝜇 𝑥 = 𝑉1 in 𝑉2. Rule S-ModFun only eliminates the original
modalities.

Ψ | Γ ⊢m 𝑇 ⩽ 𝐴 @𝐸 99K 𝑓

S-Infer
· | Γ ⊢ 𝑇 ∼ 𝐴

· | Γ ⊢I 𝑇 ⩽ 𝐴 @𝐸 99K ƛ𝑉.𝑉

S-Check
𝑇, 𝐴 guarded Ψ | Γ ⊢ 𝑇 ∼ 𝐴

Ψ | Γ ⊢C 𝑇 ⩽ 𝐴 @𝐸 99K ƛ𝑉.𝑉

S-ForallR
Ψ | Γ, 𝛼 : 𝐾 ⊢C 𝑇 ⩽ 𝐴 @𝐸 99K 𝑓

Ψ | Γ ⊢C 𝑇 ⩽ ∀𝛼𝐾 .𝐴 @𝐸 99K ƛ𝑉.Λ𝛼𝐾 . 𝑓 (𝑉)

S-Arrow
Ψ1 | Γ ⊢ 𝑇1 ∼ 𝐴1 Ψ2 | Γ ⊢m 𝑇2 ⩽ 𝐴2 @𝐸 99K 𝑓

Ψ1 ,Ψ2 | Γ ⊢F m 𝑇1 → 𝑇2 ⩽ 𝐴1 → 𝐴2 @𝐸 99K ƛ𝑉.𝜆𝑦𝐴1 .let 𝑥𝑇2 = 𝑉 𝑦 in 𝑓 (𝑥)

S-ForallL
m ≠ I Ψ′ fresh Γ ⊢ 𝜑 # Ψ′ : 𝐾
Ψ,Ψ′ | Γ ⊢m 𝑇[𝜑/𝛼] ⩽ 𝐴 @𝐸 99K 𝑓

Ψ | Γ ⊢m ∀𝛿𝛼𝐾 .𝑇 ⩽ 𝐴 @𝐸 99K ƛ𝑉. 𝑓 (𝑉 𝜑)

S-ModCheck
Γ ⊢ (𝜈, 𝑇) ⇒ 𝜇 @𝐸 Ψ | 𝜇{Γ} ⊢C 𝑇 ⩽ 𝐴 @𝜇{𝐸} 99K 𝑓

Ψ | Γ ⊢C 𝜈𝛿𝑇 ⩽ 𝜇𝐴 @𝐸 99K ƛ𝑉.let mod⟨⟩ 𝑥 = mod⟨⟩ 𝑉 in let mod𝜈 𝑥 = 𝑥 in 𝜇{ 𝑓 (𝑥)}

S-ModFun
Γ ⊢ (𝜈, 𝑇) ⇒ ⟨⟩ @𝐸 Ψ | Γ ⊢F m 𝑇 ⩽ 𝐴 @𝐸 99K 𝑓

Ψ | Γ ⊢F m 𝜈𝛿𝑇 ⩽ 𝐴 @𝐸 99K ƛ𝑉.let mod𝜈 𝑥 = 𝑉 in 𝑓 (𝑥)

Figure 10.17: Elaboration of Maetel subtyping to Met.
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11 Related work

Thus we have achieved a thousand things in each genre, and one of the
principal occupations of science and philosophy, in order to understand
the reasons for them, is to discover their origin and primitive cause. This
is what must be called “type” in architecture, as in every other field of
inventions and human institutions.

—Quatremère de Quincy (1825)

We start this chapter with a direct comparison of the types of the same programs in
different programming languages, including our surface language Maetel and two
other research languages: Koka [Leijen 2026], which has a row-based effect system, and
Effekt [Brachthäuser et al. 2026], which has a capability-based effect system. Then we
discuss related work on effect systems and type inference.

11.1 Programming with Maetel, Koka, and Effekt

The encodings in Chapter 7 encode the core calculi of Koka and Effekt into Met(𝒳), a
framework based on the core calculus of Maetel. However, these encodings focus on
the expressive power and make significant use of effect variables in Met(𝒳). In practice,
as we see in Chapter 3, effect variables are rarely used in Maetel. This section provides
a more direct comparison of how the same programs have different types in Maetel,
Koka, and Effekt. These examples reflect common programming patterns and reveal
the essential differences between the three languages for programmers.

11.1.1 Invoking and handling effects

An effect system tracks which effects are invoked. Consider the function genInc x =

do yield (x + 1) from Section 3.3, which uses the yield operation. Its types in Maetel,
Koka, and Effekt are as follows.

genInc : [Gen Int](Int → 1) # Maetel

genInc : forall<e>. (x : int) → <gen<int>|e> () # Koka

def genInc(x : Int) : 1 / { Gen[Int] } # Effekt
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Both Maetel and Effekt support effect subtyping, which enables us to apply genIncwith
other effects. Koka does not support effect subtyping and uses an effect variable e for
modularity. Koka supports a special typing rule which implicitly inserts effect variables
on function types in covariant position. Consequently, we can in fact simply write the
following type in Koka.

genInc : (x : int) → (gen<int>) () # Koka

An effect system tracks which effects are handled. Recall the asList handler from
Section 3.4. Its types in Maetel, Koka, and Effekt are as follows.

asList : forall [a] . [](<Gen a>(1 → 1) → List a) # Maetel

asList : forall<a,e>. (action : () → <gen<a>|e> ()) → e list<a> # Koka

def asList[A]{ f: 1 ⇒ List[A] / { Gen[A] } }: List[A] / {} # Effekt

Both Maetel and Effekt allow the argument of asList to use the ambient effects in
addition to Gen a. In Koka, we must make the argument polymorphic over other effects.

11.1.2 Data types and higher-order functions

An effect system should be compatible with algebraic data types. Consider a pair of
genInc functions. In Maetel, we can choose to either share a single absolute modality
between both components, or have a separate absolute modality for each component.

pa : [Gen Int]((Int → 1) * (Int → 1))

pa : ([Gen Int](Int → 1)) * ([Gen Int](Int → 1))

In Koka, we can choose to use one or two effect variables:

pa : forall<e>. ((x:int) →<gen<int>|e> (), (y:int) →<gen<int>|e> ())

pa : forall<e,e1>. ((x:int) →<gen<int>|e> (), (y:int) →<gen<int>|e1> ())

In Effekt, we cannot express this pair of functions directly, as functions are second-class.
We must box the functions to make them first-class.

pa : Tuple2[Int ⇒ 1 / {Gen[Int]} at {}, Int ⇒ 1 / {Gen[Int]} at {}]

The syntax at {} means that the preceding function type Int ⇒ 1 / {Gen[Int]} is
boxed with no captured capability.
An effect system should be compatible with higher-order functions. Consider the

standard sequential composition function compose f g x = g (f x). Its type in Maetel
states that the function itself is pure:

compose : forall a b c . []((a → b) → (b → c) → (a → c)) # Maetel

Its type in Koka uses an effect variable:
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compose : forall<a,b,c,e>. (f: (a) →e b) → (g: (b) →e c) → ((x:a) →e c)

In Effekt, since functions are second-class, wemust either switch to an uncurried version
or box the result with capability variables:

def composeUncurried[A, B, C](x: A){ f: A ⇒ B }{ g: B ⇒ C }: C / {}

def compose[A, B, C]{ f: A ⇒ B }{ g: B ⇒ C }: A ⇒ C at {f, g} / {}

11.2 Effect systems

There is a large amount of work on effect systems in the literature. Here we focus more
on the work targeted at algebraic effects and handlers.

Row-based effect systems. We use the term row-based effect systems to refer to the class
of effect systems that associate effects with function types. The structure of effect types
is usually based on row types. Links [Hillerström and Lindley 2016] uses Rémy-style
row polymorphism with presence types [Rémy 1994], whereas Koka [Leijen 2017]
and Frank [Lindley et al. 2017] use scoped rows [Leijen 2005], which allow duplicated
labels. Many row-based effect systems support subeffecting. Eff [Bauer and Pretnar
2014; Pretnar 2014] is equipped with an effect system with both effect variables and
subeffecting based on the type inference and elaboration described in Karachalias et al.
[2020]. The effect system of Helium [Biernacki et al. 2020] is based on finite sets, offering
a natural subeffecting relation corresponding to set inclusion. Tang et al. [2024] propose
a calculus for effect handlers with effect polymorphism and subeffecting via qualified
types [Jones 1994; Morris and McKinna 2019]. Met adopts Leijen-style scoped rows,
but also allows operation labels to be absent in the spirit of Rémy-style presence types.
We expect that other row-based effect systems mentioned here can also be encoded in
Met(𝒳) by instantiating the effect structure appropriately.

The Frank language. Frank [Lindley et al. 2017; Convent et al. 2020] also adopts a row-
based effect system and introduces several novel notions for getting rid of effect variables.
The design of modal effect types is inspired by Frank. Our ambient effect contexts
are inspired by the notion of ambient abilities in Frank, and our relative modalities
are inspired by the notion of adjustments in Frank. Frank solves the eee problem in
Section 1.1 via syntactic sugar that implicitly inserts effect variables into higher-order
programs. This approach works in practice, but it is a fragile syntactic abstraction that
can be leaked to programmers in places such as error messages. Syntactic sugar is
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not satisfactory from a theoretical perspective either. In contrast, Met exploits modal
types to robustly capture the essence of modular effect programming without effect
polymorphism. Our calculus System F1𝜖 in Section 7.4 characterises the core idea of
Frank. We encode System F1𝜖 into Met without effect variables. Another difference is
that Frank’s adjustments are second-class and only appear beside argument types of
functions, while relative modalities of Met are first-class and can appear anywhere.
Frank also supports adaptors, which provide more ways to manipulate the ambient effect
context than the relative modalities of Met, which only add or remove effects from the
ambient effect context. We expect relative modalities to extend readily to encompass
the full power of adaptors.

Capability-based effect systems. Some recent effect systems use capabilities to model
effects and offer a form of effect polymorphism through capability passing. Different
variations diverge on when capability sets appear in types. Effekt [Brachthäuser et al.
2020, 2022] uses second-class functions and only attaches capability sets to types when
boxing functions to make them first-class. CC<:□ [Boruch-Gruszecki et al. 2023] and
Capless [Xu et al. 2025], the foundations for capture tracking in Scala 3, always annotate
every type with its capability set and use subtyping and syntactic sugar to simplify
capability sets. Our notion of ambient effect contexts is also inspired by the viewof effects
as capabilities provided by the context. Capability-based effect systems also solve the eee
problem. The argument of a higher-order function may use any capabilities provided by
the context without explicitly mentioning them in its type. One main difference is that
capability-based effect systems either make functions second-class or attach capability
sets to every type to prevent capabilities from escaping. The latter requires some form
of lightweight dependent types to mention capability variables in types. In contrast, Met
works more smoothly with first-class functions. Another difference is that capability-
based effect systems target named handlers, in which operations are dispatched to a
specific named handler, whereas Met uses Plotkin and Pretnar [2013]-style handlers, in
which operations are dispatched to the first matching handler in the dynamic context.

The purity modality. Choudhury and Krishnaswami [2020] propose to use the
necessity modality to recover purity from an effectful calculus. This modality is similar
to our empty absolute modality.

A modal type system for benign effects. Nanevski [2004] proposes a modal type
system for benign effects in Section 4.3. We refer to this system asMTBE.MTBE supports
local effects and indexes the standard necessitymodality□with effects for effect tracking.
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In MTBE, a type □𝐸 𝐴means a computation which returns a value of type 𝐴 and may
perform effects in 𝐸. This indexed necessity modality is similar to the absolute modality
of Met. The key difference between MTBE and Met is that MTBE has no notion of
ambient effect context. MTBE requires functions to be pure: every function type must
specify all the effects it may perform via a box. In contrast, Met(𝒳) allows a function
to perform any effects from the ambient effect context. In order to apply a function
to effectful arguments in MTBE, we must specify what effects may be performed in
the type. This requires parametric effect polymorphism in order to support arbitrary
effectful arguments. Moreover, MTBE does not support relative modalities as relative
modalities are intimately tied to the notion of ambient effect contexts.

Effectful contextual modal type theory. Zyuzin and Nanevski [2021] propose ef-
fectful contextual modal type theory (ECMTT), which extends the contextual necessity
modality [Nanevski et al. 2008] to track contexts of effectful operations. Similar to MTBE,
ECMTT also lacks the notion of ambient effect contexts and thus cannot solve the eee
problem.

Abstracting effect systems. Morris andMcKinna [2019] propose a general framework
that abstracts different styles of row types. Following this idea, Yoshioka et al. [2024]
study different treatments of effect collections in row-based effect systems. They propose
a parameterised core calculus, 𝜆EA, whose effect types can be instantiated to various
kinds of sets and rows. 𝜆EA focuses on row-based effect systems and thus cannot encode
capability-based effect systems.We follow 𝜆EA in parameterising our framework Met(𝒳)
over different treatments of effect collections. We make use of modalities to decouple
effect tracking from function types, enabling the encodings of both row-based and
capability-based effect systems.

Local effects. Local labels in Met(𝒳) allow us to introduce fresh effects locally. They
are useful for solving the effect pollution and accidental handling problems [Biernacki
et al. 2019; Convent et al. 2020; Zhang and Myers 2019]. There are various local effect
formalisms in the literature [Biernacki et al. 2019; de Vilhena and Pottier 2023; Jourde
et al. 2022]; most are based on dynamic generation of fresh effect names, whereas the
calculus of Biernacki et al. [2019] is based on effect coercions. We conjecture that local
labels of Met(𝒳) are as expressive as these formalisms.
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11.3 Type inference

Type inference for first-class polymorphism (FCP) spans a wide design space. We first
discuss type inference approaches to semi-explicit FCP. Then we organise the discussion
of type inference for implicit FCP around the two central questions we care about when
designing type inference for FCP: how to mix different directions of information flow,
and how to represent unknown type information beyond unification variables.

Semi-explicit polymorphism. PolyML [Garrigue and Rémy 1999] first introduces the
notion of semi-explicit polymorphism. PolyML separates polymorphic types from
first-class monomorphic types, and introduces a type-level box operator to make
polymorphic types first-class. Boxed polymorphic types require explicit introduction,
which needs a polymorphic type annotation, and explicit elimination, which needs no
type annotation. OmniML [O’Brien et al. 2025] extends PolyML to enable more flexible
information flow of boxed polymorphic types, allowing the type annotation on the
introduction of a boxed polymorphic type to be omitted when it can be determined from
the context. Unlike PolyML and OmniML, Fresco targets implicit FCP with no boxes
for polymorphic types, and does not require explicit introduction and elimination of
polymorphic types. FreezeML [Emrich et al. 2020] also has no type-level boxes. Instead,
FreezeML introduces a term-level freezing operator that prevents a term variable from
being implicitly instantiated. Our freezing operator is directly inspired by FreezeML.
Compared to Fresco, FreezeML makes no use of bidirectional information flow to infer
polymorphic types.

Mixed directions of information flow. The line of work closest to Fresco does type
inference for FCP by considering information flow between functions and arguments.
We discuss the limitations of these approaches in terms of mixed information flow
and explain why they fail to type check our motivating example in Chapter 8. Boxy
types [Vytiniotis et al. 2006] merge the checking and inference judgements of bidirec-
tional typing into a single judgement in which “boxes” mark the parts of a type that
must be inferred, and share with Fresco the principle that polymorphism should never
be guessed. In the core system, information only flows from functions to arguments.
They proposed several ad hoc rules to allow mixing of information flow, but none of
these rules allow information to flow from one argument to a sibling argument, so
challenge (2) still fails. GI [Serrano et al. 2018] works in the opposite direction: it treats
an 𝑛-ary application as a whole and instantiates a variable with polytypes only when
the variable is guarded under a type constructor in some argument type. GI does not
allow information to flow from functions to arguments, so challenge (2) fails. Similarly,
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HMF [Leijen 2008] does not allow information to flow from functions to arguments as
robustly as Fresco does, so challenge (2) fails. QuickLook [Serrano et al. 2020] combines
the two directions by first having a quick look at the arguments of an application spine
to guide the polymorphic instantiation of the function. Then the type information of the
function is propagated back into the arguments. As discussed in Chapter 8, although
QuickLook addresses challenge (2), it fails to address challenge (1) because it only
learns from an argument when the argument type is guarded, following GI. However,
in our example, the argument churchIds has the unguarded type CList (∀𝑎.𝑎 → 𝑎).
Moreover, the quick look process itself is a deliberately shallow algorithmic pass aimed
at easy implementation in GHC. Skeleton inference of Fresco provides amore systematic
and precise way to collect information from arguments.

Local type inference. The line of work on local type inference also cares about inform-
ation flow. As its name suggests, local type inference (LTI) [Pierce and Turner 2000]
combines bidirectional checking with local synthesis of type arguments. However, LTI
only allows information flow from arguments to functions, and propagates information
in an all-or-nothing fashion. Coloured local type inference (CLTI) [Odersky et al. 2001]
lifts the second limitation by propagating partial types, with a colour on every type
component recordingwhether it is inherited or synthesised. Since everything is coloured,
CLTI is not compatible with unification of monotypes where the direction of informa-
tion flow of monotypes is left open until a solution is found. Fresco works well with
monotype unification by only ascribing colours to universal quantifiers. As discussed in
Section 8.1.6, bothCLTI and Boxy types also restrict polymorphic instantiationmore than
Fresco does, requiring every appearance of a guessed instantiation to be determined.
Local Contextual Type Inference (LCTI) [Xue et al. 2026] redesigns LTI on top of
contextual typing [Xue and Oliveira 2024], using modes that reflect program structure
to guide instantiation. LCTI lacks the colours used in Fresco and thus cannot represent
fine-grained information flow, where only part of the type information flows from an
argument to a function while the rest flows back. Moreover, LCTI never instantiates
the type of an argument and is sensitive to argument order. In our example, churchIds
can guide the instantiation of churchMap, but the polytype learned this way is not used
when checking the sibling lambda, which fails to solve challenge (2).

Beyond unification variables. Every inference algorithm must handle type informa-
tion that is not yet known. For monotypes, unification variables together with a simple
solving strategy suffice: equality constraints may be solved eagerly, in any order, without
losing generality. This is not enough for general FCP, or any other scenario where the
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solution does not form an equivalence class. Committing to an instantiation too early
can exclude valid typings, so the order of solving starts to matter. To address this, people
have proposed different placeholders to represent what is known about an unknown
type, and/or designed smart solving orders to delay work on an unknown type until it
becomes determined. ATIA [Morris 2026] interleaves an Algorithm-M-style traversal
that pushes expected types towards the leaves with constraint solving, and extends the
syntax of types with pseudotypes [𝑆]𝑃 that stand for the result of an unknown sequence
of instantiations. Pottier and Régis-Gianas [2006] stratify type inference for GADTs
into a constraint-based core preceded by a shape inference phase, where shapes are
types with holes that propagate the information contained in explicit annotations. In a
dependently typed setting with implicit arguments, FCIF [Kovács 2020] elaborates into
a core theory with strictly curried telescope function types, so that types themselves
can defer decisions about inserting implicit abstractions and applications. Instead of
enriching the placeholders, its successor DOE [Kovács 2026] postpones any checking
problem whose expected type is an undetermined metavariable and resumes it once
the metavariable is solved. OmniML [O’Brien et al. 2025] similarly suspends constraints
until the shape of a type is uniquely determined by the context, making the order of
information flow dynamic rather than fixed. Parreaux [2026] proposes to go further and
decouple such resolution steps from type inference altogether. None of the approaches
described above leak placeholders into the surface syntax, in contrast to approaches that
enrich the type language itself [Le Botlan and Rémy 2003; Leijen 2009; Parreaux et al.
2024]. Most of the above approaches also emphasise describing their algorithms with
their own placeholders and solving strategies, with no declarative specification. Leijen
and Ye [2025] embrace this trend and argue that specifications should move closer to
algorithms, rephrasingHindley-Milner as inference under a prefix. Like the placeholders
in the above approaches, skeletons and ghosts of Fresco also represent unknown type
information for polymorphism. In contrast to these approaches, Fresco insists on a
declarative specification of the type system with soundness and completeness results.
Fresco gives a declarative specification of how skeletons are inferred.
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One must imagine Sisyphus happy.

—Albert Camus (1942)

The main goal of this thesis is to design an effect system for practical languages to
use. Much previous work has been done on effect systems, but a main challenge these
systems face, as introduced in Section 1.1, is the eee problem of having to thread effect
variables through types for modularity. Some recent approaches aim to solve the eee
problem, but they have one ormore of the following caveats: they rely on fragile syntactic
sugar, sacrifice first-class functions, require type-level capabilities, or are restricted to
named effect handlers. This thesis avoids all these caveats, supporting first-class higher-
order functions while preserving their usual types, supporting Plotkin and Pretnar
[2013]-style dynamic effect handlers, and only requiring the uses and handling of effects
to be annotated in most cases.
This thesis does not achieve the above by adopting ad hoc syntactic sugar or intro-

ducing mechanisms for binding and tracking capabilities in types. Instead, this thesis
develops a new theoretical foundation for effect systems, modal effect types, inspired
by multimodal type theory. We observe that, when viewing effects as provided by the
surrounding context, the notion of ambient effect contexts gives a natural solution to
the eee problem. However, the entanglement of effects with function types in traditional
effect systems prevents us from benefiting from this observation. We decouple effects
from function types via modalities, with absolute modalities denoting uses of effects
and relative modalities denoting changes (handling) of effects. Part I presents the core
calculus Met that formalises modal effect types with many extensions.
Decoupling effects from function types enables us to unify different styles of effect

systems by encoding them into a single target. Part II develops such a uniform framework
Met(𝒳) and presents compositional encodings of different effect systems into Met(𝒳).
Type inference for modal types can be challenging when we want to keep their

introduction and elimination implicit, while using them as first-class types for implicit
instantiation, similar to the notion of first-class polymorphism. Part III presents a novel
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type inference approach for first-class polymorphism, and extends it to infer modal
effect types in a language Maetel, whose tutorial is given in Chapter 3.

A general takeaway from this thesis is the idea of decoupling programming language
features. Modal effect types decouple effects from function types. This idea has been
applied in many other contexts. For instance, call-by-push-value (CBPV) [Levy 2004]
decouples thunking and forcing from function abstraction and application.

12.1 Future work

This thesis introduces a novel effect system with a new theoretical foundation, opening
up many directions for future work. Some of them have been discussed in previous
chapters. We summarise a few promising directions here, grouped by topic.

12.1.1 Modal types

Fitch-style modality elimination. Met follows multimodal type theory to use let-
style modality elimination. We must bind a value to a variable in order to eliminate its
modality. In contrast, with Fitch-style modality elimination [Clouston 2018], we can
eliminate the modality of a value in place. Fitch-style modality elimination is more
convenient to use as shown in the related work section of Gratzer et al. [2022], but has
extra requirements on the mode theory as discussed in Section 7.5.2. The elaboration
procedure of Maetel automatically inserts let-style modality elimination, which gives
us similar convenience to Fitch-style modality elimination. It remains an open question
whetherwe can translate between let-stylemodality elimination and Fitch-stylemodality
elimination, and if so, whether such translations are local or global. It is also interesting
future work to extend Metwith Fitch-style modality elimination.

Value restriction of modal type systems. We adopt the value restriction in Met to
ensure effect safety as discussed in Section 4.5. Modality introduction and elimination
only apply to values. In a recent extended abstract [Lorenzen et al. 2026], we show
that the value restriction is a common trick to ensure type soundness of modal type
systems with call-by-value semantics. However, this extended abstract only discusses a
collection of examples of modal type systems that adopt the value restriction; it does
not give a general characterisation of the conditions under which the value restriction
is necessary and sufficient. Exploring such conditions is interesting future work.

Relaxing the value restriction. An observation related to the above is that we do
not have to adopt the value restriction for all modalities in Met. In particular, for
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absolute modalities [𝐸], the term mod[𝐸] 𝑀 is safe for any term 𝑀 as long as the
current ambient effect context 𝐹 is larger than 𝐸, i.e., 𝐸 ⩽ 𝐹. We have no risk of leaking
effects from 𝑀, since the ambient effect context provides every effect that 𝑀 requires.
It is straightforward to extend Metwith a relaxed form of value restriction that allows
such cases. It is more interesting to explore if similar situations exist for other modal
type systems, and if we can give a formal general characterisation of such a relaxed
value restriction.

Denotational semantics of Met. We present only an operational semantics of Met in
this thesis. A promising approach to developing denotational semantics of Met is to
follow the categorical semantics of multimodal type theory [Gratzer et al. 2021; Gratzer
2023].

Submoding. Met extends the mode theory of MTT from a 2-category to a double
category with a partial order between modes for subeffecting. However, in addition to
being a double category, Met also requires some extra ad hoc properties of the double
category. For instance, as shown by Lemma 29, horizontal morphisms act functorially
on vertical morphisms. Future work could explore the algebraic structure that more
precisely describes the mode theory with submoding as in Met. A possible direction
is to consider fibrations. With the right algebraic structure for mode theories with
submoding, a next step is to generalise Met to a calculus parameterised by such mode
theories and instantiate this calculus differently to obtain different modal type systems.

More encodings. We discussed some extensions to the framework Met(𝒳) and the en-
codings that these extensions would enable in Section 7.5.3. Other interesting encodings
include encoding different formalisms of local effects [Biernacki et al. 2019; de Vilhena
and Pottier 2023]; encoding simply-typed Met back into System F1𝜖 introduced in
Section 7.4; and encoding between capturing types [Boruch-Gruszecki et al. 2023; Xu
et al. 2025] and modal effect types.

12.1.2 Effect types

Higher-order effects. We discussed in Section 3.9 that the main situation where we
need effect variables in Met is to define higher-order effects that are parameterised by
the effects that their arguments or results may perform. A future extension is to support
modular higher-order effects in Metwithout effect variables. A promising idea, as we
discussed in an extended abstract [Boussaa et al. 2026], is to introduce an order on
effects in effect contexts which characterises the order of handler stacks, so that we
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can prevent higher-order operations of outer handlers from taking arguments that use
effects of inner handlers. Another promising idea is to adopt the structural approach to
higher-order effects [Bosman et al. 2024; Yang andWu 2026; van den Berg and Schrijvers
2024; Yang 2024; Yang and Wu 2023; Yang et al. 2022] which extends the semantics of
effect handlers to enable effects used by arguments of higher-order operations to be
handled.

Control-flow linearity. We proposed control-flow linearity [Tang et al. 2024] which
extends effect types to track whether linear resources are used in their continuations or
not, resolving the soundness issue of combining linear resources with multi-shot effect
handlers. We formalised control-flow linearity in a conventional effect system with a
linear type system that uses kinds to specify linearity of types. A natural direction for
futurework is to extendmodal effect typeswith control-flow linearity.More interestingly,
we can use a modal type system for linearity, and explore how the modalities for effects
and linearity interact with each other. Modal type systems are also used for tracking
other properties of resources, such as uniqueness and locality [Lorenzen et al. 2024]. It
is also interesting future work to explore how to combine these modal type systems
with modal effect types without breaking their safety guarantees.

Abstraction safety. In Met, we only allow transformations of the form ⟨𝐷⟩ ⇒ ⟨𝐷⟩ @𝐸
for relative modalities to guarantee abstraction safety. Intuitively, abstraction safety
means that effects not mentioned in the types will not be handled. This is demonstrated
by the example in Section 3.6. It would be interesting futurework to formally characterise
the notion of abstraction safety for modal effect types. A promising direction is to define
a logical relation for modal effect types following the work on parametricity for effect
polymorphism [Biernacki et al. 2018, 2020; Zhang and Myers 2019]. It would also be
interesting to explore the general condition for any effect structure to have abstraction
safety in Met(𝒳).

Currying and n-ary functions. The classical type for a curried map function in a
conventional effect system is:

map : forall a b e . (a →{e} b) → List a →{e} List b

The first and last function arrows are annotated with the same effect variable 𝑒, while
the middle function arrow is pure. The preferred type for it in Met is:

map1 : forall a b . (a → b) → List a → List b
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Its interpretation differs slightly from the classical type: the middle function arrow is
not pure, but may also perform effects from the ambient effect context. This is consistent
with the fact that the above classical type is not a valid type in System F1𝜖 introduced in
Section 7.4.1, so it cannot be precisely encoded in Met without effect variables. In order
to express the fact that the middle function arrow is pure in Met, we need to use effect
variables as shown in the encoding of System F𝜖 defined in Section 7.2.2.

map2 : forall a b e . []([e](a → b) → [e](List a → List b))

The differences between the above two types in Met are only observable when we do
partial application map f under an empty effect context with an effectful argument f.
We cannot do such partial application with an effectful argument function using map1,
unless we 𝜂-expand this partial application as fun xs → map1 f xs. One lightweight
solution to avoid writing 𝜂-expansions explicitly is to use n-ary functions as in the Frank
language [Lindley et al. 2017; Convent et al. 2020], where a function type 𝐴1 → 𝐴2 →
· · · → 𝐴𝑛 → 𝐵 is not a curried function, but a shorthand of 𝐴1 × 𝐴2 × · · · × 𝐴𝑛 → 𝐵.
Partial application of 𝑛-ary functions is implemented by implicit 𝜂-expansion. Another
potential solution is to extend Metwith a separate notion of pure function arrows, or
more generally, function arrows that may perform some specific effects, separately from
the standard function arrows which may perform any effects provided by the ambient
effect context.

12.1.3 Type inference

First-class modal types. In Chapter 10, we presented the extension of Fresco to infer
modal effect types in Maetel with no soundness or completeness proofs. It is interesting
future work to further extend it to a general approach to type inference for first-class
modal types, and prove its soundness and completeness.

First-class skeletons. Fresco only allows programmers to annotate terms with types
but not skeletons. A natural extension is to support skeleton annotations and explore
what extra expressiveness it brings to type inference.

Named ghosts. Fresco treats ghosts as anonymous, which makes ghosts easy to
understand and reason about. However, it also leads to rejecting programs that are
well-typed in other approaches as discussed in Section 8.1.9. A future extension is to
support named ghosts while keeping a simple declarative specification.
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Type inference for more features. The idea of mixing directions of information flow
applies beyond type inference for first-class polymorphism and modal types. Extending
Fresco to inference for more features, such as static overloading, GADTs, higher-kinded
types, and intersection and union types, is an interesting direction for future work.

12.2 Some final thoughts

When I was applying for PhD programmes in autumn 2021, I wrote in my research
proposal that reducing the programming effort involved in dealing with effect variables
in effect systems was appealing to me. At that time, I did not imagine that I would
spend almost two-thirds of my PhD on this topic. I am happy that I worked on this
topic and ended up with something that I find exciting enough to write my thesis on.
The main benefit of modal effect types is that they save programmers from writing,

reading, and understanding effect variables. Meanwhile, as of summer 2026, large
language models (LLMs) have seemingly already saved programmers from writing,
reading, and understanding any code. I claimed at the beginning of this thesis that,
compared with traditional effect systems, modal effect types have better backward
compatibility with existing programming languages: we do not have to rewrite many
type signatures in existing codebases. But with LLMs, such rewriting of type signatures
seems no longer a problem. LLMs can even rewrite an entire established project from one
programming language to another. So is programming language design still something
worth working on nowadays?

From a practical perspective, perhaps optimistically, one might argue that program-
mers want to check the code generated by LLMs, in which case what the code looks like
and what information its type carries still matter; one might argue that type systems can
provide strong guarantees that help LLMs generate more structured and sound code
with fewer bugs; one might argue that designing a programming language targeted at
LLMs and AI agents seems to be a promising direction that would get funded.

This is not the full story for me. I do not choose to work on programming languages
merely because they are useful in practice. The most appealing part of programming
language research to me is designing elegant language features and exploring their
theoretical essence. For the topic of this thesis, if we only want something that works,
parametric polymorphism with some syntactic sugar hiding effect variables is enough.
But such a syntactic approach does not change the intrinsic complexity introduced by
effect variables. Modal effect types better capture the essence of modularity in effectful
programming without resorting to parametric polymorphism. Even though LLMs
have become very good at programming and even at solving some open mathematical
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12.2 Some final thoughts

problems, I believe that there is still a game for humans to play when design taste
matters, and when we value the elegance of the theory beyond making things work.
One may at least imagine me happy as I play this game.
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A Metatheory and proofs for Met

We provide metatheory and proofs for Met in Chapter 4 including some extensions
from Chapter 5.

A.1 Lemmas for the mode theory

We first show that the action of 𝜇 on effect contexts gives a total monotone function.

Lemma 29 (Monotone modalities). If Γ ⊢ 𝐸 ⩽ 𝐹, then Γ ⊢ 𝜇(𝐸) ⩽ 𝜇(𝐹).

Proof. Straightforward case analysis on the shape of 𝜇. For 𝜇 = ⟨𝐿|𝐷⟩, the result follows
by monotonicity of removing 𝐿 and extending with 𝐷. □

We prove the soundness lemma for modality transformation in Section 4.3.2.

Lemma 1 (Soundness of modality transformation). If Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹, then Γ ⊢ 𝜇(𝐹′) ⩽
𝜈(𝐹′) for all 𝐹′ with Γ ⊢ 𝐹 ⩽ 𝐹′.

Proof. By induction on the transformation derivation.

Case MT-Abs. Follows from Lemma 29 and transitivity of subeffecting.

Case MT-Rel. Both modalities are ⟨𝐿|𝐷⟩, so their actions on every 𝐹′ are equal.

Case MT-Expand. Suppose (𝐹 − 𝐿) ≡ ℓ , 𝐸. For every 𝐹 ⩽ 𝐹′, we have (𝐹′ − 𝐿) ≡ ℓ , 𝐸′ for
some 𝐸′. Inlining the definitions of modality action shows that both modalities
act on 𝐹′ as 𝐷, ℓ , 𝐸′.

Case MT-Shrink. Symmetric to MT-Expand.

Case MT-Trans. Follows from IHs and transitivity of subeffecting.

□

We state some properties of the mode theory as the following lemmas for easier
reference in proofs. Most of them directly follow from the definition.
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Lemma 30 (Vertical composition). If Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 and Γ ⊢ 𝜈 ⇒ 𝜉 @ 𝐹, then Γ ⊢ 𝜇 ⇒
𝜉 @ 𝐹.

Proof. Directly by MT-Trans. □

Lemma 31 (Horizontal composition). If Γ ⊢ 𝜇 ⇒ 𝜇′ @ 𝐹 and Γ ⊢ 𝜈 ⇒ 𝜈′ @𝜇(𝐹), then
Γ ⊢ 𝜇 ◦ 𝜈 ⇒ 𝜇′ ◦ 𝜈′ @ 𝐹.

Proof. By induction on the transformation derivations and case analysis on the mod-
alities being composed. If 𝜇 ◦ 𝜈 is absolute, the result follows from Lemmas 1 and 29,
transitivity of subeffecting, and MT-Abs. Otherwise all four modalities are relative. The
result follows by inlining composition and reapplyingMT-Rel, MT-Expand, MT-Shrink,
and MT-Trans. Expansion and shrinking always modify the mask and extension to-
gether, which is preserved by the definition of composition. □

Lemma 32 (Monotone modality transformation). If Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 and Γ ⊢ 𝐹 ⩽ 𝐹′, then
Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹′.

Proof. By induction on the transformation. The result is immediate for MT-Rel. For
MT-Abs, the premise and Lemma 29 give 𝐸 ⩽ 𝜈(𝐹) ⩽ 𝜈(𝐹′). Our goal then follows from
reapplying MT-Abs. The cases for MT-Expand and MT-Shrink follow from the fact that
their premises continue to hold after enlarging the ambient effect context. The case for
MT-Trans follows from IHs and reapplying MT-Trans. □

Lemma 33 (Reflexivity of modality transformation). Γ ⊢ 𝜇 ⇒ 𝜇 @ 𝐹.

Proof. By case analysis on 𝜇. Use reflexivity of subeffecting and MT-Abs for an absolute
modality, and use MT-Rel for a relative modality. □

Lemma 34 (Comonadic modalities). Suppose Γ @ 𝐹, 𝐸 = 𝜇(𝐹), Γ ⊢ 𝜇 ⇒ ⟨⟩ @ 𝐹, and
Γ ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹. Then Γ,µ𝜇 ⊢ 𝜇 ⇒ ⟨⟩ @𝐸 and Γ,µ𝜇 ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @𝐸.

Proof. We have Γ,µ𝜇 @𝐸. By case analysis on 𝜇. If 𝜇 is absolute, then 𝜇 = [𝐸] and
both conclusions follow from MT-Abs. If 𝜇 is relative, transformation to ⟨⟩ preserves
the action on 𝐹, so 𝐸 ≡ 𝐹. The conclusions are therefore the two premises under the
weakened context Γ,µ𝜇, up to effect equivalence. □

A.2 Lemmas for the calculus

We prove structural and substitution lemmas for Met as well as some other auxiliary
lemmas for proving type soundness.
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Lemma 35 (Canonical forms).

1. If 𝑉 is a value, Γ ⊢ 𝑉 : 𝜇𝐴 @𝐸, and dom(Γ) = ∅, then either 𝑉 ⇝ 𝑉 ′ for some 𝑉 ′, or 𝑉
is of shape mod𝜇𝑊 .

2. If 𝑉 is a value, Γ ⊢ 𝑉 : 𝐴→ 𝐵 @𝐸, and dom(Γ) = ∅, then either 𝑉 ⇝ 𝑉 ′ for some 𝑉 ′,
or 𝑉 is of shape 𝜆𝑥𝐴.𝑀.

3. If 𝑉 is a value, Γ ⊢ 𝑉 : ∀𝛼𝐾 .𝐴 @𝐸, and dom(Γ) = ∅, then either 𝑉 ⇝ 𝑉 ′ for some 𝑉 ′,
or 𝑉 is of shape Λ𝛼𝐾 .𝑊 .

Proof. By simultaneous induction on the typing derivations. The interesting case is
T-TApp. By IH, its head either reduces, in which case the type application reduces by
E-Lift, or has shape Λ𝛼𝐾 .𝑊 , in which case the type application reduces by E-TApp. The
remaining cases follow directly from the typing rules. □

We have the following structural lemmas.

Lemma 36 (Structural rules). The following structural rules are admissible.

1. Variable weakening.

Γ, Γ′ ⊢ 𝑀 : 𝐵 @𝐸 Γ, 𝑥 :𝜇 𝐴, Γ′ @𝐸

Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

2. Variable swapping.

Γ, 𝑥 :𝜇 𝐴, 𝑦 :𝜈 𝐵, Γ′ ⊢ 𝑀 : 𝐴′ @𝐸

Γ, 𝑦 :𝜈 𝐵, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑀 : 𝐴′ @𝐸

3. Lock weakening.

Γ,µ𝜇 , Γ
′ ⊢ 𝑀 : 𝐴 @𝐸 Γ @ 𝐹 Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹

Γ,µ𝜈 , Γ
′ ⊢ 𝑀 : 𝐴 @𝐸′

4. Label weakening.

Ω | Γ, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Ω | Γ, ℓ : 𝐴↠ 𝐵′, Γ′ ⊢ 𝑀 : 𝐵 @𝐸
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5. Runtime-label weakening.

Ω | Γ ⊢ 𝑀 : 𝐵 @𝐸

Ω, ℓ : 𝐴↠ 𝐵′ | Γ ⊢ 𝑀 : 𝐵 @𝐸

6. Type variable weakening.

Γ, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Γ, 𝛼 : 𝐾, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

7. Type variable swapping.

Γ1 , Γ2 , 𝛼 : 𝐾, Γ3 ⊢ 𝑀 : 𝐴 @𝐸

Γ1 , 𝛼 : 𝐾, Γ2 , Γ3 ⊢ 𝑀 : 𝐴 @𝐸

𝛼 ∉ ftv(Γ2) Γ1 , 𝛼 : 𝐾, Γ2 , Γ3 ⊢ 𝑀 : 𝐴 @𝐸

Γ1 , Γ2 , 𝛼 : 𝐾, Γ3 ⊢ 𝑀 : 𝐴 @𝐸

Proof. 1, 2, 4, 5, 6, and 7 follow from straightforward induction on the typing derivation.
For 3, we also proceed by induction on the typing derivation. The most interesting case
is T-Var. Other cases mostly follow from IHs.

Case
T-Var
Γ1 ⊢ (𝜇′, 𝐴) ⇒ locks(Γ2) 1

Γ1 , 𝑥 :𝜇′ 𝐴, Γ2 ⊢ 𝑥 : 𝐴 @𝐸

Trivial when 𝐴 has kind Abs. Otherwise, inversion on 1 gives, for the 𝐹1 such
that Γ1 @ 𝐹1,

Γ1 ⊢ 𝜇′ ⇒ locks(Γ2) @ 𝐹1 2 .

We proceed by case analysis on where the lock weakening happens.

Case Γ. Supposing Γ1 = Γ,µ𝜇 , Γ0 and after lock weakening we have Γ′1 = Γ,µ𝜈 , Γ0.
Let Γ′1 @ 𝐹′1. By context formation, we have 𝐹1 = locks(Γ0)(𝜇(𝐹)) and 𝐹′1 =

locks(Γ0)(𝜈(𝐹)). By Lemma 1, the lock transformation gives 𝜇(𝐹) ⩽ 𝜈(𝐹).
Applying Lemma 29 to the modality locks(Γ0) gives 𝐹1 ⩽ 𝐹′1. By 2 and
Lemma 32, we have Γ′1 ⊢ 𝜇′ ⇒ locks(Γ2) @ 𝐹′1. Reapply T-Var.

Case Γ2. Suppose Γ2 = Γ0 ,µ𝜇 , Γ
′ and the context Γ2 is weakened to Γ′2 = Γ0 ,µ𝜈 , Γ

′.
By Lemma 33 and Lemma 31, we have Γ1 ⊢ locks(Γ2) ⇒ locks(Γ′2) @ 𝐹1,
where Γ1 @ 𝐹1. By Lemma 30 and 2 , we have 𝜇′ transformed to locks(Γ′2).
Finally reapply T-Var.
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Case
T-Mod
Γ,µ𝜇 , Γ

′,µ𝜇′ ⊢ 𝑉 : 𝐴 @𝜇′(𝐸) 1

Γ,µ𝜇 , Γ
′ ⊢ mod𝜇′ 𝑉 : 𝜇′𝐴 @𝐸

By IH on 1 , we have Γ,µ𝜈 , Γ
′,µ𝜇′ ⊢ 𝑉 : 𝐴 @𝜇′(𝐸′).

Then by T-Mod we have Γ,µ𝜈 , Γ
′ ⊢ mod𝜇′ 𝑉 : 𝜇′𝐴 @𝐸′.

Case
T-Letmod
Γ,µ𝜇 , Γ

′,µ𝜈′ ⊢ 𝑉 : 𝜇′𝐴 @ 𝜈′(𝐸) 1 Γ,µ𝜇 , Γ
′, 𝑥 :𝜈′◦𝜇′ 𝐴 ⊢ 𝑀 : 𝐵 @𝐸 2

Γ,µ𝜇 , Γ
′ ⊢ let𝜈′ mod𝜇′ 𝑥 = 𝑉 in 𝑀 : 𝐵 @𝐸

By IH on 1 , we have Γ,µ𝜈 , Γ
′,µ𝜈′ ⊢ 𝑉 : 𝜇′𝐴 @ 𝜈′(𝐸′).

By IH on 2 , we have Γ,µ𝜈 , Γ
′, 𝑥 :𝜈′◦𝜇′ 𝐴 ⊢ 𝑀 : 𝐵 @𝐸′.

Then by T-Letmod, we have Γ,µ𝜈 , Γ
′ ⊢ let𝜈′ mod𝜇′ 𝑥 = 𝑉 in 𝑀 : 𝐵 @𝐸′.

Case
T-Do
Σ ∋ ℓ : 𝐴0 ↠ 𝐵0 Γ,µ𝜇 , Γ

′ ⊢ 𝑁 : 𝐴0 @ ℓ , 𝐸0 1

Γ,µ𝜇 , Γ
′ ⊢ do ℓ 𝑁 : 𝐵0 @ ℓ , 𝐸0

Given Γ @ 𝐹, we have ℓ , 𝐸0 = locks(Γ′)(𝜇(𝐹)) and 𝐸′ = locks(Γ′)(𝜈(𝐹)). By Lemma 1,
𝜇(𝐹) ⩽ 𝜈(𝐹). Applying Lemma 29 to locks(Γ′) gives ℓ , 𝐸0 ⩽ 𝐸′, sowe have𝐸′ ≡ ℓ , 𝐸′

0
for some 𝐸′

0. By IH on 1 , we have Γ,µ𝜈 , Γ
′ ⊢ 𝑁 : 𝐴0 @ ℓ , 𝐸′

0.
Then by T-Do, we have Γ,µ𝜈 , Γ

′ ⊢ do ℓ 𝑁 : 𝐵0 @ ℓ , 𝐸′
0.

Case T-TAbs, T-TApp, T-Abs, T-App, T-Mask, T-LocalEffect, and both T-Handle. Follow
from IHs and reapplying the same rule. Similar to above cases.

□

As a corollary of Lemma 36.3, the following subeffecting rule is admissible.

Corollary 37 (Sub-effecting). The following rule is admissible.

µ[𝐸] , Γ ⊢ 𝑀 : 𝐴 @ 𝐹 𝐸 ⩽ 𝐸′ µ[𝐸′] , Γ @ 𝐹′

µ[𝐸′] , Γ ⊢ 𝑀 : 𝐴 @ 𝐹′

Proof. Follows from Lemma 36.3, since we have · ⊢ [𝐸] ⇒ [𝐸′] @ · by MT-Abs. □

The following lemma captures the intuition that pure values can be used in any effect
context.
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Lemma 38 (Pure Promotion). The following promotion rule is admissible.

Γ1 , Γ ⊢ 𝑉 : 𝐴 @𝐸 Γ1 ⊢ 𝐴 : Abs fv(𝑉) ⊆ dom(Γ1) ftv(𝑉) ⊆ dom(Γ1)

Γ1 , Γ
′ ⊢ 𝑉 : 𝐴 @𝐸′

Proof. By induction on the typing derivation of 𝑉 .

Case T-Var. Trivial, since the variable belongs to Γ1 and has a pure type.

Case
T-Mod
Γ1 , Γ,µ𝜇 ⊢ 𝑉 : 𝐴 @𝜇(𝐸) 1

Γ1 , Γ ⊢ mod𝜇𝑉 : 𝜇𝐴 @𝐸

Case analysis on the shape of 𝜇.

Subcase 𝜇 is relative. By inversion on the kinding premise, we have Γ1 ⊢ 𝐴 : Abs.
By IH on 1 , we have

Γ1 , Γ
′,µ𝜇 ⊢ 𝑉 : 𝐴 @𝜇(𝐸′).

Then by T-Mod we have

Γ1 , Γ
′ ⊢ mod𝜇𝑉 : 𝜇𝐴 @𝐸′

Subcase 𝜇 is absolute. We have 𝜇 = [𝐹1] and locks(Γ′,µ𝜇) = [𝐹1] = locks(Γ,µ𝜇).
Thus, replacing the context (Γ,µ𝜇) with (Γ′,µ𝜇) in 1 does not influence
usages of T-Var for variables in Γ1. Thus, we have

Γ1 , Γ
′,µ𝜇 ⊢ 𝑉 : 𝐴 @ 𝐹1.

Then by T-Mod we have

Γ1 , Γ
′ ⊢ mod𝜇𝑉 : 𝜇𝐴 @𝐸′

Case
T-TAbs
Γ1 , Γ, 𝛼 : 𝐾 ⊢ 𝑉 : 𝐴 @𝐸 1

Γ1 , Γ ⊢ Λ𝛼𝐾 .𝑉 : ∀𝛼𝐾 .𝐴 @𝐸

Case analysis on 𝐾.

Subcase 𝐾 = Any. By inversion on the kinding premise, we have

Γ1 , 𝛼 : Abs ⊢ 𝐴 : Abs 2 .
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We can change 𝛼 : Any to 𝛼 : Abs in 1 by a straightforward induction. By
Lemma 36.7, we therefore have

Γ1 , 𝛼 : Abs, Γ ⊢ 𝑉 : 𝐴 @𝐸 3 .

By IH on 3 using 2 , we have

Γ1 , 𝛼 : Abs, Γ′ ⊢ 𝑉 : 𝐴 @𝐸′.

Moving 𝛼 : Abs back to the right of Γ′ using Lemma 36.7 gives

Γ1 , Γ
′, 𝛼 : Abs ⊢ 𝑉 : 𝐴 @𝐸′ 4 .

Now by another straightforward induction on 4 and 1 , observing that
only contexts left of 𝛼 are changed, we can change 𝛼 : Abs back to 𝛼 : Any in
4 :

Γ1 , Γ
′, 𝛼 : Any ⊢ 𝑉 : 𝐴 @𝐸′ 5 .

Our goal follows from applying T-TAbs to 5 .

Subcase 𝐾 = Abs or 𝐾 = Effect. By inversion on the kinding premise, we have

Γ1 , 𝛼 : 𝐾 ⊢ 𝐴 : Abs 2 .

Our goal follows from Lemma 36.7, IH on 1 using 2 , and T-TAbs.

Case
T-TApp
Γ1 , Γ ⊢ 𝑉 : ∀𝛼𝐾 .𝐵 @𝐸 1 Γ1 , Γ ⊢ 𝐴 : 𝐾 2

Γ1 , Γ ⊢ 𝑉 𝐴 : 𝐵[𝐴/𝛼] @𝐸

A straightforward induction on the result type shows that, if 𝐵[𝐴/𝛼] has kind Abs,
then 𝐵 has kind Abs with 𝛼 : Abs when the declared kind is not Effect, and with
𝛼 : Effect otherwise. Thus, ∀𝛼𝐾 .𝐵 has kind Abs. By IH on 1 , we may promote 𝑉 .
The free-type-variable side condition and 2 ensure that 𝐴 remains well-kinded
under Γ1 , Γ′, so we may reapply T-TApp.

Case T-Abs. Impossible since function types are impure.

□

Lemma 39 (Substitution). The following substitution rules are admissible.

1. Preservation of kinds under type substitution.

Γ ⊢ 𝐴 : 𝐾 Γ, 𝛼 : 𝐾, Γ′ ⊢ 𝐵 : 𝐾′

Γ, Γ′[𝐴/𝛼] ⊢ 𝐵[𝐴/𝛼] : 𝐾′
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2. Preservation of types under type substitution.

Γ ⊢ 𝐴 : 𝐾 Γ, 𝛼 : 𝐾, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Γ, Γ′[𝐴/𝛼] ⊢ 𝑀[𝐴/𝛼] : 𝐵[𝐴/𝛼] @𝐸[𝐴/𝛼]

3. Preservation of types under value substitution.

Γ,µ𝜇 ⊢ 𝑉 : 𝐴 @ 𝐹 Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Γ, Γ′ ⊢ 𝑀[𝑉/𝑥] : 𝐵 @𝐸

4. Preservation of types under label substitution.

Ω | Γ, ℓ : 𝐴′ ↠ 𝐵′, Γ′ ⊢ 𝑀 : 𝐴 @𝐸 Ω ∋ ℓ ′ : 𝐴′ ↠ 𝐵′

Ω | Γ, Γ′[ℓ ′/ℓ ] ⊢ 𝑀[ℓ ′/ℓ ] : 𝐴[ℓ ′/ℓ ] @𝐸[ℓ ′/ℓ ]

Proof.
1. By simultaneous induction on kinding and the well-formedness for effects, masks,
and modalities.
2. By straightforward induction on the typing derivation of 𝑀.
3. By induction on the typing derivation of 𝑀. Trivial when variable 𝑥 is not used. In
the following induction we always assume 𝑥 is used.

Case
T-Var
Γ ⊢ (𝜇, 𝐴) ⇒ locks(Γ′) 1

Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑥 : 𝐴 @𝐸

Case analysis on the kind of 𝐴.

Case Any. Inversion on 1 gives Γ @ 𝐹0 and Γ ⊢ 𝜇 ⇒ locks(Γ′) @ 𝐹0. By well-
formedness of the value premise, 𝐹 = 𝜇(𝐹0). Then by Γ,µ𝜇 ⊢ 𝑉 : 𝐴 @ 𝐹 and
Lemma 36.3, we have

Γ,µlocks(Γ′) ⊢ 𝑉 : 𝐴 @ locks(Γ′)(𝐹0).

Then, by context equivalence and Lemma 36.1, we have

Γ, Γ′ ⊢ 𝑉 : 𝐴 @𝐸.

Case Abs. By Γ,µ𝜇 ⊢ 𝑉 : 𝐴 @ 𝐹 and Lemma 38, we have

Γ, Γ′ ⊢ 𝑉 : 𝐴 @𝐸.
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Case
T-Mod
Γ, 𝑥 :𝜇 𝐴, Γ′,µ𝜇′ ⊢𝑊 : 𝐵 @𝜇′(𝐸) 1

Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ mod𝜇′𝑊 : 𝜇′𝐵 @𝐸

By IH on 1 we have

Γ, Γ′,µ𝜇′ ⊢𝑊[𝑉/𝑥] : 𝐵 @𝜇′(𝐸).

Then by T-Mod we have

Γ, Γ′ ⊢ (mod𝜇′𝑊)[𝑉/𝑥] : 𝜇′𝐵 @𝐸

Case
T-Letmod
Γ, 𝑥 :𝜇 𝐴, Γ′,µ𝜈 ⊢𝑊 : 𝜇′𝐴′ @ 𝜈(𝐸) 1 Γ, 𝑥 :𝜇 𝐴, Γ′, 𝑦 :𝜈◦𝜇′ 𝐴′ ⊢ 𝑀 : 𝐵 @𝐸 2

Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ let𝜈 mod𝜇′ 𝑦 =𝑊 in 𝑀 : 𝐵 @𝐸

By IH on 1 , we have

Γ, Γ′,µ𝜈 ⊢𝑊[𝑉/𝑥] : 𝜇′𝐴′ @ 𝜈(𝐸).

By IH on 2 , we have

Γ, Γ′, 𝑦 :𝜈◦𝜇′ 𝐴′ ⊢ 𝑀[𝑉/𝑥] : 𝐵 @𝐸.

Then by T-Letmod, we have

Γ, Γ′ ⊢ (let𝜈 mod𝜇′ 𝑦 =𝑊 in 𝑀)[𝑉/𝑥] : 𝐵 @𝐸

Case T-TAbs and T-TApp. Follow from IHs and reapplying the same rule, after alpha-
renaming in the T-TAbs case.

Case
T-Mask
Γ, 𝑥 :𝜇 𝐴, Γ′,µ⟨𝐿|⟩ ⊢ 𝑀 : 𝐵 @𝐸 − 𝐿 1

Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ mask𝐿 𝑀 : ⟨𝐿|⟩𝐵 @𝐸

By IH on 1 , we have

Γ, Γ′,µ⟨𝐿|⟩ ⊢ 𝑀[𝑉/𝑥] : 𝐵 @𝐸 − 𝐿.

Then by T-Mask we have

Γ, Γ′ ⊢ (mask𝐿 𝑀)[𝑉/𝑥] : ⟨𝐿|⟩𝐵 @𝐸.

Case
T-LocalEffect

Ω | Γ, 𝑥 :𝜇 𝐴, Γ′, ℓ : 𝐴0 ↠ 𝐵0 ⊢ 𝑀 : 𝐵 @𝐸 1

Ω | Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ local ℓ : 𝐴0 ↠ 𝐵0 in 𝑀 : 𝐵 @𝐸
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Follows from IH on 1 and reapplying T-LocalEffect.

Case
T-Handle

𝐷 = ℓ𝑖 Γ, 𝑥 :𝜇 𝐴, Γ′,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴0 @𝐷, 𝐸 1

Γ, 𝑥 :𝜇 𝐴, Γ′, 𝑦 :⟨𝐷⟩ 𝐴0 ⊢ 𝑁 : 𝐵 @𝐸 2

[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑥 :𝜇 𝐴, Γ′, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @𝐸 3 ]𝑖
Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ handle 𝑀 with {return 𝑦 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖 : 𝐵 @𝐸

Follows from IH on 1 , 2 , 3 , and reapplying T-Handle.

Case Modality-parameterised T-Handle. Follows from IH on the handled computation,
return clause, and operation clauses, and reapplying T-Handle.

Case T-Abs, T-App, and T-Do. Follow from IH.

4. By straightforward induction on the typing derivation. □

A.3 Progress

This section proves Theorem 2.

Theorem 2 (Progress). If Γ ⊢ 𝑀 : 𝐴 @𝐸 and dom(Γ) = ∅, then either there exists 𝑁 such
that 𝑀 ⇝ 𝑁 or 𝑀 is in a normal form with respect to 𝐸.

For the extension with masks, the definition of normal forms uses 𝑛−free(ℓ ,ℰ) in
place of ℓ ∉ bl(ℰ). For local labels, the theorem states that either there exist 𝑁 and Ω′

such that 𝑀 | Ω⇝ 𝑁 | Ω′ or 𝑀 is in a normal form with respect to 𝐸.

Proof. By induction on the typing derivation Γ ⊢ 𝑀 : 𝐴 @𝐸. The most non-trivial case
is T-Handle. Other cases follow from IHs and reduction rules, using Lemma 35.

Case 𝑀 is a value 𝑉 . Trivial. Base case.

Case T-Var. Impossible, since the context contains no variable binding.

Case T-Mod. mod𝜇𝑉 is a value.

Case T-Letmod. let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑁 . By Lemma 35, either 𝑉 ⇝ 𝑉 ′ or 𝑉 has shape
mod𝜇𝑊 .

Subcase 𝑉 ⇝ 𝑉 ′. Then the term reduces by E-Lift.

Subcase 𝑉 = mod𝜇𝑊 . Then the term reduces by E-Letmod.
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Case T-TAbs. Λ𝛼𝐾 .𝑉 is a value.

Case T-TApp. 𝑀𝐴. By IH on 𝑀.

Subcase 𝑀 ⇝ 𝑀′. Then 𝑀𝐴⇝ 𝑀′𝐴 by E-Lift.

Subcase 𝑀 = ℰ[do ℓ 𝑉] is in a normal form. Then 𝑀𝐴 is in a normal form with
evaluation context ℰ 𝐴.

Subcase 𝑀 is a value. Then 𝑀𝐴 is a value.

Case T-App. 𝑀𝑁 . By IH on 𝑀.

Subcase 𝑀 ⇝ 𝑀′. Then 𝑀𝑁 ⇝ 𝑀′𝑁 by E-Lift.

Subcase 𝑀 = ℰ[do ℓ 𝑉] is in a normal form. Then 𝑀𝑁 is in a normal form with
evaluation context ℰ 𝑁 .

Subcase 𝑀 is a value. By IH on 𝑁 .

Subcase 𝑁 ⇝ 𝑁 ′. Then 𝑀𝑁 ⇝ 𝑀𝑁 ′ by E-Lift.

Subcase 𝑁 = ℰ[do ℓ 𝑉] is in a normal form. Then 𝑀𝑁 is in a normal form
with evaluation context 𝑀 ℰ.

Subcase 𝑁 is a value. By Lemma 35, either𝑀 ⇝ 𝑀′ or𝑀 has shape 𝜆𝑥𝐴.𝑀′.

Subcase 𝑀 ⇝ 𝑀′. Then 𝑀𝑁 reduces by E-Lift.

Subcase 𝑀 = 𝜆𝑥𝐴.𝑀′. Then 𝑀𝑁 reduces by E-App.

Case T-Do. By IH on the argument 𝑀.

Subcase 𝑀 ⇝ 𝑀′. Then do ℓ 𝑀 ⇝ do ℓ 𝑀′ by E-Lift.

Subcase 𝑀 = ℰ[do ℓ ′ 𝑉] is in a normal form. Then do ℓ 𝑀 is in a normal form
with evaluation context do ℓ ℰ.

Subcase 𝑀 is a value. Then do ℓ 𝑀 is in a normal form because ℓ belongs to the
ambient effect context.

Case T-Mask. By IH on 𝑀.

Subcase 𝑀 ⇝ 𝑀′. Then mask𝐿 𝑀 ⇝ mask𝐿 𝑀′ by E-Lift.

Subcase 𝑀 is a value. Then mask𝐿 𝑀 is reducible by E-Mask.
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Subcase 𝑀 = ℰ[do ℓ 𝑉] is in a normal form. Then the whole term is in a normal
form with evaluation context mask𝐿 ℰ. The defining rule for 𝑛−free(ℓ ,ℰ)
adds count(ℓ ; 𝐿) to the mask count.

Case T-LocalEffect. Reducible by E-Gen.

Case
T-Handle

𝐻 = {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖
𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 1 Γ, 𝑥 :⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸

[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @𝐸]𝑖
Γ ⊢ handle 𝑀 with 𝐻 : 𝐵 @𝐸

By IH on 1 .

Subcase 𝑀 is reducible. Trivial.

Subcase 𝑀 is a value. By E-Ret.

Subcase 𝑀 = ℰ[do ℓ 𝑉] with 𝑛−free(ℓ ,ℰ). If 𝑛 = 0 and ℓ is handled by 𝐻,
by E-Op. Otherwise, since 𝑀 is at effect context 𝐷, 𝐸, by a straightforward
induction on the evaluation context ℰ and the definition of 𝑛−free(ℓ ,ℰ)we
know that ℓ ∈ 𝐸. Thus the whole term is in a normal form with respect to 𝐸.

Case Modality-parameterised T-Handle.
T-Handle

𝐻 = {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖
𝜇(𝐹) = 𝐸 Γ ⊢ 𝜇 ⇒ ⟨⟩ @ 𝐹 Γ ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹

𝐷 = ℓ𝑖 Γ,µ𝜇 ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 1 Γ,µ𝜇 , 𝑥 :𝜇◦⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸
[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ,µ𝜇 , 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 :𝜇 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @𝐸]𝑖

Γ ⊢ handle𝜇 𝑀 with 𝐻 : 𝐵 @ 𝐹

By IH on 1 .

Subcase 𝑀 is reducible. Trivial.

Subcase 𝑀 is a value. By E-Ret.

Subcase 𝑀 = ℰ[do ℓ 𝑉] with 𝑛−free(ℓ ,ℰ). If 𝑛 = 0 and ℓ is handled by 𝐻,
by E-Op. Otherwise, since 𝑀 is at effect context 𝐷, 𝐸, by a straightforward
induction on the evaluation context ℰ and the definition of 𝑛−free(ℓ ,ℰ)we
know that ℓ ∈ 𝐸. By Lemma 1, 𝐸 ⩽ 𝐹. Thus ℓ ∈ 𝐹, and the whole term is in a
normal form with respect to 𝐹.

□
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A.4 Subject reduction

This section proves Theorem 3.

Theorem 3 (Subject Reduction). If Γ ⊢ 𝑀 : 𝐴 @𝐸 and 𝑀 ⇝ 𝑁 , then Γ ⊢ 𝑁 : 𝐴 @𝐸.

For local labels, we prove the corresponding statement for runtime configurations: if
Ω | Γ ⊢ 𝑀 : 𝐴 @𝐸 and𝑀 | Ω⇝ 𝑁 | Ω′, thenΩ′ | Γ ⊢ 𝑁 : 𝐴 @𝐸. In displayed T-Do and
ordinary T-Handle cases, the signature context Σ is read as Σ,Ω, Γwhen local labels
are enabled.

Proof. By induction on the typing derivation Γ ⊢ 𝑀 : 𝐴 @𝐸.

Case T-Var. Impossible as there is no further reduction.

Case T-Mod. Impossible as mod𝜇𝑉 is a value and there is no further reduction.

Case
T-Letmod
Γ,µ𝜈 ⊢ 𝑉 : 𝜇𝐴 @ 𝜈(𝐹) 1 Γ, 𝑥 :𝜈◦𝜇 𝐴 ⊢ 𝑀 : 𝐵 @ 𝐹 2

Γ ⊢ let𝜈 mod𝜇 𝑥 = 𝑉 in 𝑀 : 𝐵 @ 𝐹

By case analysis on the reduction.

Subcase E-Lift with 𝑉 ⇝ 𝑉 ′. By definition of reduction, 𝑉 ′ is a value. By IH on
1 and reapplying T-Letmod.

Subcase E-Letmod. We have 𝑉 = mod𝜇𝑊 and

let𝜈 mod𝜇 𝑥 = mod𝜇𝑊 in 𝑀 ⇝ 𝑀[𝑊/𝑥].

Inversion on 1 gives

Γ,µ𝜈 ,µ𝜇 ⊢𝑊 : 𝐴 @𝜇(𝜈(𝐹)).

By context equivalence, we have

Γ,µ𝜈◦𝜇 ⊢𝑊 : 𝐴 @ (𝜈 ◦ 𝜇)(𝐹).

By Lemma 39.3 and 2 , we have

Γ ⊢ 𝑀[𝑊/𝑥] : 𝐵 @ 𝐹.

Case T-Abs and T-TAbs. Impossible as there is no further reduction.

Case
T-TApp
Γ ⊢ 𝑀 : ∀𝛼𝐾 .𝐵 @𝐸 1 Γ ⊢ 𝐴 : 𝐾 2

Γ ⊢ 𝑀𝐴 : 𝐵[𝐴/𝛼] @𝐸
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By case analysis on the reduction.

Subcase E-Lift with 𝑀 ⇝ 𝑁 . By IH on 1 and reapplying T-TApp.

Subcase E-TApp. We have 𝑀 = Λ𝛼𝐾 .𝑉 and

(Λ𝛼𝐾 .𝑉)𝐴⇝ 𝑉[𝐴/𝛼].

Inversion on 1 gives
Γ, 𝛼 : 𝐾 ⊢ 𝑉 : 𝐵 @𝐸.

Then by Lemma 39.2 on 2 , we have

Γ ⊢ 𝑉[𝐴/𝛼] : 𝐵[𝐴/𝛼] @𝐸[𝐴/𝛼].

Since the conclusion of T-TAbs is well-formed under Γ, 𝛼 does not occur free
in 𝐸. Hence 𝐸[𝐴/𝛼] = 𝐸.

Case
T-App
Γ ⊢ 𝑀 : 𝐴→ 𝐵 @𝐸 1 Γ ⊢ 𝑁 : 𝐴 @𝐸 2

Γ ⊢ 𝑀 𝑁 : 𝐵 @𝐸

By case analysis on the reduction.

Case E-Lift with 𝑀 ⇝ 𝑀′. By IH on 1 and reapplying T-App.

Case E-Lift with 𝑁 ⇝ 𝑁 ′. By IH on 2 and reapplying T-App.

Case E-App. We have 𝑀 = 𝜆𝑥𝐴.𝑀′, 𝑁 = 𝑉 , and

𝑀𝑁 ⇝ 𝑀′[𝑉/𝑥].

Inversion on 1 gives
Γ, 𝑥 : 𝐴 ⊢ 𝑀′ : 𝐵 @𝐸.

By context equivalence, we may add an identity lock to the context of 𝑉 .
Then by Lemma 39.3 we have

Γ ⊢ 𝑀′[𝑉/𝑥] : 𝐵 @𝐸.

Case T-Do. The only way to reduce is by E-Lift. Follows from IH and reapplying T-Do.

Case
T-Mask
Γ,µ⟨𝐿|⟩ ⊢ 𝑀 : 𝐴 @ 𝐹 − 𝐿 1

Γ ⊢ mask𝐿 𝑀 : ⟨𝐿|⟩𝐴 @ 𝐹

By case analysis on the reduction.

Case E-Lift with 𝑀 ⇝ 𝑀′. By IH on 1 and reapplying T-Mask.
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Case E-Mask. We have 𝑀 = 𝑉 and

mask𝐿 𝑉 ⇝ mod⟨𝐿|⟩ 𝑉.

Premise 1 is exactly the premise required by T-Mod for modality ⟨𝐿|⟩ at
effect context 𝐹. Thus we have

Γ ⊢ mod⟨𝐿|⟩ 𝑉 : ⟨𝐿|⟩𝐴 @ 𝐹.

Case
T-LocalEffect

Ω | Γ, ℓ : 𝐴↠ 𝐵 ⊢ 𝑀 : 𝐴′ @𝐸 1

Ω | Γ ⊢ local ℓ : 𝐴↠ 𝐵 in 𝑀 : 𝐴′ @𝐸

The only way to reduce is by E-Gen. By runtime-label weakening on 1 and
Lemma 39.4, we have

Ω, ℓ ′ : 𝐴↠ 𝐵 | Γ ⊢ 𝑀[ℓ ′/ℓ ] : 𝐴′ @𝐸.

The label ℓ does not appear in 𝐴′ or 𝐸 by well-formedness.

Case
T-Handle

𝐻 = {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖
𝐷 = ℓ𝑖 Γ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐹 1 Γ, 𝑥 :⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @ 𝐹 2

[Σ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ, 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 : 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @ 𝐹 3 ]𝑖
Γ ⊢ handle 𝑀 with 𝐻 : 𝐵 @ 𝐹

By case analysis on the reduction.

Case E-Lift with 𝑀 ⇝ 𝑀′. By IH on 1 and reapplying T-Handle.

Case E-Ret. We have 𝑀 = 𝑉 and

handle 𝑉 with 𝐻 ⇝ 𝑁[𝑉/𝑥].

Then by 2 and Lemma 39.3 we have

Γ ⊢ 𝑁[𝑉/𝑥] : 𝐵 @ 𝐹.

Case E-Op. We have 𝑀 = ℰ[do ℓ 𝑗 𝑉], ℓ 𝑗 ∉ bl(ℰ) in the core calculus, or
0−free(ℓ 𝑗 ,ℰ)with masks, and (ℓ 𝑗 𝑝 𝑗 𝑟 𝑗 ↦→ 𝑁𝑗) ∈ 𝐻. Thus,

handle 𝑀 with 𝐻 ⇝ 𝑁𝑗[𝑉/𝑝 𝑗 , (𝜆𝑦.handle ℰ[𝑦] with 𝐻)/𝑟𝑗].
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We know that 𝑉 has type 𝐴 𝑗 by the unique operation signature ℓ 𝑗 : 𝐴 𝑗 ↠ 𝐵𝑗

in the available label contexts. By 1 , a straightforward induction on ℰ, and
inversion on the typing judgement of do ℓ 𝑗 𝑉 , we have

Γ, Γ′ ⊢ 𝑉 : 𝐴 𝑗 @𝐸′

for some Γ′ containing only locks and some 𝐸′. Since the operation signature
is well-kinded, 𝐴 𝑗 : Abs and 𝐵 𝑗 : Abs. By 𝐴 𝑗 : Abs and Lemma 38, we have

Γ ⊢ 𝑉 : 𝐴 𝑗 @ 𝐹 4 .

Observe that 𝐵 𝑗 : Abs allows 𝑦 to be accessed in any context. By 1 and a
straightforward induction on ℰ we have

Γ, 𝑦 : 𝐵 𝑗 ,µ⟨𝐷⟩ ⊢ ℰ[𝑦] : 𝐴 @𝐷, 𝐹.

Then by variable weakening on 2 and 3 and T-Handle, we have

Γ, 𝑦 : 𝐵 𝑗 ⊢ handle ℰ[𝑦] with 𝐻 : 𝐵 @ 𝐹.

Then by T-Abs we have

Γ ⊢ 𝜆𝑦.handle ℰ[𝑦] with 𝐻 : 𝐵 𝑗 → 𝐵 @ 𝐹 5 .

Finally, by 3 , 4 , 5 , context equivalence, and Lemma 39.3 we have

Γ ⊢ 𝑁𝑗[𝑉/𝑝 𝑗 , (𝜆𝑦.handle ℰ[𝑦] with 𝐻)/𝑟𝑗] : 𝐵 @ 𝐹.

Case Modality-parameterised T-Handle.
T-Handle

𝐻 = {return 𝑥 ↦→ 𝑁} ⊎ {ℓ𝑖 𝑝𝑖 𝑟𝑖 ↦→ 𝑁𝑖}𝑖
𝜇(𝐹) = 𝐸 Γ ⊢ 𝜇 ⇒ ⟨⟩ @ 𝐹 Γ ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹

𝐷 = ℓ𝑖 Γ,µ𝜇 ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸 1 Γ,µ𝜇 , 𝑥 :𝜇◦⟨𝐷⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸 2

[Σ,Ω, Γ ∋ ℓ𝑖 : 𝐴𝑖 ↠ 𝐵𝑖 Γ,µ𝜇 , 𝑝𝑖 : 𝐴𝑖 , 𝑟𝑖 :𝜇 𝐵𝑖 → 𝐵 ⊢ 𝑁𝑖 : 𝐵 @𝐸 3 ]𝑖
Γ ⊢ handle𝜇 𝑀 with 𝐻 : 𝐵 @ 𝐹

By case analysis on the reduction.

Case E-Lift with 𝑀 ⇝ 𝑀′. By IH on 1 and reapplying T-Handle.

Case E-Ret. We have 𝑀 = 𝑉 and

handle𝜇 𝑉 with 𝐻 ⇝ 𝑁[𝑉/𝑥].

By 1 , 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹, Lemma 36.3, and context equivalence, we have

Γ,µ𝜇 ,µ𝜇◦⟨𝐷⟩ ⊢ 𝑉 : 𝐴 @𝐸1 ,

where 𝐸1 = (𝜇 ◦ ⟨𝐷⟩)(𝐸) = 𝐷, 𝜇(𝐸). By 2 and Lemma 39.3, we have

Γ,µ𝜇 ⊢ 𝑁[𝑉/𝑥] : 𝐵 @𝐸.
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Then 𝜇 ⇒ ⟨⟩ @ 𝐹, Lemma 36.3, and context equivalence give

Γ ⊢ 𝑁[𝑉/𝑥] : 𝐵 @ 𝐹.

Case E-Op. We have𝑀 = ℰ[do ℓ 𝑗 𝑉], 0−free(ℓ 𝑗 ,ℰ), and (ℓ 𝑗 𝑝 𝑗 𝑟 𝑗 ↦→ 𝑁𝑗) ∈ 𝐻. Thus
we have

handle𝜇 𝑀 with 𝐻 ⇝ 𝑁𝑗[𝑉/𝑝 𝑗 , (𝜆𝑦.handle𝜇 ℰ[𝑦] with 𝐻)/𝑟 𝑗].

By 3 , 𝜇 ⇒ ⟨⟩ @ 𝐹, Lemma 36.3, and context equivalence, we have

Γ, 𝑝 𝑗 : 𝐴𝑗 , 𝑟𝑗 :𝜇 𝐵 𝑗 → 𝐵 ⊢ 𝑁𝑗 : 𝐵 @ 𝐹 4 .

The label ℓ 𝑗 belongs to the global, runtime, or local label context. Its unique
signature is 𝐴 𝑗 ↠ 𝐵𝑗 . By 1 , a straightforward induction on ℰ, and inversion
on the typing judgement of do ℓ 𝑗 𝑉 , we have

Γ, Γ′ ⊢ 𝑉 : 𝐴 𝑗 @𝐸1

for some Γ′ containing only locks and some 𝐸1. Since operation signatures
are well-kinded, 𝐴 𝑗 : Abs and 𝐵 𝑗 : Abs. By Lemma 38, we have

Γ ⊢ 𝑉 : 𝐴 𝑗 @ 𝐹 5 .

By 1 , 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹, Lemma 36.3, and context equivalence, writing 𝜇(𝐸) =
𝐸2, we have

Γ,µ𝜇 ,µ𝜇 ,µ⟨𝐷⟩ ⊢ 𝑀 : 𝐴 @𝐷, 𝐸2.
Observe that 𝐵 𝑗 : Abs allows 𝑦 to be accessed in any context. A straightfor-
ward induction on ℰ gives

Γ,µ𝜇 , 𝑦 : 𝐵 𝑗 ,µ𝜇 ,µ⟨𝐷⟩ ⊢ ℰ[𝑦] : 𝐴 @𝐷, 𝐸2.

By Lemma 34, the two transformation premises remain valid under Γ,µ𝜇 at
𝐸 = 𝜇(𝐹). We weaken these transformation judgements by 𝑦 : 𝐵 𝑗 . Using the
same lock duplication and variable weakening on 2 and 3 , we can reapply
T-Handle to get

Γ,µ𝜇 , 𝑦 : 𝐵 𝑗 ⊢ handle𝜇 ℰ[𝑦] with 𝐻 : 𝐵 @𝐸.

Then by T-Abs we have

Γ,µ𝜇 ⊢ 𝜆𝑦.handle𝜇 ℰ[𝑦] with 𝐻 : 𝐵𝑗 → 𝐵 @𝐸 6 .

Finally, by 4 , 5 , 6 , context equivalence, and two uses of Lemma 39.3, we
have

Γ ⊢ 𝑁𝑗[𝑉/𝑝 𝑗 , (𝜆𝑦.handle𝜇 ℰ[𝑦] with 𝐻)/𝑟 𝑗] : 𝐵 @ 𝐹.

□
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A.5 Remarks on the other extensions

The proofs in previous sections do not cover all extensions in Chapter 5. The proofs for
the remaining extensions are mostly routine. We discuss the relation between the above
proofs and the remaining extensions as follows.

1. Presence types only change the mode theory. We need to update the proofs for
the lemmas on the mode theory.

2. Data types, shallow handlers, and the let𝜈 mod𝜇 Λ construct do not change the
mode theory. We need to add routine cases to induction proofs for the lemmas
and theorems on the calculus.

3. Parameterised effects change both the mode theory and typing rules. We need to
update the proofs for both.
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B Metatheory and proofs for Met(𝒳)

We provide metatheory and proofs for Met(𝒳) introduced in Chapter 6. The proofs
are based on the proofs for Met but are parameterised over the effect structure 𝒳 .
The progress proof requires the effect structure to satisfy the validity conditions in
Definition 7.

B.1 Lemmas for the mode theory of Met(𝒳)

Our proofs for type soundness rely on some properties of the mode theory of Met(𝒳).
The following lemmas correspond to the lemmas in Appendix A.1.

We first show that the action of 𝜇 on effect contexts gives a total monotone function.

Lemma 40 (Monotone modalities). If Γ ⊢ 𝐸 ⩽ 𝐹, then Γ ⊢ 𝜇(𝐸) ⩽ 𝜇(𝐹).

Proof. By straightforward case analysis on the shape of 𝜇. Trivial for an absolute modal-
ity. For a relativemodality ⟨𝐷⟩, we have Γ ⊢ 𝐷, 𝐸 ⩽ 𝐷, 𝐹 by the definition of subeffecting
and the premise. □

We prove the soundness lemma for modality transformation.

Lemma 41 (Soundness of modality transformation). If Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹, then Γ ⊢ 𝜇(𝐹′) ⩽
𝜈(𝐹′) for every Γ ⊢ 𝐹 ⩽ 𝐹′.

Proof. By case analysis on the transformation rule.

Case MT-Abs. Follows from Lemma 40 and transitivity of subeffecting.

Case MT-Rel. Directly from the premise of the rule.

□

We prove some properties on the categorical structures of the mode theory.

Lemma 42 (Vertical composition). If Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 and Γ ⊢ 𝜈 ⇒ 𝜉 @ 𝐹, then Γ ⊢ 𝜇 ⇒
𝜉 @ 𝐹.
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B Metatheory and proofs for Met(𝒳)

Proof. Suppose first that 𝜇 is absolute. By Lemma 41 and transitivity of subeffecting,
we have 𝜇(𝐹) ⩽ 𝜉(𝐹), so the goal follows from MT-Abs. Otherwise, all three modalities
are relative. For every 𝐹 ⩽ 𝐹′, two uses of Lemma 41 and transitivity give 𝜇(𝐹′) ⩽ 𝜉(𝐹′).
The goal follows from MT-Rel. □

Lemma 43 (Horizontal composition). If Γ ⊢ 𝜇 ⇒ 𝜇′ @ 𝐹 and Γ ⊢ 𝜈 ⇒ 𝜈′ @𝜇(𝐹), then
Γ ⊢ 𝜇 ◦ 𝜈 ⇒ 𝜇′ ◦ 𝜈′ @ 𝐹.

Proof. If 𝜇 ◦ 𝜈 is absolute, soundness of the two premises, monotonicity of 𝜈′, and
transitivity give

𝜈(𝜇(𝐹)) ⩽ 𝜈′(𝜇(𝐹)) ⩽ 𝜈′(𝜇′(𝐹)).
The goal follows from MT-Abs. Otherwise, all four modalities are relative. Consider
any 𝐹 ⩽ 𝐹′. Monotonicity of 𝜇 gives 𝜇(𝐹) ⩽ 𝜇(𝐹′). Soundness of the two premises and
monotonicity of 𝜈′ give

𝜈(𝜇(𝐹′)) ⩽ 𝜈′(𝜇(𝐹′)) ⩽ 𝜈′(𝜇′(𝐹′)).

The goal follows from MT-Rel. □

Lemma 44 (Monotone modality transformation). If Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹 and Γ ⊢ 𝐹 ⩽ 𝐹′, then
Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹′.

Proof. By case analysis on the transformation rule. For MT-Abs, the premise and
Lemma 40 give 𝐸 ⩽ 𝜈(𝐹) ⩽ 𝜈(𝐹′). The result follows by reapplying MT-Abs. For MT-Rel,
every effect context above 𝐹′ is also above 𝐹, so the premise of MT-Rel continues to
hold. □

Lemma 45 (Reflexivity of modality transformation). Γ ⊢ 𝜇 ⇒ 𝜇 @ 𝐹.

Proof. Trivial case analysis on 𝜇. □

Lemma 46 (Comonadic modalities). Suppose Γ @ 𝐹, 𝐸 = 𝜇(𝐹), Γ ⊢ 𝜇 ⇒ ⟨⟩ @ 𝐹, and
Γ ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹. Then Γ,µ𝜇 ⊢ 𝜇 ⇒ ⟨⟩ @𝐸 and Γ,µ𝜇 ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @𝐸.

Proof. We have Γ,µ𝜇 @𝐸. By case analysis on 𝜇. If 𝜇 is absolute, then 𝜇 = [𝐸] and both
conclusions follow from MT-Abs. Suppose 𝜇 = ⟨𝐷⟩, so 𝐸 = 𝐷, 𝐹. Consider any 𝐸 ⩽ 𝐹1.
By the definition of subeffecting, there is an 𝐸1 such that 𝐷, 𝐹, 𝐸1 ≡ 𝐹1. We also have
𝐹 ⩽ 𝐹, 𝐸1. Soundness of the first modality transformation at 𝐹, 𝐸1 gives

𝐷, 𝐹, 𝐸1 ⩽ 𝐹, 𝐸1.

Prefixing both sides with 𝐷 and using 𝐷, 𝐹, 𝐸1 ≡ 𝐹1 gives 𝐷, 𝐹1 ⩽ 𝐹1. Thus, MT-Rel
and context weakening give Γ,µ𝜇 ⊢ 𝜇 ⇒ ⟨⟩ @𝐸. Soundness of the second premise at
𝐹, 𝐸1 gives

𝐷, 𝐹, 𝐸1 ⩽ 𝐷, 𝐷, 𝐹, 𝐸1.
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Using 𝐷, 𝐹, 𝐸1 ≡ 𝐹1, this gives 𝐹1 ⩽ 𝐷, 𝐹1. Monotonicity of ⟨𝐷⟩ then gives 𝐷, 𝐹1 ⩽
𝐷, 𝐷, 𝐹1. Thus, MT-Rel and context weakening give Γ,µ𝜇 ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @𝐸. □

B.2 Lemmas for the calculus

We state the counterparts of the lemmas in Appendix A.2 for Met(𝒳).

Lemma 47 (Canonical forms). Suppose Γ contains no term-variable bindings.

1. If Γ ⊢ 𝑈 : 𝜇𝐴 @𝐸, then𝑈 is of shape mod𝜇𝑈
′.

2. If Γ ⊢ 𝑈 : 𝐴→ 𝐵 @𝐸, then𝑈 is of shape 𝜆𝑥𝐴.𝑀.

3. If Γ ⊢ 𝑈 : ∀𝛼𝐾 .𝐴 @𝐸, then𝑈 is of shape Λ𝛼𝐾 .𝑈 ′.

4. If Γ ⊢ 𝑈 : 1 @𝐸, then𝑈 = ().

Proof. By inversion on the typing rules and the syntax of𝑈 . □

We have the following structural lemmas.

Lemma 48 (Structural rules). The following structural rules are admissible.

1. Variable weakening.

Γ, Γ′ ⊢ 𝑀 : 𝐵 @𝐸 Γ, 𝑥 :𝜇 𝐴, Γ′ @𝐸

Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

2. Variable swapping.

Γ, 𝑥 :𝜇 𝐴, 𝑦 :𝜈 𝐵, Γ′ ⊢ 𝑀 : 𝐴′ @𝐸

Γ, 𝑦 :𝜈 𝐵, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑀 : 𝐴′ @𝐸

3. Lock weakening.

Γ,µ𝜇 , Γ
′ ⊢ 𝑀 : 𝐴 @𝐸 Γ @ 𝐹 Γ ⊢ 𝜇 ⇒ 𝜈 @ 𝐹

Γ,µ𝜈 , Γ
′ ⊢ 𝑀 : 𝐴 @𝐸′

4. Label weakening.

Ω | Γ, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Ω | Γ, ℓ : 𝐴↠ 𝐵′, Γ′ ⊢ 𝑀 : 𝐵 @𝐸
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5. Runtime-label weakening.

Ω | Γ ⊢ 𝑀 : 𝐵 @𝐸

Ω, ℓ : 𝐴↠ 𝐵′ | Γ ⊢ 𝑀 : 𝐵 @𝐸

6. Type variable weakening.

Γ, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Γ, 𝛼 : 𝐾, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

7. Type variable swapping.

Γ1 , Γ2 , 𝛼 : 𝐾, Γ3 ⊢ 𝑀 : 𝐴 @𝐸

Γ1 , 𝛼 : 𝐾, Γ2 , Γ3 ⊢ 𝑀 : 𝐴 @𝐸

𝛼 ∉ ftv(Γ2) Γ1 , 𝛼 : 𝐾, Γ2 , Γ3 ⊢ 𝑀 : 𝐴 @𝐸

Γ1 , Γ2 , 𝛼 : 𝐾, Γ3 ⊢ 𝑀 : 𝐴 @𝐸

Proof. Follow the proof of Lemma 36, using the mode-theory lemmas in Appendix B.1.
□

As a corollary of Lemma 48.3, the following subeffecting rule is admissible.

Corollary 49 (Sub-effecting). The following rule is admissible.

µ[𝐸] , Γ ⊢ 𝑀 : 𝐴 @ 𝐹 𝐸 ⩽ 𝐸′ µ[𝐸′] , Γ @ 𝐹′

µ[𝐸′] , Γ ⊢ 𝑀 : 𝐴 @ 𝐹′

Proof. Follow the proof of Corollary 37, using Lemma 48.3 and MT-Abs. □

Lemma 50 (Pure Promotion). The following promotion rule is admissible.

Γ1 , Γ ⊢ 𝑈 : 𝐴 @𝐸
Γ1 ⊢ 𝐴 : Abs Γ1 , Γ

′ @𝐸′ fv(𝑈) ⊆ dom(Γ1) ftv(𝑈) ⊆ dom(Γ1)

Γ1 , Γ
′ ⊢ 𝑈 : 𝐴 @𝐸′

Proof. By induction on the typing derivation of 𝑈 , following Lemma 38. The type-
abstraction case uses Lemma 48.7 and applies the IH to its normal-form body. Modality
elimination and type application are excluded by the syntax of𝑈 . □

Lemma 51 (Generalised Pure Promotion). Given Γ1 , Γ ⊢ 𝑀 : 𝐴 @𝐸, if, for every 𝑥 ∈
fv(𝑀), we have Γ1 ∋ 𝑥 :𝜇 𝐵 such that either Γ1 ⊢ 𝐵 : Abs or 𝜇 is an absolute modality, then
Γ1 , Γ

′ ⊢ 𝑀 : 𝐴 @𝐸′ for 𝐸 ⩽ 𝐸′ and Γ1 , Γ′ @𝐸′.
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B.3 Progress

Proof. By straightforward induction on typing judgements in Met(𝒳). The most non-
trivial case is to show the accessibility of every variable 𝑥 ∈ fv(𝑀). Variables with types
of kind Abs are always accessible. For variables annotated with an absolute modality,
the modality transformation relation MT-Abs still holds because 𝐸 ⩽ 𝐸′. □

Lemma 52 (Substitution). The following substitution rules are admissible.

1. Preservation of kinds under type substitution.

Γ ⊢ 𝐴 : 𝐾 Γ, 𝛼 : 𝐾, Γ′ ⊢ 𝐵 : 𝐾′

Γ, Γ′[𝐴/𝛼] ⊢ 𝐵[𝐴/𝛼] : 𝐾′

2. Preservation of types under type substitution.

Γ ⊢ 𝐴 : 𝐾 Γ, 𝛼 : 𝐾, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Γ, Γ′[𝐴/𝛼] ⊢ 𝑀[𝐴/𝛼] : 𝐵[𝐴/𝛼] @𝐸[𝐴/𝛼]

3. Preservation of types under value substitution.

Γ,µ𝜇 ⊢ 𝑈 : 𝐴 @ 𝐹 Γ, 𝑥 :𝜇 𝐴, Γ′ ⊢ 𝑀 : 𝐵 @𝐸

Γ, Γ′ ⊢ 𝑀[𝑈/𝑥] : 𝐵 @𝐸

4. Preservation of types under label substitution.

Ω | Γ, ℓ : 𝐴′ ↠ 𝐵′, Γ′ ⊢ 𝑀 : 𝐴 @𝐸 Ω ∋ ℓ ′ : 𝐴′ ↠ 𝐵′

Ω | Γ, Γ′[ℓ ′/ℓ ] ⊢ 𝑀[ℓ ′/ℓ ] : 𝐴[ℓ ′/ℓ ] @𝐸[ℓ ′/ℓ ]

Proof. Follow the proof of Lemma 39, using Lemmas 48 and 50. In part 3, substitution of
𝑈 preserves the syntax of values and value normal forms, by structural induction. □

B.3 Progress

This section proves Theorem 8.

Theorem 8 (Progress). In Met(𝒳) where 𝒳 satisfies the validity conditions, if Ω | Γ ⊢ 𝑀 :
𝐴 @𝐸 and dom(Γ) = ∅, then either there exist 𝑁 and Ω′ such that 𝑀 | Ω⇝ 𝑁 | Ω′, or 𝑀 is
in a normal form with respect to 𝐸.
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Proof. By induction on the typing derivation. Cases whose terms are value normal
forms are immediate. For T-TAbs, the IH on its value body gives either a reduction,
which lifts by E-Lift, or a value normal form, which makes the abstraction a value
normal form. The remaining cases follow the proof for Met in Appendix A.3, using the
IHs, the reduction rules, and canonical forms. We expand the handler case, which is
the only case that uses a validity condition of the general effect structure.

Case
T-Handle

𝐸 = 𝜇(𝐹) Γ ⊢ 𝜇 ⇒ ⟨⟩ @ 𝐹
Γ ⊢ 𝜇 ⇒ 𝜇 ◦ 𝜇 @ 𝐹 Γ,µ𝜇 ,µ⟨ℓ⟩ ⊢ 𝑀 : 𝐴 @ ℓ , 𝐸 1 Σ, Γ ∋ ℓ : 𝐴′ ↠ 𝐵′

Γ,µ𝜇 , 𝑥 :𝜇◦⟨ℓ⟩ 𝐴 ⊢ 𝑁 : 𝐵 @𝐸 Γ,µ𝜇 , 𝑝 : 𝐴′, 𝑟 :𝜇 𝐵′ → 𝐵 ⊢ 𝑁 ′ : 𝐵 @𝐸

Γ ⊢ handle𝜇 𝑀 with {return 𝑥 ↦→ 𝑁, ℓ 𝑝 𝑟 ↦→ 𝑁 ′} : 𝐵 @ 𝐹

By IH on 1 . The reducible and value normal form subcases follow from E-Lift
and E-Ret, respectively. Suppose 𝑀 = ℰ[do ℓ ′ 𝑈] is in normal form, so ℓ ′ ⩽ ℓ , 𝐸
and ℓ ′ ∉ bl(ℰ). If ℓ = ℓ ′, the term reduces by E-Op. Otherwise, the second validity
condition in Definition 7 gives ℓ ′ ⩽ 𝐸. By Lemma 41 on 𝜇 ⇒ ⟨⟩ @ 𝐹, we have
𝐸 ⩽ 𝐹. Therefore ℓ ′ ⩽ 𝐹, and the whole term is in normal form with respect to 𝐹.

□

B.4 Subject reduction

This section proves Theorem 9.

Theorem 9 (Subject Reduction). In Met(𝒳), if Ω | Γ ⊢ 𝑀 : 𝐴 @𝐸 and 𝑀 | Ω⇝ 𝑁 | Ω′,
then Ω′ | Γ ⊢ 𝑁 : 𝐴 @𝐸.

Proof. By induction on the typing derivation. The cases sharedwithMet follow the proof
in Appendix A.4, using the mode-theory lemmas above. In particular, the handler case
uses Lemma 46 in place of its Met counterpart. For reductions under type abstraction,
apply the IH to the body and reapply T-TAbs, since reduction preserves value syntax.
No subject-reduction case uses either validity condition. □
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C Proofs of encodings

We prove the type preservation and semantics preservation theorems in Chapter 7.
When referring to the name of a rule, we sometimes also mention the calculus name to
disambiguate. For instance, T-Var-System F𝜖 refers to the rule T-Var of System F𝜖.

C.1 Proofs of encoding System F𝜖 in Met(ℛscp)

The source calculus and its encoding are defined in Sections 7.2.1 and 7.2.2. The proofs
rely on the following lemmas.

Lemma 53 (Pure Values). Given a typing judgement Γ ⊢ 𝑉 : 𝐴 in System F𝜖, if ⟦Γ⟧· ⊢ ⟦𝑉⟧ :
⟦𝐴⟧ @ · then ⟦Γ⟧𝐸 ⊢ ⟦𝑉⟧ : ⟦𝐴⟧ @ ⟦𝐸⟧ for any 𝐸.

Proof. By lock weakening and MT-Abs. □

Lemma 54 (Translation of Values). If 𝑉 is a value in System F𝜖, then ⟦𝑉⟧ is a value normal
form in Met(ℛscp).

Proof. By induction on 𝑉 . The unit and variable cases are immediate. Type abstractions
translate to type abstractions whose bodies are value normal forms by IH. Function
and handler values translate to modality introductions whose inner terms are lambda
abstractions. □

Lemma 55 (Translation of Evaluation Contexts). For the translation ⟦−⟧ from System F𝜖

to Met(ℛscp), we have ⟦ℰ[𝑀]⟧ = ⟦ℰ⟧[⟦𝑀⟧] for any evaluation context ℰ and term 𝑀.

Proof. By straightforward case analysis on evaluation contexts of System F𝜖. □

Theorem 11 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 | 𝐸 in System F𝜖, then ⟦Γ⟧𝐸 ⊢ ⟦𝑀⟧ :
⟦𝐴⟧ @ ⟦𝐸⟧ in Met(ℛscp). Similarly for typing judgements of values.

Proof. By induction on typing judgements Γ ⊢ 𝑀 : 𝐴 | 𝐸 in System F𝜖. Most cases follow
from using IH trivially. We elaborate interesting cases. When referring to the name of
a rule, we sometimes also mention the calculus name to disambiguate. For instance,
T-Var-System F𝜖 refers to the rule T-Var of System F𝜖.
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Case () By T-Unit-System F𝜖 and T-Unit-Met(ℛscp).

Case 𝑥 All translated types have kind Abs inMet(ℛscp) and thus can always be accessed
by T-Var-Met(ℛscp).

Case Λ𝛼𝐾 .𝑉 By IH, type-variable exchange, T-TAbs-System F𝜖, and T-TAbs-Met(ℛscp).

Case 𝑉 𝐴 By IH, T-TApp-System F𝜖 and T-TApp-Met(ℛscp).

Case 𝜆𝐸𝑥𝐴.𝑀

T-Abs
Γ, 𝑥 : 𝐴 ⊢ 𝑀 : 𝐵 | 𝐸 1

Γ ⊢ 𝜆𝐸𝑥𝐴.𝑀 : 𝐴→𝐸 𝐵

By IH on 1 , weakening, and exchange, we have

⟦Γ⟧ ,µ[⟦𝐸⟧] , 𝑥 : ⟦𝐴⟧ ⊢ ⟦𝑀⟧ : ⟦𝐵⟧ @ ⟦𝐸⟧

By T-Abs-Met(ℛscp) and T-Mod-Met(ℛscp), we have

⟦Γ⟧· ⊢ mod[⟦𝐸⟧] (𝜆𝑥⟦𝐴⟧ .⟦𝑀⟧) : [⟦𝐸⟧](⟦𝐴⟧→ ⟦𝐵⟧) @ ·

Case return 𝑉 By Lemma 53.

Case let 𝑥 = 𝑀 in 𝑁 By IH, syntactic sugar, and T-App-Met(ℛscp).

Case 𝑉 𝑊

T-App
Γ ⊢ 𝑉 : 𝐴→𝐸 𝐵 1 Γ ⊢𝑊 : 𝐴 2

Γ ⊢ 𝑉 𝑊 : 𝐵 | 𝐸

By IH on 1 and Lemma 53, we have

⟦Γ⟧𝐸 ⊢ ⟦𝑉⟧ : [⟦𝐸⟧](⟦𝐴⟧→ ⟦𝐵⟧) @ ⟦𝐸⟧

By IH on 2 and Lemma 53, we have

⟦Γ⟧𝐸 ⊢ ⟦𝑊⟧ : ⟦𝐴⟧ @ ⟦𝐸⟧

By T-Letmod-Met(ℛscp) and T-App-Met(ℛscp), we have

⟦Γ⟧𝐸 ⊢ let mod[⟦𝐸⟧] 𝑥 = ⟦𝑉⟧ in 𝑥 ⟦𝑊⟧ : ⟦𝐵⟧ @ ⟦𝐸⟧

Case do ℓ 𝑉 By IH, Lemma 53, T-Do-System F𝜖 and T-Do-Met(ℛscp).
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Case handler {ℓ 𝑝 𝑟 ↦→ 𝑁}
T-Handler
Σ ∋ ℓ : 𝐴′ ↠ 𝐵′ Γ, 𝑝 : 𝐴′, 𝑟 : 𝐵′ →𝐸 𝐴 ⊢ 𝑁 : 𝐴 | 𝐸 1

Γ ⊢ handler {ℓ 𝑝 𝑟 ↦→ 𝑁} : (1 →ℓ ,𝐸 𝐴) →𝐸 𝐴

The translated operation clause is

ℓ 𝑝 𝑟 ↦→ let 𝑟′ = mod[⟦𝐸⟧] 𝑟 in ⟦𝑁⟧[𝑟′/𝑟]

By the IH on 1 , alpha-renaming its translated continuation binding to 𝑟′,
Lemma 51, weakening, and exchange, we have

⟦Γ⟧ ,µ[⟦𝐸⟧] , 𝑓 : [⟦ℓ , 𝐸⟧](1 → ⟦𝐴⟧),µ[⟦𝐸⟧] , 𝑝 : ⟦𝐴′⟧,

𝑟 :[⟦𝐸⟧] ⟦𝐵′⟧→ ⟦𝐴⟧, 𝑟′ : [⟦𝐸⟧](⟦𝐵′⟧→ ⟦𝐴⟧) ⊢ ⟦𝑁⟧[𝑟′/𝑟] : ⟦𝐴⟧ @ ⟦𝐸⟧
2

The type of 𝑟′ is the translation of 𝐵′ →𝐸 𝐴. By T-Var-Met(ℛscp), T-Mod-Met(ℛscp),
and 2 , we obtain the operation-clause premise

⟦Γ⟧ ,µ[⟦𝐸⟧] , 𝑓 : [⟦ℓ , 𝐸⟧](1 → ⟦𝐴⟧),µ[⟦𝐸⟧] , 𝑝 : ⟦𝐴′⟧, 𝑟 :[⟦𝐸⟧] ⟦𝐵′⟧→ ⟦𝐴⟧
⊢ let 𝑟′ = mod[⟦𝐸⟧] 𝑟 in ⟦𝑁⟧[𝑟′/𝑟] : ⟦𝐴⟧ @ ⟦𝐸⟧

3

Since ⟦𝐴⟧ : Abs, T-Var-Met(ℛscp) gives the return-clause premise

⟦Γ⟧ ,µ[⟦𝐸⟧] , 𝑓 : [⟦ℓ , 𝐸⟧](1 → ⟦𝐴⟧),µ[⟦𝐸⟧] , 𝑥 :[⟦𝐸⟧]◦⟨ℓ⟩ ⟦𝐴⟧ ⊢ 𝑥 : ⟦𝐴⟧ @ ⟦𝐸⟧ 4

By T-Var-Met(ℛscp), T-Letmod-Met(ℛscp), and T-App-Met(ℛscp), we have the
handled-computation premise

⟦Γ⟧ ,µ[⟦𝐸⟧] , 𝑓 : [⟦ℓ , 𝐸⟧](1 → ⟦𝐴⟧),µ[⟦𝐸⟧] ,µ⟨ℓ⟩
⊢ let mod[⟦ℓ ,𝐸⟧] 𝑓 ′ = 𝑓 in 𝑓 ′ () : ⟦𝐴⟧ @ ⟦ℓ , 𝐸⟧

5

By 3 , 4 , 5 , and T-Handle-Met(ℛscp), we have

⟦Γ⟧ ,µ[⟦𝐸⟧] , 𝑓 : [⟦ℓ , 𝐸⟧](1 → ⟦𝐴⟧) ⊢
handle[⟦𝐸⟧] (let mod[⟦ℓ ,𝐸⟧] 𝑓 ′ = 𝑓 in 𝑓 ′ ())
with {return 𝑥 ↦→ 𝑥, ℓ 𝑝 𝑟 ↦→ let 𝑟′ = mod[⟦𝐸⟧] 𝑟 in ⟦𝑁⟧[𝑟′/𝑟]} : ⟦𝐴⟧ @ ⟦𝐸⟧

Finally, T-Abs-Met(ℛscp) and T-Mod-Met(ℛscp) give:

⟦Γ⟧· ⊢ ⟦handler {ℓ 𝑝 𝑟 ↦→ 𝑁}⟧ : ⟦(1 →ℓ ,𝐸 𝐴) →𝐸 𝐴⟧ @ ·

□

Theorem 12 (Semantics Preservation). If 𝑀 is well-typed and 𝑀 ⇝ 𝑁 in System F𝜖, then
⟦𝑀⟧ ⇝∗ ⟦𝑁⟧ in Met(ℛscp) where⇝∗ denotes the reflexive-transitive closure of⇝.

Proof. By induction on 𝑀 and case analysis on the next reduction rule. By Lemma 54,
translations of values are value normal forms in Met(ℛscp).
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Case E-App We have

⟦(𝜆𝐸𝑥𝐴.𝑀) 𝑉⟧ = let mod[⟦𝐸⟧] 𝑥 = mod[⟦𝐸⟧] (𝜆𝑥⟦𝐴⟧ .⟦𝑀⟧) in 𝑥 ⟦𝑉⟧

Our goal follows from E-Letmod and E-App in Met(ℛscp). It is obvious that trans-
lation preserves value substitution.

Case E-TApp By E-TApp in Met(ℛscp). It is obvious that translation preserves type
substitution.

Case E-Let By syntactic sugar and E-App in Met(ℛscp).

Case E-Handler Suppose the effect row of the whole term is 𝐸.

handler 𝐻 𝑉 ⇝ handle 𝑉 () with 𝐻

We have
⟦LHS⟧ = let mod[⟦𝐸⟧] 𝑥 = ⟦handler 𝐻⟧ in 𝑥 ⟦𝑉⟧

⟦handler 𝐻⟧ = mod[⟦𝐸⟧] (𝜆 𝑓 .handle[⟦𝐸⟧] (let mod[⟦ℓ ,𝐸⟧] 𝑓 ′ = 𝑓 in 𝑓 ′ ()) with ⟦𝐻𝐸⟧)
By E-Letmod and E-App in Met(ℛscp), ⟦LHS⟧ reduces to

handle[⟦𝐸⟧] (let mod[⟦ℓ ,𝐸⟧] 𝑓
′ = ⟦𝑉⟧ in 𝑓 ′ ()) with ⟦𝐻𝐸⟧

which is equal to ⟦RHS⟧ of the above reduction step.

Case E-Ret By E-Ret in Met(ℛscp).

Case E-Op Suppose the effect row of the whole term is 𝐸.

handle ℰ[do ℓ 𝑉] with 𝐻 ⇝ 𝑁[𝑉/𝑝, (𝜆𝑦.handle ℰ[return 𝑦] with 𝐻)/𝑟]

where ℓ ∉ bl(ℰ) and 𝐻 ∋ ℓ 𝑝 𝑟 ↦→ 𝑁 . We have

⟦LHS⟧ = handle[⟦𝐸⟧] ⟦ℰ[do ℓ 𝑉]⟧ with ⟦𝐻⟧

By Lemma 55, we have

⟦ℰ[do ℓ 𝑉]⟧ = ⟦ℰ⟧[do ℓ ⟦𝑉⟧]

Rule E-Op-Met(ℛscp) substitutes the raw continuation for 𝑟 in the translated clause.
The clause first reboxes it with [⟦𝐸⟧] and binds the result to 𝑟′. One administrative
E-App step therefore gives

⟦𝑁⟧[⟦𝑉⟧/𝑝, (mod[⟦𝐸⟧] (𝜆𝑦.handle[⟦𝐸⟧] ⟦ℰ[𝑦]⟧ with ⟦𝐻⟧))/𝑟].

Translation preserves substitution, so this is ⟦RHS⟧.

Case E-Lift By IH and Lemma 55.

□
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C.2 Proofs of encoding System C in Met(𝒮)

The source calculus and its encoding are defined in Sections 7.3.1 and 7.3.2. The proofs
rely on the following lemmas.

Lemma 56 (Subeffecting). Given a typing judgement Γ ⊢ 𝑀 : 𝐴 | 𝐶 in System C, if
⟦Γ⟧𝐶 ⊢ ⟦𝑀⟧ : ⟦𝐴⟧ @ ⟦𝐶⟧ and 𝐶 ⊆ 𝐶′, then ⟦Γ⟧𝐶′ ⊢ ⟦𝑀⟧ : ⟦𝐴⟧ @ ⟦𝐶′⟧. Similarly for
values and blocks.

Proof. By straightforward induction on typing judgements in System C. □

Lemma 57 (Translation of Values and Blocks). The translation of every System C value or
block is a value in Met(𝒮).

Proof. Straightforward mutual induction on values and blocks. □

Theorem 15 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 | 𝐶 in System C, then ⟦Γ⟧𝐶 ⊢ ⟦𝑀⟧ :
⟦𝐴⟧ @ ⟦𝐶⟧ in Met(𝒮). Similarly for typing judgements of values and blocks.

Proof. By induction on typing judgements in System C. We use variable and label
weakening to add fresh target bindings introduced by the translation. As a visual aid,
for each non-trivial case we repeat its typing rule in System C. We replace each premise
by the Met(𝒮) judgement of the translated premise implied by the induction hypothesis.
We replace the conclusion by the Met(𝒮) judgement of the translated conclusion that
we need to prove.

Case () By T-Unit-System C and T-Unit-Met(𝒮).

Case 𝑥 By T-Var-System C and T-Var-Met(𝒮). Variables are always accessible after
translation as translations of value types always have kind Abs.

Case box 𝑃

⟦Γ⟧𝐶 ⊢ ⟦𝑃⟧ : ⟦𝑇⟧ @ ⟦𝐶⟧ 1

⟦Γ⟧· ⊢ mod[⟦𝐶⟧] ⟦𝑃⟧ : ⟦𝑇 at 𝐶⟧ @ ·

We have ⟦𝑇 at 𝐶⟧ = [⟦𝐶⟧]⟦𝑇⟧. By 1 , lock composition, and context equivalence,
we have

⟦Γ⟧· ,µ[⟦𝐶⟧] ⊢ ⟦𝑃⟧ : ⟦𝑇⟧ @ ⟦𝐶⟧
Our goal follows from T-Mod-Met(𝒮).

Case 𝑓 transparent

Γ ∋ 𝑓 :𝐶 𝑇

⟦Γ⟧𝐶 ⊢ 𝑓 : ⟦𝑇⟧ @ ⟦𝐶⟧

235



C Proofs of encodings

Suppose Γ = Γ1 , 𝑓 :𝐶 𝑇, Γ2. We have

⟦Γ1 , 𝑓 :𝐶 𝑇, Γ2⟧𝐶 = ⟦Γ1⟧ , 𝑓 :[⟦𝐶⟧] ⟦𝑇⟧, ⟦Γ2⟧ ,µ[⟦𝐶⟧]

Our goal follows from T-Var-Met(𝒮).

Case 𝑓 tracked

Γ ∋ 𝑓 :∗ 𝑇

⟦Γ⟧{ 𝑓 } ⊢ 𝑓 : ⟦𝑇⟧ @ 𝑓 ∗

Suppose Γ = Γ1 , 𝑓 :∗ 𝑇, Γ2. We have

⟦Γ1 , 𝑓 :∗ 𝑇, Γ2⟧{ 𝑓 } = ⟦Γ1⟧ , 𝑓 ∗ , 𝑓 :[ 𝑓 ∗] ⟦𝑇⟧, ⟦Γ2⟧ ,µ[ 𝑓 ∗]

Our goal follows from T-Var-Met(𝒮) and Lemma 45.

Case {(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}

⟦Γ, 𝑥 : 𝐴, 𝑓 :∗ 𝑇⟧
𝐶∪{ 𝑓 } ⊢ ⟦𝑀⟧ : ⟦𝐵⟧ @ ⟦𝐶 ∪ { 𝑓 }⟧ 1

⟦Γ⟧𝐶 ⊢ Λ 𝑓 ∗.mod⟨ 𝑓 ∗⟩(𝜆𝑥⟦𝐴⟧ 𝑓 [ 𝑓
∗]⟦𝑇⟧ .let mod[ 𝑓 ∗] 𝑓 = 𝑓 in ⟦𝑀⟧) : ⟦(𝐴, 𝑓 : 𝑇) ⇒ 𝐵⟧ @ ⟦𝐶⟧

By 1 , weakening, and exchange, we have

⟦Γ⟧𝐶 , 𝑓 ∗ ,µ⟨ 𝑓 ∗⟩ , 𝑥 : ⟦𝐴⟧, 𝑓 : [ 𝑓 ∗]⟦𝑇⟧, 𝑓 :[ 𝑓 ∗] ⟦𝑇⟧ ⊢ ⟦𝑀⟧ : ⟦𝐵⟧ @ ⟦𝐶⟧, 𝑓 ∗

Our goal follows from T-Abs-Met(𝒮), T-Letmod-Met(𝒮), and T-Mod-Met(𝒮).

Case unbox 𝑉

⟦Γ⟧· ⊢ ⟦𝑉⟧ : ⟦𝑇 at 𝐶⟧ @ · 1

⟦Γ⟧𝐶 ⊢ let mod[⟦𝐶⟧] 𝑥 = ⟦𝑉⟧ in 𝑥 : ⟦𝑇⟧ @ ⟦𝐶⟧

We have ⟦𝑇 at 𝐶⟧ = [⟦𝐶⟧]⟦𝑇⟧. By 1 and Lemma 56, we have

⟦Γ⟧𝐶 ⊢ ⟦𝑉⟧ : [⟦𝐶⟧]⟦𝑇⟧ @ ⟦𝐶⟧

Our goal follows from T-Letmod-Met(𝒮) and MT-Abs ([⟦𝐶⟧] ⇒ ⟨⟩ @ ⟦𝐶⟧).

Case let 𝑥 = 𝑀 in 𝑁 By IH, Lemma 56, T-Let-System C, and the syntactic sugar of
let-binding.

Case def 𝑓 = 𝑃 in 𝑀

⟦Γ⟧𝐶′ ⊢ ⟦𝑃⟧ : ⟦𝑇⟧ @ ⟦𝐶′⟧ 1 ⟦Γ, 𝑓 :𝐶′
𝑇⟧𝐶 ⊢ ⟦𝑀⟧ : ⟦𝐴⟧ @ ⟦𝐶⟧

⟦Γ⟧𝐶 ⊢ let 𝑓 = mod[⟦𝐶′⟧] ⟦𝑃⟧ in let mod[⟦𝐶′⟧] 𝑓 = 𝑓 in ⟦𝑀⟧ : ⟦𝐴⟧ @ ⟦𝐶⟧

By 1 and context equivalence, we have

⟦Γ⟧𝐶 ,µ[⟦𝐶′⟧] ⊢ ⟦𝑃⟧ : ⟦𝑇⟧ @ ⟦𝐶′⟧
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Our goal follows from T-Mod-Met(𝒮), T-Letmod-Met(𝒮), and the syntactic sugar
of let-binding.

Case 𝑃(𝑉𝑖 , 𝑄 𝑗)

⟦Γ⟧· ⊢ ⟦𝑉𝑖⟧ : ⟦𝐴𝑖⟧ @ · 1 ⟦Γ⟧𝐶 𝑗 ⊢ ⟦𝑄 𝑗⟧ : ⟦𝑇𝑗⟧ @ ⟦𝐶 𝑗⟧ 2

⟦Γ⟧𝐶 ⊢ ⟦𝑃⟧ : ⟦(𝐴𝑖 , 𝑓𝑗 : 𝑇𝑗) ⇒ 𝐵⟧ @ ⟦𝐶⟧ 𝐶′ ≔ 𝐶 ∪ 𝐶 𝑗
⟦Γ⟧𝐶′ ⊢ let mod⟨⟦𝐶 𝑗⟧⟩ 𝑥 = ⟦𝑃⟧ ⟦𝐶 𝑗⟧ in 𝑥 ⟦𝑉𝑖⟧ (mod[⟦𝐶 𝑗⟧] ⟦𝑄 𝑗⟧) : ⟦𝐵⟧[⟦𝐶 𝑗⟧/ 𝑓 ∗𝑗 ] @ ⟦𝐶

′⟧

We have ⟦(𝐴𝑖 , 𝑓𝑗 : 𝑇𝑗) ⇒ 𝐵⟧ = ∀ 𝑓 ∗
𝑗
.⟨ 𝑓 ∗

𝑗
⟩(⟦𝐴𝑖⟧ → [ 𝑓 ∗

𝑗
]⟦𝑇𝑗⟧ → ⟦𝐵⟧). By 1 and

Lemma 56 we have
⟦Γ⟧𝐶′ ⊢ ⟦𝑉𝑖⟧ : ⟦𝐴𝑖⟧ @ ⟦𝐶′⟧ 3

By 2 and context equivalence, we have

⟦Γ⟧· ,µ[⟦𝐶 𝑗⟧] ⊢ ⟦𝑄 𝑗⟧ : ⟦𝑇𝑗⟧ @ ⟦𝐶 𝑗⟧

Then by T-Mod-Met(𝒮)we have

⟦Γ⟧𝐶′ ⊢ mod[⟦𝐶 𝑗⟧] ⟦𝑄 𝑗⟧ : [⟦𝐶 𝑗⟧]⟦𝑇𝑗⟧ @ ⟦𝐶′⟧ 4

Also note that translation preserves type substitution of capability variables, which
gives

⟦𝐵⟧[⟦𝐶 𝑗⟧/ 𝑓 ∗𝑗 ] = ⟦𝐵[𝐶 𝑗/ 𝑓𝑗]⟧ 5

By Lemma 56, the IH for 𝑃 also holds at ⟦𝐶′⟧. Finally our goal follows from this
judgement, 3 , 4 , 5 , T-Letmod-Met(𝒮), T-App-Met(𝒮), and T-TApp-Met(𝒮).

Case return 𝑉 By IH.

Case subtyping of blocks and computations By IH and Lemma 56.

Case try { 𝑓 𝐴′⇒𝐵′ ⇒ 𝑀} with {𝑝 𝑟 ↦→ 𝑁}

⟦Γ, 𝑓 :∗ 𝐴′ ⇒ 𝐵′⟧𝐶∪{ 𝑓 } ⊢ ⟦𝑀⟧ : ⟦𝐴⟧ @ ⟦𝐶 ∪ { 𝑓 }⟧ 1

⟦Γ, 𝑝 : 𝐴′, 𝑟 :𝐶 𝐵′ ⇒ 𝐴⟧𝐶 ⊢ ⟦𝑁⟧ : ⟦𝐴⟧ @ ⟦𝐶⟧ 2

⟦Γ⟧𝐶 ⊢ local ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧ in let[⟦𝐶⟧] mod⟨ℓ 𝑓 ⟩ 𝑔 = 𝑀1 in

handle[⟦𝐶⟧] 𝑔 𝑀2 with {return 𝑥 ↦→ 𝑥, ℓ 𝑓 𝑝 𝑟 ↦→ 𝑁2}
: ⟦𝐴⟧ @ ⟦𝐶⟧

where
𝑀1 = (Λ 𝑓 ∗.mod⟨ 𝑓 ∗⟩(𝜆 𝑓 .let mod[ 𝑓 ∗] 𝑓 = 𝑓 in ⟦𝑀⟧)) ℓ 𝑓
𝑀2 = mod[ℓ 𝑓 ](mod⟨⟩(𝜆𝑥⟦𝐴

′⟧ .do ℓ 𝑓 𝑥))
𝑁2 = let 𝑟′ = mod[⟦𝐶⟧](mod⟨⟩𝑟) in let mod[⟦𝐶⟧] 𝑟 = 𝑟′ in ⟦𝑁⟧
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For the translations of the contexts in 1 and 2 , we have:

⟦Γ, 𝑓 :∗ 𝐴′ ⇒ 𝐵′⟧𝐶∪{ 𝑓 } = ⟦Γ⟧ , 𝑓 ∗ , 𝑓 :[ 𝑓 ∗] ⟦𝐴′ ⇒ 𝐵′⟧µ[⟦𝐶∪{ 𝑓 }⟧]

⟦Γ, 𝑝 : 𝐴′, 𝑟 :𝐶 𝐵′ ⇒ 𝐴⟧𝐶 = ⟦Γ⟧ , 𝑝 : ⟦𝐴′⟧, 𝑟 :[⟦𝐶⟧] ⟦𝐵′ ⇒ 𝐴⟧,µ[⟦𝐶⟧]

Let Γ1 = ⟦Γ⟧ , ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧ and 𝐴1 = [ℓ 𝑓 ]⟨⟩(⟦𝐴′⟧→ ⟦𝐵′⟧). By 1 , weakening,
exchange, and the rules for the translation of a block, we have

Γ1 ,µ[⟦𝐶⟧] ⊢ 𝑀1 : ⟨ℓ 𝑓 ⟩(𝐴1 → ⟦𝐴⟧) @ ⟦𝐶⟧ 3

The outer T-Letmod-Met(𝒮) rule therefore binds

𝑔 :[⟦𝐶⟧]◦⟨ℓ 𝑓 ⟩ 𝐴1 → ⟦𝐴⟧ ≡ 𝑔 :[ℓ 𝑓 ,⟦𝐶⟧] 𝐴1 → ⟦𝐴⟧

By various typing rules, we have

Γ1 , 𝑔 :[⟦𝐶⟧]◦⟨ℓ 𝑓 ⟩ 𝐴1 → ⟦𝐴⟧ ⊢ 𝑔 𝑀2 : ⟦𝐴⟧ @ ℓ 𝑓 , ⟦𝐶⟧

By Lemma 51, we obtain the handled-computation premise

Γ1 , 𝑔 :[⟦𝐶⟧]◦⟨ℓ 𝑓 ⟩ 𝐴1 → ⟦𝐴⟧,µ[⟦𝐶⟧] ,µ⟨ℓ 𝑓 ⟩ ⊢ 𝑔 𝑀2 : ⟦𝐴⟧ @ ℓ 𝑓 , ⟦𝐶⟧ 4

By 2 and various typing rules, we have

Γ1 , 𝑔 :[⟦𝐶⟧]◦⟨ℓ 𝑓 ⟩ 𝐴1 → ⟦𝐴⟧, 𝑝 : ⟦𝐴′⟧, 𝑟 :[⟦𝐶⟧] ⟦𝐵′⟧→ ⟦𝐴⟧ ⊢ 𝑁2 : ⟦𝐴⟧ @ ⟦𝐶⟧

Again by Lemma 51, we obtain the operation-clause premise

Γ1 , 𝑔 :[⟦𝐶⟧]◦⟨ℓ 𝑓 ⟩ 𝐴1 → ⟦𝐴⟧,µ[⟦𝐶⟧] , 𝑝 : ⟦𝐴′⟧, 𝑟 :[⟦𝐶⟧] ⟦𝐵′⟧→ ⟦𝐴⟧ ⊢ 𝑁2 : ⟦𝐴⟧ @ ⟦𝐶⟧ 5

Since ⟦𝐴⟧ : Abs, T-Var-Met(𝒮) gives the return-clause premise

Γ1 , 𝑔 :[⟦𝐶⟧]◦⟨ℓ 𝑓 ⟩ 𝐴1 → ⟦𝐴⟧,µ[⟦𝐶⟧] , 𝑥 :[⟦𝐶⟧]◦⟨ℓ 𝑓 ⟩ ⟦𝐴⟧ ⊢ 𝑥 : ⟦𝐴⟧ @ ⟦𝐶⟧ 6

By 4 , 5 , 6 , and T-Handle-Met(𝒮), we have

Γ1 , 𝑔 :[⟦𝐶⟧]◦⟨ℓ 𝑓 ⟩ 𝐴1 → ⟦𝐴⟧ ⊢
handle[⟦𝐶⟧] 𝑔 𝑀2 with {return 𝑥 ↦→ 𝑥, ℓ 𝑓 𝑝 𝑟 ↦→ 𝑁2} : ⟦𝐴⟧ @ ⟦𝐶⟧

Finally, 3 , T-Letmod-Met(𝒮), and T-LocalEffect-Met(𝒮) give

⟦Γ⟧𝐶 ⊢ ⟦try { 𝑓 𝐴′⇒𝐵′ ⇒ 𝑀} with {𝑝 𝑟 ↦→ 𝑁}⟧ : ⟦𝐴⟧ @ ⟦𝐶⟧

□

C.3 Proofs of encoding System Ξ in Met(𝒮)

The source calculus and its encoding are defined in Sections 7.3.3 and 7.3.4. The proofs
rely on the following lemmas.
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Lemma 58 (Translation of Values and Blocks). If 𝑉 is a value in System Ξ, then ⟦𝑉⟧ is a
value normal form in Met(𝒮). If 𝑃 is a block in System Ξ, then ⟦𝑃⟧ is a value normal form in
Met(𝒮).

Proof. By mutual induction on values and blocks. □

Lemma 59 (Translation of Evaluation Contexts). For the translation ⟦−⟧ from System Ξ

to Met(𝒮), we have ⟦ℰ[𝑀]⟧ = ⟦ℰ⟧[⟦𝑀⟧] for any evaluation context ℰ and term 𝑀.

Proof. By straightforward induction on evaluation contexts of System Ξ. □

Theorem 16 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 in System Ξ, then ⟦Γ⟧ ⊢ ⟦𝑀⟧ : ⟦𝐴⟧ @ ·
in Met(𝒮). Similarly for values and blocks.

Proof. By induction on typing judgements in System Ξ. As a visual aid, for each non-
trivial case we repeat its typing rule in System Ξ. We replace each premise by theMet(𝒮)
judgement of the translated premise implied by the induction hypothesis. We replace
the conclusion by the Met(𝒮) judgement of the translated conclusion that we need to
prove.

Case () By T-Unit-System Ξ and T-Unit-Met(𝒮).

Case 𝑥 By T-Var-System Ξ and T-Var-Met(𝒮). Variables are always accessible after
translation because translations of value types have kind Abs.

Case 𝑓 By T-BlockVar-System Ξ and T-Var-Met(𝒮).

Case {(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}

⟦Γ⟧, 𝑥 : ⟦𝐴⟧, 𝑓 : ⟦𝑇⟧ ⊢ ⟦𝑀⟧ : ⟦𝐵⟧ @ ·

⟦Γ⟧ ⊢ 𝜆𝑥⟦𝐴⟧ 𝑓 ⟦𝑇⟧ .⟦𝑀⟧ : ⟦(𝐴, 𝑇) ⇒ 𝐵⟧ @ ·

We have ⟦(𝐴, 𝑇) ⇒ 𝐵⟧ = ⟦𝐴⟧ → ⟦𝑇⟧ → ⟦𝐵⟧. Our goal follows from
T-Abs-Met(𝒮).

Case return 𝑉 By IH.

Case let 𝑥 = 𝑀 in 𝑁 By IH, T-Let-System Ξ, and the syntactic sugar of let-binding.

Case def 𝑓 = 𝑃 in 𝑁 By IH, T-Def-System Ξ, and the syntactic sugar of let-binding.
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Case 𝑃(𝑉𝑖 , 𝑄 𝑗)

⟦Γ⟧ ⊢ ⟦𝑃⟧ : ⟦(𝐴𝑖 , 𝑇𝑗) ⇒ 𝐵⟧ @ ·
⟦Γ⟧ ⊢ ⟦𝑉𝑖⟧ : ⟦𝐴𝑖⟧ @ · ⟦Γ⟧ ⊢ ⟦𝑄 𝑗⟧ : ⟦𝑇𝑗⟧ @ ·

⟦Γ⟧ ⊢ ⟦𝑃⟧ ⟦𝑉𝑖⟧ ⟦𝑄 𝑗⟧ : ⟦𝐵⟧ @ ·

We have ⟦(𝐴𝑖 , 𝑇𝑗) ⇒ 𝐵⟧ = ⟦𝐴𝑖⟧ → ⟦𝑇𝑗⟧ → ⟦𝐵⟧. Our goal follows from
T-App-Met(𝒮).

Case try { 𝑓 𝐴′⇒𝐵′ ⇒ 𝑀} with {𝑝 𝑟 ↦→ 𝑁}

⟦Γ⟧, 𝑓 : ⟦𝐴′ ⇒ 𝐵′⟧ ⊢ ⟦𝑀⟧ : ⟦𝐴⟧ @ · 1

⟦Γ⟧, 𝑝 : ⟦𝐴′⟧, 𝑟 : ⟦𝐵′ ⇒ 𝐴⟧ ⊢ ⟦𝑁⟧ : ⟦𝐴⟧ @ · 2

⟦Γ⟧ ⊢ local ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧ in
handle (𝜆 𝑓 .⟦𝑀⟧) (𝜆𝑥⟦𝐴′⟧ .do ℓ 𝑓 𝑥) with {return 𝑥 ↦→ 𝑥, ℓ 𝑓 𝑝 𝑟 ↦→ ⟦𝑁⟧}

: ⟦𝐴⟧ @ ·

By 1 , ⟦𝐴′ ⇒ 𝐵′⟧ = ⟦𝐴′⟧→ ⟦𝐵′⟧, MT-Rel, lock and label weakening, and context
equivalence, we have

⟦Γ⟧, ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧,µ⟨ℓ 𝑓 ⟩ , 𝑓 : ⟦𝐴
′⟧→ ⟦𝐵′⟧ ⊢ ⟦𝑀⟧ : ⟦𝐴⟧ @ ℓ 𝑓

which further gives the handled-computation premise

⟦Γ⟧, ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧,µ⟨ℓ 𝑓 ⟩ ⊢ (𝜆 𝑓 .⟦𝑀⟧) (𝜆𝑥⟦𝐴′⟧ .do ℓ 𝑓 𝑥) : ⟦𝐴⟧ @ ℓ 𝑓 3

By 2 , ⟦𝐵′ ⇒ 𝐴⟧ = ⟦𝐵′⟧→ ⟦𝐴⟧, label weakening, and context equivalence, we
have the operation-clause premise

⟦Γ⟧, ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧, 𝑝 : ⟦𝐴′⟧, 𝑟 :⟨⟩ ⟦𝐵′⟧→ ⟦𝐴⟧ ⊢ ⟦𝑁⟧ : ⟦𝐴⟧ @ · 4

Since ⟦𝐴⟧ : Abs, T-Var-Met(𝒮) gives the return-clause premise

⟦Γ⟧, ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧, 𝑥 :⟨⟩◦⟨ℓ 𝑓 ⟩ ⟦𝐴⟧ ⊢ 𝑥 : ⟦𝐴⟧ @ · 5

Our goal follows from 3 , 4 , 5 , context equivalence, T-Handle-Met(𝒮), and
T-LocalEffect-Met(𝒮).

□

Theorem 17 (Semantics Preservation). If 𝑀 is well-typed and 𝑀 | Ω ⇝ 𝑁 | Ω′ in
System Ξ, then ⟦𝑀⟧ | ⟦Ω⟧ ⇝∗ ⟦𝑁⟧ | ⟦Ω′⟧ in Met(𝒮).

Proof. By induction on 𝑀 and case analysis on the next reduction rule.

Case E-Let Let-binding in Met(𝒮) is syntactic sugar of lambda application. By
E-App-Met(𝒮).

Case E-Def Similar to the above case.
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Case E-Call
{(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}(𝑉, 𝑄) ⇝ 𝑀[𝑉/𝑥, 𝑄/ 𝑓 ]

We have

⟦{(𝑥 : 𝐴, 𝑓 : 𝑇) ⇒ 𝑀}(𝑉, 𝑄)⟧ = (𝜆𝑥⟦𝐴⟧ 𝑓 ⟦𝑇⟧ .⟦𝑀⟧) ⟦𝑉⟧ ⟦𝑄⟧

By multiple usages of E-App-Met(𝒮).

Case E-Gen

try { 𝑓 𝐴′⇒𝐵′ ⇒ 𝑀} with 𝐻 | Ω ⇝ tryℓ 𝑀[capℓ/ 𝑓 ] with 𝐻 | Ω, ℓ : 𝐴′ ⇒ 𝐵′

We have
⟦LHS⟧ = local ℓ 𝑓 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧ in handle (𝜆 𝑓 .⟦𝑀⟧) (𝜆𝑥.do ℓ 𝑓 𝑥) with ⟦𝐻⟧
⟦RHS⟧ = handle ⟦𝑀[capℓ/ 𝑓 ]⟧ with ⟦𝐻⟧
⟦capℓ ⟧ = 𝜆𝑥.do ℓ 𝑥

Our goal follows from E-Gen-Met(𝒮), E-App-Met(𝒮), and the fact that translation
preserves substitution.

Case E-Ret By E-Ret in Met(𝒮).

Case E-Op

tryℓ ℰ[capℓ (𝑉)] with 𝐻 | Ω ⇝ 𝑁[𝑉/𝑝, {(𝑦) ⇒ tryℓ ℰ[return 𝑦] with 𝐻}/𝑟] | Ω

where Ω ∋ ℓ : 𝐴′ ⇒ 𝐵′. We have

⟦LHS⟧ = handle ⟦ℰ[capℓ (𝑉)]⟧ with ⟦𝐻ℓ ⟧

By Lemma 59, we have

⟦ℰ[capℓ (𝑉)]⟧ = ⟦ℰ⟧[⟦capℓ (𝑉)⟧] = ⟦ℰ⟧[(𝜆𝑥.do ℓ 𝑥) ⟦𝑉⟧]

Our goal follows from E-App-Met(𝒮) and E-Op-Met(𝒮).

Case E-Lift Follows from IH and Lemma 59.

□

C.4 Proofs of encoding System F𝜖+sn in Met(𝒮)

The source calculus and its encoding are defined in Sections 7.2.3 and 7.2.4. The proofs
rely on the following lemmas.

Lemma 60 (Pure Values). Given a typing judgement Γ ⊢ 𝑉 : 𝐴 in System F𝜖+sn, if ⟦Γ⟧· ⊢
⟦𝑉⟧ : ⟦𝐴⟧ @ · then ⟦Γ⟧𝐸 ⊢ ⟦𝑉⟧ : ⟦𝐴⟧ @ ⟦𝐸⟧ for any 𝐸.

Proof. By lock weakening and MT-Abs. □
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Lemma 61 (Translation of Values). If 𝑉 is a value in System F𝜖+sn, then ⟦𝑉⟧ is a value
normal form in Met(𝒮).

Proof. By induction on 𝑉 . The cases shared with System F𝜖 follow as in Lemma 54.
Named handlers and runtime evidence translate to modality introductions whose
enclosed terms are lambda abstractions. □

Lemma 62 (Translation of Evaluation Contexts). For the translation ⟦−⟧ from System F𝜖+sn

toMet(𝒮), we have ⟦ℰ[𝑀]⟧ = ⟦ℰ⟧[⟦𝑀⟧] for any evaluation contextℰ and term𝑀. Moreover,
supposing no two entries of Ω contain the same scope variable, if Ω ∋ ℎ : ℓ 𝑏 and ℎ ∉ BH(ℰ),
then ℓ𝑏 ∉ bl(⟦ℰ⟧).

Proof. The first claim follows as in Lemma 55. The second claim follows by induction on
ℰ. The only non-trivial case is ℰ = handleℎ′ ℰ′ with 𝐻. We have ℎ ≠ ℎ′ by assumption.
Since distinct entries of Ω have distinct scope variables, the labels that translate ℎ and
ℎ′ are distinct. The goal then follows from the IH on ℰ′. □

Theorem 13 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 | 𝐸 in System F𝜖+sn, then ⟦Γ⟧𝐸 ⊢ ⟦𝑀⟧ :
⟦𝐴⟧ @ ⟦𝐸⟧ in Met(𝒮). Similarly for typing judgements of values.

Proof. By induction on typing judgements Γ ⊢ 𝑀 : 𝐴 | 𝐸 in System F𝜖+sn. We use variable
and label weakening to add fresh bindings introduced by the translation. The cases
sharedwith System F𝜖 follow as in its proof in Appendix C.1.We elaborate cases relevant
to named handlers.

Case do 𝑉 𝑊

T-DoName
Σ ∋ ℓ : 𝐴↠ 𝐵 Γ ⊢ 𝑉 : ev ℓ 𝑎 1 Γ ⊢𝑊 : 𝐴 2

Γ ⊢ do 𝑉 𝑊 : 𝐵 | ℓ 𝑎 , 𝐸

By IH on 1 and 2 and Lemma 60, we have

⟦Γ⟧ℓ 𝑎 ,𝐸 ⊢ ⟦𝑉⟧ : [𝑎](⟦𝐴⟧→ ⟦𝐵⟧) @ 𝑎, ⟦𝐸⟧

⟦Γ⟧ℓ 𝑎 ,𝐸 ⊢ ⟦𝑊⟧ : ⟦𝐴⟧ @ 𝑎, ⟦𝐸⟧

By T-Letmod-Met(𝒮) and T-App-Met(𝒮), we have

⟦Γ⟧ℓ 𝑎 ,𝐸 ⊢ let mod[𝑎] 𝑥 = ⟦𝑉⟧ in 𝑥 ⟦𝑊⟧ : ⟦𝐵⟧ @ 𝑎, ⟦𝐸⟧

Case nhandler {ℓ 𝑝 𝑟 ↦→ 𝑁}
T-NamedHandler
Σ ∋ ℓ : 𝐴′ ↠ 𝐵′ Γ, 𝑝 : 𝐴′, 𝑟 : 𝐵′ →𝐸 𝐴 ⊢ 𝑁 : 𝐴 | 𝐸 1

Γ ⊢ nhandler {ℓ 𝑝 𝑟 ↦→ 𝑁} : (∀𝑎Scope(ℓ ).ev ℓ 𝑎 →ℓ 𝑎 ,𝐸 𝐴) →𝐸 𝐴
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Let
𝐴1 = ∀𝑎Effect.[𝑎, ⟦𝐸⟧]([𝑎](⟦𝐴′⟧→ ⟦𝐵′⟧) → ⟦𝐴⟧)
𝑀0 = let 𝑥 = 𝑓 ℓ𝑎 in let mod[ℓ𝑎 ,⟦𝐸⟧] 𝑓

′ = 𝑥 in 𝑓 ′ (mod[ℓ𝑎](𝜆𝑥⟦𝐴
′⟧ .do ℓ𝑎 𝑥))

𝑁2 = let 𝑟′ = mod[⟦𝐸⟧] 𝑟 in ⟦𝑁⟧[𝑟′/𝑟]
Γ1 = ⟦Γ⟧ ,µ[⟦𝐸⟧] , 𝑓 : 𝐴1 , ℓ𝑎 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧

By the IH on 1 , alpha-renaming its translated continuation binding to 𝑟′,
Lemma 51, weakening, and exchange, we have

Γ1 ,µ[⟦𝐸⟧] , 𝑝 : ⟦𝐴′⟧, 𝑟 :[⟦𝐸⟧] ⟦𝐵′⟧→ ⟦𝐴⟧, 𝑟′ : [⟦𝐸⟧](⟦𝐵′⟧→ ⟦𝐴⟧)
⊢ ⟦𝑁⟧[𝑟′/𝑟] : ⟦𝐴⟧ @ ⟦𝐸⟧

2

The type of 𝑟′ is the translation of 𝐵′ →𝐸 𝐴. By 2 , T-Var-Met(𝒮), T-Mod-Met(𝒮),
and the syntactic sugar of let-binding, we obtain the operation-clause premise

Γ1 ,µ[⟦𝐸⟧] , 𝑝 : ⟦𝐴′⟧, 𝑟 :[⟦𝐸⟧] ⟦𝐵′⟧→ ⟦𝐴⟧ ⊢ 𝑁2 : ⟦𝐴⟧ @ ⟦𝐸⟧ 3

Since ⟦𝐴⟧ : Abs, T-Var-Met(𝒮) gives the return-clause premise

Γ1 ,µ[⟦𝐸⟧] , 𝑥 :[⟦𝐸⟧]◦⟨ℓ𝑎⟩ ⟦𝐴⟧ ⊢ 𝑥 : ⟦𝐴⟧ @ ⟦𝐸⟧ 4

By various typing rules, we obtain the handled-computation premise

Γ1 ,µ[⟦𝐸⟧] ,µ⟨ℓ𝑎⟩ ⊢ 𝑀0 : ⟦𝐴⟧ @ ℓ𝑎 , ⟦𝐸⟧ 5

By 3 , 4 , 5 , and T-Handle-Met(𝒮), we have

Γ1 ⊢ handle[⟦𝐸⟧] 𝑀0 with {return 𝑥 ↦→ 𝑥, ℓ𝑎 𝑝 𝑟 ↦→ 𝑁2} : ⟦𝐴⟧ @ ⟦𝐸⟧

By T-LocalEffect-Met(𝒮), T-Abs-Met(𝒮), and T-Mod-Met(𝒮), we conclude

⟦Γ⟧· ⊢ ⟦nhandler {ℓ 𝑝 𝑟 ↦→ 𝑁}⟧ : ⟦(∀𝑎Scope(ℓ ).ev ℓ 𝑎 →ℓ 𝑎 ,𝐸 𝐴) →𝐸 𝐴⟧ @ ·

□

Theorem 14 (Semantics Preservation). Suppose no two entries of Ω contain the same scope
variable. If 𝑀 is well-typed and 𝑀 | Ω ⇝ 𝑁 | Ω′ in System F𝜖+sn, then ⟦𝑀⟧ | ⟦Ω⟧ ⇝∗

⟦𝑁⟧ | ⟦Ω′⟧ in Met(𝒮), where⇝∗ denotes the reflexive-transitive closure of⇝.

Proof. By induction on 𝑀 and case analysis on the next reduction rule. By Lemma 61,
translations of values are value normal forms inMet(𝒮). The cases sharedwith System F𝜖

follow as in its proof in Appendix C.1. We show new cases relevant to named handlers.

Case E-Gen Suppose the effect row of the whole term is 𝐸.

nhandler 𝐻 𝑉 | Ω ⇝ handleℎ (let 𝑥 = 𝑉 𝑏 in 𝑥 evℎ) with 𝐻 | Ω, ℎ : ℓ 𝑏
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where 𝑏, ℎ fresh and Σ ∋ ℓ : 𝐴′ ↠ 𝐵′. We have

⟦LHS⟧ = let mod[⟦𝐸⟧] 𝑔 = ⟦nhandler 𝐻⟧ in 𝑔 ⟦𝑉⟧

⟦nhandler 𝐻⟧ = mod[⟦𝐸⟧] (𝜆 𝑓 .local ℓ𝑎 : ⟦𝐴′⟧ ↠ ⟦𝐵′⟧ in
handle[⟦𝐸⟧] (let 𝑥 = 𝑓 ℓ𝑎 in let mod[ℓ𝑎 ,⟦𝐸⟧] 𝑓

′ = 𝑥 in
𝑓 ′ (mod[ℓ𝑎] (𝜆𝑥.do ℓ𝑎 𝑥)))

with ⟦𝐻⟧)
By E-Letmod, E-App, and E-Gen, using the runtime label ℓ𝑏 , ⟦LHS⟧ reduces in
Met(𝒮) to

handle[⟦𝐸⟧] (let 𝑥 = ⟦𝑉⟧ ℓ𝑏 in
let mod[ℓ𝑏 ,⟦𝐸⟧] 𝑓

′ = 𝑥 in 𝑓 ′ (mod[ℓ𝑏] (𝜆𝑥.do ℓ𝑏 𝑥))) with ⟦𝐻⟧

which is equal to ⟦RHS⟧ of the above reduction step. Note that the runtime
generated scope variable 𝑏 is translated to ℓ𝑏 .

Case E-NRet By E-Ret in Met(𝒮).

Case E-NOp Suppose the effect row of the whole term is 𝐸.

handleℎ ℰ[do evℎ 𝑉] with 𝐻 ⇝ 𝑁[𝑉/𝑝, (𝜆𝑦.handleℎ ℰ[return 𝑦] with 𝐻)/𝑟]

where Ω ∋ ℎ : ℓ 𝑏 and ℎ ∉ BH(ℰ). We have

⟦LHS⟧ = handle[⟦𝐸⟧] ⟦ℰ[do evℎ 𝑉]⟧ with ⟦𝐻⟧

By Lemma 62, we have

⟦ℰ[do evℎ 𝑉]⟧ = ⟦ℰ⟧[let mod[ℓ𝑏] 𝑓 = ⟦evℎ⟧ in 𝑓 ⟦𝑉⟧]
= ⟦ℰ⟧[let mod[ℓ𝑏] 𝑓 = mod[ℓ𝑏] (𝜆𝑥.do ℓ𝑏 𝑥) in 𝑓 ⟦𝑉⟧]

Then by E-Letmod and E-App in Met(𝒮), ⟦LHS⟧ reduces to

handle[⟦𝐸⟧] ⟦ℰ⟧[do ℓ𝑏 ⟦𝑉⟧] with ⟦𝐻⟧

Lemma 62 gives ℓ𝑏 ∉ bl(⟦ℰ⟧), as required by the E-Op rule. Rule E-Op-Met(𝒮)
substitutes the raw continuation for 𝑟 in the translated operation clause. The clause
first reboxes it with [⟦𝐸⟧] and binds the result to 𝑟′. One administrative E-App step
therefore gives the translation of the source continuation. Translation preserves
substitution, so the resulting term is ⟦RHS⟧.

□

C.5 Proofs of encoding System F1𝝐 in Met(ℛscp)

The source calculus and its encoding are defined in Sections 7.4.1 and 7.4.2. This section
proves Theorem 18.
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The target calculus Met(ℛscp) is extended with masks. We have the following lemmas
on relative modalities.

Lemma 63 (Relativemodality transformation). If 𝐿1 ⩽ 𝐹 and 𝐿2 ⩽ 𝐹 and 𝐿1−𝐷1 ≡ 𝐿2−𝐷2

and 𝐷1 − 𝐿1 ≡ 𝐷2 − 𝐿2, then Γ ⊢ ⟨𝐿1 |𝐷1⟩ ⇒ ⟨𝐿2 |𝐷2⟩ @ 𝐹.

Proof. By the two equivalence premises and MT-Rel, we have Γ ⊢ ⟨𝐿1 − 𝐷1 |𝐷1 − 𝐿1⟩ ⇒
⟨𝐿2 − 𝐷2 |𝐷2 − 𝐿2⟩ @ 𝐹. Since 𝐿1 ⩽ 𝐹 and 𝐿2 ⩽ 𝐹, our goal follows by repeatedly
applying MT-Shrink and MT-Expand. □

Lemma 64 (First Modality Transformation). For all 𝐸1 , 𝐸2 , 𝐸3:

Γ ⊢ ⟨𝐸1 − 𝐸2 |𝐸2 − 𝐸1⟩ ◦ ⟨𝐸2 − 𝐸3 |𝐸3 − 𝐸2⟩ ⇒ ⟨𝐸1 − 𝐸3 |𝐸3 − 𝐸1⟩ @𝐸1

Γ ⊢ ⟨𝐸1 − 𝐸3 |𝐸3 − 𝐸1⟩ ⇒ ⟨𝐸1 − 𝐸2 |𝐸2 − 𝐸1⟩ ◦ ⟨𝐸2 − 𝐸3 |𝐸3 − 𝐸2⟩ @𝐸1

Proof. Suppose the composition result is ⟨𝐿|𝐷⟩. Straightforward row calculation gives

𝐿 − 𝐷 ≡ 𝐸1 − 𝐸3 and 𝐷 − 𝐿 ≡ 𝐸3 − 𝐸1.

Moreover, 𝐿 ⩽ 𝐸1 and 𝐸1 − 𝐸3 ⩽ 𝐸1. Both goals follow from Lemma 63. □

Lemma 65 (Second Modality Transformation). For all 𝐿, 𝐸, 𝐹:

Γ ⊢ ⟨𝐿, (𝐸 − 𝐹)|𝐹 − 𝐸⟩ ⇒ ⟨(𝐿, 𝐸) − 𝐹 |𝐹 − (𝐿, 𝐸)⟩ @ 𝐿, 𝐸

Proof. Both masks are subeffects of 𝐿, 𝐸. Row calculation gives

(𝐿, (𝐸 − 𝐹)) − (𝐹 − 𝐸) ≡ ((𝐿, 𝐸) − 𝐹) − (𝐹 − (𝐿, 𝐸)),
(𝐹 − 𝐸) − (𝐿, (𝐸 − 𝐹)) ≡ (𝐹 − (𝐿, 𝐸)) − ((𝐿, 𝐸) − 𝐹).

Our goal follows from Lemma 63. □

Lemma 66 (Third Modality Transformation). For all 𝐿, 𝐸, 𝐹:

Γ ⊢ ⟨𝐿⟩ ◦ ⟨(𝐿, 𝐸) − 𝐹 |𝐹 − (𝐿, 𝐸)⟩ ⇒ ⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩ @𝐸

Proof. The composition result is ⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩. Our goal follows from MT-Rel. □

Lemma 67 (Translating Instantiated Types). For every System F1𝜖 type 𝐴, we have ⟦𝐴⟧𝐹 =

⟦𝐴[𝐸/]⟧𝐹,𝐸.

Proof. Straightforward induction on 𝐴. □
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Theorem 18 (Type Preservation). If Γ ⊢ 𝑀 : 𝐴 | {𝐸, 𝜀}, then ⟦Γ⟧𝐸 ⊢ ⟦𝑀⟧ : ⟦𝐴⟧𝐸 @𝐸 in
Met(ℛscp). Similarly, if Γ ⊢ 𝑉 : 𝐴 | {𝐸, 𝜀}, then ⟦Γ⟧𝐸 ⊢ ⟦𝑉⟧ : ⟦𝐴⟧𝐸 @𝐸 in Met(ℛscp).

Proof. By mutual induction on the value and computation typing derivations. We prove
this for each rule of the translation. As a visual aid, we repeat each rule where we replace
the translation premises by the target judgement implied by the induction hypothesis
and the translation in the conclusion by the target judgement we need to prove.

Case T1-Unit. The translation is mod⟨⟩ (). The goal follows from T-Unit and T-Mod.

Case
T1-Var

⟦Γ1 , 𝑥 : 𝐴, Γ2⟧𝐸 ⊢ modtop(⟦𝐴⟧𝐸) 𝑥 : ⟦𝐴⟧𝐸 @𝐸

We proceed by cases on 𝐴.

Case 𝐴 = 1. We can use the T-Var rule since · ⊢ 1 : Abs.

Case 𝐴 = ∀.𝐴′. Then ⟦𝐴⟧𝐹 = []⟦𝐴′⟧· for all 𝐹. By rule MT-Abs, the absolute
modality transforms into the required suffix, so we can use the T-Var rule.

Case 𝐴 = 𝐴′ →𝐹 𝐵′. Since the System F1𝜖 judgement is well-scoped, locks(Γ2)
is the composition of the relative modalities introduced by ambient-row
markers. By repeated applications of Lemma 64, composing this suffix with
⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩ transforms to the relative binder modality of 𝑥 at the current
ambient effect. The T-Var rule therefore applies.

Case
T1-Value
⟦Γ⟧𝐸 ⊢ 𝑉 ′ : ⟦𝐴⟧𝐸 @𝐸

⟦Γ⟧𝐸 ⊢ 𝑉 ′ : ⟦𝐴⟧𝐸 @𝐸

Simply by IH.

Case
T1-Let
⟦Γ⟧𝐸 ⊢ 𝑀′ : ⟦𝐴⟧𝐸 @𝐸 ⟦Γ, 𝑥 : 𝐴⟧𝐸 ⊢ 𝑁 ′ : ⟦𝐵⟧𝐸 @𝐸 ⟦𝐴⟧𝐸 = 𝜇𝐴′

⟦Γ⟧𝐸 ⊢ (𝜆𝑥⟦𝐴⟧𝐸0 .let mod𝜇 𝑥 = 𝑥0 in 𝑁 ′) 𝑀′ : ⟦𝐵⟧𝐸 @𝐸

Our goal follows from the two IHs, T-Letmod, T-Abs, and T-App.
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Case
T1-App

⟦Γ⟧𝐸 ⊢ 𝑀′ : ⟦𝐴→𝐸 𝐵⟧𝐸 @𝐸
⟦Γ⟧𝐸 ⊢ 𝑁 ′ : ⟦𝐴⟧𝐸 @𝐸 𝑥 fresh

⟦Γ⟧𝐸 ⊢ let mod⟨⟩ 𝑥 = 𝑀′ in 𝑥 𝑁 ′ : ⟦𝐵⟧𝐸 @𝐸

We have ⟦𝐴 →𝐸 𝐵⟧𝐸 = ⟨⟩(⟦𝐴⟧𝐸 → ⟦𝐵⟧𝐸). The claim follows by the T-Letmod
and T-App rules.

Case
T1-Abs
⟦Γ, q𝐸 , 𝑥 : 𝐴⟧𝐹 ⊢ 𝑀′ : ⟦𝐵⟧𝐹 @ 𝐹 𝜈 ≔ ⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩ 𝜇 ≔ top(⟦𝐴⟧𝐹)

⟦Γ⟧𝐸 ⊢ mod𝜈 (𝜆𝑥⟦𝐴⟧𝐹 .let mod𝜇 𝑥 = 𝑥 in 𝑀′) : ⟦𝐴→𝐹 𝐵⟧𝐸 @𝐸

We have ⟦Γ, q
𝐸
, 𝑥 : 𝐴⟧𝐹 = ⟦Γ⟧𝐸 ,µ⟨𝐸−𝐹 |𝐹−𝐸⟩ , 𝑥 :𝜇 𝐴′ where 𝜇𝐴′ = ⟦𝐴⟧𝐹. Fur-

ther, ⟦𝐴 →𝐹 𝐵⟧𝐸 = ⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩(⟦𝐴⟧𝐹 → ⟦𝐵⟧𝐹). The claim follows from the
T-Letmod, T-Abs, and T-Mod rules.

Case
T1-EAbs
⟦Γ,Λ𝜀′, q𝐸⟧· ⊢ 𝑉 ′ : ⟦𝐴⟧· @ ·

⟦Γ⟧𝐸 ⊢ mod[]𝑉
′ : ⟦∀.𝐴⟧𝐸 @𝐸

We have ⟦Γ,Λ𝜀′, q
𝐸
⟧· = ⟦Γ⟧𝐸 ,µ[]. Further, ⟦∀.𝐴⟧𝐸 = []⟦𝐴⟧·. The claim follows

from the T-Mod rule.

Case
T1-EApp

⟦Γ⟧𝐸 ⊢ 𝑉 ′ : ⟦∀.𝐴⟧𝐸 @𝐸 𝑥 fresh

⟦Γ⟧𝐸 ⊢ let mod[] 𝑥 = 𝑉 ′ in inst(𝑥;𝐴; 𝐹;𝐸) : ⟦𝐴[𝐹/]⟧𝐸 @𝐸

We have ⟦∀.𝐴⟧𝐸 = []⟦𝐴⟧·. By T-Letmod, it remains to show:

⟦Γ⟧𝐸 , 𝑥 :[] ⟦𝐴⟧· ⊢ inst(𝑥;𝐴; 𝐹;𝐸) : ⟦𝐴[𝐹/]⟧𝐸 @𝐸

We proceed by case analysis on 𝐴.

Case 𝐴 = 1. Both ⟦𝐴⟧· and ⟦𝐴[𝐹/]⟧𝐸 are ⟨⟩1, which has kind Abs. The goal follows
from T-Var.

Case 𝐴 = ∀.𝐴′. Substitution stops at effect abstraction, so both ⟦𝐴⟧· and ⟦𝐴[𝐹/]⟧𝐸
are []⟦𝐴′⟧·, which has kind Abs. The goal follows from T-Var.
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Case 𝐴 = 𝐴′ →𝐸′ 𝐵′. Let

𝜉 = ⟨𝐸 − 𝐹 |𝐹 − 𝐸⟩, 𝜇 = ⟨𝐸′⟩, 𝜈 = ⟨𝐸 − (𝐸′, 𝐹)|(𝐸′, 𝐹) − 𝐸⟩,

and let 𝐴1 = ⟦𝐴′⟧𝐸′ → ⟦𝐵′⟧𝐸′. By Lemma 67 applied to 𝐴′ and 𝐵′, we have

⟦𝐴⟧· = 𝜇𝐴1 and ⟦𝐴[𝐹/]⟧𝐸 = 𝜈𝐴1.

By MT-Abs, [] ⇒ 𝜉 at 𝐸 because · ⩽ 𝜉(𝐸) = 𝐹. Thus 𝑥 can be used under the
𝜉 lock. By Lemma 64, 𝜉 ◦ 𝜇 ⇒ 𝜈 at 𝐸. Thus 𝑦 :𝜉◦𝜇 𝐴1 can be used under the 𝜈
lock. The goal follows from T-Var, T-Letmod, and T-Mod.

Case
T1-Do

ℓ : 𝐴↠ 𝐵 ∈ Σ

⟦Γ⟧ℓ ,𝐸 ⊢ 𝑀′ : ⟦𝐴⟧ℓ ,𝐸 @ ℓ , 𝐸

⟦Γ⟧ℓ ,𝐸 ⊢ do ℓ 𝑀′ : ⟦𝐵⟧ℓ ,𝐸 @ ℓ , 𝐸

Because we only allow pure values in the operation arrows of System F1𝜖, we have
that ⟦𝐴⟧ℓ ,𝐸 = ⟦𝐴⟧· and ⟦𝐵⟧ℓ ,𝐸 = ⟦𝐵⟧·, where ℓ : ⟦𝐴⟧· ↠ ⟦𝐵⟧· in Met(ℛscp). The
claim follows directly by the T-Do rule.

Case
T1-Handler

Σ ∋ ℓ : 𝐴′ ↠ 𝐵′ ⟦Γ, q𝐹 , 𝑝 : 𝐴′, 𝑟 : 𝐵′ →𝐸 𝐴⟧𝐸 ⊢ ⟦𝑁⟧ : ⟦𝐴⟧𝐸 @𝐸 1

𝜈 ≔ ⟨𝐹 − 𝐸|𝐸 − 𝐹⟩ ⟦𝐴⟧ℓ ,𝐸 = 𝜇𝐴0 ⟦𝐴⟧𝐸 = 𝜇′𝐴0

⟦𝐴′⟧𝐸 = ⟦𝐴′⟧· = 𝜇′′𝐴′
0 ⟦𝐵′⟧𝐸 = ⟦𝐵′⟧· 𝑇 ≔ ⟨ℓ⟩(⟦1⟧ℓ ,𝐸 → ⟦𝐴⟧ℓ ,𝐸)

𝑁0 ≔ let⟨ℓ⟩ mod𝜇 𝑦 = 𝑥 in mod𝜇′ 𝑦 𝑁1 ≔ let mod𝜇′′ 𝑝′ = 𝑝 in (⟦𝑁⟧)[𝑝′/𝑝]

⟦Γ⟧𝐹 ⊢ mod𝜈 (𝜆 𝑓 𝑇 .let mod⟨ℓ⟩ 𝑓
′ = 𝑓 in handle 𝑓 ′ (mod⟨⟩ ()) with

{return 𝑥 ↦→ 𝑁0 , ℓ 𝑝 𝑟 ↦→ 𝑁1}) : ⟦(1 →ℓ ,𝐸 𝐴) →𝐸 𝐴⟧𝐹

@ 𝐹

Expanding the translated context and alpha-renaming 𝑝 to 𝑝′ in 1 gives

⟦Γ⟧𝐹 ,µ𝜈 , 𝑝
′ :𝜇′′ 𝐴′

0 , 𝑟 : ⟦𝐵
′⟧𝐸 → ⟦𝐴⟧𝐸 ⊢ (⟦𝑁⟧)[𝑝′/𝑝] : ⟦𝐴⟧𝐸 @𝐸 2

Let
Γ′ ≔ ⟦Γ⟧𝐹 ,µ𝜈 , 𝑓 : 𝑇, 𝑓 ′ :⟨ℓ⟩ ⟦1⟧ℓ ,𝐸 → ⟦𝐴⟧ℓ ,𝐸

By 2 , context equivalence, variableweakening, variable swapping, and T-Letmod,
we obtain the operation-clause premise

Γ′, 𝑝 : ⟦𝐴′⟧· , 𝑟 : ⟦𝐵′⟧· → ⟦𝐴⟧𝐸 ⊢ 𝑁1 : ⟦𝐴⟧𝐸 @𝐸 3

For the return clause, the handler binds 𝑥 :⟨ℓ⟩ 𝜇𝐴0. By a case analysis on 𝐴 with
Lemma 66, rules T-Var, T-Letmod, and T-Mod give

Γ′, 𝑥 :⟨ℓ⟩ 𝜇𝐴0 ⊢ 𝑁0 : ⟦𝐴⟧𝐸 @𝐸 4
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By T-Var, T-Unit, T-Mod, and T-App, we have the handled-computation premise

Γ′,µ⟨ℓ⟩ ⊢ 𝑓 ′ (mod⟨⟩ ()) : ⟦𝐴⟧ℓ ,𝐸 @ ℓ , 𝐸 5

By 3 , 4 , 5 , and T-Handle, we have

Γ′ ⊢ handle 𝑓 ′ (mod⟨⟩ ()) with {return 𝑥 ↦→ 𝑁0 , ℓ 𝑝 𝑟 ↦→ 𝑁1} : ⟦𝐴⟧𝐸 @𝐸

Finally, T-Letmod, T-Abs, and T-Mod give

⟦Γ⟧𝐹 ⊢ ⟦handler {ℓ 𝑝 𝑟 ↦→ 𝑁}⟧ : ⟦(1 →ℓ ,𝐸 𝐴) →𝐸 𝐴⟧𝐹 @ 𝐹

□
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D.1 Lemmas

It is obvious that our declarative judgements are preserved by information increase. For
instance, for the typing judgement, if Θ0 ⊢m 𝑀 : 𝐴 and Θ0 ⊑ Θ1, then Θ1 ⊢m 𝑀 : 𝐴. In
the proofs, we refer to this property as stability.

Lemma 68 (Suffix moving). If Θ1 ,Θ2 ,Ξ ⊢m 𝑀 : 𝐴 where Ξ does not depend on entries in
Θ2, then Θ1 ,Ξ,Θ2 ⊢m 𝑀 : 𝐴.

Proof. Straightforward induction on the typing derivation. □

Lemma 69 (Suffix erasure). If Θ,Ξ ⊢m 𝑀 : 𝐴 and Ξ is fresh for 𝐴, then Θ ⊢m 𝑀 : 𝐴.

Proof. Straightforward induction on the typing derivation. □

Lemma 70 (Splitting refines). If Θ0 ⊢ 𝑃0 ⊲ 𝑃1 ⊣ Θ1, then Θ1 ⊢ 𝑃0 ▶ 𝑃1.

Proof. Straightforward induction on the splitting derivation. □

Lemma 71 (Precision extends skeleton subtyping). If Θ ⊢ 𝑃′ ⪯ 𝑃 and Θ ⊢skm 𝑃 ⩽ 𝑄, then
Θ ⊢skm 𝑃′ ⩽ 𝑄.

Proof. Straightforward induction on the subtyping derivation. □

Lemma 72 (Precision preserves refinement). If Θ ⊢ 𝑃 ⪯ 𝑄 and Θ ⊢ 𝑄 ▶ 𝑄′, then
Θ ⊢ 𝑃 ▶ 𝑄′.

Proof. Straightforward induction on the refinement derivation. □

Definition 13 (Context precision). We write Θ′ ⪯ctx Θ if Θ′ has the same non-variable
entries as Θ, and every term-variable entry in Θ′ is more precise than the corresponding entry
in Θ:

· ⪯ctx ·
𝑒 ≠ 𝑥 : 𝑃 Θ′ ⪯ctx Θ

Θ′, 𝑒 ⪯ctx Θ, 𝑒

Θ′ ⪯ctx Θ Θ′ ⊢ 𝑃′ ⪯ 𝑃

Θ′, 𝑥 : 𝑃′ ⪯ctx Θ, 𝑥 : 𝑃
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Lemma 73 (Context precision preserves skeleton inference). If Θ′ ⪯ctx Θ and Θ ⊢m
𝑀⇒⇒ 𝑄, then Θ′ ⊢m 𝑀⇒⇒ 𝑄.

Proof. By induction on Θ ⊢m 𝑀⇒⇒ 𝑄. Refinement and subtyping judgements that do
not involve a term-variable lookup are preserved because the contexts have the same
non-variable entries. The only interesting case is a variable. If Θ ∋ 𝑥 : 𝑃𝑥 and Θ′ ∋ 𝑥 : 𝑃′

𝑥

with Θ′ ⊢ 𝑃′
𝑥 ⪯ 𝑃𝑥 , we apply Lemma 71 to derive the needed subtyping judgement. □

D.2 Type inference

In this section, we prove Theorems 21 and 22 for the type inference algorithm in
Section 9.2. Sincewe have proved the soundness and completeness of the syntax-directed
type system in Section 8.4, we directly use the syntax-directed type system for proofs.
To avoid repeating the subtyping premises in SD-Unit, SD-Var, and SD-Anno, we use
an equivalent presentation in this section. We write 𝑂 ::= () | 𝑥 | 𝑀 : 𝐴 for base terms
and use the following four rules:

SD-Unit

Γ ⊢I () : 1

SD-Var
Γ ∋ 𝑥 : 𝐴

Γ ⊢I 𝑥 : 𝐴

SD-Anno
Γ ⊢C 𝑀 : 𝐴

Γ ⊢I (𝑀 : 𝐴) : 𝐴

SD-Sub
Γ ⊢I 𝑂 : 𝐴 Γ ⊢m 𝐴 ⩽ 𝐵

Γ ⊢m 𝑂 : 𝐵

This presentation is local to the proofs.

Theorem 21 (Soundness of type inference). Given a type inference problem (Θ0; m;𝑃;𝑀),
if Θ0 [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝐴) is a solution.

Proof. Our goal is to show that Θ1 ⊢m 𝑀 : 𝐴 where Θ1 ⊢ 𝑃 ▶ 𝐴 and Θ0 ⊑ Θ1 is a valid
metasubstitution. By induction on the derivation of Θ0 [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ1.

Case
I-Unit
Θ0 [𝑃]-- tym 1 ⩽ 𝐴 ⊣ Θ1 1

Θ0 [𝑃]-- m () ⇒ 𝐴 ⊣ Θ1

Theorem 27 on 1 gives that (Θ0 ⊑ Θ1;𝐴) is a solution to the subtyping prob-
lem (Θ0; ty; m;𝑃; 1), which gives Θ1 ⊢tym 1 ⩽ 𝐴 2 where Θ1 ⊢ 𝑃 ▶ 𝐴 3 . By 2 ,
SD-Unit, and SD-Sub we have Θ1 ⊢m () : 𝐴 4 . Our goal follows from 3 and 4 .

Case
I-Var
Θ0 ∋ 𝑥 : 𝐴 Θ0 [𝑃]-- tym 𝐴 ⩽ 𝐵 ⊣ Θ1 1

Θ0 [𝑃]-- m 𝑥 ⇒ 𝐵 ⊣ Θ1
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Theorem 27 on 1 gives that (Θ0 ⊑ Θ1; 𝐵) is a solution to the subtyping problem
(Θ0; ty; m;𝑃;𝐴), which gives Θ1 ⊢tym 𝐴 ⩽ 𝐵 2 where Θ1 ⊢ 𝑃 ▶ 𝐵 3 . By Θ0 ∋ 𝑥 : 𝐴
and Θ0 ⊑ Θ1, we have Θ1 ∋ 𝑥 : 𝐴. Then by Θ1 ∋ 𝑥 : 𝐴, 2 , SD-Var, and SD-Sub
we have Θ1 ⊢m 𝑥 : 𝐵 4 . Our goal follows from 3 and 4 .

Case
I-Anno
Θ0 [𝐴]-- C 𝑀 ⇒ 𝐴 ⊣ Θ1 1 Θ1 [𝑃]-- tym 𝐴 ⩽ 𝐵 ⊣ Θ2 2

Θ0 [𝑃]-- m (𝑀 : 𝐴) ⇒ 𝐵 ⊣ Θ2

IH on 1 gives that (Θ0 ⊑ Θ1;𝐴) is a solution to the type inference
problem (Θ0; C;𝐴;𝑀), which gives Θ1 ⊢C 𝑀 : 𝐴. Then by SD-Anno we
have Θ1 ⊢I (𝑀 : 𝐴) : 𝐴 3 . Theorem 27 on 2 gives that (Θ1 ⊑ Θ2; 𝐵) is a solution
to the subtyping problem (Θ1; ty; m;𝑃;𝐴), which further gives Θ2 ⊢tym 𝐴 ⩽ 𝐵 4

where Θ2 ⊢ 𝑃 ▶ 𝐵 5 . By transitivity of information increase we have Θ0 ⊑ Θ2 6 .
By stability on 3 , 4 , and SD-Sub we have Θ2 ⊢m (𝑀 : 𝐴) : 𝐵 7 . Our goal follows
from 5 , 6 , and 7 .

Case
I-Freeze
Θ0 [ ]-- I 𝑀 ⇒ 𝐵 ⊣ Θ1 1 Θ1 ⊢ 𝐵 ∼ 𝐴 ⊣ Θ2 2

Θ0 [𝐴]-- C ⌈𝑀⌉ ⇒ 𝐴 ⊣ Θ2

IH on 1 gives that (Θ0 ⊑ Θ1; 𝐵) is a solution to the type inference problem
(Θ0; I; ;𝑀), which further gives Θ1 ⊢I 𝑀 : 𝐵 3 . Lemma 25 on 2 gives that
Θ1 ⊑ Θ2 is a solution to the consistency problem (Θ1; 𝐵;𝐴), which further
gives Θ2 ⊢ 𝐵 ≡ 𝐴 4 . By stability on 3 , we have Θ2 ⊢I 𝑀 : 𝐵 5 . By 5 , 4 , and
SD-Freeze we have Θ2 ⊢C ⌈𝑀⌉ : 𝐴 6 . By transitivity of information increase we
have Θ0 ⊑ Θ2 7 . Our goal follows from 6 , 7 , and Θ2 ⊢ 𝐴 ▶ 𝐴.

Case
I-AbsCheck

Θ0 , 𝛼 ⊢ 𝐴0 ⊲ 𝐴→ 𝐵 ⊣ Θ1 , 𝛼 7

Θ1 , 𝛼, 𝑥 : 𝐴 [𝐵]-- C 𝑀 ⇒ 𝐵 ⊣ Θ2 , 𝛼, 𝑥 : 𝐴,Ξ 1

Θ0 [∀𝛼.𝐴0]-- C 𝜆𝑥.𝑀 ⇒ ∀𝛼.𝐴→ 𝐵 ⊣ Θ2

IH on 1 gives that (Θ1 , 𝛼, 𝑥 : 𝐴 ⊑ Θ2 , 𝛼, 𝑥 : 𝐴,Ξ 6 ; 𝐵) is a solution to the type
inference problem (Θ1 , 𝛼, 𝑥 : 𝐴; C; 𝐵;𝑀), which further gives

Θ2 , 𝛼, 𝑥 : 𝐴,Ξ ⊢C 𝑀 : 𝐵 2

By Lemma 69, since all variables in Ξ do not appear in 𝐵, we have

Θ2 , 𝛼, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵 3
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By 3 and SD-AbsCheck, we have

Θ2 ⊢C 𝜆𝑥.𝑀 : ∀𝛼.𝐴→ 𝐵 4

By 6 and definition of metasubstitution, we have Θ1 ⊑ Θ2. By 7 , Lemma 70,
and stability, we have Θ2 , 𝛼 ⊢ 𝐴0 ▶ 𝐴→ 𝐵. Thus Θ2 ⊢ ∀𝛼.𝐴0 ▶ ∀𝛼.𝐴→ 𝐵 5 . By
7 , 6 , definition of metasubstitution, and transitivity of information increase,
we have Θ0 ⊑ Θ2 10 . Our goal follows from 4 , 10 , and 5 .

Case
I-AbsAnnoCheck
Θ0 , 𝛼 ⊢ 𝐴0 ⊲ 𝐴

′ → 𝐵 ⊣ Θ1 , 𝛼 1 Θ1 , 𝛼 ⊢ 𝐴′ ∼ 𝐴 ⊣ Θ2 , 𝛼 2

Θ2 , 𝛼, 𝑥 : 𝐴 [𝐵]-- C 𝑀 ⇒ 𝐵 ⊣ Θ3 , 𝛼, 𝑥 : 𝐴,Ξ 3

Θ0 [∀𝛼.𝐴0]-- C 𝜆𝑥𝐴.𝑀 ⇒ ∀𝛼.𝐴→ 𝐵 ⊣ Θ3

Lemma 25 on 2 gives that

Θ1 , 𝛼 ⊑ Θ2 , 𝛼 4

is a solution to the consistency problem (Θ1 , 𝛼;𝐴′;𝐴), which further gives
Θ2 , 𝛼 ⊢ 𝐴′ ≡ 𝐴 5 . IH on 3 gives that

(Θ2 , 𝛼, 𝑥 : 𝐴 ⊑ Θ3 , 𝛼, 𝑥 : 𝐴,Ξ 6 ; 𝐵)

is a solution to the type inference problem (Θ2 , 𝛼, 𝑥 : 𝐴; C; 𝐵;𝑀), which further
gives

Θ3 , 𝛼, 𝑥 : 𝐴,Ξ ⊢C 𝑀 : 𝐵 7

By Lemma 69, since all variables in Ξ do not appear in 𝐵, we have

Θ3 , 𝛼, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵 8

By 8 and Θ3 , 𝛼 ⊢ 𝐴 ≡ 𝐴 and SD-AbsAnnoCheck, we have

Θ3 ⊢C 𝜆𝑥𝐴.𝑀 : ∀𝛼.𝐴→ 𝐵 9

By 1 , Lemma 70, and stability, we have Θ3 , 𝛼 ⊢ 𝐴0 ▶ 𝐴′ → 𝐵. By 5 and
stability, we have Θ3 , 𝛼 ⊢ 𝐴′ ≡ 𝐴. Thus Θ3 ⊢ ∀𝛼.𝐴0 ▶ ∀𝛼.𝐴→ 𝐵 10 . By 1 , 4 ,
6 , definition of metasubstitution, and transitivity of information increase, we
have Θ0 ⊑ Θ3 11 . Our goal follows from 9 , 11 , and 10 .

Case
I-Abs

m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ1 7

guess(𝑃) = (𝛼̂;𝐴) 4 Θ1 , 𝛼̂, 𝑥 : 𝐴 [𝑄]-- m− 𝑀 ⇒ 𝐵 ⊣ Θ2 , 𝑥 : 𝐴,Ξ 1

Θ0 [𝑃0]-- m 𝜆𝑥.𝑀 ⇒ 𝐴→ 𝐵 ⊣ Θ2 ,Ξ
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IH on 1 gives that (Θ1 , 𝛼̂, 𝑥 : 𝐴 ⊑ Θ2 , 𝑥 : 𝐴,Ξ 8 ; 𝐵) is a solution to the type
inference problem (Θ1 , 𝛼̂, 𝑥 : 𝐴; m−;𝑄;𝑀), which further gives

Θ2 , 𝑥 : 𝐴,Ξ ⊢m− 𝑀 : 𝐵 2

Θ2 , 𝑥 : 𝐴,Ξ ⊢ 𝑄 ▶ 𝐵 9

By Lemma 68 on 2 and SD-Abs, we have

Θ2 ,Ξ ⊢m 𝜆𝑥.𝑀 : 𝐴→ 𝐵 3

By 4 and definition of guess(𝑃), we have Θ1 , 𝛼̂ ⊢ 𝑃 ▶ 𝐴. Then by 8 , definition
of metasubstitution, and stability, we have Θ2 ,Ξ ⊢ 𝑃 ▶ 𝐴. Since refinement
judgements are stable under dropping term variables, 9 gives Θ2 ,Ξ ⊢ 𝑄 ▶ 𝐵.
Therefore, we have Θ2 ,Ξ ⊢ 𝑃 → 𝑄 ▶ 𝐴 → 𝐵. By Lemma 70 on 7 and stability,
we have Θ2 ,Ξ ⊢ 𝑃0 ▶ 𝑃 → 𝑄. Then by transitivity of refinement we further have
Θ2 ,Ξ ⊢ 𝑃0 ▶ 𝐴→ 𝐵 5 . By 7 , 8 , definition of metasubstitution, and transitivity
of information increase, we have Θ0 ⊑ Θ2 ,Ξ 6 . Our goal follows from 3 , 5 ,
and 6 .

Case
I-AbsAnno

m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ1 7

Θ1 ⊢ 𝐴 ∼ 𝑃 ⊣ Θ2 4 Θ2 , 𝑥 : 𝐴 [𝑄]-- m− 𝑀 ⇒ 𝐵 ⊣ Θ3 , 𝑥 : 𝐴,Ξ 1

Θ0 [𝑃0]-- m 𝜆𝑥𝐴.𝑀 ⇒ 𝐴→ 𝐵 ⊣ Θ3 ,Ξ

IH on 1 gives that (Θ2 , 𝑥 : 𝐴 ⊑ Θ3 , 𝑥 : 𝐴,Ξ 8 ; 𝐵) is a solution to the type infer-
ence problem (Θ2 , 𝑥 : 𝐴; m−;𝑄;𝑀), which further gives

Θ3 , 𝑥 : 𝐴,Ξ ⊢m− 𝑀 : 𝐵 2

Θ3 , 𝑥 : 𝐴,Ξ ⊢ 𝑄 ▶ 𝐵 3

By Lemma 25 on 4 , we have Θ1 ⊑ Θ2 and Θ2 ⊢ 𝑃 ▶ 𝐴. Then by 8 , definition of
metasubstitution, and stability, we have Θ3 ,Ξ ⊢ 𝑃 ▶ 𝐴 5 . By Θ3 ,Ξ ⊢ 𝐴 ≡ 𝐴 and
Lemma 68 on 2 and SD-AbsAnno, we have

Θ3 ,Ξ ⊢m 𝜆𝑥𝐴.𝑀 : 𝐴→ 𝐵 9

Since refinement judgements are stable under dropping term variables, 3 gives
Θ3 ,Ξ ⊢ 𝑄 ▶ 𝐵. Therefore, we have Θ3 ,Ξ ⊢ 𝑃 → 𝑄 ▶ 𝐴→ 𝐵 6 . By Lemma 70 on
7 and stability, we have Θ3 ,Ξ ⊢ 𝑃0 ▶ 𝑃 → 𝑄. Then by transitivity of refinement
we have Θ3 ,Ξ ⊢ 𝑃0 ▶ 𝐴 → 𝐵. By 8 and definition of metasubstitution, we
have Θ2 ⊑ Θ3 ,Ξ. 7 gives Θ0 ⊑ Θ1. Then by Θ1 ⊑ Θ2, and Θ2 ⊑ Θ3 ,Ξ, and
transitivity of metasubstitution, we have Θ0 ⊑ Θ3 ,Ξ. Our goal follows from 9 ,
Θ3 ,Ξ ⊢ 𝑃0 ▶ 𝐴→ 𝐵, and Θ0 ⊑ Θ3 ,Ξ.
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Case
I-App

Θ0 [ ]-- C 𝑁⇒⇒ 𝑃 ⊣ Θ1 1

Θ1 [𝑃 → 𝑄]-- F m 𝑀 ⇒ 𝐴→ 𝐵 ⊣ Θ2 2 Θ2 [𝐴]-- C 𝑁 ⇒ 𝐴′ ⊣ Θ3 3

Θ0 [𝑄]-- m 𝑀 𝑁 ⇒ 𝐵 ⊣ Θ3

Theorem 23 on 1 gives that (Θ0 ⊑ Θ1;𝑃) is a solution to the skeleton inference
problem (Θ0; C; ;𝑁), which further gives

Θ1 ⊢C 𝑁⇒⇒ 𝑃 4

IH on 2 gives that (Θ1 ⊑ Θ2;𝐴→ 𝐵) is a solution to the type inference problem
(Θ1; F m;𝑃 → 𝑄;𝑀), which further gives

Θ2 ⊢F m 𝑀 : 𝐴→ 𝐵 5

Θ2 ⊢ 𝑃 → 𝑄 ▶ 𝐴→ 𝐵 6

By definition of refinement, 6 gives Θ2 ⊢ 𝑃 ▶ 𝐴 7 and Θ2 ⊢ 𝑄 ▶ 𝐵 10 .
IH on 3 gives that (Θ2 ⊑ Θ3;𝐴′) is a solution to the type inference problem
(Θ2; C;𝐴;𝑁), which further gives

Θ3 ⊢C 𝑁 : 𝐴′ 8

Θ3 ⊢ 𝐴 ▶ 𝐴′ 13

1 gives Θ0 ⊑ Θ1. 2 gives Θ1 ⊑ Θ2. 3 gives Θ2 ⊑ Θ3. By transitivity of
metasubstitution, we have Θ0 ⊑ Θ3 12 . By stability, 4 , 7 , and 5 , we have

Θ3 ⊢C 𝑁⇒⇒ 𝑃 Θ3 ⊢ 𝑃 ▶ 𝐴 Θ3 ⊢F m 𝑀 : 𝐴→ 𝐵

By 13 , we have Θ3 ⊢ 𝐴 ≡ 𝐴′. Thus by 8 and 13 , we have Θ3 ⊢C 𝑁 : 𝐴. Then by
SD-App, we have

Θ3 ⊢m 𝑀 𝑁 : 𝐵 9 .

By stability on 10 , we have Θ3 ⊢ 𝑄 ▶ 𝐵 11 . Our goal follows from 9 , 11 , and 12 .

□

Theorem 22 (Completeness and optimality of type inference). Given a type inference
problem (Θ0; m;𝑃;𝑀), if there exists a solution (𝜃 :: Θ0 ⊑ Θ; 𝐵), then Θ0 [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ1

gives its optimal solution (Θ0 ⊑ Θ1;𝐴).

Proof. It is enough to prove that if (𝜃 :: Θ0 ⊑ Θ; 𝐵) is a solution to the type inference
problem (Θ0; m;𝑃;𝑀), then we have Θ0 [𝑃]-- m 𝑀 ⇒ 𝐴 ⊣ Θ1 and 𝜃1 :: Θ1 ⊑ Θ and
Θ ⊢ 𝜃1𝐴 ≡ 𝐵 and 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ. By induction on the derivation of typing judgement
Θ ⊢m 𝑀 : 𝐵 where Θ ⊢ 𝜃𝑃 ▶ 𝐵 and 𝜃 :: Θ0 ⊑ Θ.
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Case
SD-Unit

Θ ⊢I () : 1
In this case m = I and hence 𝑃 = . By SI-Infer and I-Unit we have Θ0 [ ]-- I () ⇒
1 ⊣ Θ0. Our goal follows from 𝜃 :: Θ0 ⊑ Θ and Θ ⊢ 𝜃1 ≡ 1.

Case
SD-Var
Θ ∋ 𝑥 : 𝐴

Θ ⊢I 𝑥 : 𝐴
In this case m = I and hence 𝑃 = . By 𝜃 :: Θ0 ⊑ Θ and Θ ∋ 𝑥 : 𝐴, we have
Θ0 ∋ 𝑥 : 𝐴′ andΘ ⊢ 𝜃𝐴′ ≡ 𝐴. By SI-Infer and I-Varwe haveΘ0 [ ]-- I 𝑥 ⇒ 𝐴′ ⊣ Θ0

where Θ0 ∋ 𝑥 : 𝐴′. Our goal follows from 𝜃 :: Θ0 ⊑ Θ and Θ ⊢ 𝜃𝐴′ ≡ 𝐴.

Case
SD-Anno
Θ ⊢C 𝑀 : 𝐴 1

Θ ⊢I (𝑀 : 𝐴) : 𝐴
In this case m = I and hence 𝑃 = . Since annotations 𝐴 contain no flexible
variables, (𝜃 :: Θ0 ⊑ Θ;𝐴) is a solution to the type inference problem (Θ0; C;𝐴;𝑀).
IH on 1 gives

Θ0 [𝐴]-- C 𝑀 ⇒ 𝐴 ⊣ Θ1 2

𝜃1 :: Θ1 ⊑ Θ 3

Θ ⊢ 𝜃1𝐴 ≡ 𝐴 4

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 5

By SI-Infer, we have Θ1 [ ]-- tyI 𝐴 ⩽ 𝐴 ⊣ Θ1 6 . By 2 , 6 , and I-Anno, we have

Θ0 [ ]-- I (𝑀 : 𝐴) ⇒ 𝐴 ⊣ Θ1 7 .

Our goal follows from 3 , 4 , 5 , and 7 .

Case
SD-Sub
Θ ⊢I 𝑂 : 𝐴 1 Θ ⊢m 𝐴 ⩽ 𝐵 2

Θ ⊢m 𝑂 : 𝐵
IH on 1 gives

Θ0 [ ]-- I 𝑂 ⇒ 𝐴′ ⊣ Θ1 3

𝜃1 :: Θ1 ⊑ Θ 4

Θ ⊢ 𝜃1𝐴
′ ≡ 𝐴 5

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 6
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By 2 and 5 , we have Θ ⊢m 𝜃1𝐴
′ ⩽ 𝐵 7 . By 6 anddefinition ofmetasubstitution,

the original refinement Θ ⊢ 𝜃𝑃 ▶ 𝐵 gives Θ ⊢ 𝜃1𝑃 ▶ 𝐵 14 . By 7 and 14 , we have
that (𝜃1 :: Θ1 ⊑ Θ; 𝐵) is a solution to the subtyping problem (Θ1; ty; m;𝑃;𝐴′). Then
by Theorem 28, and since precision on types is equivalence, we have

Θ1 [𝑃]-- tym 𝐴′ ⩽ 𝐵′ ⊣ Θ2 8

𝜃2 :: Θ2 ⊑ Θ 15

Θ ⊢ 𝜃2𝐵
′ ≡ 𝐵 10

𝜃1 ≡ 𝜃2 :: Θ1 ⊑ Θ 11

By 6 , 11 , and Θ0 ⊑ Θ1, we have 𝜃 ≡ 𝜃2 :: Θ0 ⊑ Θ 13 .
Case analysis on the shape of 𝑂 (reusing the same meta-numbers in different case
branches).

Subcase 𝑂 = (). Inversion on 3 gives Θ1 = Θ0 and 𝐴′ = 1, so I-Unit on 8 gives
Θ0 [𝑃]-- m 𝑂 ⇒ 𝐵′ ⊣ Θ2 9 .

Subcase 𝑂 = 𝑥. Inversion on 3 gives Θ0 ∋ 𝑥 : 𝐴′ and Θ1 = Θ0, so I-Var on 8

gives Θ0 [𝑃]-- m 𝑂 ⇒ 𝐵′ ⊣ Θ2 9 .

Subcase 𝑂 = (𝑀 : 𝐴). Inversion on 3 gives Θ0 [𝐴]-- C 𝑀 ⇒ 𝐴 ⊣ Θ1 and 𝐴′ = 𝐴,
so I-Anno on 3 and 8 gives Θ0 [𝑃]-- m 𝑂 ⇒ 𝐵′ ⊣ Θ2 9 .

Our goal follows from 9 , 15 , 10 , and 13 .

Case
SD-Freeze
Θ ⊢I 𝑀 : 𝐵 1 Θ ⊢ 𝐵 ≡ 𝐴 9

Θ ⊢C ⌈𝑀⌉ : 𝐴
In this case m = C. By 𝑃 :ty C, we have 𝑃 = 𝐴𝑝 for some concrete type 𝐴𝑝 . IH on 1

gives
Θ0 [ ]-- I 𝑀 ⇒ 𝐵′ ⊣ Θ1 2

𝜃1 :: Θ1 ⊑ Θ 3

Θ ⊢ 𝜃1𝐵
′ ≡ 𝐵 4

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 6

Since (𝜃;𝐴) is a solution, we have Θ ⊢ 𝜃𝐴𝑝 ▶ 𝐴. Then by 6 , we have
Θ ⊢ 𝜃1𝐴𝑝 ▶ 𝐴 13 . By 4 and 9 , we have Θ ⊢ 𝜃1𝐵

′ ≡ 𝐴 14 . By 14 and 13 , we
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have (𝜃1 :: Θ1 ⊑ Θ;𝐴) is a solution to the consistency problem (Θ1;𝐴𝑝 ; 𝐵′). Then
by Lemma 26, and since precision on types is equivalence, we have

Θ1 ⊢ 𝐵′ ∼ 𝐴𝑝 ⊣ Θ2 5

𝜃2 :: Θ2 ⊑ Θ 7

Θ ⊢ 𝜃2𝐴𝑝 ≡ 𝐴 8

𝜃1 ≡ 𝜃2 :: Θ1 ⊑ Θ 10

Applying I-Freeze to 2 and 5 gives Θ0 [𝐴𝑝]-- C ⌈𝑀⌉ ⇒ 𝐴𝑝 ⊣ Θ2 11 . By 6 , 10 ,
and Θ0 ⊑ Θ1, we have 𝜃 ≡ 𝜃2 :: Θ0 ⊑ Θ 12 . Our goal follows from 11 , 7 , 8 , and
12 .

Case
SD-AbsCheck
Θ, 𝛼, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵 1

Θ ⊢C 𝜆𝑥.𝑀 : ∀𝛼.𝐴→ 𝐵

The type inference problem is (Θ0; C;𝐴𝑝 ;𝜆𝑥.𝑀) where 𝐴𝑝 :ty C. The solution is
(𝜃 :: Θ0 ⊑ Θ;∀𝛼.𝐴→ 𝐵). We have Θ ⊢ 𝜃𝐴𝑝 ▶ ∀𝛼.𝐴→ 𝐵. By this refinement, the
only possible shapes of 𝐴𝑝 are ∀𝛼.𝐴′ → 𝐵′ and ∀𝛼.𝛼̂. Case analysis on the shape
of 𝐴𝑝 .

Subcase 𝐴𝑝 = ∀𝛼.𝐴′ → 𝐵′. By the solution (𝜃;∀𝛼.𝐴→ 𝐵), we have

Θ, 𝛼 ⊢ 𝜃𝐴′ ≡ 𝐴 12 and Θ, 𝛼 ⊢ 𝜃𝐵′ ≡ 𝐵 13 .

Therefore (𝜃 :: Θ0 , 𝛼, 𝑥 : 𝐴′ ⊑ Θ, 𝛼, 𝑥 : 𝐴; 𝐵) is a solution to the type inference
problem (Θ0 , 𝛼, 𝑥 : 𝐴′; C; 𝐵′;𝑀). IH on 1 gives

Θ0 , 𝛼, 𝑥 : 𝐴′ [𝐵′]-- C 𝑀 ⇒ 𝐵1 ⊣ Θ1 , 𝛼, 𝑥 : 𝐴′,Ξ 2

𝜃1 :: Θ1 , 𝛼, 𝑥 : 𝐴′,Ξ ⊑ Θ, 𝛼, 𝑥 : 𝐴 3

Θ, 𝛼, 𝑥 : 𝐴 ⊢ 𝜃1𝐵1 ≡ 𝐵 4

𝜃 ≡ 𝜃1 :: Θ0 , 𝛼, 𝑥 : 𝐴′ ⊑ Θ, 𝛼, 𝑥 : 𝐴 5

By definition of splitting, we have

Θ0 , 𝛼 ⊢ 𝐴′ → 𝐵′ ⊲ 𝐴′ → 𝐵′ ⊣ Θ0 , 𝛼 11 .

By 11 , 2 , and I-AbsCheck, we have

Θ0 [∀𝛼.𝐴′ → 𝐵′]-- C 𝜆𝑥.𝑀 ⇒ ∀𝛼.𝐴′ → 𝐵1 ⊣ Θ1 6 .

By 3 and metasubstitution weakening, we have 𝜃1 :: Θ1 ⊑ Θ 7 . By
5 and definition of metasubstitution, we have 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 8 .
By 5 and 12 , we have Θ, 𝛼 ⊢ 𝜃1𝐴

′ ≡ 𝐴 15 . By 15 and 4 , we have
Θ ⊢ 𝜃1(∀𝛼.𝐴′ → 𝐵1) ≡ ∀𝛼.𝐴→ 𝐵 14 . Our goal follows from 6 , 7 , 14 , and
8 .
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Subcase 𝐴𝑝 = ∀𝛼.𝛼̂. By the original solution, we have Θ, 𝛼 ⊢ 𝜃𝛼̂ ≡ 𝐴→ 𝐵 12 .
Assuming fresh 𝛽̂ and 𝛾̂, we have

Θ0 , 𝛼 ⊢ 𝛼̂ ⊲ 𝛽̂ → 𝛾̂ ⊣ Θ1 , 𝛼 13 .

Since 𝜃𝛼̂ is equivalent to 𝐴→ 𝐵, and by definition of splitting 𝛽̂ and 𝛾̂ are
introduced immediately before the assignment for 𝛼̂, the components 𝐴 and
𝐵 are well-scoped at the positions of 𝛽̂ and 𝛾̂ in Θ1. By 12 and 13 , we have a
metasubstitution 𝜃′ extending 𝜃 with 𝛽̂ ↦→ 𝐴 and 𝛾̂ ↦→ 𝐵 such that

𝜃′ :: Θ1 , 𝛼 ⊑ Θ, 𝛼 16

𝜃 ≡ 𝜃′ :: Θ0 , 𝛼 ⊑ Θ, 𝛼 17

Thus (𝜃′ :: Θ1 , 𝛼, 𝑥 : 𝛽̂ ⊑ Θ, 𝛼, 𝑥 : 𝐴; 𝐵) is a solution to the type inference
problem (Θ1 , 𝛼, 𝑥 : 𝛽̂; C; 𝛾̂;𝑀). IH on 1 gives

Θ1 , 𝛼, 𝑥 : 𝛽̂ [𝛾̂]-- C 𝑀 ⇒ 𝐵′ ⊣ Θ2 , 𝛼, 𝑥 : 𝛽̂,Ξ 2

𝜃1 :: Θ2 , 𝛼, 𝑥 : 𝛽̂,Ξ ⊑ Θ, 𝛼, 𝑥 : 𝐴 3

Θ, 𝛼, 𝑥 : 𝐴 ⊢ 𝜃1𝐵
′ ≡ 𝐵 4

𝜃′ ≡ 𝜃1 :: Θ1 , 𝛼, 𝑥 : 𝛽̂ ⊑ Θ, 𝛼, 𝑥 : 𝐴 5

By 13 , 2 , and I-AbsCheck, we have

Θ0 [∀𝛼.𝛼̂]-- C 𝜆𝑥.𝑀 ⇒ ∀𝛼.𝛽̂ → 𝐵′ ⊣ Θ2 6 .

By 3 and metasubstitution weakening, we have 𝜃1 :: Θ2 ⊑ Θ 7 . By 5 and
definition of metasubstitution, we have 𝜃′ ≡ 𝜃1 :: Θ1 , 𝛼 ⊑ Θ, 𝛼 8 . By 17 , 8 ,
and definition of metasubstitution, we have 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 14 . By 3 and
4 , we have Θ ⊢ 𝜃1(∀𝛼.𝛽̂ → 𝐵′) ≡ ∀𝛼.𝐴→ 𝐵 15 . Our goal follows from 6 ,
7 , 15 , and 14 .

Case
SD-Abs
m ≠ C Θ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵 1

Θ ⊢m 𝜆𝑥.𝑀 : 𝐴→ 𝐵

The type inference problem is (Θ0; m;𝑃0;𝜆𝑥.𝑀) where 𝑃0 :ty m. The solution is
(𝜃 :: Θ0 ⊑ Θ;𝐴→ 𝐵). We know that 𝑃0 = or 𝑃0 is of function shape. Let

Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ1 12
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and let (𝛼̂;𝐴′) = guess(𝑃) , i.e., each ghost in 𝑃 is filled with a fresh flexible
variable 𝛼̂. Since (𝜃;𝐴→ 𝐵) is a solution, we have Θ ⊢ 𝜃𝑃0 ▶ 𝐴→ 𝐵. Then by 12 ,
definition of splitting, we have a metasubstitution 𝜃′ such that

𝜃′ :: Θ1 ⊑ Θ 13

𝜃 ≡ 𝜃′ :: Θ0 ⊑ Θ 14

Θ ⊢ 𝜃′(𝑃 → 𝑄) ▶ 𝐴→ 𝐵 15

Thus Θ ⊢ 𝜃′𝑃 ▶ 𝐴, i.e., 𝐴 refines each ghost in 𝑃 with a monotype. Let 𝜁 be
the substitution that maps each fresh 𝛼̂ to the monotype in 𝐴 that refines the
corresponding ghost in 𝑃. Then we have a metasubstitution 𝜃′′ = (𝜃′, 𝜁) such that

𝜃′′ :: Θ1 , 𝛼̂ ⊑ Θ 16

Θ ⊢ 𝜃′′𝐴′ ≡ 𝐴 17

Θ ⊢ 𝜃′′𝑄 ▶ 𝐵 18

By 1 , 17 , and 18 , we have (𝜃′′ :: Θ1 , 𝛼̂, 𝑥 : 𝐴′ ⊑ Θ, 𝑥 : 𝐴; 𝐵) is a solution to the
type inference problem (Θ1 , 𝛼̂, 𝑥 : 𝐴′; m−;𝑄;𝑀). By IH on this solution, we have

Θ1 , 𝛼̂, 𝑥 : 𝐴′ [𝑄]-- m− 𝑀 ⇒ 𝐵′ ⊣ Θ2 , 𝑥 : 𝐴′,Ξ 2

𝜃1 :: Θ2 , 𝑥 : 𝐴′,Ξ ⊑ Θ, 𝑥 : 𝐴 3

Θ, 𝑥 : 𝐴 ⊢ 𝜃1𝐵
′ ≡ 𝐵 5

𝜃′′ ≡ 𝜃1 :: Θ1 , 𝛼̂, 𝑥 : 𝐴′ ⊑ Θ, 𝑥 : 𝐴 6

By 14 , 6 , and definition of metasubstitution, we have

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 7 .

By 12 , guess(𝑃) = (𝛼̂;𝐴′), 2 , and I-Abs, we have

Θ0 [𝑃0]-- m 𝜆𝑥.𝑀 ⇒ 𝐴′ → 𝐵′ ⊣ Θ2 ,Ξ 4 .

By 3 andmetasubstitution weakening, we have 𝜃1 :: Θ2 ,Ξ ⊑ Θ 8 . By 6 and 17 ,
we have Θ ⊢ 𝜃1𝐴

′ ≡ 𝐴 9 . By 9 and 5 , we have Θ ⊢ 𝜃1(𝐴′ → 𝐵′) ≡ 𝐴→ 𝐵 19 .
Our goal follows from 4 , 8 , 19 , and 7 .

Case
SD-AbsAnnoCheck
Θ, 𝛼 ⊢ 𝐴 ≡ 𝐴′ 9 Θ, 𝛼, 𝑥 : 𝐴 ⊢C 𝑀 : 𝐵 1

Θ ⊢C 𝜆𝑥𝐴.𝑀 : ∀𝛼.𝐴′ → 𝐵

The type inference problem is (Θ0; C;𝐴𝑝 ;𝜆𝑥𝐴.𝑀)where 𝐴𝑝 :ty C. The solution is
(𝜃 :: Θ0 ⊑ Θ;∀𝛼.𝐴′ → 𝐵). We have Θ ⊢ 𝜃𝐴𝑝 ▶ ∀𝛼.𝐴′ → 𝐵. By this refinement, the
only possible shapes of 𝐴𝑝 are ∀𝛼.𝐴0 → 𝐵0 and ∀𝛼.𝛼̂. Case analysis on the shape
of 𝐴𝑝 .
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Subcase 𝐴𝑝 = ∀𝛼.𝐴0 → 𝐵0. By the solution (𝜃;∀𝛼.𝐴′ → 𝐵), we have

Θ, 𝛼 ⊢ 𝜃𝐴0 ≡ 𝐴′ 12 and Θ, 𝛼 ⊢ 𝜃𝐵0 ≡ 𝐵 13 .

By 12 and 9 , (𝜃 :: Θ0 , 𝛼 ⊑ Θ, 𝛼;𝐴) is a solution to the consistency problem
(Θ0 , 𝛼;𝐴;𝐴0). Then by Lemma 26, and since precision on types is equivalence,
we have

Θ0 , 𝛼 ⊢ 𝐴0 ∼ 𝐴 ⊣ Θ1 , 𝛼 14

𝜃′ :: Θ1 , 𝛼 ⊑ Θ, 𝛼 15

𝜃 ≡ 𝜃′ :: Θ0 , 𝛼 ⊑ Θ, 𝛼 16

By 13 and 16 , (𝜃′ :: Θ1 , 𝛼, 𝑥 : 𝐴 ⊑ Θ, 𝛼, 𝑥 : 𝐴; 𝐵) is a solution to the type
inference problem (Θ1 , 𝛼, 𝑥 : 𝐴; C; 𝐵0;𝑀). IH on 1 gives

Θ1 , 𝛼, 𝑥 : 𝐴 [𝐵0]-- C 𝑀 ⇒ 𝐵1 ⊣ Θ2 , 𝛼, 𝑥 : 𝐴,Ξ 2

𝜃1 :: Θ2 , 𝛼, 𝑥 : 𝐴,Ξ ⊑ Θ, 𝛼, 𝑥 : 𝐴 3

Θ, 𝛼, 𝑥 : 𝐴 ⊢ 𝜃1𝐵1 ≡ 𝐵 4

𝜃′ ≡ 𝜃1 :: Θ1 , 𝛼, 𝑥 : 𝐴 ⊑ Θ, 𝛼, 𝑥 : 𝐴 5

By definition of splitting, we have

Θ0 , 𝛼 ⊢ 𝐴0 → 𝐵0 ⊲ 𝐴0 → 𝐵0 ⊣ Θ0 , 𝛼 11 .

By 11 , 14 , 2 , and I-AbsAnnoCheck, we have

Θ0 [∀𝛼.𝐴0 → 𝐵0]-- C 𝜆𝑥𝐴.𝑀 ⇒ ∀𝛼.𝐴→ 𝐵1 ⊣ Θ2 6 .

By 3 and metasubstitution weakening, we have 𝜃1 :: Θ2 ⊑ Θ 7 . By 5 , 16 ,
and definition of metasubstitution, we have 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 8 . By 9 and
definition of metasubstitution, we have Θ, 𝛼 ⊢ 𝜃1𝐴 ≡ 𝐴′ 17 . By 17 and 4 ,
we have

Θ ⊢ 𝜃1(∀𝛼.𝐴→ 𝐵1) ≡ ∀𝛼.𝐴′ → 𝐵 18 .

Our goal follows from 6 , 7 , 18 , and 8 .

Subcase 𝐴𝑝 = ∀𝛼.𝛼̂. By the original solution, we have Θ, 𝛼 ⊢ 𝜃𝛼̂ ≡ 𝐴′ → 𝐵 12 .
Assuming fresh 𝛽̂ and 𝛾̂, we have

Θ0 , 𝛼 ⊢ 𝛼̂ ⊲ 𝛽̂ → 𝛾̂ ⊣ Θ1 , 𝛼 13 .

Since 𝜃𝛼̂ is equivalent to 𝐴′ → 𝐵, and by definition of splitting 𝛽̂ and 𝛾̂ are
introduced immediately before the assignment for 𝛼̂, the components 𝐴′ and
𝐵 are well-scoped at the positions of 𝛽̂ and 𝛾̂ in Θ1. By 12 and 13 , we have a
metasubstitution 𝜃′ extending 𝜃 with 𝛽̂ ↦→ 𝐴′ and 𝛾̂ ↦→ 𝐵 such that

𝜃′ :: Θ1 , 𝛼 ⊑ Θ, 𝛼 16

𝜃 ≡ 𝜃′ :: Θ0 , 𝛼 ⊑ Θ, 𝛼 17
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By construction of 𝜃′ and 9 , (𝜃′ :: Θ1 , 𝛼 ⊑ Θ, 𝛼;𝐴) is a solution to the
consistency problem (Θ1 , 𝛼;𝐴; 𝛽̂). Then by Lemma 26, and since precision
on types is equivalence, we have

Θ1 , 𝛼 ⊢ 𝛽̂ ∼ 𝐴 ⊣ Θ2 , 𝛼 18

𝜃′′ :: Θ2 , 𝛼 ⊑ Θ, 𝛼 19

𝜃′ ≡ 𝜃′′ :: Θ1 , 𝛼 ⊑ Θ, 𝛼 20

Thus (𝜃′′ :: Θ2 , 𝛼, 𝑥 : 𝐴 ⊑ Θ, 𝛼, 𝑥 : 𝐴; 𝐵) is a solution to the type inference
problem (Θ2 , 𝛼, 𝑥 : 𝐴; C; 𝛾̂;𝑀). IH on 1 gives

Θ2 , 𝛼, 𝑥 : 𝐴 [𝛾̂]-- C 𝑀 ⇒ 𝐵′ ⊣ Θ3 , 𝛼, 𝑥 : 𝐴,Ξ 2

𝜃1 :: Θ3 , 𝛼, 𝑥 : 𝐴,Ξ ⊑ Θ, 𝛼, 𝑥 : 𝐴 3

Θ, 𝛼, 𝑥 : 𝐴 ⊢ 𝜃1𝐵
′ ≡ 𝐵 4

𝜃′′ ≡ 𝜃1 :: Θ2 , 𝛼, 𝑥 : 𝐴 ⊑ Θ, 𝛼, 𝑥 : 𝐴 5

By 13 , 18 , 2 , and I-AbsAnnoCheck, we have

Θ0 [∀𝛼.𝛼̂]-- C 𝜆𝑥𝐴.𝑀 ⇒ ∀𝛼.𝐴→ 𝐵′ ⊣ Θ3 6 .

By 3 and metasubstitution weakening, we have 𝜃1 :: Θ3 ⊑ Θ 7 . By 17 , 20 ,
5 , and definition of metasubstitution, we have 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 8 . By 9

and definition of metasubstitution, we have Θ, 𝛼 ⊢ 𝜃1𝐴 ≡ 𝐴′ 21 . By 21 and
4 , we have

Θ ⊢ 𝜃1(∀𝛼.𝐴→ 𝐵′) ≡ ∀𝛼.𝐴′ → 𝐵 22 .

Our goal follows from 6 , 7 , 22 , and 8 .

Case
SD-AbsAnno
m ≠ C Θ ⊢ 𝐴 ≡ 𝐴′ 9 Θ, 𝑥 : 𝐴 ⊢m− 𝑀 : 𝐵 1

Θ ⊢m 𝜆𝑥𝐴.𝑀 : 𝐴′ → 𝐵

The type inference problem is (Θ0; m;𝑃0;𝜆𝑥𝐴.𝑀) where 𝑃0 :ty m. The solution is
(𝜃 :: Θ0 ⊑ Θ;𝐴′ → 𝐵). We know that 𝑃0 = or 𝑃0 is of function shape. Let

Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄 ⊣ Θ1 12

Since (𝜃;𝐴′ → 𝐵) is a solution, we have Θ ⊢ 𝜃𝑃0 ▶ 𝐴′ → 𝐵. Then by 12 , definition
of splitting, we have a metasubstitution 𝜃′ such that

𝜃′ :: Θ1 ⊑ Θ 13

𝜃 ≡ 𝜃′ :: Θ0 ⊑ Θ 14

Θ ⊢ 𝜃′(𝑃 → 𝑄) ▶ 𝐴′ → 𝐵
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ThusΘ ⊢ 𝜃′𝑃 ▶ 𝐴′ and Θ ⊢ 𝜃′𝑄 ▶ 𝐵 15 . Then by 9 , (𝜃′ :: Θ1 ⊑ Θ;𝐴) is a solution
to the consistency problem (Θ1;𝑃;𝐴). Then by Lemma 26, and since precision on
types is equivalence, we have

Θ1 ⊢ 𝐴 ∼ 𝑃 ⊣ Θ2 16

𝜃′′ :: Θ2 ⊑ Θ 17

𝜃′ ≡ 𝜃′′ :: Θ1 ⊑ Θ 18

By 15 and 18 , we have Θ, 𝑥 : 𝐴 ⊢ 𝜃′′𝑄 ▶ 𝐵. Then by 1 and 17 , (𝜃′′ :: Θ2 , 𝑥 : 𝐴 ⊑
Θ, 𝑥 : 𝐴; 𝐵) is a solution to the type inference problem (Θ2 , 𝑥 : 𝐴; m−;𝑄;𝑀). IH
on 1 gives

Θ2 , 𝑥 : 𝐴 [𝑄]-- m− 𝑀 ⇒ 𝐵′ ⊣ Θ3 , 𝑥 : 𝐴,Ξ 2

𝜃1 :: Θ3 , 𝑥 : 𝐴,Ξ ⊑ Θ, 𝑥 : 𝐴 3

Θ, 𝑥 : 𝐴 ⊢ 𝜃1𝐵
′ ≡ 𝐵 4

𝜃′′ ≡ 𝜃1 :: Θ2 , 𝑥 : 𝐴 ⊑ Θ, 𝑥 : 𝐴 5

By 12 , 16 , 2 , and I-AbsAnno, we have

Θ0 [𝑃0]-- m 𝜆𝑥𝐴.𝑀 ⇒ 𝐴→ 𝐵′ ⊣ Θ3 ,Ξ 6 .

By 3 and metasubstitution weakening, we have 𝜃1 :: Θ3 ,Ξ ⊑ Θ 7 . By 14 , 18 ,
5 , and definition of metasubstitution, we have 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 8 . By 9 and
definition of metasubstitution, we have Θ ⊢ 𝜃1𝐴 ≡ 𝐴′ 9 . By 9 and 4 , we have
Θ ⊢ 𝜃1(𝐴→ 𝐵′) ≡ 𝐴′ → 𝐵 19 . Our goal follows from 6 , 7 , 19 , and 8 .

Case
SD-App

Θ ⊢C 𝑁⇒⇒ 𝑃 1

Θ ⊢ 𝑃 ▶ 𝐴 2 Θ ⊢F m 𝑀 : 𝐴→ 𝐵 3 Θ ⊢C 𝑁 : 𝐴 4

Θ ⊢m 𝑀 𝑁 : 𝐵
The type inference problem is (Θ0; m;𝑄;𝑀 𝑁) and the solution is (𝜃 :: Θ0 ⊑ Θ; 𝐵).
Theorem 24 on 1 gives that

Θ0 [ ]-- C 𝑁⇒⇒ 𝑃′ ⊣ Θ1 5

𝜃1 :: Θ1 ⊑ Θ

Θ ⊢ 𝜃1𝑃
′ ⪯ 𝑃 6

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 14

Lemma 72 on 6 and 2 gives that Θ ⊢ 𝜃1𝑃
′ ▶ 𝐴 12 . By the original solution

(𝜃; 𝐵) and 14 , we have Θ ⊢ 𝜃1𝑄 ▶ 𝐵 13 . By 12 and 13 , we have Θ ⊢ 𝜃1(𝑃′ → 𝑄) ▶
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𝐴 → 𝐵. Then by 3 we have that (𝜃1 :: Θ1 ⊑ Θ;𝐴 → 𝐵) is a solution to the type
inference problem (Θ1; F m;𝑃′ → 𝑄;𝑀). Then by IH on 3 , we have

Θ1 [𝑃′ → 𝑄]-- F m 𝑀 ⇒ 𝐴2 → 𝐵2 ⊣ Θ2 7

𝜃2 :: Θ2 ⊑ Θ 15

Θ ⊢ 𝜃2(𝐴2 → 𝐵2) ≡ 𝐴→ 𝐵 8

𝜃2 ≡ 𝜃1 :: Θ1 ⊑ Θ 16

8 gives Θ ⊢ 𝜃2𝐴2 ≡ 𝐴, which further gives Θ ⊢ 𝜃2𝐴2 ▶ 𝐴. Then by 4 we have
(𝜃2 :: Θ2 ⊑ Θ;𝐴) is a solution to the type inference problem (Θ2; C;𝐴2;𝑁). Then
by IH, we have

Θ2 [𝐴2]-- C 𝑁 ⇒ 𝐴3 ⊣ Θ3 9

𝜃3 :: Θ3 ⊑ Θ 17

Θ ⊢ 𝜃3𝐴3 ≡ 𝐴

𝜃3 ≡ 𝜃2 :: Θ2 ⊑ Θ 18

By 18 , 16 , and 14 , we have 𝜃3 ≡ 𝜃 :: Θ0 ⊑ Θ 10 . Moreover, 8 givesΘ ⊢ 𝜃2𝐵2 ≡ 𝐵,
which together with 18 gives Θ ⊢ 𝜃3𝐵2 ≡ 𝐵 19 . By I-App on 5 , 7 , and 9 , we
have

Θ0 [𝑄]-- m 𝑀 𝑁 ⇒ 𝐵2 ⊣ Θ3 11

Our goal follows from 11 , 17 , 10 , and 19 .

□

D.3 Skeleton inference

In this section, we prove Theorems 23 and 24. To avoid repeating the skeleton-subtyping
premises in P-Unit, P-Var, and P-Anno,we use an equivalent presentation in this section.
We write 𝑂 ::= () | 𝑥 | 𝑀 : 𝐴 for base terms and use the following four rules:

P-Unit

Γ ⊢I ()⇒⇒ 1

P-Var
Γ ∋ 𝑥 : 𝑃

Γ ⊢I 𝑥⇒⇒ 𝑃

P-Anno

Γ ⊢I (𝑀 : 𝐴)⇒⇒ 𝐴

P-Sub
Γ ⊢I 𝑂⇒⇒ 𝑃 Γ ⊢skm 𝑃 ⩽ 𝑄

Γ ⊢m 𝑂⇒⇒ 𝑄

This presentation is local to the proofs.

Theorem 23 (Soundness of skeleton inference). Given a skeleton inference problem
(Θ0; m;𝑃0;𝑀), if Θ0 [𝑃0]-- m 𝑀⇒⇒ 𝑃 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝑃) is a solution.

Proof. Our goal is to show that Θ1 ⊢m 𝑀⇒⇒ 𝑃 where Θ1 ⊢ 𝑃0 ▶ 𝑃 and Θ0 ⊑ Θ1 is a valid
metasubstitution. By induction on the derivation of Θ0 [𝑃0]-- m 𝑀⇒⇒ 𝑃 ⊣ Θ1.

265



D Proofs of algorithms

Case
PI-Unit
Θ0 [𝑃0]-- skm 1 ⩽ 𝑃 ⊣ Θ1 1

Θ0 [𝑃0]-- m ()⇒⇒ 𝑃 ⊣ Θ1

Theorem 27 on 1 gives that (Θ0 ⊑ Θ1;𝑃) is a solution to the subtyping problem
(Θ0; sk; m;𝑃0; 1), which gives Θ1 ⊢skm 1 ⩽ 𝑃 2 where Θ1 ⊢ 𝑃0 ▶ 𝑃 3 . By P-Unit,
2 , and P-Sub, we have Θ1 ⊢m ()⇒⇒ 𝑃 4 . Our goal follows from 3 and 4 .

Case
PI-Var
Θ0 ∋ 𝑥 : 𝑃 Θ0 [𝑃0]-- skm 𝑃 ⩽ 𝑄 ⊣ Θ1 1

Θ0 [𝑃0]-- m 𝑥⇒⇒ 𝑄 ⊣ Θ1

Theorem 27 on 1 gives that (Θ0 ⊑ Θ1;𝑄) is a solution to the subtyping problem
(Θ0; sk; m;𝑃0;𝑃), which gives Θ1 ⊢skm 𝑃 ⩽ 𝑄 2 where Θ1 ⊢ 𝑃0 ▶ 𝑄 3 . By Θ0 ∋ 𝑥 :
𝑃 and Θ0 ⊑ Θ1, we have Θ1 ∋ 𝑥 : 𝑃. Then by P-Var, 2 , and P-Sub, we have
Θ1 ⊢m 𝑥⇒⇒ 𝑄 4 . Our goal follows from 3 and 4 .

Case
PI-Anno
Θ0 [𝑃]-- skm 𝐴 ⩽ 𝑄 ⊣ Θ1 1

Θ0 [𝑃]-- m (𝑀 : 𝐴)⇒⇒ 𝑄 ⊣ Θ1

Theorem 27 on 1 gives that (Θ0 ⊑ Θ1;𝑄) is a solution to the subtyping problem
(Θ0; sk; m;𝑃;𝐴), which gives Θ1 ⊢skm 𝐴 ⩽ 𝑄 2 where Θ1 ⊢ 𝑃 ▶ 𝑄 3 . By P-Anno,
2 , and P-Sub, we have Θ1 ⊢m (𝑀 : 𝐴)⇒⇒ 𝑄 4 . Our goal follows from 3 and 4 .

Case
PI-Freeze
Θ0 [ ]-- I 𝑀⇒⇒ 𝑃 ⊣ Θ1 1

Θ0 [ ]-- C ⌈𝑀⌉⇒⇒ 𝑃 ⊣ Θ1

IH on 1 gives that (Θ0 ⊑ Θ1;𝑃) is a solution to the skeleton inference
problem (Θ0; I; ;𝑀), which gives Θ1 ⊢I 𝑀⇒⇒ 𝑃 2 . By P-Freeze, we have
Θ1 ⊢C ⌈𝑀⌉⇒⇒ 𝑃 3 . Our goal follows from 3 and the refinement Θ1 ⊢ ▶ 𝑃.

Case
PI-Abs

m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄0 ⊣ Θ1 1

Θ1 , 𝑥 : 𝑃 [𝑄0]-- m− 𝑀⇒⇒ 𝑄 ⊣ Θ2 , 𝑥 : 𝑃,Ξ 2

Θ0 [𝑃0]-- m 𝜆𝑥.𝑀⇒⇒ 𝑃 → 𝑄 ⊣ Θ2 ,Ξ
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IH on 2 gives that (Θ1 , 𝑥 : 𝑃 ⊑ Θ2 , 𝑥 : 𝑃,Ξ 3 ;𝑄) is a solution to the skeleton
inference problem (Θ1 , 𝑥 : 𝑃; m−;𝑄0;𝑀), which gives

Θ2 , 𝑥 : 𝑃,Ξ ⊢m− 𝑀⇒⇒ 𝑄 4

Θ2 , 𝑥 : 𝑃,Ξ ⊢ 𝑄0 ▶ 𝑄 5

By structural rules and P-Abs, we have Θ2 ,Ξ ⊢m 𝜆𝑥.𝑀⇒⇒ 𝑃 → 𝑄 6 . By 1 ,
Lemma 70, and stability, we have Θ2 ,Ξ ⊢ 𝑃0 ▶ 𝑃 → 𝑄0. Since refinement
judgements are stable under dropping term variables, 5 gives Θ2 ,Ξ ⊢ 𝑄0 ▶ 𝑄.
Thus, by transitivity of refinement, Θ2 ,Ξ ⊢ 𝑃0 ▶ 𝑃 → 𝑄 7 . By 1 , 3 , and
transitivity of information increase, we have Θ0 ⊑ Θ2 ,Ξ 8 . Our goal follows
from 6 , 7 , and 8 .

Case
PI-AbsAnno
m ≠ C Θ0 ⊢ 𝑃0 ⊲ 𝑃 → 𝑄0 ⊣ Θ1 1 Θ1 ⊢ 𝐴 ∼ 𝑃 ⊣ Θ2 2

Θ2 , 𝑥 : 𝐴 [𝑄0]-- m− 𝑀⇒⇒ 𝑄 ⊣ Θ3 , 𝑥 : 𝐴,Ξ 3

Θ0 [𝑃0]-- m 𝜆𝑥𝐴.𝑀⇒⇒ 𝐴→ 𝑄 ⊣ Θ3 ,Ξ

Lemma 25 on 2 gives that, for the hidden consistency output 𝐴′,

Θ1 ⊑ Θ2 Θ2 ⊢ 𝑃 ▶ 𝐴′ Θ2 ⊢ 𝐴′ ≡ 𝐴

Thus, by preservation of refinement under type equivalence, we have
Θ2 ⊢ 𝑃 ▶ 𝐴 4 .
IH on 3 gives that (Θ2 , 𝑥 : 𝐴 ⊑ Θ3 , 𝑥 : 𝐴,Ξ 5 ;𝑄) is a solution to the skeleton
inference problem (Θ2 , 𝑥 : 𝐴; m−;𝑄0;𝑀), which gives

Θ3 , 𝑥 : 𝐴,Ξ ⊢m− 𝑀⇒⇒ 𝑄 6

Θ3 , 𝑥 : 𝐴,Ξ ⊢ 𝑄0 ▶ 𝑄 7

By structural rules and P-AbsAnno, we have Θ3 ,Ξ ⊢m 𝜆𝑥𝐴.𝑀⇒⇒ 𝐴→ 𝑄 8 .
By 1 , Lemma 70, and stability, we have Θ3 ,Ξ ⊢ 𝑃0 ▶ 𝑃 → 𝑄0 9 . By stability on
4 , we haveΘ3 ,Ξ ⊢ 𝑃 ▶ 𝐴. Since refinement judgements are stable under dropping
term variables, 7 gives Θ3 ,Ξ ⊢ 𝑄0 ▶ 𝑄. Thus, by 9 , , 7 , and transitivity of
refinement, we have Θ3 ,Ξ ⊢ 𝑃0 ▶ 𝐴→ 𝑄 10 . By 1 , Θ1 ⊑ Θ2, 5 , and transitivity
of information increase, we have Θ0 ⊑ Θ3 ,Ξ 11 . Our goal follows from 8 , 10 ,
and 11 .

Case
PI-AbsCheck
Θ0 , 𝑥 : [ ]-- C 𝑀⇒⇒ 𝑄 ⊣ Θ1 , 𝑥 : ,Ξ 1

Θ0 [ ]-- C 𝜆𝑥.𝑀⇒⇒ ∀ . → 𝑄 ⊣ Θ1 ,Ξ
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IH on 1 gives
Θ1 , 𝑥 : ,Ξ ⊢C 𝑀⇒⇒ 𝑄 2

Θ0 , 𝑥 : ⊑ Θ1 , 𝑥 : ,Ξ 3

By structural rules and P-AbsCheck, we have Θ1 ,Ξ ⊢C 𝜆𝑥.𝑀⇒⇒ ∀ . → 𝑄 4 . By
refinement, we have Θ1 ,Ξ ⊢ ▶ ∀ . → 𝑄 5 . By 3 and weakening, we also
have Θ0 ⊑ Θ1 ,Ξ 6 . Our goal follows from 4 , 5 , and 6 .

Case
PI-AbsAnnoCheck
Θ0 , 𝑥 : 𝐴 [ ]-- C 𝑀⇒⇒ 𝑄 ⊣ Θ1 , 𝑥 : 𝐴,Ξ 1

Θ0 [ ]-- C 𝜆𝑥𝐴.𝑀⇒⇒ ∀ .𝐴→ 𝑄 ⊣ Θ1 ,Ξ

IH on 1 gives
Θ1 , 𝑥 : 𝐴,Ξ ⊢C 𝑀⇒⇒ 𝑄 2

Θ0 , 𝑥 : 𝐴 ⊑ Θ1 , 𝑥 : 𝐴,Ξ 3

By structural rules andP-AbsAnnoCheck,we have Θ1 ,Ξ ⊢C 𝜆𝑥𝐴.𝑀⇒⇒ ∀ .𝐴→ 𝑄 4 .
By refinement, we have Θ1 ,Ξ ⊢ ▶ ∀ .𝐴→ 𝑄 5 . By 3 and weakening, we also
have Θ0 ⊑ Θ1 ,Ξ 6 . Our goal follows from 4 , 5 , and 6 .

Case
PI-App
Θ0 [ ]-- C 𝑁⇒⇒ 𝑃0 ⊣ Θ1 1 Θ1 [𝑃0 → 𝑄0]-- F m 𝑀⇒⇒ 𝑃 → 𝑄 ⊣ Θ2 2

Θ0 [𝑄0]-- m 𝑀 𝑁⇒⇒ 𝑄 ⊣ Θ2

IH on 1 gives
Θ1 ⊢C 𝑁⇒⇒ 𝑃0 3

Θ0 ⊑ Θ1 4

IH on 2 gives that (Θ1 ⊑ Θ2 5 ;𝑃 → 𝑄) is a solution to the skeleton inference
problem (Θ1; F m;𝑃0 → 𝑄0;𝑀), which gives

Θ2 ⊢F m 𝑀⇒⇒ 𝑃 → 𝑄 6

Θ2 ⊢ 𝑃0 → 𝑄0 ▶ 𝑃 → 𝑄 7

By definition of skeleton refinement and 7 , we have

Θ2 ⊢ 𝑃0 ▶ 𝑃 8 and Θ2 ⊢ 𝑄0 ▶ 𝑄 9 .

By stability on 3 , we haveΘ2 ⊢C 𝑁⇒⇒ 𝑃0. By P-App on this judgement, 8 , and 6 ,
we have Θ2 ⊢m 𝑀 𝑁⇒⇒ 𝑄 10 . By 4 , 5 , and transitivity of information increase,
we have Θ0 ⊑ Θ2 11 . Our goal follows from 10 , 9 , and 11 .

□
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Theorem 24 (Completeness and optimality of skeleton inference). Given a skeleton
inference problem (Θ0; m;𝑃0;𝑀), if there exists a solution (𝜃 :: Θ0 ⊑ Θ;𝑄), then Θ0 [𝑃0]-- m
𝑀⇒⇒ 𝑃 ⊣ Θ1 gives its optimal solution (Θ0 ⊑ Θ1;𝑃).

Proof. It is enough to prove that if (𝜃 :: Θ0 ⊑ Θ;𝑄) is a solution to the skeleton inference
problem (Θ0; m;𝑃0;𝑀), then we have Θ0 [𝑃0]-- m 𝑀⇒⇒ 𝑃 ⊣ Θ1 and 𝜃1 :: Θ1 ⊑ Θ and
Θ ⊢ 𝜃1𝑃 ⪯ 𝑄 and 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ. By lexicographic induction on the size of 𝑀 and
the height of the derivation of Θ ⊢m 𝑀⇒⇒ 𝑄 where Θ ⊢ 𝜃𝑃0 ▶ 𝑄 and 𝜃 :: Θ0 ⊑ Θ.

Case
P-Unit

Θ ⊢I ()⇒⇒ 1
In this case m = I and 𝑃0 = . By SI-Infer and PI-Unit, we have Θ0 [ ]-- I ()⇒⇒ 1 ⊣
Θ0. Our goal follows from 𝜃 :: Θ0 ⊑ Θ and Θ ⊢ 𝜃1 ⪯ 1.

Case
P-Var
Θ ∋ 𝑥 : 𝑃

Θ ⊢I 𝑥⇒⇒ 𝑃

In this case m = I and 𝑃0 = . By 𝜃 :: Θ0 ⊑ Θ and Θ ∋ 𝑥 : 𝑃, we have Θ0 ∋ 𝑥 : 𝑃′

and 𝜃𝑃′ = 𝑃 syntactically, which gives Θ ⊢ 𝜃𝑃′ ⪯ 𝑃 1 . By SI-Infer and PI-Var,
we have Θ0 [ ]-- I 𝑥⇒⇒ 𝑃′ ⊣ Θ0. Our goal follows from 𝜃 :: Θ0 ⊑ Θ and 1 .

Case
P-Anno

Θ ⊢I (𝑀 : 𝐴)⇒⇒ 𝐴

In this case m = I and 𝑃0 = . By SI-Infer and PI-Anno, we have Θ0 [ ]-- I (𝑀 :
𝐴)⇒⇒ 𝐴 ⊣ Θ0. Our goal follows from 𝜃 :: Θ0 ⊑ Θ and Θ ⊢ 𝜃𝐴 ⪯ 𝐴.

Case
P-Sub
Θ ⊢I 𝑂⇒⇒ 𝑃 1 Θ ⊢skm 𝑃 ⩽ 𝑄 2

Θ ⊢m 𝑂⇒⇒ 𝑄

Since (𝜃 :: Θ0 ⊑ Θ;𝑄) is a solution to the skeleton inference problem, we have

Θ ⊢ 𝜃𝑃0 ▶ 𝑄 13 and 𝜃 :: Θ0 ⊑ Θ 14 .
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By 14 and the refinement of , IH on 1 gives

Θ0 [ ]-- I 𝑂⇒⇒ 𝑃′ ⊣ Θ1 3

𝜃1 :: Θ1 ⊑ Θ 4

Θ ⊢ 𝜃1𝑃
′ ⪯ 𝑃 5

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 6

By Lemma 71 on 5 and 2 , we have Θ ⊢skm 𝜃1𝑃
′ ⩽ 𝑄 7 . By 6 and 13 , we have

Θ ⊢ 𝜃1𝑃0 ▶ 𝑄. Thus (𝜃1 :: Θ1 ⊑ Θ;𝑄) is a solution to the subtyping problem
(Θ1; sk; m;𝑃0;𝑃′). By Theorem 28, we have

Θ1 [𝑃0]-- skm 𝑃′ ⩽ 𝑄′ ⊣ Θ2 8

𝜃2 :: Θ2 ⊑ Θ 9

Θ ⊢ 𝜃2𝑄
′ ⪯ 𝑄 10

𝜃1 ≡ 𝜃2 :: Θ1 ⊑ Θ 11

Case analysis on 𝑂.

Subcase 𝑂 = (). Inversion on 3 gives Θ1 = Θ0 and 𝑃′ = 1. By PI-Unit on 8 , we
have Θ0 [𝑃0]-- m 𝑂⇒⇒ 𝑄′ ⊣ Θ2 12 .

Subcase 𝑂 = 𝑥. Inversion on 3 gives Θ0 ∋ 𝑥 : 𝑃′ and Θ1 = Θ0. By PI-Var on 8 ,
we have Θ0 [𝑃0]-- m 𝑂⇒⇒ 𝑄′ ⊣ Θ2 12 .

Subcase 𝑂 = (𝑀 : 𝐴). Inversion on 3 gives 𝑃′ = 𝐴. By PI-Anno on 8 , we have
Θ0 [𝑃0]-- m 𝑂⇒⇒ 𝑄′ ⊣ Θ2 12 .

By 6 , 11 , and Θ0 ⊑ Θ1, we have 𝜃 ≡ 𝜃2 :: Θ0 ⊑ Θ 15 . Our goal follows from 12 ,
9 , 10 , and 15 .

Case
P-Freeze
Θ ⊢I 𝑀⇒⇒ 𝑃 1

Θ ⊢C ⌈𝑀⌉⇒⇒ 𝑃

In this case the skeleton inference problem is (Θ0; C; ; ⌈𝑀⌉). IH on 1 gives

Θ0 [ ]-- I 𝑀⇒⇒ 𝑃′ ⊣ Θ1 2

𝜃1 :: Θ1 ⊑ Θ 3

Θ ⊢ 𝜃1𝑃
′ ⪯ 𝑃 4

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 6

By PI-Freeze on 2 , we have Θ0 [ ]-- C ⌈𝑀⌉⇒⇒ 𝑃′ ⊣ Θ1 5 . Our goal follows from
5 , 3 , 4 , and 6 .
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Case
P-Abs
m ≠ C Θ, 𝑥 : 𝑃 ⊢m− 𝑀⇒⇒ 𝑄 1

Θ ⊢m 𝜆𝑥.𝑀⇒⇒ 𝑃 → 𝑄

The solution (𝜃 :: Θ0 ⊑ Θ;𝑃 → 𝑄) to the skeleton inference problem
(Θ0; m;𝑃0;𝜆𝑥.𝑀) gives

Θ ⊢ 𝜃𝑃0 ▶ 𝑃 → 𝑄 19 and 𝜃 :: Θ0 ⊑ Θ 20 .

Let
Θ0 ⊢ 𝑃0 ⊲ 𝑃1 → 𝑄1 ⊣ Θ1 2 .

By 19 , 20 , 2 , and definition of splitting, there is a metasubstitution 𝜃′ such that

𝜃′ :: Θ1 ⊑ Θ 3

𝜃 ≡ 𝜃′ :: Θ0 ⊑ Θ 4

Θ ⊢ 𝜃′(𝑃1 → 𝑄1) ▶ 𝑃 → 𝑄 5

By inversion on 5 , we have

Θ ⊢ 𝜃′𝑃1 ▶ 𝑃 13 and Θ ⊢ 𝜃′𝑄1 ▶ 𝑄 14 .

By definition, 13 gives Θ ⊢ 𝜃′𝑃1 ⪯ 𝑃 15 . By reflexivity of context precision and
15 , we have

Θ, 𝑥 : 𝜃′𝑃1 ⪯ctx Θ, 𝑥 : 𝑃 16 .

By weakening 14 , we have

Θ, 𝑥 : 𝜃′𝑃1 ⊢ 𝜃′𝑄1 ▶ 𝑄 17 .

Lemma 73 on 16 and 1 gives Θ, 𝑥 : 𝜃′𝑃1 ⊢m− 𝑀⇒⇒ 𝑄 25 . By 3 and the definition
of metasubstitution, we have

𝜃′ :: Θ1 , 𝑥 : 𝑃1 ⊑ Θ, 𝑥 : 𝜃′𝑃1 27 .

By 25 , 17 , and 27 , (𝜃′ :: Θ1 , 𝑥 : 𝑃1 ⊑ Θ, 𝑥 : 𝜃′𝑃1;𝑄) 28 is a solution to (Θ1 , 𝑥 :
𝑃1; m−;𝑄1;𝑀). IH on 25 with solution 28 gives

Θ1 , 𝑥 : 𝑃1 [𝑄1]-- m− 𝑀⇒⇒ 𝑄′ ⊣ Θ2 , 𝑥 : 𝑃1 ,Ξ 6

𝜃1 :: Θ2 , 𝑥 : 𝑃1 ,Ξ ⊑ Θ, 𝑥 : 𝜃′𝑃1 7

Θ, 𝑥 : 𝜃′𝑃1 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 8

𝜃′ ≡ 𝜃1 :: Θ1 , 𝑥 : 𝑃1 ⊑ Θ, 𝑥 : 𝜃′𝑃1 9

By 2 , 6 , and PI-Abs, we have Θ0 [𝑃0]-- m 𝜆𝑥.𝑀⇒⇒ 𝑃1 → 𝑄′ ⊣ Θ2 ,Ξ 10 . By 7 and
metasubstitution weakening, we have 𝜃1 :: Θ2 ,Ξ ⊑ Θ 11 . Since precision ignores
term-variable entries, 8 also holds underΘ. By 9 , 15 , 8 , and the arrow rule for
refinement, we have Θ ⊢ 𝜃1(𝑃1 → 𝑄′) ⪯ 𝑃 → 𝑄 12 . By 4 , inversion on 9 , and
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transitivity of metasubstitution equivalence, we have 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 18 . Our
goal follows from 10 , 11 , 12 , and 18 .

Case
P-AbsAnno
m ≠ C Θ, 𝑥 : 𝐴 ⊢m− 𝑀⇒⇒ 𝑄 1

Θ ⊢m 𝜆𝑥𝐴.𝑀⇒⇒ 𝐴→ 𝑄

The solution (𝜃 :: Θ0 ⊑ Θ;𝐴 → 𝑄) to the skeleton inference problem
(Θ0; m;𝑃0;𝜆𝑥𝐴.𝑀) gives

Θ ⊢ 𝜃𝑃0 ▶ 𝐴→ 𝑄 19 and 𝜃 :: Θ0 ⊑ Θ 20 .

Let
Θ0 ⊢ 𝑃0 ⊲ 𝑃1 → 𝑄1 ⊣ Θ1 2 .

By 19 , 20 , 2 , and definition of splitting, there is a metasubstitution 𝜃′ such that

𝜃′ :: Θ1 ⊑ Θ 3

𝜃 ≡ 𝜃′ :: Θ0 ⊑ Θ 4

Θ ⊢ 𝜃′(𝑃1 → 𝑄1) ▶ 𝐴→ 𝑄 5

By inversion on 5 , we have

Θ ⊢ 𝜃′𝑃1 ▶ 𝐴 13 and Θ ⊢ 𝜃′𝑄1 ▶ 𝑄 18 .

By 13 and consistency of𝐴with𝐴, (𝜃′ :: Θ1 ⊑ Θ;𝐴) is a solution to the consistency
problem (Θ1;𝑃1;𝐴). Then by Lemma 26, we have

Θ1 [𝑃1]-- 𝐴 ∼ 𝐴′ ⊣ Θ2 14

𝜃′′ :: Θ2 ⊑ Θ 15

Θ ⊢ 𝜃′′𝐴′ ⪯ 𝐴

𝜃′ ≡ 𝜃′′ :: Θ1 ⊑ Θ 17

By 15 , 17 , and 18 , (𝜃′′ :: Θ2 , 𝑥 : 𝐴 ⊑ Θ, 𝑥 : 𝐴;𝑄) is a solution to the skeleton
inference problem (Θ2 , 𝑥 : 𝐴; m−;𝑄1;𝑀). IH on 1 with this solution gives

Θ2 , 𝑥 : 𝐴 [𝑄1]-- m− 𝑀⇒⇒ 𝑄′ ⊣ Θ3 , 𝑥 : 𝐴,Ξ 6

𝜃1 :: Θ3 , 𝑥 : 𝐴,Ξ ⊑ Θ, 𝑥 : 𝐴 7

Θ, 𝑥 : 𝐴 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 8

𝜃′′ ≡ 𝜃1 :: Θ2 , 𝑥 : 𝐴 ⊑ Θ, 𝑥 : 𝐴 9

By 2 , 14 , 6 , and PI-AbsAnno, we have Θ0 [𝑃0]-- m 𝜆𝑥𝐴.𝑀⇒⇒ 𝐴→ 𝑄′ ⊣ Θ3 ,Ξ 10 .
By 7 , we have 𝜃1 :: Θ3 ,Ξ ⊑ Θ 11 . Since metasubstitutions do not change the
annotation 𝐴, by 8 , we have Θ ⊢ 𝜃1(𝐴→ 𝑄′) ⪯ 𝐴→ 𝑄 12 . By 4 , 17 , 9 , and
transitivity of metasubstitution equivalence, we have

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 21 .
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Our goal follows from 10 , 11 , 12 , and 21 .

Case
P-AbsCheck
Θ, 𝑥 : ⊢C 𝑀⇒⇒ 𝑄 1

Θ ⊢C 𝜆𝑥.𝑀⇒⇒ ∀ . → 𝑄

The skeleton inference problem is (Θ0; C; ;𝜆𝑥.𝑀). 1 gives a solution to the
problem (Θ0 , 𝑥 : ; C; ;𝑀). IH on 1 with this solution gives

Θ0 , 𝑥 : [ ]-- C 𝑀⇒⇒ 𝑄′ ⊣ Θ1 , 𝑥 : ,Ξ 2

𝜃1 :: Θ1 , 𝑥 : ,Ξ ⊑ Θ, 𝑥 : 3

Θ, 𝑥 : ⊢ 𝜃1𝑄
′ ⪯ 𝑄 4

𝜃 ≡ 𝜃1 :: Θ0 , 𝑥 : ⊑ Θ, 𝑥 : 6

By PI-AbsCheck on 2 , we have Θ0 [ ]-- C 𝜆𝑥.𝑀⇒⇒ ∀ . → 𝑄′ ⊣ Θ1 ,Ξ 5 . By eras-
ing the term variable from 3 and 6 , we have

𝜃1 :: Θ1 ,Ξ ⊑ Θ 10 and 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 11 .

Since precision ignores term-variable entries, 4 gives

Θ ⊢ 𝜃1( ∀ . → 𝑄′) ⪯ ∀ . → 𝑄 12 .

Our goal follows from 5 , 10 , 12 , and 11 .

Case
P-AbsAnnoCheck
Θ, 𝑥 : 𝐴 ⊢C 𝑀⇒⇒ 𝑄 1

Θ ⊢C 𝜆𝑥𝐴.𝑀⇒⇒ ∀ .𝐴→ 𝑄

The skeleton inference problem is (Θ0; C; ;𝜆𝑥𝐴.𝑀). 1 gives a solution to the
problem (Θ0 , 𝑥 : 𝐴; C; ;𝑀). IH on 1 with this solution gives

Θ0 , 𝑥 : 𝐴 [ ]-- C 𝑀⇒⇒ 𝑄′ ⊣ Θ1 , 𝑥 : 𝐴,Ξ 2

𝜃1 :: Θ1 , 𝑥 : 𝐴,Ξ ⊑ Θ, 𝑥 : 𝐴 3

Θ, 𝑥 : 𝐴 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 4

𝜃 ≡ 𝜃1 :: Θ0 , 𝑥 : 𝐴 ⊑ Θ, 𝑥 : 𝐴 6

By PI-AbsAnnoCheck on 2 , we have Θ0 [ ]-- C 𝜆𝑥𝐴.𝑀⇒⇒ ∀ .𝐴→ 𝑄′ ⊣ Θ1 ,Ξ 5 .
By erasing the term variable from 3 and 6 , we have

𝜃1 :: Θ1 ,Ξ ⊑ Θ 10 and 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 11 .

Since precision ignores term-variable entries and annotations do not contain
flexible variables, 4 gives

Θ ⊢ 𝜃1( ∀ .𝐴→ 𝑄′) ⪯ ∀ .𝐴→ 𝑄 12 .
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Our goal follows from 5 , 10 , 12 , and 11 .

Case
P-App
Θ ⊢C 𝑁⇒⇒ 𝑃 1 Θ ⊢ 𝑃 ▶ 𝑃′ 2

Θ ⊢F m 𝑀⇒⇒ 𝑃′ → 𝑄 3

Θ ⊢m 𝑀 𝑁⇒⇒ 𝑄

The skeleton inference problem is (Θ0; m;𝑄0;𝑀 𝑁) and the solution is (𝜃 :: Θ0 ⊑
Θ;𝑄). The solution gives

Θ ⊢ 𝜃𝑄0 ▶ 𝑄 19 and 𝜃 :: Θ0 ⊑ Θ 20 .

Since Θ ⊢ ▶ 𝑃, ( 20 ;𝑃) is a solution to (Θ0; C; ;𝑁). IH on 1 with this solution
gives

Θ0 [ ]-- C 𝑁⇒⇒ 𝑃1 ⊣ Θ1 4

𝜃1 :: Θ1 ⊑ Θ 5

Θ ⊢ 𝜃1𝑃1 ⪯ 𝑃 6

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 7

Lemma 72 on 6 and 2 gives Θ ⊢ 𝜃1𝑃1 ▶ 𝑃
′ 8 . By 19 and 7 , we have

Θ ⊢ 𝜃1𝑄0 ▶ 𝑄 9 . Thus Θ ⊢ 𝜃1(𝑃1 → 𝑄0) ▶ 𝑃′ → 𝑄. Then by 3 , (𝜃1 :: Θ1 ⊑
Θ;𝑃′ → 𝑄) is a solution to the skeleton inference problem (Θ1; F m;𝑃1 → 𝑄0;𝑀).
IH on 3 with this solution gives

Θ1 [𝑃1 → 𝑄0]-- F m 𝑀⇒⇒ 𝑃2 → 𝑄2 ⊣ Θ2 10

𝜃2 :: Θ2 ⊑ Θ 11

Θ ⊢ 𝜃2(𝑃2 → 𝑄2) ⪯ 𝑃′ → 𝑄 12

𝜃1 ≡ 𝜃2 :: Θ1 ⊑ Θ 13

By PI-App on 4 and 10 , we have Θ0 [𝑄0]-- m 𝑀 𝑁⇒⇒ 𝑄2 ⊣ Θ2 14 . By inversion on
12 , we have Θ ⊢ 𝜃2𝑄2 ⪯ 𝑄 15 . By 7 and 13 , we have 𝜃 ≡ 𝜃2 :: Θ0 ⊑ Θ 16 . Our
goal follows from 14 , 11 , 15 , and 16 .

□

D.4 Subtyping

In this section, we prove soundness and completeness of algorithmic subtyping with
respect to the declarative subtyping rules.
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D.4.1 Decorated algorithmic judgements

We extend the syntax of decorated skeletons 𝜓, unresolved types 𝑇, and unresolved
skeletons 𝑆 with flexible variables 𝛼̂ for decorated algorithmic judgements.
Figure D.1 defines the decorated algorithmic subtyping Ψ | Θ0 [𝑃0]-- nm 𝑆 ¤⩽ 𝑄 ⊣ Θ1.

Figure D.2 defines the decorated algorithmic consistencyΨ | Θ0 [𝑃0]-- 𝑆 ¤∼ 𝑄 ⊣ Θ1. Like
ordinary algorithmic consistency, decorated consistency may carry auxiliary contexts
Δ1 | Δ2, where Δ1 tracks bound variables from 𝑃0 and Δ2 tracks bound variables from
𝑆. The tag contextΨ contains precisely the tags solved by the judgement, following the
declarative judgements. We omit the rules that remain unchanged from the ordinary
algorithmic rules modulo adding the empty tag context · before each judgement.
We define an erasure operation that transforms unresolved skeletons into ordinary

skeletons. It is defined homomorphically with the following non-trivial cases.

⌊∀𝛿𝛼.𝑆⌋ = ∀𝛼.⌊𝑆⌋ ⌊ ⌋ = ⌊ ∀ .𝑆⌋ = ∀ .⌊𝑆⌋.

Erasure commutes with substitution naturally:

⌊𝑆[𝜓/𝛼]⌋ = ⌊𝑆⌋[⌊𝜓⌋/𝛼].

We write
𝒞 ;𝜓 ⇝ Ψ

for the tag-solving counterpart of constraint solving. The ordinary judgement 𝒞 ;𝑃 ⇝ 𝑄

takes an input skeleton 𝑃 and produces an output skeleton 𝑄. In contrast, 𝒞 ;𝜓 ⇝ Ψ

takes a decorated candidate 𝜓 and computes the set Ψ of tags in 𝜓 solved by the
constraint list 𝒞 . The definition is contribution-only: constraints add tags only when
their own structure matches the corresponding structure in 𝜓; constructors already
present on the input side of solving are traversed but do not contribute tags.
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Ψ | Θ0 [𝑃0]-- nm 𝑆 ¤⩽ 𝑄 ⊣ Θ1

SI-Infer

· | Θ0 [ ]-- nI 𝑆 ¤⩽ ⌊𝑆⌋ ⊣ Θ0

SI-Check
𝑇, 𝐵 guarded Ψ | Θ0 [𝐵]-- 𝑇 ¤∼ 𝐵 ⊣ Θ1

Ψ | Θ0 [𝐵]-- tyC 𝑇 ¤⩽ 𝐵 ⊣ Θ1

SI-ForallR
Ψ | Θ0 , 𝛼 [𝐵]-- tyC 𝑆 ¤⩽ 𝐵 ⊣ Θ1 , 𝛼,Ξ

Ψ | Θ0 [∀𝛼.𝐵]-- tyC 𝑆 ¤⩽ ∀𝛼.𝐵 ⊣ Θ1

SI-UnivGhostR
𝑆 guarded

· | Θ0 [ ]-- skC 𝑆 ¤⩽ ∀ .⌊𝑆⌋ ⊣ Θ0

SI-Arrow
Ψ1 | Θ0 [𝑃′1]-- 𝑆1 ¤∼ 𝑄1 ⊣ Θ1 Ψ2 | Θ1 [𝑃′2]--

n
m 𝑆2 ¤⩽ 𝑄2 ⊣ Θ2

Ψ1 ,Ψ2 | Θ0 [𝑃′1 → 𝑃′2]--
n
F m 𝑆1 → 𝑆2 ¤⩽ 𝑄1 → 𝑄2 ⊣ Θ2

SI-ForallL
m ≠ I 𝑃0 guarded or 𝑃0 = ⌊𝑆⌋ = 𝑃 𝑃 ⩽n

m 𝑃0 �
𝛼 Ξ;𝑃1 Θ0 ,Ξ ⊢ 𝑃1

Ψ𝑔 fresh Θ0 ,Ξ ⊢n 𝜓𝑔 # Ψ𝑔 ⌊𝜓𝑔⌋ = 𝑃1 Ψ,Ψ𝑔 | Θ0 ,Ξ [𝑃0]-- nm 𝑆[𝜓𝑔/𝛼] ¤⩽ 𝑄 ⊣ Θ1

Ψ | Θ0 [𝑃0]-- nm ∀𝛿𝛼.𝑆 ¤⩽ 𝑄 ⊣ Θ1

SI-GhostG

· | Θ0 [ ]-- skm ¤⩽ ⊣ Θ0

SI-UnivGhostL
m ≠ I Ψ | Θ0 [𝑃0]-- skm 𝑆 ¤⩽ 𝑄 ⊣ Θ1

Ψ | Θ0 [𝑃0]-- skm ∀ .𝑆 ¤⩽ 𝑄 ⊣ Θ1

SI-UnivGhostLG
m ≠ I Ψ | Θ0 [𝑃0]-- skm 𝑆 ¤⩽ 𝑄 ⊣ Θ1

Ψ | Θ0 [𝑃0]-- skm ∀ .𝑆 ¤⩽ 𝑄 ⊣ Θ1

Figure D.1: Decorated algorithmic subtyping (only showing non-trivial rules).
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Ψ | Θ0 [𝑃0]-- Δ1|Δ2 𝑆 ¤∼ 𝑄 ⊣ Θ1

U-GhostG

· | Θ0 [ ]-- Δ1|Δ2 ¤∼ ⊣ Θ0

U-Arrow
Ψ1 | Θ0 [𝑃′1]-- Δ1|Δ2 𝑆1 ¤∼ 𝑄1 ⊣ Θ1 Ψ2 | Θ1 [𝑃′2]-- Δ1|Δ2 𝑆2 ¤∼ 𝑄2 ⊣ Θ2

Ψ1 ,Ψ2 | Θ0 [𝑃′1 → 𝑃′2]-- Δ1|Δ2 𝑆1 → 𝑆2 ¤∼ 𝑄1 → 𝑄2 ⊣ Θ2

U-ForallInh
Ψ | Θ0 , 𝛼 [𝑃0]-- Δ1 ,𝛼|Δ2 ,𝛼 𝑆 ¤∼ 𝑄 ⊣ Θ1 , 𝛼

Ψ, 𝛿 | Θ0 [∀𝛼.𝑃0]-- Δ1|Δ2 ∀𝛿𝛼.𝑆 ¤∼ ∀𝛼.𝑄 ⊣ Θ1

U-ForallSyn
Ψ | Θ0 , 𝛼 [ ∀ .𝑃0]-- Δ1|Δ2 ,𝛼 𝑆 ¤∼ 𝑄 ⊣ Θ1 , 𝛼

Ψ | Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 ∀𝛿𝛼.𝑆 ¤∼ ∀𝛼.𝑄 ⊣ Θ1

U-UnivGhost
Ψ | Θ0 [𝑃0]-- Δ1|Δ2 𝑆 ¤∼ 𝑄 ⊣ Θ1

Ψ | Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 ∀ .𝑆 ¤∼ ∀ .𝑄 ⊣ Θ1

U-UnivGhostG
Ψ | Θ0 [𝑃0]-- Δ1|Δ2 𝑆 ¤∼ 𝑄 ⊣ Θ1

Ψ | Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 ∀ .𝑆 ¤∼ ∀ .𝑄 ⊣ Θ1

U-UnivGhost1
Ψ | Θ0 , 𝛼 [𝑃0]-- Δ1 ,𝛼|Δ2 ∀ .𝑆 ¤∼ 𝑄 ⊣ Θ1 , 𝛼

Ψ | Θ0 [∀𝛼.𝑃0]-- Δ1|Δ2 ∀ .𝑆 ¤∼ ∀𝛼.𝑄 ⊣ Θ1

U-UnivGhost2
Θ0 ⊢ 𝑃0 guarded 𝑃0 non-flex Ψ | Θ0 [𝑃0]-- Δ1|Δ2 𝑆 ¤∼ 𝑄 ⊣ Θ1

Ψ | Θ0 [𝑃0]-- Δ1|Δ2 ∀ .𝑆 ¤∼ 𝑄 ⊣ Θ1

U-GhostR
Δ1 ∩ ftv(⌊𝑆⌋) = ∅

· | Θ0 [ ]-- Δ1|Δ2 𝑆 ¤∼ ⌊𝑆⌋ ⊣ Θ0

U-UnivGhostR
Θ0 ⊢ 𝑆 guarded 𝑆 non-flex Ψ | Θ0 [𝑃0]-- Δ1|Δ2 𝑆 ¤∼ 𝑄 ⊣ Θ1

Ψ | Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 𝑆 ¤∼ 𝑄 ⊣ Θ1

The flexible-variable rules of Figure 9.6 are inherited unchanged and have empty tag context in
their conclusions.

Figure D.2: Decorated algorithmic consistency.
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𝒞 ;𝜓 ⇝ Ψ

·;𝜓 ⇝ ·
𝜓 ⩽m 𝑃 ⇝ Ψ

subm(𝑃);𝜓 ⇝ Ψ

𝜓 ∼ 𝑃 ⇝ Ψ1 𝒞 ;𝜓 ⇝ Ψ2

eq(𝑃),𝒞 ;𝜓 ⇝ Ψ1 ,Ψ2

𝜓 ⩽m 𝑄 ⇝ Ψ

SS-Var

𝛼 ⩽m 𝑄 ⇝ ·

SS-ForallL
𝜓 ⩽m 𝑄 ⇝ Ψ

∀𝜖𝛼.𝜓 ⩽m 𝑄 ⇝ Ψ

SS-UnivGhostLG
𝜓 ⩽m 𝑄 ⇝ Ψ

∀ .𝜓 ⩽m 𝑄 ⇝ Ψ

SS-Vacuous

𝜓 ⩽m ⇝ ·
SS-Check
𝜓, 𝐵 guarded 𝜓 ∼ 𝐵⇝ Ψ

𝜓 ⩽C 𝐵⇝ Ψ

SS-ForallR
𝜓 ⩽C 𝐵⇝ Ψ

𝜓 ⩽C ∀𝛽.𝐵⇝ Ψ

SS-Arrow
𝜓1 ∼ 𝑄1 ⇝ Ψ1 𝜓2 ⩽m 𝑄2 ⇝ Ψ2

𝜓1 → 𝜓2 ⩽F m 𝑄1 → 𝑄2 ⇝ Ψ1 ,Ψ2

SS-Flex

𝛼̂ ⩽m 𝑄 ⇝ ·

𝜓 ∼ 𝑄 ⇝ Ψ

SE-Unit

1 ∼ 1⇝ ·

SE-Var

𝛼 ∼ 𝑄 ⇝ ·

SE-Vacuous

𝜓 ∼ ⇝ ·

SE-Arrow
𝜓1 ∼ 𝑄1 ⇝ Ψ1 𝜓2 ∼ 𝑄2 ⇝ Ψ2

𝜓1 → 𝜓2 ∼ 𝑄1 → 𝑄2 ⇝ Ψ1 ,Ψ2

SE-ForallInh
𝜓 ∼ 𝑄 ⇝ Ψ

∀𝜖𝛼.𝜓 ∼ ∀𝛼.𝑄 ⇝ Ψ, 𝜖

SE-UnivGhostG
𝜓 ∼ 𝑄 ⇝ Ψ

∀ .𝜓 ∼ ∀ .𝑄 ⇝ Ψ

SE-ForallSyn
𝜓 ∼ ∀ .𝑄 ⇝ Ψ

∀𝜖𝛼.𝜓 ∼ ∀ .𝑄 ⇝ Ψ

SE-UnivGhostR
⌊𝜓⌋ guarded 𝜓 ∼ 𝑄 ⇝ Ψ

𝜓 ∼ ∀ .𝑄 ⇝ Ψ

SE-FlexL

𝛼̂ ∼ 𝑄 ⇝ ·

SE-FlexR
∉ 𝜓 ∀ ∉ 𝜓

𝜓 ∼ 𝛼̂ ⇝ ·

Figure D.3: Decorated tag solving.

278



D.4 Subtyping

D.4.2 Soundness of subtyping

In this section, we prove Theorem 27.

Theorem 27 (Soundness of subtyping). Given a subtyping problem (Θ0; n; m;𝑃0;𝑃), if
Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝑄) is a solution.

We use decorated algorithmic subtyping as a bridge between algorithmic subtyping
and declarative subtyping. We first prove an important lemma that given an algorithmic
subtyping derivation, we can construct a decorated algorithmic subtyping derivation
under the empty tag context.

Lemma 74 (Decorating algorithmic subtyping). If Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1, then
· | Θ0 [𝑃0]-- nm 𝑃 ¤⩽ 𝑄 ⊣ Θ1.

Then, we prove another lemma on the soundness of decorated algorithmic subtyping.
It also records the output invariants needed by the definition of solutions to subtyping
problems.

Lemma 75 (Soundness of decorated subtyping). IfΨ | Θ0 [𝑃0]-- nm 𝑆 ¤⩽ 𝑄 ⊣ Θ1, then

Θ0 ⊑ Θ1 Θ1 ⊢ 𝑃0 ▶ 𝑄 Ψ | Θ1 ⊢nm 𝑆 ⩽ 𝑄.

Consequently, given a problem of subtyping (Θ0; n; m;𝑃0;𝑃), if · | Θ0 [𝑃0]-- nm 𝑃 ¤⩽ 𝑄 ⊣ Θ1, then
(Θ0 ⊑ Θ1;𝑄) is a solution to it.

Combining Lemma 74 and Lemma 75, we prove Theorem 27.
The main challenge of proving Lemma 74 is to show that when we do instantiation,

all tags introduced by the type used for instantiation are solved. To prove this lemma,
we first prove a few auxiliary lemmas about decorated algorithmic rules.

Lemma 76 (Look decoration). If 𝑃 ⩽n
m 𝑃0 �

𝛼 Ξ;𝑄 and Θ0 ⊢ 𝑄, then there are fresh tag set
Ψ and decorated skeleton 𝜓 such that Θ0 ⊢n 𝜓 # Ψ and ⌊𝜓⌋ = 𝑄.

Proof. Construct 𝜓 by decorating every quantifier in 𝑄 with a fresh tag (takingΨ to be
the set of exactly these tags), transforming every ghost into a dotted ghost , and
transforming every universal ghost ∀ into a dotted universal ghost ∀ . The judgement
Θ0 ⊢n 𝜓 # Ψ follows from straightforward induction on well-formedness of 𝑄. □

For the proofs below, we write guessn(𝑃) for the sort-indexed meta-function defined
by

guessty(𝑃) = guess(𝑃) guesssk(𝑃) = (·;𝑃).
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Lemma 77 (Decorating constraint solving). If

𝑃 ⩽n
m 𝑃0 �

𝛼 Ξ;𝑃𝑎 1 Θ0 ,Ξ ⊢n 𝜓𝑎 # Ψ𝑎 ⌊𝜓𝑎⌋ = 𝑃𝑎 ,

then there are 𝒞 and Ξ𝑐 such that

𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 .

Proof. Inversion on 1 gives

𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 𝒞 ; ⇝ Ξ𝑠 ;𝑃𝑠 2 (Ξ′;𝑃𝑎) = guessn(𝑃𝑠) Ξ = Ξ𝑐 ,Ξ𝑠 ,Ξ

′

The decorated constraint solving 𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 can be constructed by a straightforward
induction on constraint solving 2 , observing that every tagged quantifier in 𝜓𝑎 comes
from a quantifier in 𝑃𝑠 , and every dotted ghost in 𝜓𝑎 (when n = sk) comes from a ghost
in 𝑃𝑠 . □

Lemma 78 (Constraint solving concatenation). If 𝒞1 ,𝒞2;𝜓 ⇝ Ψ, then there areΨ1 and
Ψ2 such that

𝒞1;𝜓 ⇝ Ψ1 𝒞2;𝜓 ⇝ Ψ2 Ψ = Ψ1 ,Ψ2.

Conversely, if
𝒞1;𝜓 ⇝ Ψ1 𝒞2;𝜓 ⇝ Ψ2 ,

then 𝒞1 ,𝒞2;𝜓 ⇝ Ψ1 ,Ψ2.

Proof. Both directions follow by straightforward induction on the constraint list 𝒞1. □

We use the following convention in the proofs below. The constraint-collection and
decorated-constraint-solving judgements are not syntax-directed: several rules may
overlap, but they are congruent. When a proof says WLOG, we use the congruence
of these judgements to reorder such exposing steps so that the rule being decorated
is applied first. Non-congruent overlaps are excluded by side conditions; for instance,
LS-Check does not apply when the source being inspected is the variable being looked
for.

Lemma 79 (Subtyping decoration for variables). Suppose

𝜓 ⩽m 𝑃0 ⇝ Ψ𝑎

For any substitution 𝜌 from rigid type variables to decorated skeletons, if

Ψ | Θ0 [𝑃0]-- nm 𝜌(⌊𝜓⌋) ¤⩽ 𝑄 ⊣ Θ1 ,
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then
Ψ,Ψ𝑎 | Θ0 [𝑃0]-- nm 𝜌(𝜓) ¤⩽ 𝑄 ⊣ Θ1.

Proof. Induction on the decorated constraint solving derivation 𝜓 ⩽m 𝑃0 ⇝ Ψ𝑎 , general-
ising over Θ0,Ψ, 𝜌, and the decorated subtyping premise.

Case
SS-Var

𝛼 ⩽m 𝑃0 ⇝ ·
The subtyping premise is

Ψ | Θ0 [𝑃0]-- nm 𝜌(𝛼) ¤⩽ 𝑄 ⊣ Θ1 1 .

SinceΨ𝑎 = ·, the goal follows from 1 .

Case
SS-ForallL
𝜓 ⩽m 𝑃0 ⇝ Ψ𝑎 1

∀𝜖𝛽.𝜓 ⩽m 𝑃0 ⇝ Ψ𝑎

Assume WLOG that m ≠ I and 𝑃0 guarded; otherwise the decorated constraint
solving derivation is equivalent to applying other rules first. The subtyping
premise is equivalently

Ψ | Θ0 [𝑃0]-- nm ∀𝛽.𝜌(⌊𝜓⌋) ¤⩽ 𝑄 ⊣ Θ1 2 .

Inversion on 2 with decorated SI-ForallL gives

𝜌(⌊𝜓⌋) ⩽n
m 𝑃0 �

𝛽 Ξ′;𝑃𝑔 3 Ψ𝑔 fresh 10

Θ0 ,Ξ
′ ⊢n 𝜓𝑔 # Ψ𝑔 4 ⌊𝜓𝑔⌋ = 𝑃𝑔 5

The same inversion also gives

Ψ,Ψ𝑔 | Θ0 ,Ξ
′ [𝑃0]-- nm 𝜌(⌊𝜓⌋)[𝜓𝑔/𝛽] ¤⩽ 𝑄 ⊣ Θ1 6 .

Let 𝜌′ = 𝜌[𝜓𝑔/𝛽]. We have

𝜌′(⌊𝜓⌋) = 𝜌(⌊𝜓⌋)[𝜓𝑔/𝛽] 7 𝜌′(𝜓) = 𝜌(𝜓)[𝜓𝑔/𝛽] 8 .

By IH on 1 , 𝜌′, 7 , 8 , and 6 , we get

Ψ,Ψ𝑔 ,Ψ𝑎 | Θ0 ,Ξ
′ [𝑃0]-- nm 𝜌(𝜓)[𝜓𝑔/𝛽] ¤⩽ 𝑄 ⊣ Θ1 9 .

By 4 and 5 , we also have
Θ0 ,Ξ

′ ⊢ 𝑃𝑔 11 .

Decorated SI-ForallL on 3 , 11 , 10 , 4 , 5 , and 9 gives

Ψ,Ψ𝑎 | Θ0 [𝑃0]-- nm ∀𝜖𝛽.𝜌(𝜓) ¤⩽ 𝑄 ⊣ Θ1 12 .
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Our goal follows from 12 and ∀𝜖𝛽.𝜌(𝜓) = 𝜌(∀𝜖𝛽.𝜓).

Case
SS-UnivGhostLG
𝜓 ⩽m 𝑃0 ⇝ Ψ𝑎 1

∀ .𝜓 ⩽m 𝑃0 ⇝ Ψ𝑎

Assume WLOG that m ≠ I. The subtyping premise is equivalently

Ψ | Θ0 [𝑃0]-- skm ∀ .𝜌(⌊𝜓⌋) ¤⩽ 𝑄 ⊣ Θ1 2 .

Inversion on 2 with decorated SI-UnivGhostL gives

Ψ | Θ0 [𝑃0]-- skm 𝜌(⌊𝜓⌋) ¤⩽ 𝑄 ⊣ Θ1 3 .

By IH on 1 , 𝜌, and 3 , we get

Ψ,Ψ𝑎 | Θ0 [𝑃0]-- skm 𝜌(𝜓) ¤⩽ 𝑄 ⊣ Θ1 4 .

Our goal follows from decorated SI-UnivGhostLG on 4 .

Case
SS-Vacuous

𝜓 ⩽m ⇝ ·
We have 𝑃0 = . The subtyping premise is

Ψ | Θ0 [ ]-- nm 𝜌(⌊𝜓⌋) ¤⩽ 𝑄 ⊣ Θ1 1 .

By Lemma 80, with 𝑆 = 𝛼 and the same 𝜌, on 1 , we get

Ψ | Θ0 [ ]-- nm 𝜌(𝜓) ¤⩽ 𝑄 ⊣ Θ1 2 .

SinceΨ𝑎 = ·, our goal follows from 2 .

Case
SS-Check
𝜓, 𝐵 guarded 𝜓 ∼ 𝐵⇝ Ψ𝑎 1

𝜓 ⩽C 𝐵⇝ Ψ𝑎

The subtyping premise has the form

Ψ | Θ0 [𝐵]-- tyC 𝜌(⌊𝜓⌋) ¤⩽ 𝑄 ⊣ Θ1 2 .

Case analysis on the shape of 𝜌(⌊𝜓⌋).

Subcase 𝜌(⌊𝜓⌋) is guarded. Inversion on 2 with decorated SI-Check gives𝑄 = 𝐵

and
Ψ | Θ0 [𝐵]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄𝑐 ⊣ Θ1 3 .
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By Lemma 95 on 1 , 𝜌, and 3 , we have

Ψ,Ψ𝑎 | Θ0 [𝐵]-- 𝜌(𝜓) ¤∼ 𝑄𝑐 ⊣ Θ1 4 .

Our goal follows from decorated SI-Check on 4 and 𝑄 = 𝐵.

Subcase 𝜌(⌊𝜓⌋) is unguarded. In this case,𝜓 itself is a type variable that ismapped
to an unguarded skeleton by 𝜌. Thus we haveΨ𝑎 = · and 𝜌(𝜓) = 𝜌(⌊𝜓⌋). Our
goal directly follows from 2 .

Case
SS-ForallR
𝜓 ⩽C 𝐵⇝ Ψ𝑎 1

𝜓 ⩽C ∀𝛽.𝐵⇝ Ψ𝑎

The subtyping premise is

Ψ | Θ0 [∀𝛽.𝐵]-- tyC 𝜌(⌊𝜓⌋) ¤⩽ 𝑄 ⊣ Θ1 2 .

By inversion on 2 with decorated SI-ForallR, we have

Ψ | Θ0 , 𝛽 [𝐵]-- tyC 𝜌(⌊𝜓⌋) ¤⩽ 𝐵 ⊣ Θ1 , 𝛽,Ξ′ 3 .

By IH on 1 , 𝜌, and 3 , we get

Ψ,Ψ𝑎 | Θ0 , 𝛽 [𝐵]-- tyC 𝜌(𝜓) ¤⩽ 𝐵 ⊣ Θ1 , 𝛽,Ξ′ 4 .

Our goal follows from decorated SI-ForallR on 4 .

Case
SS-Arrow
𝜓1 ∼ 𝑃0,1 ⇝ Ψ𝑎,1 1 𝜓2 ⩽m 𝑃0,2 ⇝ Ψ𝑎,2 2

𝜓1 → 𝜓2 ⩽F m 𝑃0,1 → 𝑃0,2 ⇝ Ψ𝑎,1 ,Ψ𝑎,2

The subtyping premise is

Ψ | Θ0 [𝑃0,1 → 𝑃0,2]-- nF m 𝜌(⌊𝜓1⌋) → 𝜌(⌊𝜓2⌋) ¤⩽ 𝑄 ⊣ Θ1 3 .

By inversion on 3 with decorated SI-Arrow, there are 𝑄1, 𝑄2, Θ′, Ψ1, and Ψ2

such that

Ψ1 | Θ0 [𝑃0,1]-- 𝜌(⌊𝜓1⌋) ¤∼ 𝑄1 ⊣ Θ′ 4 Ψ2 | Θ′ [𝑃0,2]-- nm 𝜌(⌊𝜓2⌋) ¤⩽ 𝑄2 ⊣ Θ1 5

and
𝑄 = 𝑄1 → 𝑄2 6 Ψ = Ψ1 ,Ψ2 7 .

By Lemma 95 on 1 , 𝜌, and 4 , we have

Ψ1 ,Ψ𝑎,1 | Θ0 [𝑃0,1]-- 𝜌(𝜓1) ¤∼ 𝑄1 ⊣ Θ′ 8 .

By IH on 2 , 𝜌, and 5 , we get

Ψ2 ,Ψ𝑎,2 | Θ′ [𝑃0,2]-- nm 𝜌(𝜓2) ¤⩽ 𝑄2 ⊣ Θ1 9 .
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Decorated SI-Arrow on 8 and 9 gives

Ψ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 | Θ0 [𝑃0,1 → 𝑃0,2]-- nF m 𝜌(𝜓1) → 𝜌(𝜓2) ¤⩽ 𝑄1 → 𝑄2 ⊣ Θ1 10 .

Our goal follows from 10 , 6 , and 7 .

Case
SS-Flex

𝛼̂ ⩽m 𝑃0 ⇝ ·
The subtyping premise is

Ψ | Θ0 [𝑃0]-- nm 𝜌(𝛼̂) ¤⩽ 𝑄 ⊣ Θ1 1 .

SinceΨ𝑎 = ·, our goal follows from 1 .

□

Lemma 80 (Vacuous subtyping decoration). For any substitution 𝜌 from rigid type variables
to decorated skeletons, if

Ψ | Θ [ ]-- nm 𝜌(𝑆[⌊𝜓⌋/𝛼]) ¤⩽ 𝑄 ⊣ Θ′,

then
Ψ | Θ [ ]-- nm 𝜌(𝑆[𝜓/𝛼]) ¤⩽ 𝑄 ⊣ Θ′.

Proof. By straightforward induction on the decorated subtyping derivation. Observe
that since the input skeleton is , we can never solve any tags, which additionally gives
Ψ = ·. □

Lemma 81 (Stability of constraint collection). If 𝛽 ≠ 𝛼 and 𝛼 ∉ ftv(𝑄), then

𝑃 ⩽m 𝑃0 �
𝛼 Ξ;𝒞 iff 𝑃[𝑄/𝛽] ⩽m 𝑃0 �

𝛼 Ξ;𝒞 .

Proof. By straightforward induction on the constraint-collection derivation in both
directions. Observe that since 𝛼 ∉ ftv(𝑄), we can always use LS-Absent or LE-Absent
for 𝑄. □

Lemma 82 (Look freshness). If 𝑃 ⩽n
m 𝑃0 �

𝛽 Ξ;𝑃𝑎 and 𝛾 ∉ ftv(𝑃0) and 𝛾 = 𝛽 or 𝛾 ∉ ftv(𝑃),
then 𝛾 ∉ ftv(𝑃𝑎).

Proof. Trivial. □

The following is a key lemma. It shows that we can replace the instantiation with
an ordinary skeleton ⌊𝜓𝑎⌋ to use its decorated version 𝜓𝑎 , so that subtyping solves the
same set of tagsΨ𝑎 of 𝜓𝑎 as decorated constraint solving does.
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Lemma 83 (Subtyping decoration). Suppose

𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 ⌊𝑆⌋ = 𝑃 𝛼 ∉ ftv(⌊𝜓𝑎⌋).

If
Ψ | Θ0 [𝑃0]-- nm 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄 ⊣ Θ1 ,

then
Ψ,Ψ𝑎 | Θ0 [𝑃0]-- nm 𝑆[𝜓𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1.

Proof. Induction on the constraint-collection derivation 𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 , generalising

over 𝑆,Ψ, Θ0, and the decorated subtyping premise. We allow arbitrary input context
Θ0 as long as the decorated subtyping premise holds. As a result, the well-formedness
condition of the subtyping premise implicitly requires that flexible variables in Ξ𝑐 must
be present in Θ0 if 𝛼 appears in 𝑆.

Case
LS-Var

𝛼 ⩽m 𝑃0 �
𝛼 subm(𝑃0)

The decorated constraint solving premise is

subm(𝑃0);𝜓𝑎 ⇝ Ψ𝑎 4

By inversion on 4 , we have

𝜓𝑎 ⩽m 𝑃0 ⇝ Ψ𝑎 5 .

Since ⌊𝑆⌋ = 𝛼, we have 𝑆 = 𝛼. Thus the premise subtyping derivation is

Ψ | Θ0 [𝑃0]-- nm ⌊𝜓𝑎⌋ ¤⩽ 𝑄 ⊣ Θ1 2 .

Our goal follows from Lemma 79 on 5 and 2 :

Ψ,Ψ𝑎 | Θ0 [𝑃0]-- nm 𝜓𝑎 ¤⩽ 𝑄 ⊣ Θ1 3 .

Case
LS-Absent
𝛼 ∉ ftv(𝑃)

𝑃 ⩽m 𝑃0 �
𝛼 ·

The decorated constraint solving premise is

·;𝜓𝑎 ⇝ · 3

and the subtyping premise is

Ψ | Θ0 [𝑃0]-- nm 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄 ⊣ Θ1 4 .
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Since ⌊𝑆⌋ = 𝑃 and 𝛼 ∉ ftv(𝑃), we have 𝛼 ∉ ftv(𝑆). Hence

𝑆[⌊𝜓𝑎⌋/𝛼] = 𝑆[𝜓𝑎/𝛼] 2 .

Our goal follows from 4 by 2 .

Case
LS-Vacuous

𝑃 ⩽m �𝛼 ·
The decorated constraint solving premise is

·;𝜓𝑎 ⇝ · 3

and the subtyping premise is

Ψ | Θ0 [ ]-- nm 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄 ⊣ Θ1 4 .

By Lemma 80, with the identity substitution, on 4 , we get

Ψ | Θ0 [ ]-- nm 𝑆[𝜓𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1 2 .

Our goal follows from 2 .

Case
LS-Check
𝐴 ≠ 𝛼 𝐴, 𝐵 guarded 𝐴 ∼ 𝐵 �𝛼 Ξ𝑐 ;𝒞 1

𝐴 ⩽C 𝐵 �𝛼 Ξ𝑐 ;𝒞
The decorated constraint solving premise and the subtyping premise are

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 2 Ψ | Θ0 [𝐵]-- tyC 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝐵 ⊣ Θ1 3 .

Since ⌊𝑆⌋ = 𝐴, 𝐴 ≠ 𝛼, and 𝐴 is guarded, 𝑆[⌊𝜓𝑎⌋/𝛼] is guarded. Thus inversion on
3 gives that for a hidden 𝑄𝑐 ,

Ψ | Θ0 [𝐵]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄𝑐 ⊣ Θ1 4

By Lemma 94 on 1 , 2 , ⌊𝑆⌋ = 𝐴, 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 4 , we have

Ψ,Ψ𝑎 | Θ0 [𝐵]-- 𝑆[𝜓𝑎/𝛼] ¤∼ 𝑄𝑐 ⊣ Θ1 6 .

Our goal follows from decorated SI-Check on 6 .

Case
LS-ForallR
𝐴 ⩽C 𝐵 �𝛼 Ξ𝑐 ;𝒞 1

𝐴 ⩽C ∀𝛽.𝐵 �𝛼 Ξ𝑐 ;𝒞
The decorated constraint solving premise and the subtyping premise are

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 2 Ψ | Θ0 [∀𝛽.𝐵]-- tyC 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ ∀𝛽.𝐵 ⊣ Θ1 3 .
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Inversion on 3 gives

Ψ | Θ0 , 𝛽 [𝐵]-- tyC 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝐵 ⊣ Θ1 , 𝛽,Ξ 4

By IH on 1 , 2 , ⌊𝑆⌋ = 𝐴, 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 4 , we obtain

Ψ,Ψ𝑎 | Θ0 , 𝛽 [𝐵]-- tyC 𝑆[𝜓𝑎/𝛼] ¤⩽ 𝐵 ⊣ Θ1 , 𝛽,Ξ 8 .

Our goal follows from decorated SI-ForallR on 8 .

Case
LS-Arrow
𝑃1 ∼ 𝑃′

1 �
𝛼 Ξ1;𝒞1 1 𝑃2 ⩽m 𝑃

′
2 �

𝛼 Ξ2;𝒞2 2

𝑃1 → 𝑃2 ⩽F m 𝑃
′
1 → 𝑃′

2 �
𝛼 Ξ1 ,Ξ2;𝒞1 ,𝒞2

The decorated constraint solving premise and the subtyping premise are

𝒞1 ,𝒞2;𝜓𝑎 ⇝ Ψ𝑎 5 Ψ | Θ0 [𝑃′1 → 𝑃′2]-- nF m 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄1 → 𝑄2 ⊣ Θ1 10

Since ⌊𝑆⌋ = 𝑃1 → 𝑃2, we have 𝑆 = 𝑆1 → 𝑆2 with

⌊𝑆1⌋ = 𝑃1 3 ⌊𝑆2⌋ = 𝑃2 4 .

By Lemma 78 on 5 , there areΨ𝑎,1 andΨ𝑎,2 such that

𝒞1;𝜓𝑎 ⇝ Ψ𝑎,1 6 𝒞2;𝜓𝑎 ⇝ Ψ𝑎,2 7 Ψ𝑎 = Ψ𝑎,1 ,Ψ𝑎,2 8 .

By inversion on 10 , there existΨ1,Ψ2, and Θ′ such that

Ψ1 | Θ0 [𝑃′1]-- 𝑆1[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄1 ⊣ Θ′ 9

Ψ2 | Θ′ [𝑃′2]-- nm 𝑆2[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄2 ⊣ Θ1 11

Ψ = Ψ1 ,Ψ2 12 .

By Lemma 94 on 1 , 6 , 3 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 9 , we get

Ψ1 ,Ψ𝑎,1 | Θ0 [𝑃′1]-- 𝑆1[𝜓𝑎/𝛼] ¤∼ 𝑄1 ⊣ Θ′ 15 .

By IH on 2 , 7 , 4 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 11 , we get

Ψ2 ,Ψ𝑎,2 | Θ′ [𝑃′2]-- nm 𝑆2[𝜓𝑎/𝛼] ¤⩽ 𝑄2 ⊣ Θ1 16 .

Decorated SI-Arrow on 15 and 16 gives a derivation

Ψ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 | Θ0 [𝑃′1 → 𝑃′2]-- nF m 𝑆1[𝜓𝑎/𝛼] → 𝑆2[𝜓𝑎/𝛼] ¤⩽ 𝑄1 → 𝑄2 ⊣ Θ1 17 .

The tag contextΨ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 is equal toΨ,Ψ𝑎 by 8 and 12 . Our goal follows
from 17 .

Case
LS-ForallL
𝑃 ⩽m 𝑃0 �

𝛼 Ξ𝑐 ;𝒞 1

∀𝛽.𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞
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Assume WLOG that m ≠ I and 𝑃0 is guarded; otherwise derivation is equivalent
to applying LS-Vacuous or LS-ForallR first.
Since ⌊𝑆⌋ = ∀𝛽.𝑃, 𝑆 = ∀𝛿𝛽.𝑆′ for some potential tag 𝛿 with ⌊𝑆′⌋ = 𝑃 2 .
The decorated constraint solving premise and the subtyping premise are

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 3 Ψ | Θ0 [𝑃0]-- nm 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄 ⊣ Θ1 15

Inversion on 15 with SI-ForallL gives a skeleton 𝑃𝑔 , a decorated skeleton 𝜓𝑔 , and
tag setΨ𝑔 such that

𝑃[⌊𝜓𝑎⌋/𝛼] ⩽n
m 𝑃0 �

𝛽 Ξ′;𝑃𝑔 4 Ψ𝑔 fresh 16 Θ0 ,Ξ
′ ⊢n 𝜓𝑔 # Ψ𝑔 5 ⌊𝜓𝑔⌋ = 𝑃𝑔 6

By 5 and 6 , we also have
Θ0 ,Ξ

′ ⊢ 𝑃𝑔 17 .

The same inversion also gives the subtyping judgement

Ψ,Ψ𝑔 | Θ0 ,Ξ
′ [𝑃0]-- nm (𝑆′[⌊𝜓𝑎⌋/𝛼])[𝜓𝑔/𝛽] ¤⩽ 𝑄 ⊣ Θ1 7 .

Since 𝛼 ∉ ftv(⌊𝜓𝑎⌋), we have 𝛼 ∉ ftv(𝑃[⌊𝜓𝑎⌋/𝛼]). Then by Lemma 82 on 4 and
𝛼 ∉ ftv(𝑃0), we have 𝛼 ∉ ftv(𝑃𝑔) 8 . By 6 and 8 , we have 𝛼 ∉ ftv(⌊𝜓𝑔⌋) 9 . By
erasure preserving free variables, we also have 𝛼 ∉ ftv(𝜓𝑔).
By capture-avoiding substitution, the subtyping premise is equivalently

Ψ,Ψ𝑔 | Θ0 ,Ξ
′ [𝑃0]-- nm (𝑆′[𝜓𝑔/𝛽])[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄 ⊣ Θ1 10 .

By Lemma 81 on 1 and 9 , we have

𝑃[⌊𝜓𝑔⌋/𝛽] ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 11 .

By definition of erasure,

⌊𝑆′[𝜓𝑔/𝛽]⌋ = 𝑃[⌊𝜓𝑔⌋/𝛽] 12 .

By IH on 11 , 3 , 10 , 12 , and 𝛼 ∉ ftv(⌊𝜓𝑎⌋), we get

Ψ,Ψ𝑔 ,Ψ𝑎 | Θ0 ,Ξ
′ [𝑃0]-- nm (𝑆′[𝜓𝑔/𝛽])[𝜓𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1 13 .

Commuting substitutions back gives

Ψ,Ψ𝑔 ,Ψ𝑎 | Θ0 ,Ξ
′ [𝑃0]-- nm (𝑆′[𝜓𝑎/𝛼])[𝜓𝑔/𝛽] ¤⩽ 𝑄 ⊣ Θ1 14 .

Our goal follows from decorated SI-ForallL on 4 , 17 , 16 , 5 , 6 , and 14 , using
associativity and commutativity of set join.

Case
LS-UnivGhostL
𝑃 ⩽m 𝑃0 �

𝛼 Ξ𝑐 ;𝒞 1

∀ .𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞
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Assume WLOG that m ≠ I. The decorated constraint solving premise and the
subtyping premise are

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 5 Ψ | Θ0 [𝑃0]-- skm 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄 ⊣ Θ1 6

Since ⌊𝑆⌋ = ∀ .𝑃, either 𝑆 = ∀ .𝑆′ or 𝑆 = ∀ .𝑆′ with ⌊𝑆′⌋ = 𝑃 2 .
Inverting 6 with decorated SI-UnivGhostL or SI-UnivGhostLG, respectively,
gives

Ψ | Θ0 [𝑃0]-- skm 𝑆′[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄 ⊣ Θ1 3 .

By IH on 1 , 5 , 2 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 3 , we have

Ψ,Ψ𝑎 | Θ0 [𝑃0]-- skm 𝑆′[𝜓𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1 4 .

Our goal follows fromdecorated SI-UnivGhostL or SI-UnivGhostLG, respectively,
on 4 .

□

Lemma 84 (Decorating instantiation). Suppose

𝑃 ⩽n
m 𝑃0 �

𝛼 Ξ;𝑃𝑎 ⌊𝑆⌋ = 𝑃 Θ0 ,Ξ ⊢n 𝜓𝑎 # Ψ𝑎 ⌊𝜓𝑎⌋ = 𝑃𝑎 .

If
Ψ | Θ0 ,Ξ [𝑃0]-- nm 𝑆[𝑃𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1 ,

then
Ψ,Ψ𝑎 | Θ0 ,Ξ [𝑃0]-- nm 𝑆[𝜓𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1.

Proof. By Lemma 77 on some premises, there are 𝒞 and Ξ𝑐 such that

𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 1 𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 2 .

By Lemma 82 on the look premise and 𝛼 ∉ ftv(𝑃0), we have 𝛼 ∉ ftv(𝑃𝑎) 4 . By ⌊𝜓𝑎⌋ = 𝑃𝑎
and 4 , we have 𝛼 ∉ ftv(⌊𝜓𝑎⌋) 5 . By ⌊𝜓𝑎⌋ = 𝑃𝑎 , the premise subtyping derivation is

Ψ | Θ0 ,Ξ [𝑃0]-- nm 𝑆[⌊𝜓𝑎⌋/𝛼] ¤⩽ 𝑄 ⊣ Θ1 6 .

By Lemma 83 on 1 , 2 , ⌊𝑆⌋ = 𝑃, 5 , and 6 , we have

Ψ,Ψ𝑎 | Θ0 ,Ξ [𝑃0]-- nm 𝑆[𝜓𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1 7

which is our goal. □

Now we prove our main lemmas.

Lemma 74 (Decorating algorithmic subtyping). If Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1, then
· | Θ0 [𝑃0]-- nm 𝑃 ¤⩽ 𝑄 ⊣ Θ1.
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Proof. By induction on the derivation of Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1. All cases except
SI-ForallL are direct. The corresponding decorated rule has the same premises as
the ordinary rule. For subtyping premises, we apply IH; for consistency premises in
SI-Check and SI-Arrow, we apply Lemma 93. All tag contexts are empty. We show the
only interesting case here.

Case
SI-ForallL
m ≠ I 𝑃0 guarded or 𝑃0 = 𝑃 ⩽n

m 𝑃0 �
𝛼 Ξ;𝑃𝑎 1 Θ0 ,Ξ ⊢ 𝑃𝑎 2

Θ0 ,Ξ [𝑃0]-- nm 𝑃[𝑃𝑎/𝛼] ⩽ 𝑄 ⊣ Θ1 3

Θ0 [𝑃0]-- nm ∀𝛼.𝑃 ⩽ 𝑄 ⊣ Θ1

By IH on 3 , we have

· | Θ0 ,Ξ [𝑃0]-- nm 𝑃[𝑃𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1 5 .

By Lemma 76 on 1 and 2 , there existΨ𝑎 and 𝜓𝑎 such that

Ψ𝑎 fresh 4 Θ0 ,Ξ ⊢n 𝜓𝑎 # Ψ𝑎 6 ⌊𝜓𝑎⌋ = 𝑃𝑎 7 .

By Lemma 84 on 1 , 6 , 7 , and 5 , with 𝑆 = 𝑃 andΨ = ·, we have

Ψ𝑎 | Θ0 ,Ξ [𝑃0]-- nm 𝑃[𝜓𝑎/𝛼] ¤⩽ 𝑄 ⊣ Θ1 8 .

Decorated SI-ForallL on 1 , 2 , 4 , 6 , 7 , 8 , and side-condition premises
gives our goal

· | Θ0 [𝑃0]-- nm ∀𝛼.𝑃 ¤⩽ 𝑄 ⊣ Θ1

□

Now we prove soundness of decorated algorithmic subtyping with respect to declar-
ative subtyping. We prove a lemma for the case of flexible variables first.

Lemma 85 (Soundness of decorated algorithmic subtyping of flexible variables). If
· | Θ0 | Ξ [𝑃0]-- nF m 𝛼̂ ¤⩽ 𝑄 ⊣ Θ1, then

Θ0 ,Ξ ⊑ Θ1 Θ1 ⊢ 𝑃0 ▶ 𝑄 · | Θ1 ⊢nF m 𝛼̂ ⩽ 𝑄.

Proof. By induction on the derivation of · | Θ0 | Ξ [𝑃0]-- nF m 𝛼̂ ¤⩽ 𝑄 ⊣ Θ1, mutually with
Lemma 75, which we use for SI-Flex-Solve and SI-Flex-Assign. We only show these
two interesting cases; other cases follow from straightforward application of the IH and
weakening.
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Case
SI-Flex-Solve
· | Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ [𝑃0]-- nF m 𝛼̂ → 𝛽̂ ¤⩽ 𝑄 ⊣ Θ1 1

· | Θ0 , 𝛼̂0 | Ξ [𝑃0]-- nF m 𝛼̂0 ¤⩽ 𝑄 ⊣ Θ1

By IH of Lemma 75 on 1 , we have

Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ ⊑ Θ1 2 Θ1 ⊢ 𝑃0 ▶ 𝑄 3 · | Θ1 ⊢nF m 𝛼̂ → 𝛽̂ ⩽ 𝑄 4 .

By information increase from Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ to Θ1, there exists 𝜏 such
that

Θ1 ∋ 𝛼̂0 ≔ 𝜏 5 Θ1 ⊢ 𝜏 ≡ 𝛼̂ → 𝛽̂ 6 .

It is obvious that monotype equivalence preserves subtyping. Then by 6 and 4 ,
we have

· | Θ1 ⊢nF m 𝜏 ⩽ 𝑄 7 .

By definition of information increase and 2 , we have

Θ0 , 𝛼̂0 ,Ξ ⊑ Θ1 8 .

Our goal follows from 8 , 3 , and declarative S-FlexMono on 5 and 7 .

Case
SI-Flex-Assign
· | Θ0 ,Ξ [𝑃0[𝜏/𝛽̂]]-- nF m 𝛼̂[𝜏/𝛽̂] ¤⩽ 𝑄 ⊣ Θ1 1

· | Θ0 , 𝛽̂ ≔ 𝜏 | Ξ [𝑃0]-- nF m 𝛼̂ ¤⩽ 𝑄 ⊣ Θ1 , 𝛽̂ ≔ 𝜏

By IH of Lemma 75 on 1 , we have

Θ0 ,Ξ ⊑ Θ1 2 Θ1 ⊢ 𝑃0[𝜏/𝛽̂] ▶ 𝑄 3 · | Θ1 ⊢nF m 𝛼̂[𝜏/𝛽̂] ⩽ 𝑄 4 .

By definition of information increase and 2 , we have

Θ0 , 𝛽̂ ≔ 𝜏,Ξ ⊑ Θ1 , 𝛽̂ ≔ 𝜏 5 .

By definition of refinement and weakening on 3 , we have

Θ1 , 𝛽̂ ≔ 𝜏 ⊢ 𝑃0 ▶ 𝑄 6 .

Case analysis on 𝛼̂.

Subcase 𝛼̂ = 𝛽̂. By weakening on 4 and declarative S-FlexMono on the lookup
Θ1 , 𝛽̂ ≔ 𝜏 ∋ 𝛽̂ ≔ 𝜏, we have

· | Θ1 , 𝛽̂ ≔ 𝜏 ⊢nF m 𝛽̂ ⩽ 𝑄 7 .

Our goal follows from 5 , 6 , and 7 .

Subcase 𝛼̂ ≠ 𝛽̂. By context weakening on 4 , we have

· | Θ1 , 𝛽̂ ≔ 𝜏 ⊢nF m 𝛼̂ ⩽ 𝑄 7 .
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Our goal follows from 5 , 6 , and 7 .

□

Lemma 75 (Soundness of decorated subtyping). IfΨ | Θ0 [𝑃0]-- nm 𝑆 ¤⩽ 𝑄 ⊣ Θ1, then

Θ0 ⊑ Θ1 Θ1 ⊢ 𝑃0 ▶ 𝑄 Ψ | Θ1 ⊢nm 𝑆 ⩽ 𝑄.

Consequently, given a problem of subtyping (Θ0; n; m;𝑃0;𝑃), if · | Θ0 [𝑃0]-- nm 𝑃 ¤⩽ 𝑄 ⊣ Θ1, then
(Θ0 ⊑ Θ1;𝑄) is a solution to it.

Proof. By induction on the derivation of Ψ | Θ0 [𝑃0]-- nm 𝑆 ¤⩽ 𝑄 ⊣ Θ1, mutually with
Lemma 85, which we use for the SI-FlexMono case. The two invariants Θ0 ⊑ Θ1 and
Θ1 ⊢ 𝑃0 ▶ 𝑄 are obvious in most cases following definitions, IH, or other lemmas. We
focus on showingΨ | Θ1 ⊢nm 𝑆 ⩽ 𝑄 in each case, except for SI-Arrow whose refinement
invariant is non-trivial.

Case
SI-Infer

· | Θ0 [ ]-- nI 𝑆 ¤⩽ ⌊𝑆⌋ ⊣ Θ0

By decorated consistency U-GhostR, we have

· | Θ0 [ ]-- 𝑆 ¤∼ ⌊𝑆⌋ ⊣ Θ0 1 .

By Lemma 92 on 1 , we have

· | Θ0 ⊢ 𝑆 ∼ ⌊𝑆⌋ 2 .

Our goal follows from declarative S-Infer on 2 .

Case
SI-Check
𝑇, 𝐵 guarded Ψ | Θ0 [𝐵]-- 𝑇 ¤∼ 𝐵 ⊣ Θ1 1

Ψ | Θ0 [𝐵]-- tyC 𝑇 ¤⩽ 𝐵 ⊣ Θ1

By Lemma 92 on 1 , we have

Ψ | Θ1 ⊢ 𝑇 ∼ 𝐵 2 .

Our goal follows from declarative S-Check on the guardedness premise and 2 .

Case
SI-ForallR
Ψ | Θ0 , 𝛼 [𝐵]-- tyC 𝑆 ¤⩽ 𝐵 ⊣ Θ1 , 𝛼,Ξ 1

Ψ | Θ0 [∀𝛼.𝐵]-- tyC 𝑆 ¤⩽ ∀𝛼.𝐵 ⊣ Θ1
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By IH on 1 , we have
Ψ | Θ1 , 𝛼,Ξ ⊢tyC 𝑆 ⩽ 𝐵 2 .

Since Ξ is fresh for 𝑆 and 𝐵, by context strengthening for unused variables in Ξ,
we have

Ψ | Θ1 , 𝛼 ⊢tyC 𝑆 ⩽ 𝐵 3 .

Our goal follows from declarative S-ForallR on 3 .

Case
SI-UnivGhostR

𝑆 guarded

· | Θ0 [ ]-- skC 𝑆 ¤⩽ ∀ .⌊𝑆⌋ ⊣ Θ0

By decorated consistency U-GhostR, we have

· | Θ0 [ ]-- 𝑆 ¤∼ ⌊𝑆⌋ ⊣ Θ0 1 .

By Lemma 92 on 1 , we have

· | Θ0 ⊢ 𝑆 ∼ ⌊𝑆⌋ 2 .

By the guardedness premise and preservation of guardedness by erasure, our
goal follows from declarative S-UnivGhostR on 2 .

Case
SI-Ghost

· | Θ0 [𝑃0]-- skm ¤⩽ 𝑃0 ⊣ Θ0

Our goal follows from declarative S-Ghost.

Case
SI-FlexMono
· | Θ0 | · [𝑃0]-- nF m 𝛼̂ ¤⩽ 𝑄 ⊣ Θ1 1

· | Θ0 [𝑃0]-- nF m 𝛼̂ ¤⩽ 𝑄 ⊣ Θ1

By Lemma 85 on 1 , we have

· | Θ1 ⊢nF m 𝛼̂ ⩽ 𝑄 2 .

Our goal follows from 2 .

Case
SI-Arrow
Ψ1 | Θ0 [𝑃′1]-- 𝑆1 ¤∼ 𝑄1 ⊣ Θ1 1 Ψ2 | Θ1 [𝑃′2]-- nm 𝑆2 ¤⩽ 𝑄2 ⊣ Θ2 2

Ψ1 ,Ψ2 | Θ0 [𝑃′1 → 𝑃′2]-- nF m 𝑆1 → 𝑆2 ¤⩽ 𝑄1 → 𝑄2 ⊣ Θ2

293



D Proofs of algorithms

By Lemma 92 on 1 , we have

Θ0 ⊑ Θ1 3 Θ1 ⊢ 𝑃′
1 ▶ 𝑄1 4 Ψ1 | Θ1 ⊢ 𝑆1 ∼ 𝑄1 5 .

By IH on 2 , we have

Θ1 ⊑ Θ2 6 Θ2 ⊢ 𝑃′
2 ▶ 𝑄2 7 Ψ2 | Θ2 ⊢nm 𝑆2 ⩽ 𝑄2 8 .

By transitivity of information increase on 3 and 6 , we have

Θ0 ⊑ Θ2 9 .

By stability under information increase on 4 and 6 , we have

Θ2 ⊢ 𝑃′
1 ▶ 𝑄1 10 .

By 10 and 7 , we have

Θ2 ⊢ 𝑃′
1 → 𝑃′

2 ▶ 𝑄1 → 𝑄2 11 .

By stability under information increase on 5 and 6 , we have

Ψ1 | Θ2 ⊢ 𝑆1 ∼ 𝑄1 12 .

Our goal follows from 9 , 11 , and declarative S-Arrow on 12 and 8 .

Case
SI-ForallL

m ≠ I 𝑃0 guarded or 𝑃0 = ⌊𝑆⌋ = 𝑃
𝑃 ⩽n

m 𝑃0 �
𝛼 Ξ;𝑃1 Θ0 ,Ξ ⊢ 𝑃1 Ψ𝑔 fresh Θ0 ,Ξ ⊢n 𝜓𝑔 # Ψ𝑔 1

⌊𝜓𝑔⌋ = 𝑃1 Ψ,Ψ𝑔 | Θ0 ,Ξ [𝑃0]-- nm 𝑆[𝜓𝑔/𝛼] ¤⩽ 𝑄 ⊣ Θ1 2

Ψ | Θ0 [𝑃0]-- nm ∀𝛿𝛼.𝑆 ¤⩽ 𝑄 ⊣ Θ1

By IH on 2 , we have

Ψ,Ψ𝑔 | Θ1 ⊢nm 𝑆[𝜓𝑔/𝛼] ⩽ 𝑄 3 .

By the information-increase part of the IH on 2 and stability under information
increase on 1 , we have

Θ1 ⊢n 𝜓𝑔 # Ψ𝑔 4 .

Our goal follows from declarative S-ForallL on the freshness premise, 4 , and
3 .

Case
SI-GhostG

· | Θ0 [ ]-- skm ¤⩽ ⊣ Θ0

Our goal follows from declarative S-GhostG.
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Case
SI-UnivGhostL
m ≠ I Ψ | Θ0 [𝑃0]-- skm 𝑆 ¤⩽ 𝑄 ⊣ Θ1 1

Ψ | Θ0 [𝑃0]-- skm ∀ .𝑆 ¤⩽ 𝑄 ⊣ Θ1

By IH on 1 , we have
Ψ | Θ1 ⊢skm 𝑆 ⩽ 𝑄 2 .

Our goal follows from declarative S-UnivGhostL on 2 .

Case
SI-UnivGhostLG
m ≠ I Ψ | Θ0 [𝑃0]-- skm 𝑆 ¤⩽ 𝑄 ⊣ Θ1 1

Ψ | Θ0 [𝑃0]-- skm ∀ .𝑆 ¤⩽ 𝑄 ⊣ Θ1

By IH on 1 , we have
Ψ | Θ1 ⊢skm 𝑆 ⩽ 𝑄 2 .

Our goal follows from declarative S-UnivGhostLG on 2 .

□

Finally we prove soundness of algorithmic subtyping with respect to declarative
subtyping.

Theorem 27 (Soundness of subtyping). Given a subtyping problem (Θ0; n; m;𝑃0;𝑃), if
Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝑄) is a solution.

Proof. By Lemma 74 on Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑄 ⊣ Θ1, we have · | Θ0 [𝑃0]-- nm 𝑃 ¤⩽ 𝑄 ⊣ Θ1 1 .
Our goal follows from Lemma 75 on 1 . □

D.4.3 Completeness of subtyping

In this section, we prove Theorem 28.

Theorem 28 (Completeness and optimality of subtyping). Given a subtyping problem
(Θ0; n; m;𝑃0;𝑃), if there exists a solution, Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑃1 ⊣ Θ1 gives its optimal solution
(Θ0 ⊑ Θ1;𝑃1).

It is enough to show that if (𝜃 :: Θ0 ⊑ Θ;𝑄) is a solution to the subtyping problem
(Θ0; n; m;𝑃0;𝑃), then we have

Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑃1 ⊣ Θ1

𝜃1 :: Θ1 ⊑ Θ

Θ ⊢ 𝜃1𝑃1 ⪯ 𝑄

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ
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We write Θ ⊢ 𝑃 ⪯Ψ 𝜓 for partial precision, omitting the empty Δ context. Its full
form is Θ | Δ ⊢ 𝑃 ⪯Ψ 𝜓. It reads as under Θ and Δ, skeleton 𝑃 is partially more precise
than 𝜓 on tags Ψ. It is a partial form of Θ ⊢ 𝑃 ⪯ ⌊𝜓⌋ in the sense that quantifiers in
𝜓 whose tags are not in Ψ may be matched by ghosts in 𝑃. As a result, its definition
corresponds one to one to the definition of refinement in algorithmic contexts. The tag
context Ψ records the tags of 𝜓 that have corresponding quantifiers in 𝑃. We define
partial precision syntactically as follows.

Θ | Δ ⊢ 1 ⪯· 1 Θ | Δ ⊢ 𝛼 ⪯· 𝛼

Θ | Δ ⊢ 𝑃 ⪯Ψ1 𝜓1 Θ | Δ ⊢ 𝑄 ⪯Ψ2 𝜓2

Θ | Δ ⊢ 𝑃 → 𝑄 ⪯Ψ1 ,Ψ2 𝜓1 → 𝜓2

Θ, 𝛼 | Δ, 𝛼 ⊢ 𝑃 ⪯Ψ 𝜓

Θ | Δ ⊢ ∀𝛼.𝑃 ⪯Ψ,𝜖 ∀𝜖𝛼.𝜓

Δ ∩ ftv(𝜓) = ∅
Θ | Δ ⊢ ⪯· 𝜓

Θ | Δ ⊢ 𝑃 ⪯Ψ 𝜓

Θ | Δ ⊢ ∀ .𝑃 ⪯Ψ 𝜓

Θ, 𝛼 | Δ ⊢ ∀ .𝑃 ⪯Ψ 𝜓

Θ | Δ ⊢ ∀ .𝑃 ⪯Ψ ∀𝜖𝛼.𝜓

Θ | Δ ⊢ 𝑃 ⪯Ψ 𝜓

Θ | Δ ⊢ ∀ .𝑃 ⪯Ψ ∀ .𝜓

Θ ∋ 𝛼̂ ≔ 𝜏 Θ | Δ ⊢ 𝜏 ⪯Ψ 𝜓

Θ | Δ ⊢ 𝛼̂ ⪯Ψ 𝜓

Θ ∋ 𝛼̂ ≔ 𝜏 Θ | Δ ⊢ 𝑃 ⪯Ψ 𝜏

Θ | Δ ⊢ 𝑃 ⪯Ψ 𝛼̂

Lemma 86 (Complete partial precision). If

Θ ⊢n 𝜓 # Ψ Θ ⊢ 𝑃 ⪯Ψ 𝜓,

then
Θ ⊢ 𝑃 ⪯ ⌊𝜓⌋.

Proof. By well-formedness of 𝜓, every tag in it is unique and is in Ψ. Then our goal
follows from a straightforward induction on the derivation of partial precision Θ ⊢
𝑃 ⪯Ψ 𝜓, observing that every tagged quantifier in 𝜓 must correspond to a quantifier in
𝑃 in order to be solved. □

Lemma 87 (Stability of subtyping under more precise substitution). If

Θ ⊢ 𝑃𝑎 ⪯ ⌊𝜓𝑎⌋ Θ ⊢n 𝜓𝑎 # Ψ′ Ψ′ fresh Ψ𝑎 ⊆ Ψ′ Ψ,Ψ𝑎 | Θ ⊢nm 𝑆[𝜓𝑎/𝛼] ⩽ 𝑄

and 𝑃𝑎 is a type when n = ty, then

Ψ | Θ ⊢nm 𝑆[𝑃𝑎/𝛼] ⩽ 𝑄.
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Proof. By a straightforward induction on the subtyping derivation Ψ,Ψ𝑎 | Θ ⊢nm
𝑆[𝜓𝑎/𝛼] ⩽ 𝑄, observing that by Θ ⊢ 𝑃𝑎 ⪯ ⌊𝜓𝑎⌋, replacing 𝜓𝑎 with 𝑃𝑎 would not result
in any type mismatch. □

Lemma 88 (Completeness of constraint collection and solving for variables). Suppose

Θ0 ⊢ 𝑃0 Θ0 ⊢ 𝑃𝑖 𝑃0 :n m 𝜃 :: Θ0 ⊑ Θ.

Let 𝜌 be a capture-avoiding substitution from rigid type variables to decorated skeletons, andΨ
be the solved tags introduced by 𝜌. If 𝜓𝑎 is a well-formed instantiation and the premise solves
Ψ𝑎 :

Θ ⊢n 𝜓𝑎 # Ψ′ Ψ𝑖 ,Ψ𝑎 = Ψ′ Ψ′ fresh

and
Θ | Δ ⊢ 𝜃𝑃𝑖 ⪯Ψ𝑖

𝜓𝑎 Ψ,Ψ𝑎 | Θ ⊢nm 𝜌(𝜓𝑎) ⩽ 𝑄 Θ ⊢ 𝜃𝑃0 ▶ 𝑄.

Moreover, for every rigid variable in 𝜓𝑎 substituted by 𝜌, 𝑃𝑖 has the same rigid variable in the
same position. Then there exist Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃𝑖 ⩽m 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑎 Θ0 ,Ξ𝑠 ⊢ 𝑃𝑎

and
𝜃𝑎 :: Θ0 ,Ξ𝑠 ⊑ Θ 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 .

Proof. By induction on the derivation ofΨ,Ψ𝑎 | Θ ⊢nm 𝜌(𝜓𝑎) ⩽ 𝑄, generalising over Θ0,
𝑃0, 𝑃𝑖 , 𝜃, 𝜓𝑎 ,Ψ′,Ψ𝑖 ,Ψ𝑎 ,Ψ, 𝜌, and Δ. The cases S-Infer, S-UnivGhostR, and S-GhostG,
whose conclusion has empty solved tag context, are similar to the corresponding cases
in Lemma 89. The S-Ghost case cannot occur because 𝜓𝑎 cannot contain . We only
show non-trivial cases below.

Case
S-Check
𝜌(𝜓𝑎), 𝑄 guarded Ψ,Ψ𝑎 | Θ ⊢ 𝜌(𝜓𝑎) ∼ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢tyC 𝜌(𝜓𝑎) ⩽ 𝑄
By Lemma 97 on 1 , the precision premise, the refinement premise, the substitu-
tion 𝜌, and the tag context premises derived fromΨ𝑖 ,Ψ𝑎 = Ψ′, we have

𝑃𝑖 ∼ 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑎 2 Θ0 ,Ξ𝑠 ⊢ 𝑃𝑎 3

𝜃𝑎 :: Θ0 ,Ξ𝑠 ⊑ Θ 4 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 5 Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 6 .

Also, 𝑃0 :ty C gives that 𝑃0 is a concrete type. The refinement premise then gives
𝜃𝑃0 is a guarded type. Hence 𝑃0 is guarded. We proceed by case analysis on 𝑃𝑖 .
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Subcase 𝑃𝑖 guarded. By SolS-Check on 2 , we have

𝑃𝑖 ⩽C 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑎 8 .

Our goal follows from 3 – 8 .

Subcase 𝑃𝑖 = . By inversion on 2 , we haveΞ𝑠 = · and 𝑃𝑎 = 𝑃0. By SolS-GhostL,
we have

⩽C 𝑃0 ⇝ ∀ .𝑃0 8 .

By 3 and guardedness of 𝑃0, we have

Θ0 ⊢ ∀ .𝑃0 9 .

By 6 , 𝑃𝑎 = 𝑃0, and definition of partial precision, we have

Θ | Δ ⊢ 𝜃𝑎( ∀ .𝑃0) ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 10 .

Our goal follows by choosing ∀ .𝑃0 as the output skeleton, and using 4 , 5 ,
8 , 9 , and 10 .

Subcase 𝑃𝑖 = ∀𝛽.𝑃′
𝑖
. Impossible. The precision premise Θ | Δ ⊢ 𝜃𝑃𝑖 ⪯Ψ𝑖

𝜓𝑎

and guardedness of 𝜌(𝜓𝑎), together with the fact that 𝜌 preserves top-level
quantifiers, imply that 𝑃𝑖 cannot have a top-level quantifier.

Subcase 𝑃𝑖 = ∀ .𝑃′
𝑖
. Since 𝑃𝑖 is well-formed, 𝑃′

𝑖
is guarded. By congruence of

constraint solving, we assume that 2 is derived by SolE-GhostGuarded.
Inversion on 2 gives

𝑃′
𝑖
∼ 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑎 8 .

By SolS-Check on 8 , we have

𝑃′
𝑖
⩽C 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑎 9 .

Then by SolS-UnivGhostL on 9 , we have

∀ .𝑃′
𝑖
⩽C 𝑃0 ⇝ Ξ𝑠 ; ∀ .𝑃𝑎 10 .

Since 𝑃′
𝑖
and 𝑃0 are guarded, 8 gives that 𝑃𝑎 is guarded. Hence

Θ0 ,Ξ𝑠 ⊢ ∀ .𝑃𝑎 13 . By 6 and definition of partial precision, we have

Θ | Δ ⊢ 𝜃𝑎( ∀ .𝑃𝑎) ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 12 .

Our goal follows by choosing ∀ .𝑃𝑎 as the output skeleton and using 4 , 5 ,
10 , 12 , and 13 .

Case
S-ForallR
Ψ,Ψ𝑎 | Θ, 𝛽 ⊢tyC 𝜌(𝜓𝑎) ⩽ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢tyC 𝜌(𝜓𝑎) ⩽ ∀𝛽.𝑄
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By the refinement premise, we have 𝑃0 = ∀𝛽.𝑃′
0 and Θ, 𝛽 ⊢ 𝜃𝑃′

0 ▶ 𝑄 2 . From
𝑃0 :ty C and 𝑃0 = ∀𝛽.𝑃′

0, we have 𝑃′
0 :

ty C 3 . By IH on 1 with 2 , 3 , and context
weakening on the other premises, there are Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃𝑖 ⩽C 𝑃
′
0 ⇝ Ξ𝑠 ;𝑃𝑎 6 Θ0 , 𝛽,Ξ𝑠 ⊢ 𝑃𝑎 7

𝜃𝑎 :: Θ0 , 𝛽,Ξ𝑠 ⊑ Θ, 𝛽 8 𝜃 ≡ 𝜃𝑎 :: Θ0 , 𝛽 ⊑ Θ, 𝛽 9

Θ, 𝛽 | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 10 .

By SolS-ForallR on 6 , we have

𝑃𝑖 ⩽C ∀𝛽.𝑃′
0 ⇝ Ξ𝑠 ;𝑃𝑎 11 .

By the well-formedness premise of 𝜓𝑎 , we have 𝛽 ∉ ftv(𝜓𝑎). Then by 10 , we have
𝛽 ∉ ftv(𝜃𝑎𝑃𝑎), and thus 𝛽 ∉ ftv(𝑃𝑎). Therefore 7 holds in the context without 𝛽.
By definition of metasubstitutions, 8 and 9 also hold in the context without 𝛽.
10 holds in the context without 𝛽 as well. Our goal follows from these judgements
after removing 𝛽 from the contexts and 11 .

Case
S-Arrow
Ψ1 ,Ψ𝑎,1 | Θ ⊢ 𝜌1(𝜓1) ∼ 𝑄1 1 Ψ2 ,Ψ𝑎,2 | Θ ⊢nm 𝜌2(𝜓2) ⩽ 𝑄2 2

Ψ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 | Θ ⊢nF m 𝜌1(𝜓1) → 𝜌2(𝜓2) ⩽ 𝑄1 → 𝑄2

In this case 𝜓𝑎 = 𝜓1 → 𝜓2, and 𝜌1 and 𝜌2 are the restrictions of 𝜌 to the two
premises, whose introduced tag contexts are Ψ1 and Ψ2. By 𝑃0 :n F m, we have
𝑃0 = 𝑃0,1 → 𝑃0,2. Together with the refinement premise, we have

Θ ⊢ 𝜃𝑃0,1 ▶ 𝑄1 3 Θ ⊢ 𝜃𝑃0,2 ▶ 𝑄2 4 𝑃0,2 :n m 5 .

The conclusion S-Arrow gives

Ψ = Ψ1 ,Ψ2 8 Ψ𝑎 = Ψ𝑎,1 ,Ψ𝑎,2 9

We proceed by case analysis on 𝑃𝑖 .

Subcase 𝑃𝑖 = 𝑃𝑖 ,1 → 𝑃𝑖 ,2. By inversion on the precision premise, there are Ψ𝑖 ,1

andΨ𝑖 ,2 such that

Ψ𝑖 = Ψ𝑖 ,1 ,Ψ𝑖 ,2 10 Θ | Δ ⊢ 𝜃𝑃𝑖 ,1 ⪯Ψ𝑖 ,1 𝜓1 13 Θ | Δ ⊢ 𝜃𝑃𝑖 ,2 ⪯Ψ𝑖 ,2 𝜓2 14 .

Combining 9 , 10 , andΨ𝑖 ,Ψ𝑎 = Ψ′, by well-formedness of 𝜓𝑎 , we have

Θ ⊢n 𝜓1 # Ψ𝑖 ,1 ,Ψ𝑎,1 11 Θ ⊢n 𝜓2 # Ψ𝑖 ,2 ,Ψ𝑎,2 12 .
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By Lemma 97 on 1 , 3 , 11 , 13 , taking 𝜌1 as the substitution,Ψ1 as the tags
introduced by the substitution,Ψ𝑖 ,1 as the already solved tag context, and
Ψ𝑎,1 as the newly solved tag context, there are Ξ1, 𝑃1, and 𝜃1 such that

𝑃𝑖 ,1 ∼ 𝑃0,1 ⇝ Ξ1;𝑃1 15 Θ0 ,Ξ1 ⊢ 𝑃1 16

𝜃1 :: Θ0 ,Ξ1 ⊑ Θ 17 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 18 Θ | Δ ⊢ 𝜃1𝑃1 ⪯Ψ𝑖 ,1 ,Ψ𝑎,1 𝜓1 19 .

By 18 and equivalence of metasubstitutions, 4 and 14 can be rewritten with
𝜃1. By IH on 2 , 4 , 14 , 5 , 12 , 17 , 18 , takingΨ𝑖 ,2 as the already solved tag
context,Ψ𝑎,2 as the newly solved tag context, and 𝜌2 as the substitution with
introduced tagsΨ2, and Θ0 ,Ξ1 as the input context, there are Ξ2, 𝑃2, and 𝜃𝑎
such that

𝑃𝑖 ,2 ⩽m 𝑃0,2 ⇝ Ξ2;𝑃2 21 Θ0 ,Ξ1 ,Ξ2 ⊢ 𝑃2 22

𝜃𝑎 :: Θ0 ,Ξ1 ,Ξ2 ⊑ Θ 23 𝜃1 ≡ 𝜃𝑎 :: Θ0 ,Ξ1 ⊑ Θ 24

Θ | Δ ⊢ 𝜃𝑎𝑃2 ⪯Ψ𝑖 ,2 ,Ψ𝑎,2 𝜓2 25 .

By 24 and equivalence of metasubstitutions, 19 can be rewritten with 𝜃𝑎 . By
SolS-Arrow on 15 and 21 , we have

𝑃𝑖 ,1 → 𝑃𝑖 ,2 ⩽F m 𝑃0,1 → 𝑃0,2 ⇝ Ξ1 ,Ξ2;𝑃1 → 𝑃2 26 .

By 18 , 24 , and transitivity of equivalence of metasubstitutions, we have

𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 27 .

By weakening 16 with Ξ2 and using 22 , we have Θ0 ,Ξ1 ,Ξ2 ⊢ 𝑃1 → 𝑃2 28 .
By 9 , 10 , 24 , the rewritten form of 19 , and 25 , we have

Θ | Δ ⊢ 𝜃𝑎(𝑃1 → 𝑃2) ⪯Ψ𝑖 ,Ψ𝑎 𝜓1 → 𝜓2 29 .

Our goal follows by choosing Ξ𝑠 = Ξ1 ,Ξ2 and 𝑃𝑎 = 𝑃1 → 𝑃2, and using 23 ,
26 – 29 .

Subcase 𝑃𝑖 = . Similar to the above subcase. Use SolS-GhostLF instead of
SolS-Arrow to combine the two constraint solving judgements. Concretely,
inversion on the precision premise givesΨ𝑖 = ·. We apply Lemma 97 to 1

with input skeleton 𝑃𝑖 = , and then apply the IH to 2 with input skeleton
𝑃𝑖 = . This gives

∼ 𝑃0,1 ⇝ Ξ1;𝑃1 30 Θ0 ,Ξ1 ⊢ 𝑃1 31

⩽m 𝑃0,2 ⇝ Ξ2;𝑃2 32 Θ0 ,Ξ1 ,Ξ2 ⊢ 𝑃2 33
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together with the corresponding metasubstitution and precision premises.
By SolS-GhostLF on 30 and 32 , we have

⩽F m 𝑃0,1 → 𝑃0,2 ⇝ Ξ1 ,Ξ2; ∀ .(𝑃1 → 𝑃2) 34 .

The output skeleton is well-formed by 31 and 33 . The precision conclusion
Θ | Δ ⊢ 𝜃𝑎( ∀ .(𝑃1 → 𝑃2)) ⪯Ψ𝑖 ,Ψ𝑎 𝜓1 → 𝜓2 is obviously true. The goal uses
Ξ𝑠 = Ξ1 ,Ξ2.

Subcase 𝑃𝑖 = 1, 𝑃𝑖 = 𝛼, or 𝑃𝑖 = ∀𝛽.𝑃′
𝑖
. Impossible by the precision premise.

Subcase 𝑃𝑖 = 𝛼̂. By SolS-Flex, we have

𝛼̂ ⩽F m 𝑃0 ⇝ 𝛼̂ 10 .

Our goal follows by choosing 𝑃𝑎 = 𝛼̂, 10 , and some other obvious judge-
ments.

Subcase 𝑃𝑖 = ∀ .𝑃′
𝑖
. By well-formedness, 𝑃′

𝑖
is guarded, and inversion on the preci-

sion premise gives Θ | Δ ⊢ 𝜃𝑃′
𝑖
⪯Ψ𝑖

𝜓1 → 𝜓2 10 . We reuse the previous sub-
cases on 10 to obtain an output skeleton 𝑃𝑎 , and then use SolS-UnivGhostL
to lift it to ∀ .𝑃𝑎 .

Case
S-ForallL

m ≠ I

Ψ𝑏 fresh Θ ⊢n 𝜓𝑏 # Ψ𝑏 1 Ψ,Ψ𝑎 ,Ψ𝑏 | Θ ⊢nm (𝜌(𝜓′))[𝜓𝑏/𝛽] ⩽ 𝑄 2

Ψ,Ψ𝑎 | Θ ⊢nm 𝜌(∀𝜖𝛽.𝜓′) ⩽ 𝑄

In this case 𝜓𝑎 = ∀𝜖𝛽.𝜓′. Let 𝜌𝑏 = 𝜌 ◦ [𝜓𝑏/𝛽]. It introduces the tag contextΨ,Ψ𝑏 ,
and by capture-avoiding substitution 2 is equivalent to

Ψ,Ψ𝑏 ,Ψ𝑎 | Θ ⊢nm 𝜌𝑏(𝜓′) ⩽ 𝑄 9 .

The precision premise is

Θ | Δ ⊢ 𝜃𝑃𝑖 ⪯Ψ𝑖
∀𝜖𝛽.𝜓′ 10 .

By well-formedness of 𝜓𝑎 , the tag 𝜖 uniquely appears on the top-level quantifier.
By S-ForallL, we have 𝜖 ∉ Ψ𝑎 . Then by Ψ𝑖 ,Ψ𝑎 = Ψ′, we must have 𝜖 ∈ Ψ𝑖 . Let
Ψ𝑖 = Ψ′

𝑖
⊎ {𝜖}. Then by 10 , we know that 𝑃𝑖 must have a top-level quantifier. Let

𝑃𝑖 = ∀𝛽.𝑃1. By well-formedness of 𝑃𝑖 , we have

Θ0 , 𝛽 ⊢ 𝑃1 14 .

By inversion on 10 , we have

Θ, 𝛽 | Δ, 𝛽 ⊢ 𝜃𝑃1 ⪯Ψ′
𝑖
𝜓′ 11 .
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By well-formedness of 𝜓𝑎 andΨ𝑖 ,Ψ𝑎 = Ψ′, we have

Θ, 𝛽 ⊢n 𝜓′ # Ψ′
𝑖
,Ψ𝑎 12 .

By weakening 9 to Θ, 𝛽 and applying the IH with 𝜌𝑏 , taking Ψ,Ψ𝑏 as the tag
context introduced by the substitution,Ψ′

𝑖
as the already solved tag context, and

Ψ𝑎 as the newly solved tag context, there are Ξ𝑠 , 𝑃𝑏 , and 𝜃𝑎 such that

𝑃1 ⩽m 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑏 3 Θ0 , 𝛽,Ξ𝑠 ⊢ 𝑃𝑏 4

𝜃𝑎 :: Θ0 , 𝛽,Ξ𝑠 ⊑ Θ, 𝛽 5 𝜃 ≡ 𝜃𝑎 :: Θ0 , 𝛽 ⊑ Θ, 𝛽 6 Θ, 𝛽 | Δ, 𝛽 ⊢ 𝜃𝑎𝑃𝑏 ⪯Ψ′
𝑖
,Ψ𝑎

𝜓′ 7 .

By SolS-ForallL on 3 , we have

∀𝛽.𝑃1 ⩽m 𝑃0 ⇝ Ξ𝑠 ;∀𝛽.𝑃𝑏 8 .

By 4 , we have Θ0 ,Ξ𝑠 ⊢ ∀𝛽.𝑃𝑏 9 . By the partial precision rule for quantifiers and
Ψ𝑖 = Ψ′

𝑖
⊎ {𝜖}, 7 gives

Θ | Δ ⊢ 𝜃𝑎(∀𝛽.𝑃𝑏) ⪯Ψ𝑖 ,Ψ𝑎 ∀𝜖𝛽.𝜓′ 13 .

The restrictions of 5 and 6 to the contexts without the fresh 𝛽 give the required
metasubstitution and equivalence premises. Our goal follows by choosing 𝑃𝑎 =
∀𝛽.𝑃𝑏 .

Case
S-UnivGhostLG
m ≠ I Ψ,Ψ𝑎 | Θ ⊢skm 𝜌(𝜓′) ⩽ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢skm ∀ .𝜌(𝜓′) ⩽ 𝑄
Similar to the previous case of S-ForallL. We know that 𝑃𝑖 must have a top-level
∀ , then apply IH on 1 with the body of 𝑃𝑖 , and finally reconstruct the goals
we want for 𝑃𝑖 . It is simpler than the previous case since we do not need to do
instantiation and re-abstraction of type variables.

□

Lemma 89 (Completeness of constraint collection and solving). Suppose

Θ0 ⊢ 𝑃0 Θ0 ⊢ 𝑃𝑖 𝑃0 :n m ⌊𝑆⌋ = 𝑃 𝜃 :: Θ0 ⊑ Θ 𝛼 ∉ Θ.

If
Θ ⊢n 𝜓𝑎 # Ψ′ Ψ is disjoint fromΨ′ Ψ𝑖 ,Ψ𝑎 = Ψ′

and
Θ | Δ ⊢ 𝜃𝑃𝑖 ⪯Ψ𝑖

𝜓𝑎 Ψ,Ψ𝑎 | Θ ⊢nm (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ 𝑄 Θ ⊢ 𝜃𝑃0 ▶ 𝑄,
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then there exist 𝒞 , Ξ𝑐 , Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that constraint collection and constraint solving
succeed:

𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 𝒞 ;𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑎

and 𝑃𝑎 is partially more precise than 𝜓𝑎 for the solved tags:

𝜃𝑎 :: Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊑ Θ 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 .

Proof. By induction on the derivation of Ψ,Ψ𝑎 | Θ ⊢nm (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ 𝑄, generalising
over Θ0, 𝑃0, 𝑃𝑖 , 𝑃, 𝑆, 𝜃, 𝜓𝑎 ,Ψ′,Ψ𝑖 ,Ψ𝑎 ,Ψ, and Δ. We discuss two special cases before
the induction.
If 𝑃 = 𝛼, then 𝑆 = 𝛼. By well-formedness of 𝜓𝑎 and disjointness of Ψ from Ψ′, we

haveΨ = ·. By Lemma 88 with the identity substitution, which introduces the empty
tag context, we have

𝑃𝑖 ⩽m 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑎 Θ0 ,Ξ𝑠 ⊢ 𝑃𝑎
𝜃𝑎 :: Θ0 ,Ξ𝑠 ⊑ Θ 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 .

By LS-Var, we have
𝛼 ⩽m 𝑃0 �

𝛼 subm(𝑃0).
By definition of constraint solving, we have

subm(𝑃0);𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 .

Our goal follows by choosing 𝒞 = subm(𝑃0) and Ξ𝑐 = ·.
If 𝑃 = 𝛽̂, then 𝛼 ∉ ftv(𝑃), which gives Ψ𝑎 = ·. By LS-Absent and constraint solving,

we have
𝛽̂ ⩽m 𝑃0 �

𝛼 ·. ·;𝑃𝑖 ⇝ 𝑃𝑖 .

Our goal follows by choosing 𝒞 = ·, Ξ𝑐 = ·, 𝑃𝑎 = 𝑃𝑖 , and 𝜃𝑎 = 𝜃.
In the following induction we assume 𝑃 ≠ 𝛼 and that 𝑃 is not a flexible variable.

Case
S-Infer
· | Θ ⊢ (𝜃𝑆)[𝜓𝑎/𝛼] ∼ 𝑄

· | Θ ⊢nI (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ 𝑄
The solved tag context in the conclusion is empty, so

Ψ = · 1 Ψ𝑎 = · 2 .

By 𝑃0 :n I, we have 𝑃0 = . Thus by LS-Vacuous and constraint solving, we have

𝑃 ⩽I �𝛼 · 3 ·;𝑃𝑖 ⇝ 𝑃𝑖 4 .

Our goal follows from 2 , 3 , and 4 by choosing Ξ𝑐 = ·, 𝑃𝑎 = 𝑃𝑖 , and 𝜃𝑎 = 𝜃.
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Case
S-Check
(𝜃𝑆)[𝜓𝑎/𝛼], 𝑄 guarded Ψ,Ψ𝑎 | Θ ⊢ (𝜃𝑆)[𝜓𝑎/𝛼] ∼ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢tyC (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ 𝑄
By Lemma 96 on the well-formedness premises for 𝑃0 and 𝑃𝑖 , the tag context
premises derived from Ψ𝑖 ,Ψ𝑎 = Ψ′, the input precision premise, ⌊𝑆⌋ = 𝑃, 𝜃 ::
Θ0 ⊑ Θ, 1 , and the refinement premise, there are 𝒞 , Ξ𝑐 , Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃 ∼ 𝑃0 �𝛼 Ξ𝑐 ;𝒞 2 𝒞 ;𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 3 Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑎 4

𝜃𝑎 :: Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊑ Θ 5 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 6 Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 7 .

S-Check, the guardedness premise and refinement premise give that 𝑃, 𝑃0 are
guarded types. Then by LS-Check on 𝑃 ≠ 𝛼 and 2 , we have

𝑃 ⩽C 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 8 .

Our goal follows from 3 – 8 .

Case
S-ForallR
Ψ,Ψ𝑎 | Θ, 𝛽 ⊢tyC (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢tyC (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ ∀𝛽.𝑄
By the refinement premise, we have 𝑃0 = ∀𝛽.𝑃′

0 and Θ, 𝛽 ⊢ 𝜃𝑃′
0 ▶ 𝑄 2 . From

𝑃0 :ty C and 𝑃0 = ∀𝛽.𝑃′
0, we have 𝑃′

0 :
ty C 10 . By IH on 1 , 2 and 10 , context

weakening on the other premises, and the input precision premise, there are 𝒞 ,
Ξ𝑐 , Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃 ⩽C 𝑃
′
0 �

𝛼 Ξ𝑐 ;𝒞 3 𝒞 ;𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 4 Θ0 , 𝛽,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑎 5

𝜃𝑎 :: Θ0 , 𝛽,Ξ𝑐 ,Ξ𝑠 ⊑ Θ, 𝛽 6 𝜃 ≡ 𝜃𝑎 :: Θ0 , 𝛽 ⊑ Θ, 𝛽 7 Θ, 𝛽 | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 8 .

By LS-ForallR on 3 , we have

𝑃 ⩽C ∀𝛽.𝑃′
0 �

𝛼 Ξ𝑐 ;𝒞 9 .

By the well-formedness premise of 𝜓𝑎 , we have 𝛽 ∉ ftv(𝜓𝑎). Then by 8 , we have
𝛽 ∉ ftv(𝜃𝑎𝑃𝑎), and thus 𝛽 ∉ ftv(𝑃𝑎). Therefore 5 holds in the context without 𝛽.
By definition of metasubstitutions, 6 and 7 also hold in the context without 𝛽.
8 holds in the context without 𝛽 as well. Our goal follows from these judgements
after removing 𝛽 from the contexts, 4 , and 9 .

Case
S-UnivGhostR
(𝜃𝑆)[𝜓𝑎/𝛼], 𝑄 guarded · | Θ ⊢ (𝜃𝑆)[𝜓𝑎/𝛼] ∼ 𝑄

· | Θ ⊢skC (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ ∀ .𝑄
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The solved tag context in the conclusion is empty, so

Ψ = · 1 Ψ𝑎 = · 2 .

By 𝑃0 :sk C, we have 𝑃0 = . Then by LS-Vacuous and constraint solving, we have

𝑃 ⩽C �𝛼 · 3 . ·;𝑃𝑖 ⇝ 𝑃𝑖 4 .

Our goal follows from 2 , 3 , and 4 by choosing Ξ𝑐 = ·, 𝑃𝑎 = 𝑃𝑖 , and 𝜃𝑎 = 𝜃.

Case
S-Arrow
Ψ1 ,Ψ𝑎,1 | Θ ⊢ (𝜃𝑆1)[𝜓𝑎/𝛼] ∼ 𝑄1 1 Ψ2 ,Ψ𝑎,2 | Θ ⊢nm (𝜃𝑆2)[𝜓𝑎/𝛼] ⩽ 𝑄2 2

Ψ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 | Θ ⊢nF m (𝜃𝑆1)[𝜓𝑎/𝛼] → (𝜃𝑆2)[𝜓𝑎/𝛼] ⩽ 𝑄1 → 𝑄2

In this case 𝑆 = 𝑆1 → 𝑆2. From ⌊𝑆⌋ = 𝑃 we have

𝑃 = 𝑃1 → 𝑃2 3 ⌊𝑆1⌋ = 𝑃1 4 ⌊𝑆2⌋ = 𝑃2 5 .

By 𝑃0 :n F m, we have 𝑃0 = 𝑃0,1 → 𝑃0,2. Together with the refinement premise, we
have

Θ ⊢ 𝜃𝑃0,1 ▶ 𝑄1 6 Θ ⊢ 𝜃𝑃0,2 ▶ 𝑄2 7 𝑃0,2 :n m 10 .

S-Arrow gives
Ψ = Ψ1 ,Ψ2 Ψ𝑎 = Ψ𝑎,1 ,Ψ𝑎,2 8 .

By Lemma 96 on 1 , 6 , 4 , 8 , the input precision premise, and the well-
formedness premises for 𝑃0,1 and 𝑃𝑖 and the tag context premises derived from
Ψ𝑖 ,Ψ𝑎 = Ψ′, there are 𝒞1, Ξ𝑐,1, Ξ𝑠,1, 𝑃𝑚 , and 𝜃1 such that

𝑃1 ∼ 𝑃0,1 �𝛼 Ξ𝑐,1;𝒞1 9 𝒞1;𝑃𝑖 ⇝ Ξ𝑠,1;𝑃𝑚 11 Θ0 ,Ξ𝑐,1 ,Ξ𝑠,1 ⊢ 𝑃𝑚 12

𝜃1 :: Θ0 ,Ξ𝑐,1 ,Ξ𝑠,1 ⊑ Θ 13 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 14 Θ | Δ ⊢ 𝜃1𝑃𝑚 ⪯Ψ𝑖 ,Ψ𝑎,1 𝜓𝑎 15 .

By 14 and equivalence of metasubstitutions, 2 and 7 can be rewritten as

Ψ2 ,Ψ𝑎,2 | Θ ⊢nm (𝜃1𝑆2)[𝜓𝑎/𝛼] ⩽ 𝑄2 16 Θ ⊢ 𝜃1𝑃0,2 ▶ 𝑄2 17 .

By IH on 16 with Ψ2 as the ambient tag context and Ψ𝑖 ,Ψ𝑎,1 as the already
solved tag context, using 10 , 5 , 17 , 8 , 12 – 15 , the well-formedness premise
for 𝑃0,2, and the tag context premises (Θ ⊢n 𝜓𝑎 # Ψ′,Ψ2 is disjoint fromΨ′, and
Ψ𝑖 ,Ψ𝑎,1 ,Ψ𝑎,2 = Ψ′), using Θ0 ,Ξ𝑐,1 ,Ξ𝑠,1 as the input context, there are 𝒞2, Ξ𝑐,2,
Ξ𝑠,2, 𝑃𝑎 , and 𝜃𝑎 such that, after exchanging fresh declarations, we have

𝑃2 ⩽m 𝑃0,2 �
𝛼 Ξ𝑐,2;𝒞2 18 𝒞2;𝑃𝑚 ⇝ Ξ𝑠,2;𝑃𝑎 19

Θ0 ,Ξ𝑐,1 ,Ξ𝑐,2 ,Ξ𝑠,1 ,Ξ𝑠,2 ⊢ 𝑃𝑎 20 𝜃𝑎 :: Θ0 ,Ξ𝑐,1 ,Ξ𝑐,2 ,Ξ𝑠,1 ,Ξ𝑠,2 ⊑ Θ 21

𝜃1 ≡ 𝜃𝑎 :: Θ0 ,Ξ𝑐,1 ,Ξ𝑠,1 ⊑ Θ 22 Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎,1 ,Ψ𝑎,2 𝜓𝑎 23 .
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By LS-Arrow on 9 and 18 , we have

𝑃1 → 𝑃2 ⩽F m 𝑃0,1 → 𝑃0,2 �𝛼 Ξ𝑐,1 ,Ξ𝑐,2;𝒞1 ,𝒞2 24 .

After weakening 11 with Ξ𝑐,2, constraint solving on 11 and 19 , observing that 11

does not contain subtyping constraints, gives

𝒞1 ,𝒞2;𝑃𝑖 ⇝ Ξ𝑠,1 ,Ξ𝑠,2;𝑃𝑎 25 .

By 14 , 22 , and transitivity of equivalence of metasubstitutions, we have

𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 26 .

Our goal follows by choosing 𝒞 = (𝒞1 ,𝒞2) and Ξ𝑐 = (Ξ𝑐,1 ,Ξ𝑐,2) and
Ξ𝑠 = (Ξ𝑠,1 ,Ξ𝑠,2), and using 3 , 8 , 20 , 21 , and 23 – 26 .

Case
S-ForallL

m ≠ I Ψ𝑏 fresh
Θ ⊢n 𝜓𝑏 # Ψ𝑏 1 Ψ,Ψ𝑎 ,Ψ𝑏 | Θ ⊢nm ((𝜃𝑆′)[𝜓𝑎/𝛼])[𝜓𝑏/𝛽] ⩽ 𝑄 2

Ψ,Ψ𝑎 | Θ ⊢nm (𝜃(∀𝛿𝛽.𝑆′))[𝜓𝑎/𝛼] ⩽ 𝑄
In this case 𝑆 = ∀𝛿𝛽.𝑆′. From ⌊𝑆⌋ = 𝑃 we have 𝑃 = ∀𝛽.𝑃′ and

⌊𝑆′⌋ = 𝑃′ 3 .

Since 𝜓𝑏 is well formed in Θ and 𝛼 is not in Θ, we have

𝛼 ∉ ftv(⌊𝜓𝑏⌋) 4 .

By capture-avoiding substitution and freshness conditions, 2 is equivalently

Ψ,Ψ𝑏 ,Ψ𝑎 | Θ ⊢nm ((𝜃𝑆′)[𝜓𝑏/𝛽])[𝜓𝑎/𝛼] ⩽ 𝑄 5 .

By definition of erasure, we have

⌊𝑆′[𝜓𝑏/𝛽]⌋ = 𝑃′[⌊𝜓𝑏⌋/𝛽] 6 .

By IH on 5 with 6 , the input precision premise, the well-formedness premises
for 𝑃0 and 𝑃𝑖 , the tag context premises, freshness ofΨ𝑏 , and refinement premises,
there are 𝒞 , Ξ𝑐 , Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃′[⌊𝜓𝑏⌋/𝛽] ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 7 𝒞 ;𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 8 Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑎 9

𝜃𝑎 :: Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊑ Θ 10 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 11 Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 12 .

By the reverse direction of Lemma 81 on 4 and 7 , we have

𝑃′ ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 13 .

By LS-ForallL on 13 , we have

∀𝛽.𝑃′ ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 14 .
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Our goal follows from 8 – 14 .

Case
S-Ghost

· | Θ ⊢skm ⩽ 𝑄

The solved tag context in the conclusion is empty, so

Ψ = · 1 Ψ𝑎 = · 2 .

In this case 𝑃 = and thus 𝛼 ∉ ftv(𝑃). By LS-Absent and constraint solving, we
have

⩽m 𝑃0 �
𝛼 · 3 . ·;𝑃𝑖 ⇝ 𝑃𝑖 4 .

Our goal follows from 𝑃 = , 2 , 3 , and 4 by choosing Ξ𝑐 = ·, 𝑃𝑎 = 𝑃𝑖 , and
𝜃𝑎 = 𝜃.

Case
S-GhostG

· | Θ ⊢skm ⩽

Similar to the case of S-Ghost.

Cases
S-UnivGhostL
m ≠ I Ψ,Ψ𝑎 | Θ ⊢skm (𝜃𝑆′)[𝜓𝑎/𝛼] ⩽ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢skm ∀ .(𝜃𝑆′)[𝜓𝑎/𝛼] ⩽ 𝑄
S-UnivGhostLG
m ≠ I Ψ,Ψ𝑎 | Θ ⊢skm (𝜃𝑆′)[𝜓𝑎/𝛼] ⩽ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢skm ∀ .(𝜃𝑆′)[𝜓𝑎/𝛼] ⩽ 𝑄
In these cases 𝑆 = ∀ .𝑆′ or 𝑆 = ∀ .𝑆′, respectively. From ⌊𝑆⌋ = 𝑃 we have 𝑃 = ∀ .𝑃′

and
⌊𝑆′⌋ = 𝑃′ 2 .

By IH on 1 with 2 , 𝑃0 :sk m, the input precision premise, and the refinement
premise, there are 𝒞 , Ξ𝑐 , Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃′ ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 3 𝒞 ;𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 4 Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑎 5

𝜃𝑎 :: Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊑ Θ 6 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 7 Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 8 .

By LS-UnivGhostL on 3 , we have

∀ .𝑃′ ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 9 .

Our goal follows from 4 – 9 .

□
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Lemma 90 (Look completeness). Suppose

Θ0 ⊢ 𝑃0 𝑃0 :n m ⌊𝑆⌋ = 𝑃 𝜃 :: Θ0 ⊑ Θ.

If 𝜓𝑎 is a valid instantiation for declarative S-ForallL with

Θ ⊢n 𝜓𝑎 # Ψ𝑎 Ψ is disjoint fromΨ𝑎

Ψ,Ψ𝑎 | Θ ⊢nm (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ 𝑄 Θ ⊢ 𝜃𝑃0 ▶ 𝑄,

then there exist 𝑃𝑎 , Ξ, and 𝜃𝑎 such that look succeeds with

𝑃 ⩽n
m 𝑃0 �

𝛼 Ξ;𝑃𝑎 Θ0 ,Ξ ⊢ 𝑃𝑎

and look gives a more precise skeleton:

𝜃𝑎 :: Θ0 ,Ξ ⊑ Θ 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ Θ ⊢ 𝜃𝑎𝑃𝑎 ⪯ ⌊𝜓𝑎⌋

Proof. By Lemma 89 on the subtyping premise, refinement premise, and Θ ⊢ 𝜃 ⪯· 𝜓𝑎

withΨ′ = Ψ𝑎 ,Ψ𝑖 = ·, ·,Ψ𝑎 = Ψ𝑎 , and 𝑃𝑖 = , there are 𝒞 , Ξ𝑐 , Ξ𝑠 , 𝑃𝑠 , and 𝜃𝑠 such that

𝑃 ⩽m 𝑃0 �
𝛼 Ξ𝑐 ;𝒞 1 𝒞 ; ⇝ Ξ𝑠 ;𝑃𝑠 2 Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑠 3

𝜃𝑠 :: Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊑ Θ 4 𝜃 ≡ 𝜃𝑠 :: Θ0 ⊑ Θ 5 Θ ⊢ 𝜃𝑠𝑃𝑠 ⪯Ψ𝑎 𝜓𝑎 6 .

By Lemma 86 on the well-formedness premise for 𝜓𝑎 and 6 , we have

Θ ⊢ 𝜃𝑠𝑃𝑠 ⪯ ⌊𝜓𝑎⌋ 7 .

Let (Ξ′;𝑃𝑎) = guessn(𝑃𝑠) 8 . By induction on the definition of guessn(𝑃𝑠), using 3 , 4 ,
6 , and 7 , there is 𝜃𝑎 such that

Θ0 ,Ξ𝑐 ,Ξ𝑠 ,Ξ
′ ⊢ 𝑃𝑎 9 𝜃𝑎 :: Θ0 ,Ξ𝑐 ,Ξ𝑠 ,Ξ

′ ⊑ Θ 10

𝜃𝑠 ≡ 𝜃𝑎 :: Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊑ Θ 11 Θ ⊢ 𝜃𝑎𝑃𝑎 ⪯ ⌊𝜓𝑎⌋ 12 .

When n = ty, we construct 𝜃𝑎 by extending 𝜃𝑠 to map each flexible variable in Ξ′ to the
corresponding type in ⌊𝜓𝑎⌋ based on its position in 𝑃𝑎 in order to satisfy 12 ; when n = sk,
𝜃𝑎 is simply 𝜃𝑠 . For each quantifier in ⌊𝜓𝑎⌋, 6 ensures that it does not correspond to a
universal ghost in 𝑃𝑠 , since all tags are inΨ𝑎 .
By the definition of look judgement on 1 , 2 , and 8 , we have

𝑃 ⩽n
m 𝑃0 �

𝛼 Ξ𝑐 ,Ξ𝑠 ,Ξ
′;𝑃𝑎 13 .

By 5 , 11 , and transitivity of equivalence of metasubstitutions, we have

𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 14 .

Our goal follows by choosing Ξ = Ξ𝑐 ,Ξ𝑠 ,Ξ
′ and using 9 , 10 , and 12 – 14 . □
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Lemma 91 (Completeness of flexible-variable subtyping). Given a subtyping problem
(Θ0; n; F m;𝑃0; 𝛼̂). If Ξ only contains declarations of flexible variables and

𝜃 :: Θ0 ,Ξ ⊑ Θ Ψ | Θ ⊢nF m 𝜃𝛼̂ ⩽ 𝑄 Θ ⊢ 𝜃𝑃0 ▶ 𝑄

then there exist 𝑃1, Θ1, and 𝜃1 such that

Θ0 | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑃1 ⊣ Θ1 𝜃1 :: Θ1 ⊑ Θ

and
Θ ⊢ 𝜃1𝑃1 ⪯ 𝑄 𝜃 ≡ 𝜃1 :: Θ0 ,Ξ ⊑ Θ.

Proof. By induction on the contexts Θ0 | Ξ of the subtyping judgement, mutually with
the generalised version of Theorem 28 below. We perform a case analysis on which
algorithmic subtyping rule is used first for the given contexts. The only two interesting
cases are SI-Flex-Solve and SI-Flex-Assign; we omit other cases which follow from
routine applications of the IH.

Case
SI-Flex-Solve
Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ [𝑃0]-- nF m 𝛼̂ → 𝛽̂ ⩽ 𝑃1 ⊣ Θ1

Θ0 , 𝛼̂0 | Ξ [𝑃0]-- nF m 𝛼̂0 ⩽ 𝑃1 ⊣ Θ1

The context has the form Θ0 , 𝛼̂0 | Ξ. The metasubstitution premise is

𝜃 :: Θ0 , 𝛼̂0 ,Ξ ⊑ Θ 1 .

By definition of metasubstitution, there is a monotype Θ ⊢ 𝜏 such that

Θ ⊢ 𝜃𝛼̂0 = 𝜏 2 .

The declarative subtyping premise gives

Ψ | Θ ⊢nF m 𝜏 ⩽ 𝑄 3

either directly (when 𝜃 substitutes 𝛼̂0 to 𝜏) or from S-FlexMono (when Θ ∋ 𝛼̂0 ≔

𝜏). Inversion on 3 with S-Arrow gives monotypes 𝜏1 and 𝜏2 such that

Θ ⊢ 𝜏 ≡ 𝜏1 → 𝜏2 4 Ψ | Θ ⊢nF m 𝜏1 → 𝜏2 ⩽ 𝑄 5 .

Let 𝛼̂ and 𝛽̂ be fresh flexible variables. By 1 and 4 , we can construct a metasub-
stitution 𝜃𝑠 which maps 𝛼̂ to 𝜏1 and 𝛽̂ to 𝜏2, such that

𝜃𝑠 :: Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ ⊑ Θ 6

𝜃 ≡ 𝜃𝑠 :: Θ0 , 𝛼̂0 ,Ξ ⊑ Θ 7 .

By 7 and the refinement premise, we have

Θ ⊢ 𝜃𝑠𝑃0 ▶ 𝑄 10 .
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Thus (𝜃𝑠 :: Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ ⊑ Θ;𝑄) is a solution to the subtyping problem
(Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ; n; F m;𝑃0; 𝛼̂ → 𝛽̂). By the IH of generalised Theorem 28
on this solution, we have

Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ [𝑃0]-- nF m 𝛼̂ → 𝛽̂ ⩽ 𝑃1 ⊣ Θ1 8

𝜃1 :: Θ1 ⊑ Θ 9

Θ ⊢ 𝜃1𝑃1 ⪯ 𝑄 11

𝜃𝑠 ≡ 𝜃1 :: Θ0 , 𝛼̂, 𝛽̂, 𝛼̂0 ≔ 𝛼̂ → 𝛽̂,Ξ ⊑ Θ 12 .

By algorithmic SI-Flex-Solve on 8 , we have

Θ0 , 𝛼̂0 | Ξ [𝑃0]-- nF m 𝛼̂0 ⩽ 𝑃1 ⊣ Θ1 13 .

By 7 and 12 , we have

𝜃 ≡ 𝜃1 :: Θ0 , 𝛼̂0 ,Ξ ⊑ Θ 14 .

Our goal follows from 13 , 9 , 11 , and 14 .

Case
SI-Flex-Assign

Θ0 ,Ξ [𝑃0[𝜏/𝛽̂]]-- nF m 𝛼̂[𝜏/𝛽̂] ⩽ 𝑃1 ⊣ Θ1

Θ0 , 𝛽̂ ≔ 𝜏 | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑃1 ⊣ Θ1 , 𝛽̂ ≔ 𝜏

The context has the form Θ0 , 𝛽̂ ≔ 𝜏 | Ξ. The metasubstitution premise is

𝜃 :: Θ0 , 𝛽̂ ≔ 𝜏,Ξ ⊑ Θ 1 .

By definition of metasubstitution, since Ξ only contains declarations, we have

𝜃 :: Θ0 ,Ξ ⊑ Θ 2

Therefore the declarative subtyping and refinement premises can be rewritten as

Ψ | Θ ⊢nF m 𝜃(𝛼̂[𝜏/𝛽̂]) ⩽ 𝑄 5 Θ ⊢ 𝜃(𝑃0[𝜏/𝛽̂]) ▶ 𝑄 6 .

By the IH of generalised Theorem 28 on 2 , 5 , and 6 , we have

Θ0 ,Ξ [𝑃0[𝜏/𝛽̂]]-- nF m 𝛼̂[𝜏/𝛽̂] ⩽ 𝑃1 ⊣ Θ1 7

𝜃1 :: Θ1 ⊑ Θ 8

Θ ⊢ 𝜃1𝑃1 ⪯ 𝑄 9

𝜃 ≡ 𝜃1 :: Θ0 ,Ξ ⊑ Θ 10 .

By algorithmic SI-Flex-Assign on 7 , we have

Θ0 , 𝛽̂ ≔ 𝜏 | Ξ [𝑃0]-- nF m 𝛼̂ ⩽ 𝑃1 ⊣ Θ1 , 𝛽̂ ≔ 𝜏 11 .

By definition of metasubstitution, we can extend the source context of 𝜃1 with
𝛽̂ ≔ 𝜏 to obtain

𝜃1 :: Θ1 , 𝛽̂ ≔ 𝜏 ⊑ Θ 12 𝜃 ≡ 𝜃1 :: Θ0 , 𝛽̂ ≔ 𝜏,Ξ ⊑ Θ 13 .
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Our goal follows from 11 , 12 , 9 , and 13 .

□

Theorem 28 (Completeness and optimality of subtyping). Given a subtyping problem
(Θ0; n; m;𝑃0;𝑃), if there exists a solution, Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑃1 ⊣ Θ1 gives its optimal solution
(Θ0 ⊑ Θ1;𝑃1).

Proof. We first generalise the theorem to allow non-empty tag contextsΨ. It is enough
to prove that given a subtyping problem (Θ0; n; m;𝑃0;𝑃), a tag contextΨ, an unresolved
skeleton 𝑆, and a pair (𝜃 :: Θ0 ⊑ Θ;𝑄), if

⌊𝑆⌋ = 𝑃 Ψ | Θ ⊢nm 𝜃𝑆 ⩽ 𝑄 Θ ⊢ 𝜃𝑃0 ▶ 𝑄

then there exist 𝑃1, Θ1, and 𝜃1 such that

Θ0 [𝑃0]-- nm 𝑃 ⩽ 𝑃1 ⊣ Θ1 𝜃1 :: Θ1 ⊑ Θ Θ ⊢ 𝜃1𝑃1 ⪯ 𝑄 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ.

The theorem follows from this generalised version by taking 𝑆 = 𝑃 andΨ = ·. In the
following proof, we first perform a case analysis on whether 𝑃 is a flexible variable
in function mode. In the remaining cases, we perform lexicographic induction on the
derivation height of declarative subtypingΨ | Θ ⊢nm 𝜃𝑆 ⩽ 𝑄 and the size of tag context
Ψ.

Case 𝑃 = 𝛼̂ and m = F m′. By Lemma 91 with Ξ = ·, we have

Θ0 | · [𝑃0]-- nF m′ 𝛼̂ ⩽ 𝑃1 ⊣ Θ1 1 𝜃1 :: Θ1 ⊑ Θ 2

and
Θ ⊢ 𝜃1𝑃1 ⪯ 𝑄 3 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 4 .

By algorithmic SI-FlexMono on 1 , we have

Θ0 [𝑃0]-- nF m′ 𝛼̂ ⩽ 𝑃1 ⊣ Θ1 5 .

Our goal follows from 5 , 2 , 3 , and 4 .

Case
S-Infer
· | Θ ⊢ 𝜃𝑆 ∼ 𝑄 1

· | Θ ⊢nI 𝜃𝑆 ⩽ 𝑄
In this case m = I,Ψ = ·, and by 𝑃0 :n I we have 𝑃0 = . By SI-Infer, we have

Θ0 [ ]-- nI 𝑃 ⩽ 𝑃 ⊣ Θ0 2 .

The erasure premise is ⌊𝑆⌋ = 𝑃 10 . The consistency premise 1 , together with 10

and Lemma 26, gives
Θ ⊢ 𝜃𝑃 ⪯ 𝑄 3 .
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Our goal follows from 2 , 𝜃 :: Θ0 ⊑ Θ, 3 , and 𝜃 ≡ 𝜃 :: Θ0 ⊑ Θ.

Case
S-Check
𝜃𝑆, 𝑄 guarded Ψ | Θ ⊢ 𝜃𝑆 ∼ 𝑄 1

Ψ | Θ ⊢tyC 𝜃𝑆 ⩽ 𝑄

We have that 𝑆 and 𝑄 are concrete types. The erasure and refinement premises
are

⌊𝑆⌋ = 𝑃 10 Θ ⊢ 𝜃𝑃0 ▶ 𝑄 11 .

By 1 and 11 , (𝜃 :: Θ0 ⊑ Θ;𝑄) is a solution to the consistency problem (Θ0;𝑃0;𝑃).
Then by Lemma 26, we have

Θ0 [𝑃0]-- 𝑃 ∼ 𝑃′
0 ⊣ Θ1 2

𝜃1 :: Θ1 ⊑ Θ 3

Θ ⊢ 𝜃1𝑃
′
0 ⪯ 𝑄 4

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 5

By 11 and 10 , we have 𝑃, 𝑃0 guarded and 𝑃, 𝑃0 are concrete types. Since 𝑃0 is a
concrete type, 2 gives that 𝑃′

0 is equivalent to 𝑃0. Together with 3 and 4 , we
have

Θ ⊢ 𝜃1𝑃0 ⪯ 𝑄 6 .

Then algorithmic SI-Check on 2 gives

Θ0 [𝑃0]-- tyC 𝑃 ⩽ 𝑃0 ⊣ Θ1 7 .

Our goal follows from 7 , 3 , 6 , and 5 .

Case
S-ForallR
Ψ | Θ, 𝛼 ⊢tyC 𝜃𝑆 ⩽ 𝑄 1

Ψ | Θ ⊢tyC 𝜃𝑆 ⩽ ∀𝛼.𝑄
We have that 𝑆 and 𝑄 are concrete types. The refinement premise is Θ ⊢ 𝜃𝑃0 ▶

∀𝛼.𝑄, by which we have 𝑃0 = ∀𝛼.𝑃′
0 and Θ, 𝛼 ⊢ 𝜃𝑃′

0 ▶ 𝑄 2 . By definition of
metasubstitution, we have 𝜃 :: Θ0 , 𝛼 ⊑ Θ, 𝛼 3 .
IH on 1 with 2 and 3 gives

Θ0 , 𝛼 [𝑃′0]--
ty
C 𝑃 ⩽ 𝑃1 ⊣ Θ1 , 𝛼,Ξ 4

𝜃1 :: Θ1 , 𝛼,Ξ ⊑ Θ, 𝛼 5

Θ, 𝛼 ⊢ 𝜃1𝑃1 ⪯ 𝑄 6

𝜃 ≡ 𝜃1 :: Θ0 , 𝛼 ⊑ Θ, 𝛼 7
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We have 𝑃′
0 , 𝑃, 𝑃1 are concrete types. Thus 2 , 6 , and 7 together give that 𝑃′

0
and 𝑃1 are equivalent through 𝑄. Then 4 gives

Θ0 , 𝛼 [𝑃′0]--
ty
C 𝑃 ⩽ 𝑃′

0 ⊣ Θ1 , 𝛼,Ξ 12

By algorithmic SI-ForallR on 12 , we have

Θ0 [∀𝛼.𝑃′0]--
ty
C 𝑃 ⩽ ∀𝛼.𝑃′

0 ⊣ Θ1 8 .

By 5 , we have 𝜃1 :: Θ1 ⊑ Θ 9 . By 6 and type equivalence, we have
Θ ⊢ 𝜃1(∀𝛼.𝑃′

0) ⪯ ∀𝛼.𝑄 10 . By 7 , we have 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 11 . Our goal follows
from 8 , 9 , 10 , and 11 .

Case
S-UnivGhostR
𝜃𝑆, 𝑄 guarded · | Θ ⊢ 𝜃𝑆 ∼ 𝑄 1

· | Θ ⊢skC 𝜃𝑆 ⩽ ∀ .𝑄

In this case m = C, n = sk, and by 𝑃0 :sk C we have 𝑃0 = . By SI-UnivGhostR, we
have

Θ0 [ ]-- skC 𝑃 ⩽ ∀ .𝑃 ⊣ Θ0 2 .

The erasure premise is ⌊𝑆⌋ = 𝑃 10 . The consistency premise 1 , together with 10

and Lemma 26, gives
Θ ⊢ 𝜃𝑃 ⪯ 𝑄 3 .

Thus
Θ ⊢ 𝜃( ∀ .𝑃) ⪯ ∀ .𝑄 4 .

Our goal follows from 2 , 𝜃 :: Θ0 ⊑ Θ, 4 , and 𝜃 ≡ 𝜃 :: Θ0 ⊑ Θ.

Case
S-Arrow
Ψ1 | Θ ⊢ 𝜃𝑆1 ∼ 𝑄1 1 Ψ2 | Θ ⊢nm 𝜃𝑆2 ⩽ 𝑄2 2

Ψ1 ,Ψ2 | Θ ⊢nF m 𝜃𝑆1 → 𝜃𝑆2 ⩽ 𝑄1 → 𝑄2

We have 𝑆 = 𝑆1 → 𝑆2. By mode F m, we have 𝑃0 = 𝑃′
1 → 𝑃′

2. The erasure and
refinement premises are

⌊𝑆1 → 𝑆2⌋ = 𝑃 10 Θ ⊢ 𝜃(𝑃′
1 → 𝑃′

2) ▶ 𝑄1 → 𝑄2 11 .

By 10 , we have 𝑃 = 𝑃1 → 𝑃2. By inversion on 11 , we have

Θ ⊢ 𝜃𝑃′
1 ▶ 𝑄1 3 Θ ⊢ 𝜃𝑃′

2 ▶ 𝑄2 4 .

313



D Proofs of algorithms

By 1 and 3 and erasure, (𝜃 :: Θ0 ⊑ Θ;𝑄1) is a solution to the consistency
problem (Θ0;𝑃′

1;𝑃1). Then by Lemma 26, we have

Θ0 [𝑃′1]-- 𝑃1 ∼ 𝑄′
1 ⊣ Θ1 5

𝜃1 :: Θ1 ⊑ Θ 6

Θ ⊢ 𝜃1𝑄
′
1 ⪯ 𝑄1 7

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 8

By 8 and 4 , we have Θ ⊢ 𝜃1𝑃
′
2 ▶ 𝑄2 9 . IH on 2 with 6 , 8 , and 9 gives

Θ1 [𝑃′2]-- nm 𝑃2 ⩽ 𝑄′
2 ⊣ Θ2 12

𝜃2 :: Θ2 ⊑ Θ 13

Θ ⊢ 𝜃2𝑄
′
2 ⪯ 𝑄2 14

𝜃1 ≡ 𝜃2 :: Θ1 ⊑ Θ 15

By algorithmic SI-Arrow on 5 and 12 , we have

Θ0 [𝑃′1 → 𝑃′2]-- nF m 𝑃1 → 𝑃2 ⩽ 𝑄′
1 → 𝑄′

2 ⊣ Θ2 16 .

By 7 , 15 , and 14 , we have Θ ⊢ 𝜃2(𝑄′
1 → 𝑄′

2) ⪯ 𝑄1 → 𝑄2 17 . By 8 and 15 , we
have 𝜃 ≡ 𝜃2 :: Θ0 ⊑ Θ 18 . Our goal follows from 16 , 13 , 17 , and 18 .

Case
S-ForallL
m ≠ I Ψ𝑎 fresh Θ ⊢n 𝜓𝑎 # Ψ𝑎 1 Ψ,Ψ𝑎 | Θ ⊢nm (𝜃𝑆)[𝜓𝑎/𝛼] ⩽ 𝑄 2

Ψ | Θ ⊢nm 𝜃(∀𝛿𝛼.𝑆) ⩽ 𝑄

Since declarative subtyping is congruent,we assumeWLOG that𝑃0 guarded or 𝑃0 =
; otherwise we apply S-ForallR first. Since ⌊∀𝛿𝛼.𝑆⌋ = ∀𝛼.𝑃, we have ⌊𝑆⌋ = 𝑃.

The refinement premise is Θ ⊢ 𝜃𝑃0 ▶ 𝑄 10 . By Lemma 90 on 𝑃0 :n m, ⌊𝑆⌋ = 𝑃, 1 ,
the freshness side condition, 2 , and 10 , there are 𝑃𝑎 , Ξ, and 𝜃𝑎 such that

𝑃 ⩽n
m 𝑃0 �

𝛼 Ξ;𝑃𝑎 3

Θ0 ,Ξ ⊢ 𝑃𝑎 4

𝜃𝑎 :: Θ0 ,Ξ ⊑ Θ 5

𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 6

Θ ⊢ 𝜃𝑎𝑃𝑎 ⪯ ⌊𝜓𝑎⌋ 7

By 6 , 2 is equivalently

Ψ,Ψ𝑎 | Θ ⊢nm (𝜃𝑎𝑆)[𝜓𝑎/𝛼] ⩽ 𝑄 8 .

By 3 , we know that 𝑃𝑎 is a concrete type when n = ty. Thus by Lemma 87 on 7 ,
1 , the freshness side condition, and 8 , we have

Ψ | Θ ⊢nm (𝜃𝑎𝑆)[𝜃𝑎𝑃𝑎/𝛼] ⩽ 𝑄 9 .
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By 6 and 10 , we have
Θ ⊢ 𝜃𝑎𝑃0 ▶ 𝑄 11 .

IH on 9 with 5 and 11 gives

Θ0 ,Ξ [𝑃0]-- nm 𝑃[𝑃𝑎/𝛼] ⩽ 𝑄′ ⊣ Θ1 12

𝜃1 :: Θ1 ⊑ Θ 13

Θ ⊢ 𝜃1𝑄
′ ⪯ 𝑄 14

𝜃𝑎 ≡ 𝜃1 :: Θ0 ,Ξ ⊑ Θ 15

By algorithmic SI-ForallL on the side conditions, 3 , 4 , and 12 , we have

Θ0 [𝑃0]-- nm ∀𝛼.𝑃 ⩽ 𝑄′ ⊣ Θ1 16 .

By 6 and 15 , we have
𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 17 .

Our goal follows from 16 , 13 , 14 , and 17 .

Case
S-Ghost

· | Θ ⊢skm ⩽ 𝑄

In this case 𝑃 = . By algorithmic SI-Ghost, we have

Θ0 [𝑃0]-- skm ⩽ 𝑃0 ⊣ Θ0 1 .

The refinement premise is Θ ⊢ 𝜃𝑃0 ▶ 𝑄 3 , which by definition gives

Θ ⊢ 𝜃𝑃0 ⪯ 𝑄 2 .

Our goal follows from 1 , 𝜃 :: Θ0 ⊑ Θ, 2 , and 𝜃 ≡ 𝜃 :: Θ0 ⊑ Θ.

Case
S-GhostG

· | Θ ⊢skm ⩽

The refinement premise is Θ ⊢ 𝜃𝑃0 ▶ , by which and 𝑃0 :sk m we know 𝑃0 = .
We also have 𝑃 = . By algorithmic SI-Ghost, we have

Θ0 [ ]-- skm ⩽ ⊣ Θ0 1 .

Our goal follows from 1 , 𝜃 :: Θ0 ⊑ Θ, Θ ⊢ 𝜃 ⪯ , and 𝜃 ≡ 𝜃 :: Θ0 ⊑ Θ.

Cases
S-UnivGhostL
m ≠ I Ψ | Θ ⊢skm 𝜃𝑆 ⩽ 𝑄 1

Ψ | Θ ⊢skm ∀ .𝜃𝑆 ⩽ 𝑄

S-UnivGhostLG
m ≠ I Ψ | Θ ⊢skm 𝜃𝑆 ⩽ 𝑄 1

Ψ | Θ ⊢skm ∀ .𝜃𝑆 ⩽ 𝑄
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Since both ⌊ ∀ .𝑆⌋ and ⌊ ∀ .𝑆⌋ equal ∀ .𝑃, IH on 1 gives

Θ0 [𝑃0]-- skm 𝑃 ⩽ 𝑄′ ⊣ Θ1 2

𝜃1 :: Θ1 ⊑ Θ 3

Θ ⊢ 𝜃1𝑄
′ ⪯ 𝑄 4

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 5

By algorithmic SI-UnivGhostL on 2 and m ≠ I, we have

Θ0 [𝑃0]-- skm ∀ .𝑃 ⩽ 𝑄′ ⊣ Θ1 6 .

Our goal follows from 6 , 3 , 4 , and 5 .

□

D.5 Consistency

D.5.1 Lemmas for subtyping

We prove lemmas about consistency that are only used to prove soundness and com-
pleteness of subtyping in Appendix D.4. They are not directly needed for proving the
soundness and completeness of consistency itself.

Lemma 92 (Soundness of decorated consistency). IfΨ | Θ0 [𝑃0]-- 𝑆 ¤∼ 𝑄 ⊣ Θ1, then

Θ0 ⊑ Θ1 Θ1 ⊢ 𝑃0 ▶ 𝑄 Ψ | Θ1 ⊢ 𝑆 ∼ 𝑄.

Proof. The proof is very similar to the proof of Lemma 25 in Appendix D.5.2. We first
augment the definition of a consistency problem to (Δ1;Δ2;Ψ;Θ0;𝑃0; 𝑆)where Δ1 and
Δ2 are contexts of rigid type variables present in Θ0 that no flexible variables depend
on. It is enough to prove that, if Ψ | Θ0 [𝑃0]-- Δ1|Δ2 𝑆 ¤∼ 𝑄 ⊣ Θ1, then Θ0 ⊑ Θ1 and
Ψ | Θ1 ⊢ 𝑆 ∼ 𝑄 and Θ1 | Δ1 ⊢ 𝑃0 ▶ 𝑄 and Θ1 | Δ2 ⊢ ⌊𝑆⌋ ▶ 𝑄. The main addition
is to show that the tag context used by the algorithmic consistency judgement is the
same as the tag context used by the declarative consistency judgement. This follows
from IHs and the corresponding declarative rule in most cases. In U-ForallInh, where
we add a potential tag 𝛿 to the tag context, we use the corresponding declarative rule
C-ForallInh, which adds the same potential tag. There are three other non-trivial cases:
U-GhostG, U-GhostR, and U-UnivGhostR.

Case U-GhostG. We use C-GhostG.

Case U-GhostR. By a subsidiary induction on 𝑆, using C-ForallSyn for quantifiers
and C-UnivGhost or C-UnivGhostG for universal ghosts, we construct · | Θ1 ⊢
𝑆 ∼ ⌊𝑆⌋.
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Case U-UnivGhostR. There is no corresponding declarative rule for this case. We
directly use IH.

□

Lemma 93 (Decorating algorithmic consistency). If Θ0 [𝑃0]-- 𝑃 ∼ 𝑄 ⊣ Θ1, then · |
Θ0 [𝑃0]-- 𝑃 ¤∼ 𝑄 ⊣ Θ1. Consequently, if Θ0 ⊢ 𝑃 ∼ 𝑃0 ⊣ Θ1, then · | Θ0 ⊢ 𝑃 ¤∼ 𝑃0 ⊣ Θ1.

Proof. By straightforward induction on the ordinary algorithmic consistency derivation.
□

Lemma 94 (Consistency decoration). Suppose

𝑃 ∼ 𝑃0 �𝛼 Ξ𝑐 ;𝒞 𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 ⌊𝑆⌋ = 𝑃 𝛼 ∉ ftv(⌊𝜓𝑎⌋).

If
Ψ | Θ0 [𝑃0]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 ,

then
Ψ,Ψ𝑎 | Θ0 [𝑃0]-- 𝑆[𝜓𝑎/𝛼] ¤∼ 𝑄 ⊣ Θ1.

Proof. Induction on the constraint-collection derivation 𝑃 ∼ 𝑃0 �𝛼 Ξ𝑐 ;𝒞 , generalising
over 𝑆,Ψ, Θ0, and the decorated consistency premise. We allow arbitrary input context
Θ0 as long as the decorated consistency premise holds. We omit the auxiliary Δ1 | Δ2

contexts in decorated consistency judgements throughout this proof. As a result, the
well-formedness condition of the consistency premise implicitly requires that flexible
variables in Ξ𝑐 must be present in Θ0 if 𝛼 appears in 𝑆.

Case
LE-Var

𝛼 ∼ 𝑃0 �𝛼 eq(𝑃0)
The decorated constraint solving premise is

eq(𝑃0);𝜓𝑎 ⇝ Ψ𝑎 4

By inversion on 4 , we have

𝜓𝑎 ∼ 𝑃0 ⇝ Ψ𝑎 5 .

Since ⌊𝑆⌋ = 𝛼, we have 𝑆 = 𝛼. Thus the premise consistency derivation is

Ψ | Θ0 [𝑃0]-- ⌊𝜓𝑎⌋ ¤∼ 𝑄 ⊣ Θ1 2 .

Our goal follows from Lemma 95 on 5 and 2 :

Ψ,Ψ𝑎 | Θ0 [𝑃0]-- 𝜓𝑎 ¤∼ 𝑄 ⊣ Θ1 3 .
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Case
LE-Absent
𝛼 ∉ ftv(𝑃)

𝑃 ∼ 𝑃0 �𝛼 ·
The decorated constraint solving premise is

·;𝜓𝑎 ⇝ · 3

and the consistency premise is

Ψ | Θ0 [𝑃0]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 4 .

Since ⌊𝑆⌋ = 𝑃 and 𝛼 ∉ ftv(𝑃), we have 𝛼 ∉ ftv(𝑆). Hence

𝑆[⌊𝜓𝑎⌋/𝛼] = 𝑆[𝜓𝑎/𝛼] 2 .

Our goal follows from 4 by 2 .

Case
LE-Vacuous

𝑃 ∼ �𝛼 ·
The decorated constraint solving premise is

·;𝜓𝑎 ⇝ · 3

and the consistency premise is

Ψ | Θ0 [ ]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 4 .

By a straightforward induction on 4 , we get

Ψ | Θ0 [ ]-- 𝑆[𝜓𝑎/𝛼] ¤∼ 𝑄 ⊣ Θ1 2 .

SinceΨ𝑎 = ·, our goal follows from 2 .

Case
LE-FlexR
𝑃 ≠ 𝛼 𝛼 ∈ ftv(𝑃) 𝛾̂ fresh

𝑃 ∼ 𝛽̂ �𝛼 𝛾̂; eq(𝛾̂)
The decorated constraint solving premise is

eq(𝛾̂);𝜓𝑎 ⇝ Ψ𝑎 3

and the consistency premise is

Ψ | Θ0 [𝛽̂]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 4 .

By inversion on 3 , we have

𝜓𝑎 ∼ 𝛾̂ ⇝ Ψ𝑎 5 .
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By inversion on 5 , we have Ψ𝑎 = · 6 and 𝜓𝑎 does not contain dotted ghosts.
Since 𝛼 corresponds to a monotype which cannot determine any tags, by 4 , we
have

Ψ | Θ0 [𝛽̂]-- 𝑆[𝜓𝑎/𝛼] ¤∼ 𝑄 ⊣ Θ1 2 .

Our goal follows from 2 and 6 .

Case
LE-Arrow
𝑃1 ∼ 𝑃′

1 �
𝛼 Ξ1;𝒞1 1 𝑃2 ∼ 𝑃′

2 �
𝛼 Ξ2;𝒞2 2

𝑃1 → 𝑃2 ∼ 𝑃′
1 → 𝑃′

2 �
𝛼 Ξ1 ,Ξ2;𝒞1 ,𝒞2

The decorated constraint solving premise and the consistency premise are

𝒞1 ,𝒞2;𝜓𝑎 ⇝ Ψ𝑎 5 Ψ | Θ0 [𝑃′1 → 𝑃′2]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 10 .

Since ⌊𝑆⌋ = 𝑃1 → 𝑃2, we have 𝑆 = 𝑆1 → 𝑆2 with

⌊𝑆1⌋ = 𝑃1 3 ⌊𝑆2⌋ = 𝑃2 4 .

By Lemma 78 on 5 , there areΨ𝑎,1 andΨ𝑎,2 such that

𝒞1;𝜓𝑎 ⇝ Ψ𝑎,1 6 𝒞2;𝜓𝑎 ⇝ Ψ𝑎,2 7 Ψ𝑎 = Ψ𝑎,1 ,Ψ𝑎,2 8 .

By inversion on 10 , there exist 𝑄1, 𝑄2,Ψ1,Ψ2, and Θ′ such that

Ψ1 | Θ0 [𝑃′1]-- 𝑆1[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄1 ⊣ Θ′ 9

Ψ2 | Θ′ [𝑃′2]-- 𝑆2[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄2 ⊣ Θ1 11

𝑄 = 𝑄1 → 𝑄2 12 Ψ = Ψ1 ,Ψ2 13 .

By IH on 1 , 6 , 3 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 9 , we get

Ψ1 ,Ψ𝑎,1 | Θ0 [𝑃′1]-- 𝑆1[𝜓𝑎/𝛼] ¤∼ 𝑄1 ⊣ Θ′ 15 .

By IH on 2 , 7 , 4 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 11 , we get

Ψ2 ,Ψ𝑎,2 | Θ′ [𝑃′2]-- 𝑆2[𝜓𝑎/𝛼] ¤∼ 𝑄2 ⊣ Θ1 16 .

Decorated U-Arrow on 15 and 16 gives

Ψ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 | Θ0 [𝑃′1 → 𝑃′2]-- 𝑆1[𝜓𝑎/𝛼] → 𝑆2[𝜓𝑎/𝛼] ¤∼ 𝑄1 → 𝑄2 ⊣ Θ1 17 .

The tag contextΨ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 is equal toΨ,Ψ𝑎 by 8 and 13 . Our goal follows
from 17 and 12 .

Case
LE-ForallInh
𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞 1

∀𝛽.𝑃 ∼ ∀𝛽.𝑃′ �𝛼 Ξ;𝒞
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Since ⌊𝑆⌋ = ∀𝛽.𝑃, 𝑆 = ∀𝛿𝛽.𝑆′ with ⌊𝑆′⌋ = 𝑃 2 . The decorated constraint solving
premise is

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 3 .

The consistency premise has the following form for some 𝑄′:

Ψ, 𝛿 | Θ0 [∀𝛽.𝑃′]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 10 .

By inversion on 10 , we have

Ψ | Θ0 , 𝛽 [𝑃′]-- 𝑆′[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 4

By IH on 1 , 3 , 2 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 4 , we get

Ψ,Ψ𝑎 | Θ0 , 𝛽 [𝑃′]-- 𝑆′[𝜓𝑎/𝛼] ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 8 .

Decorated U-ForallInh on 8 gives

Ψ,Ψ𝑎 , 𝛿 | Θ0 [∀𝛽.𝑃′]-- ∀𝛿𝛽.𝑆′[𝜓𝑎/𝛼] ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 9 .

Our goal follows from 9 , using associativity and commutativity of set join.

Case
LE-ForallSyn
𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞 1

∀𝛽.𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞
Since ⌊𝑆⌋ = ∀𝛽.𝑃, 𝑆 = ∀𝛿𝛽.𝑆′ with ⌊𝑆′⌋ = 𝑃 2 . The decorated constraint solving
premise is

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 3 .

The consistency premise has the following form for some 𝑄′:

Ψ | Θ0 [ ∀ .𝑃′]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 10 .

By inversion on 10 , we have

Ψ | Θ0 , 𝛽 [ ∀ .𝑃′]-- 𝑆′[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 4

By IH on 1 , 3 , 2 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 4 , we get

Ψ,Ψ𝑎 | Θ0 , 𝛽 [ ∀ .𝑃′]-- 𝑆′[𝜓𝑎/𝛼] ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 7 .

Decorated U-ForallSyn on 7 gives

Ψ,Ψ𝑎 | Θ0 [ ∀ .𝑃′]-- ∀𝛿𝛽.𝑆′[𝜓𝑎/𝛼] ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 8 .

Our goal follows from 8 .

Case
LE-UnivGhost
𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞 1

∀ .𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞
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The decorated constraint solving premise is

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 3 .

The consistency premise has the following form for some 𝑄′:

Ψ | Θ0 [ ∀ .𝑃′]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ ∀ .𝑄′ ⊣ Θ1 10 .

Since ⌊𝑆⌋ = ∀ .𝑃, either 𝑆 = ∀ .𝑆′ or 𝑆 = ∀ .𝑆′ with ⌊𝑆′⌋ = 𝑃 2 . Inverting 10 with
decorated U-UnivGhost or U-UnivGhostG gives

Ψ | Θ0 [𝑃′]-- 𝑆′[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄′ ⊣ Θ1 4

By IH on 1 , 3 , 2 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 4 , we have

Ψ,Ψ𝑎 | Θ0 [𝑃′]-- 𝑆′[𝜓𝑎/𝛼] ¤∼ 𝑄′ ⊣ Θ1 6 .

Our goal follows from decorated U-UnivGhost or U-UnivGhostG on 6 , accord-
ing to the shape of 𝑆.

Case
LE-UnivGhost1

∀ .𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞 1

∀ .𝑃 ∼ ∀𝛽.𝑃′ �𝛼 Ξ;𝒞
The decorated constraint solving premise is

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 3 .

The consistency premise has the following form for some 𝑄′:

Ψ | Θ0 [∀𝛽.𝑃′]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 10 .

Since ⌊𝑆⌋ = ∀ .𝑃, inversion on 10 gives that 𝑆 = ∀ .𝑆′ with ⌊𝑆′⌋ = 𝑃 2 . Moreover,

Ψ | Θ0 , 𝛽 [𝑃′]-- ∀ .𝑆′[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 4

By IH on 1 , 3 , ⌊ ∀ .𝑆′⌋ = ∀ .𝑃, 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 4 , we have

Ψ,Ψ𝑎 | Θ0 , 𝛽 [𝑃′]-- ∀ .𝑆′[𝜓𝑎/𝛼] ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 7 .

Decorated U-UnivGhost1 on 7 gives

Ψ,Ψ𝑎 | Θ0 [∀𝛽.𝑃′]-- ∀ .𝑆′[𝜓𝑎/𝛼] ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 8 .

Our goal follows from 8 .

Case
LE-UnivGhost2
𝑃′ guarded 𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞 1

∀ .𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞
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The decorated constraint solving premise and the consistency premise are

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 3 Ψ | Θ0 [𝑃′]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 10 .

Since ⌊𝑆⌋ = ∀ .𝑃 and 𝑃′ is guarded, inversion on 10 gives two cases.

Subcase 𝑃′ is a flexible variable. The consistency premise is derived by a flexible
variable rule. By 1 , we haveΨ𝑎 = ·. Thus we have

Ψ | Θ0 [𝑃′]-- 𝑆[𝜓𝑎/𝛼] ¤∼ 𝑄 ⊣ Θ1 4 .

Our goal follows from 4 .

Subcase 𝑃′ is not a flexible variable. The consistency premise is derived by
U-UnivGhost2. Then 𝑆 = ∀ .𝑆′ with ⌊𝑆′⌋ = 𝑃 2 , and

Ψ | Θ0 [𝑃′]-- 𝑆′[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 4 .

By IH on 1 , 3 , 2 , 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and 4 , we have

Ψ,Ψ𝑎 | Θ0 [𝑃′]-- 𝑆′[𝜓𝑎/𝛼] ¤∼ 𝑄 ⊣ Θ1 5 .

Our goal follows from decorated U-UnivGhost2 on 5 .

Case
LE-UnivGhostR
𝑃 ≠ 𝛼 𝑃 guarded 𝑃 ∼ 𝑃′ �𝛼 Ξ;𝒞 1

𝑃 ∼ ∀ .𝑃′ �𝛼 Ξ;𝒞
The decorated constraint solving premise and the consistency premise are

𝒞 ;𝜓𝑎 ⇝ Ψ𝑎 3 Ψ | Θ0 [ ∀ .𝑃′]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 10 .

Since ⌊𝑆⌋ = 𝑃, 𝑃 ≠ 𝛼, and 𝑃 is guarded, 𝑆[⌊𝜓𝑎⌋/𝛼] is guarded. Inversion on 10

gives
Ψ | Θ0 [𝑃′]-- 𝑆[⌊𝜓𝑎⌋/𝛼] ¤∼ 𝑄 ⊣ Θ1 4 .

Case analysis on whether 𝑃′ is a flexible variable.

Subcase 𝑃′ is a flexible variable. We haveΨ𝑎 = · and

Ψ | Θ0 [𝑃′]-- 𝑆[𝜓𝑎/𝛼] ¤∼ 𝑄 ⊣ Θ1 5 .

Our goal follows from decorated U-UnivGhostR on 5 .

Subcase 𝑃′ is not a flexible variable. By IH on 1 , 3 , ⌊𝑆⌋ = 𝑃, 𝛼 ∉ ftv(⌊𝜓𝑎⌋), and
4 , we have

Ψ,Ψ𝑎 | Θ0 [𝑃′]-- 𝑆[𝜓𝑎/𝛼] ¤∼ 𝑄 ⊣ Θ1 5 .

Our goal follows from decorated U-UnivGhostR on 5 .

□
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Lemma 95 (Consistency constraint decoration for variables). Suppose

𝜓 ∼ 𝑃0 ⇝ Ψ𝑎 .

For any substitution 𝜌 from rigid type variables to decorated skeletons, if

Ψ | Θ0 [𝑃0]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄 ⊣ Θ1 ,

then
Ψ,Ψ𝑎 | Θ0 [𝑃0]-- 𝜌(𝜓) ¤∼ 𝑄 ⊣ Θ1.

Proof. Induction on the decorated constraint solving derivation 𝜓 ∼ 𝑃0 ⇝ Ψ𝑎 , gener-
alising over Θ0, Ψ, 𝜌, and the decorated consistency premise. We omit the auxiliary
Δ1 | Δ2 contexts in decorated consistency judgements throughout this proof.

Case
SE-Unit

1 ∼ 1⇝ ·
The consistency premise is

Ψ | Θ0 [1]-- 1 ¤∼ 𝑄 ⊣ Θ1 1 .

SinceΨ𝑎 = ·, our goal follows from 1 .

Case
SE-Var

𝛼 ∼ 𝑃0 ⇝ ·
The consistency premise is

Ψ | Θ0 [𝑃0]-- 𝜌(𝛼) ¤∼ 𝑄 ⊣ Θ1 1 .

SinceΨ𝑎 = ·, our goal follows from 1 .

Case
SE-Vacuous

𝜓 ∼ ⇝ ·
The consistency premise is

Ψ | Θ0 [ ]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄 ⊣ Θ1 1 .

By a straightforward induction on 1 , we get

Ψ | Θ0 [ ]-- 𝜌(𝜓) ¤∼ 𝑄 ⊣ Θ1 2 .
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SinceΨ𝑎 = ·, our goal follows from 2 .

Case
SE-Arrow
𝜓1 ∼ 𝑃1 ⇝ Ψ𝑎,1 1 𝜓2 ∼ 𝑃2 ⇝ Ψ𝑎,2 2

𝜓1 → 𝜓2 ∼ 𝑃1 → 𝑃2 ⇝ Ψ𝑎,1 ,Ψ𝑎,2

The consistency premise has the following form for some 𝑄1 and 𝑄2:

Ψ | Θ0 [𝑃1 → 𝑃2]-- 𝜌(⌊𝜓1⌋) → 𝜌(⌊𝜓2⌋) ¤∼ 𝑄1 → 𝑄2 ⊣ Θ1 3 .

By inversion on 3 , there existΨ1,Ψ2, and Θ′ such that

Ψ1 | Θ0 [𝑃1]-- 𝜌(⌊𝜓1⌋) ¤∼ 𝑄1 ⊣ Θ′ 4 Ψ2 | Θ′ [𝑃2]-- 𝜌(⌊𝜓2⌋) ¤∼ 𝑄2 ⊣ Θ1 5

and Ψ = Ψ1 ,Ψ2 6 . By IH on 1 , 𝜌, and 4 , we have

Ψ1 ,Ψ𝑎,1 | Θ0 [𝑃1]-- 𝜌(𝜓1) ¤∼ 𝑄1 ⊣ Θ′ 7 .

By IH on 2 , 𝜌, and 5 , we have

Ψ2 ,Ψ𝑎,2 | Θ′ [𝑃2]-- 𝜌(𝜓2) ¤∼ 𝑄2 ⊣ Θ1 8 .

Decorated U-Arrow on 7 and 8 gives

Ψ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 | Θ0 [𝑃1 → 𝑃2]-- 𝜌(𝜓1) → 𝜌(𝜓2) ¤∼ 𝑄1 → 𝑄2 ⊣ Θ1 9 .

Our goal follows from 9 and 6 .

Case
SE-ForallInh

𝜓 ∼ 𝑃 ⇝ Ψ𝑎 1

∀𝜖𝛽.𝜓 ∼ ∀𝛽.𝑃 ⇝ Ψ𝑎 , 𝜖

The consistency premise has the following form for some 𝑄′:

Ψ | Θ0 [∀𝛽.𝑃]-- ∀𝛽.𝜌(⌊𝜓⌋) ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 2 .

By inversion on 2 , we have

Ψ | Θ0 , 𝛽 [𝑃]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 3 .

By IH on 1 , 𝜌, and 3 , we get

Ψ,Ψ𝑎 | Θ0 , 𝛽 [𝑃]-- 𝜌(𝜓) ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 4 .

Decorated U-ForallInh on 4 gives

Ψ,Ψ𝑎 , 𝜖 | Θ0 [∀𝛽.𝑃]-- ∀𝜖𝛽.𝜌(𝜓) ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 5 .

Our goal follows from 5 and 𝜌(∀𝜖𝛽.𝜓) = ∀𝜖𝛽.𝜌(𝜓).
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Case
SE-UnivGhostG
𝜓 ∼ 𝑃 ⇝ Ψ𝑎 1

∀ .𝜓 ∼ ∀ .𝑃 ⇝ Ψ𝑎

The consistency premise has the following form for some 𝑄′:

Ψ | Θ0 [ ∀ .𝑃]-- ∀ .𝜌(⌊𝜓⌋) ¤∼ ∀ .𝑄′ ⊣ Θ1 2 .

By inversion on 2 with decorated U-UnivGhost, we have

Ψ | Θ0 [𝑃]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄′ ⊣ Θ1 3 .

By IH on 1 , 𝜌, and 3 , we get

Ψ,Ψ𝑎 | Θ0 [𝑃]-- 𝜌(𝜓) ¤∼ 𝑄′ ⊣ Θ1 4 .

Our goal follows from decorated U-UnivGhostG on 4 .

Case
SE-ForallSyn
𝜓 ∼ ∀ .𝑃 ⇝ Ψ𝑎 1

∀𝜖𝛽.𝜓 ∼ ∀ .𝑃 ⇝ Ψ𝑎

The consistency premise has the following form for some 𝑄′:

Ψ | Θ0 [ ∀ .𝑃]-- ∀𝛽.𝜌(⌊𝜓⌋) ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 2 .

By inversion on 2 , we have

Ψ | Θ0 , 𝛽 [ ∀ .𝑃]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 3 .

By IH on 1 , 𝜌, and 3 , we get

Ψ,Ψ𝑎 | Θ0 , 𝛽 [ ∀ .𝑃]-- 𝜌(𝜓) ¤∼ 𝑄′ ⊣ Θ1 , 𝛽 4 .

Decorated U-ForallSyn on 4 gives

Ψ,Ψ𝑎 | Θ0 [ ∀ .𝑃]-- ∀𝜖𝛽.𝜌(𝜓) ¤∼ ∀𝛽.𝑄′ ⊣ Θ1 5 .

Our goal follows from 5 and 𝜌(∀𝜖𝛽.𝜓) = ∀𝜖𝛽.𝜌(𝜓).

Case
SE-UnivGhostR
⌊𝜓⌋ guarded 𝜓 ∼ 𝑃 ⇝ Ψ𝑎 1

𝜓 ∼ ∀ .𝑃 ⇝ Ψ𝑎

The consistency premise is

Ψ | Θ0 [ ∀ .𝑃]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄 ⊣ Θ1 2 .

325



D Proofs of algorithms

If 𝜌(⌊𝜓⌋) is unguarded or flexible, then𝜓 is a rigid or flexible variable. ThusΨ𝑎 = ·
and 𝜌(𝜓) = 𝜌(⌊𝜓⌋), so our goal follows from 2 . Otherwise,

Θ0 ⊢ 𝜌(⌊𝜓⌋) guarded 3 𝜌(⌊𝜓⌋) non-flex 4 .

Inversion on 2 with decorated U-UnivGhostR gives

Ψ | Θ0 [𝑃]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄 ⊣ Θ1 5 .

By IH on 1 , 𝜌, and 5 , we have

Ψ,Ψ𝑎 | Θ0 [𝑃]-- 𝜌(𝜓) ¤∼ 𝑄 ⊣ Θ1 6 .

In this case, 𝜌(𝜓) has the same top-level shape as 𝜌(⌊𝜓⌋). Thus by 3 and 4 , it is
guarded and non-flex. Our goal follows from decorated U-UnivGhostR on 6 .

Case
SE-FlexL

𝛼̂ ∼ 𝑃0 ⇝ ·
The consistency premise is

Ψ | Θ0 [𝑃0]-- 𝛼̂ ¤∼ 𝑄 ⊣ Θ1 1 .

SinceΨ𝑎 = ·, our goal follows from 1 .

Case
SE-FlexR

∉ 𝜓 ∀ ∉ 𝜓

𝜓 ∼ 𝛼̂ ⇝ ·
The consistency premise is

Ψ | Θ0 [𝛼̂]-- 𝜌(⌊𝜓⌋) ¤∼ 𝑄 ⊣ Θ1 1 .

Since 𝜓 contains no dotted ghosts, erasure only removes quantifier tags. Since 𝛼̂

is a monotype, 1 gives

Ψ | Θ0 [𝛼̂]-- 𝜌(𝜓) ¤∼ 𝑄 ⊣ Θ1 2 .

SinceΨ𝑎 = ·, our goal follows from 2 .

□

Lemma 96 (Completeness of consistency constraint collection and solving). Suppose

Θ0 ⊢ 𝑃0 Θ0 ⊢ 𝑃𝑖 ⌊𝑆⌋ = 𝑃 𝜃 :: Θ0 ⊑ Θ 𝛼 ∉ Θ.

If
Θ ⊢n 𝜓𝑎 # Ψ′ Ψ is disjoint fromΨ′ Ψ𝑖 ,Ψ𝑎 ⊆ Ψ′
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and
Θ | Δ ⊢ 𝜃𝑃𝑖 ⪯Ψ𝑖

𝜓𝑎 Ψ,Ψ𝑎 | Θ ⊢ (𝜃𝑆)[𝜓𝑎/𝛼] ∼ 𝑄 Θ ⊢ 𝜃𝑃0 ▶ 𝑄,

then there exist 𝒞 , Ξ𝑐 , Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃 ∼ 𝑃0 �𝛼 Ξ𝑐 ;𝒞 𝒞 ;𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑎

and
𝜃𝑎 :: Θ0 ,Ξ𝑐 ,Ξ𝑠 ⊑ Θ 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 .

Proof. By induction on the derivation of

Ψ,Ψ𝑎 | Θ ⊢ (𝜃𝑆)[𝜓𝑎/𝛼] ∼ 𝑄,

generalising over Θ0, 𝑃0, 𝑃𝑖 , 𝑃, 𝑆, 𝜃, 𝜓𝑎 ,Ψ′,Ψ𝑖 ,Ψ𝑎 ,Ψ, and Δ. We first discuss the three
special cases.

If 𝑃0 = , then by inversion on the refinement premise, 𝑄 is a synthesised skeleton.
ThusΨ𝑎 = ·. By LE-Vacuous and constraint solving, we have

𝑃 ∼ �𝛼 · ·;𝑃𝑖 ⇝ 𝑃𝑖 .

The goal follows by choosing 𝒞 = ·, Ξ𝑐 = ·, 𝑃𝑎 = 𝑃𝑖 , and 𝜃𝑎 = 𝜃.

If 𝑃 = 𝛼, then 𝑆 = 𝛼. By well-formedness of 𝜓𝑎 and disjointness of Ψ from Ψ′, we
haveΨ = ·. By Lemma 97 with the identity substitution, which introduces the empty
tag context, there are Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃𝑖 ∼ 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑎 1 Θ0 ,Ξ𝑠 ⊢ 𝑃𝑎 2

𝜃𝑎 :: Θ0 ,Ξ𝑠 ⊑ Θ 3 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ 4 Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 5 .

By LE-Var and constraint solving, we have

𝛼 ∼ 𝑃0 �𝛼 eq(𝑃0) eq(𝑃0);𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 .

Our goal follows by choosing 𝒞 = eq(𝑃0) and Ξ𝑐 = ·.
If 𝛼 ∉ ftv(𝑃), then the source does not contain 𝜓𝑎 , so exactness of solved tag contexts

givesΨ𝑎 = ·. By LE-Absent and constraint solving, we have:

𝑃 ∼ 𝑃0 �𝛼 · ·;𝑃𝑖 ⇝ 𝑃𝑖

The goal follows by choosing 𝒞 = ·, Ξ𝑐 = ·, 𝑃𝑎 = 𝑃𝑖 , and 𝜃𝑎 = 𝜃.

In the following induction cases, assume 𝑃0 ≠ , 𝑃 ≠ 𝛼, and 𝛼 ∈ ftv(𝑃).

Case C-Unit, C-Var, C-Ghost, and C-GhostG. Impossible by our assumptions.
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Case
C-ForallInh

Ψ0 ,Ψ𝑎 | Θ, 𝛽 ⊢ (𝜃𝑆′)[𝜓𝑎/𝛼] ∼ 𝑄 1

Ψ0 ,Ψ𝑎 , 𝛿 | Θ ⊢ ∀𝛿𝛽.((𝜃𝑆′)[𝜓𝑎/𝛼]) ∼ ∀𝛽.𝑄
In this case 𝑆 = ∀𝛿𝛽.𝑆′ and 𝑃 = ∀𝛽.𝑃′ with

⌊𝑆′⌋ = 𝑃′ 2 .

By inversion on the refinement premise, 𝑃0 = ∀𝛽.𝑃′
0 and

Θ, 𝛽 ⊢ 𝜃𝑃′
0 ▶ 𝑄 3 .

The conclusion givesΨ = Ψ0 , 𝛿. By IH on 1 with 2 , 3 , and context weakening
on the other premises, there are 𝒞 , Ξ𝑐 , Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃′ ∼ 𝑃′
0 �

𝛼 Ξ𝑐 ;𝒞 4 𝒞 ;𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 5 Θ0 , 𝛽,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑎 6

𝜃𝑎 :: Θ0 , 𝛽,Ξ𝑐 ,Ξ𝑠 ⊑ Θ, 𝛽 7 𝜃 ≡ 𝜃𝑎 :: Θ0 , 𝛽 ⊑ Θ, 𝛽 8 Θ, 𝛽 | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 9 .

By LE-ForallInh on 4 , we have

∀𝛽.𝑃′ ∼ ∀𝛽.𝑃′
0 �

𝛼 Ξ𝑐 ;𝒞 10 .

We know 𝛽 ∉ ftv(𝑃𝑎) because 𝑃𝑖 and 𝐶 cannot contain 𝛽. 6 , 7 , 8 , and 9 hold
without 𝛽. The goal follows from these judgements, 5 , and 10 .

Case
C-ForallSyn
Ψ,Ψ𝑎 | Θ, 𝛽 ⊢ (𝜃𝑆′)[𝜓𝑎/𝛼] ∼ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢ ∀𝛿𝛽.((𝜃𝑆′)[𝜓𝑎/𝛼]) ∼ ∀𝛽.𝑄
In this case 𝑆 = ∀𝛿𝛽.𝑆′ and 𝑃 = ∀𝛽.𝑃′ with

⌊𝑆′⌋ = 𝑃′ 2 .

Since 𝑃0 ≠ , inversion on the refinement premise gives 𝑃0 = ∀ .𝑃′
0 and

Θ, 𝛽 ⊢ 𝜃( ∀ .𝑃′
0) ▶ 𝑄 3 .

By IH on 1 with 2 , 3 , and context weakening on the other premises, there are
𝒞 , Ξ𝑐 , Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃′ ∼ ∀ .𝑃′
0 �

𝛼 Ξ𝑐 ;𝒞 4 𝒞 ;𝑃𝑖 ⇝ Ξ𝑠 ;𝑃𝑎 5 Θ0 , 𝛽,Ξ𝑐 ,Ξ𝑠 ⊢ 𝑃𝑎 6

𝜃𝑎 :: Θ0 , 𝛽,Ξ𝑐 ,Ξ𝑠 ⊑ Θ, 𝛽 7 𝜃 ≡ 𝜃𝑎 :: Θ0 , 𝛽 ⊑ Θ, 𝛽 8

Θ, 𝛽 | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 9 .

By LE-ForallSyn on 4 , we have

∀𝛽.𝑃′ ∼ ∀ .𝑃′
0 �

𝛼 Ξ𝑐 ;𝒞 10 .
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As in the case of C-ForallInh, our goal follows from the restricted judgements,
5 – 10 , removing 𝛽 as necessary.

Case
C-Arrow
Ψ1 ,Ψ𝑎,1 | Θ ⊢ (𝜃𝑆1)[𝜓𝑎/𝛼] ∼ 𝑄1 1 Ψ2 ,Ψ𝑎,2 | Θ ⊢ (𝜃𝑆2)[𝜓𝑎/𝛼] ∼ 𝑄2 2

Ψ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 | Θ ⊢ (𝜃𝑆1)[𝜓𝑎/𝛼] → (𝜃𝑆2)[𝜓𝑎/𝛼] ∼ 𝑄1 → 𝑄2

Similar to the Arrow case of Lemma 89. Our goal follows from applying IH
twice on the function argument and result, then using LE-Arrow and sequential
constraint solving.

Case C-UnivGhostG and C-UnivGhost. Inversion on the refinement premise and IH
give the premise of LE-UnivGhost, from which our goal follows.

Case C-UnivGhost1. As in C-ForallInh, IH under the extended context gives the
premise of LE-UnivGhost1, from which our goal follows.

Case C-UnivGhost2. In this case 𝑃 = ∀ .𝑃′. By well-formedness of 𝑃 and inversion
on the consistency premise, 𝑄 is guarded. We proceed by case analysis on 𝑃0. If
𝑃0 = ∀ .𝑃′

0, then inversion on the refinement premise and IH give the premise of
LE-UnivGhost. If 𝑃0 is guarded, then inversion on the refinement premise and IH
give the premise of LE-UnivGhost2. Our goal follows from the constraint solving
rule in each case.

□

Lemma 97 (Completeness of consistency constraint collection and solving for variables).
Suppose

Θ0 ⊢ 𝑃0 Θ0 ⊢ 𝑃𝑖 𝜃 :: Θ0 ⊑ Θ.

Let 𝜌 be a capture-avoiding substitution from rigid type variables to decorated skeletons, andΨ
be the solved tags introduced by 𝜌. If 𝜓𝑎 is a well-formed instantiation and the premise solves
Ψ𝑎 :

Θ ⊢n 𝜓𝑎 # Ψ′ Ψ𝑖 ,Ψ𝑎 ⊆ Ψ′ Ψ′ fresh

and
Θ | Δ ⊢ 𝜃𝑃𝑖 ⪯Ψ𝑖

𝜓𝑎 Ψ,Ψ𝑎 | Θ ⊢ 𝜌(𝜓𝑎) ∼ 𝑄 Θ ⊢ 𝜃𝑃0 ▶ 𝑄.

Moreover, for every rigid variable in 𝜓𝑎 substituted by 𝜌, 𝑃𝑖 has the same rigid variable in the
same position. Then there exist Ξ𝑠 , 𝑃𝑎 , and 𝜃𝑎 such that

𝑃𝑖 ∼ 𝑃0 ⇝ Ξ𝑠 ;𝑃𝑎 Θ0 ,Ξ𝑠 ⊢ 𝑃𝑎
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and
𝜃𝑎 :: Θ0 ,Ξ𝑠 ⊑ Θ 𝜃 ≡ 𝜃𝑎 :: Θ0 ⊑ Θ Θ | Δ ⊢ 𝜃𝑎𝑃𝑎 ⪯Ψ𝑖 ,Ψ𝑎 𝜓𝑎 .

Proof. By induction on the derivation ofΨ,Ψ𝑎 | Θ ⊢ 𝜌(𝜓𝑎) ∼ 𝑄, generalising over Θ0,
𝑃0, 𝑃𝑖 , 𝜃, 𝜓𝑎 ,Ψ′,Ψ𝑖 ,Ψ𝑎 ,Ψ, 𝜌, and Δ. We first discuss three special cases.
If 𝑃0 = , then by inversion on the refinement premise, 𝑄 is a synthesised skeleton.

HenceΨ𝑎 = ·. By SolE-VacuousR, we have

𝑃𝑖 ∼ ⇝ 𝑃𝑖 .

The goal follows by choosing 𝑃𝑎 = 𝑃𝑖 and 𝜃𝑎 = 𝜃.
If 𝑃0 = 𝛾̂, we proceed by case analysis on 𝑃𝑖 . If 𝑃𝑖 = 𝛽̂, rule SolE-FlexL gives the goal

with the empty suffix, 𝑃𝑎 = 𝑃𝑖 , and 𝜃𝑎 = 𝜃. If 𝑃𝑖 is non-flexible, let guess(𝑃𝑖) = (Ξ𝑠 ;𝑃𝑎).
Rule SolE-FlexR gives 𝑃𝑖 ∼ 𝛾̂ ⇝ Ξ𝑠 ;𝑃𝑎 . Our goals follow from a straightforward
induction on guess(𝑃𝑖), where 𝜃𝑎 is constructed by extending 𝜃 over Ξ𝑠 .
If 𝜓𝑎 is a rigid variable substituted by 𝜌, then 𝑃𝑖 = 𝜓𝑎 . The tag contextsΨ𝑖 andΨ𝑎

are empty, and the goal follows from SolE-Var, choosing 𝑃𝑎 = 𝑃𝑖 and 𝜃𝑎 = 𝜃.
In the remaining cases, 𝜌 preserves the top-level constructor of 𝜓𝑎 , 𝑃0 ≠ , and 𝑃0 is

not a flexible variable.

Case C-Unit, C-Var, and C-GhostG. By inversion on the consistency derivation,Ψ𝑎 = ·.
We proceed by case analysis on the shapes of 𝑃𝑖 and 𝑃0 exposed by the precision
and refinement premises. When they are unit or rigid variables, we use SolE-Unit
or SolE-Var. When they are ghosts or have universal ghosts, we use SolE-GhostL,
SolE-UnivGhost, SolE-GhostGuarded, or SolE-GuardedGhost. When 𝑃𝑖 is a
flexible variable, we use SolE-FlexL.

Case C-Ghost. Impossible since 𝜓𝑎 cannot contain an ordinary ghost.

Case
C-ForallInh

Ψ,Ψ′
𝑎 | Θ, 𝛽 ⊢ 𝜌(𝜓′) ∼ 𝑄 1

Ψ,Ψ′
𝑎 , 𝜖 | Θ ⊢ 𝜌(∀𝜖𝛽.𝜓′) ∼ ∀𝛽.𝑄

In this case 𝜓𝑎 = ∀𝜖𝛽.𝜓′ and Ψ𝑎 = Ψ′
𝑎 , 𝜖. We have 𝑃0 = ∀𝛽.𝑃′

0. Inversion on the
refinement premise gives

Θ, 𝛽 ⊢ 𝜃𝑃′
0 ▶ 𝑄 2 .

We proceed by case analysis on 𝑃𝑖 .

Subcase 𝑃𝑖 = ∀𝛽.𝑃′
𝑖
. Inversion on precision gives

Θ, 𝛽 | Δ, 𝛽 ⊢ 𝜃𝑃′
𝑖
⪯Ψ′

𝑖
𝜓′ 3 Ψ𝑖 = Ψ′

𝑖 , 𝜖.
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IH on 1 , 2 , and 3 gives Ξ𝑠 , 𝑃𝑏 , and 𝜃𝑎 with

𝑃′
𝑖
∼ 𝑃′

0 ⇝ Ξ𝑠 ;𝑃𝑏 4 .

Our goal follows from SolE-Forall on 4 and choosing 𝑃𝑎 = ∀𝛽.𝑃𝑏 .

Subcase 𝑃𝑖 = . IH on 1 and 2 with input gives 𝜃𝑎 with

∼ 𝑃′
0 ⇝ 𝑃′

0 4 .

Our goal follows from SolE-GhostL and choosing 𝑃𝑎 = ∀𝛽.𝑃′
0.

Subcase 𝑃𝑖 = ∀ .𝑃′
𝑖
. Inversion on precision gives

Θ, 𝛽 | Δ ⊢ 𝜃( ∀ .𝑃′
𝑖
) ⪯Ψ𝑖

𝜓′ 3 .

IH on 1 , 2 , and 3 gives Ξ𝑠 , 𝑃𝑏 , and 𝜃𝑎 with

∀ .𝑃′
𝑖
∼ 𝑃′

0 ⇝ Ξ𝑠 ;𝑃𝑏 4 .

Our goal follows from SolE-GhostForall on 4 and choosing 𝑃𝑎 = ∀𝛽.𝑃𝑏 .

Subcase The remaining non-flexible shapes of 𝑃𝑖 are impossible by inversion on
the precision premise. The flexible variable case follows from SolE-FlexL
and the precision premise.

Case
C-ForallSyn
Ψ,Ψ𝑎 | Θ, 𝛽 ⊢ 𝜌(𝜓′) ∼ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢ 𝜌(∀𝜖𝛽.𝜓′) ∼ ∀𝛽.𝑄
In this case 𝜓𝑎 = ∀𝜖𝛽.𝜓′. We have 𝑃0 = ∀ .𝑃′

0. Inversion on the refinement premise
gives

Θ, 𝛽 ⊢ 𝜃( ∀ .𝑃′
0) ▶ 𝑄 2 .

We proceed by case analysis on 𝑃𝑖 .

Subcase 𝑃𝑖 = ∀𝛽.𝑃′
𝑖
. Inversion on the precision premise gives

Θ, 𝛽 | Δ, 𝛽 ⊢ 𝜃𝑃′
𝑖
⪯Ψ′

𝑖
𝜓′ 3 Ψ𝑖 = Ψ′

𝑖 , 𝜖.

IH on 1 , 2 , and 3 gives Ξ𝑠 , 𝑃𝑏 , and 𝜃𝑎 with

𝑃′
𝑖
∼ ∀ .𝑃′

0 ⇝ Ξ𝑠 ;𝑃𝑏 4 .

Our goal follows from SolE-ForallGhost on 4 and choosing 𝑃𝑎 = ∀𝛽.𝑃𝑏 .

Subcase 𝑃𝑖 = . IH on 1 and 2 with input gives 𝜃𝑎 with

∼ ∀ .𝑃′
0 ⇝ ∀ .𝑃′

0 4 .

Our goal follows from SolE-GhostL and choosing 𝑃𝑎 = ∀ .𝑃′
0.
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Subcase 𝑃𝑖 = ∀ .𝑃′
𝑖
. Inversion on precision gives

Θ, 𝛽 | Δ ⊢ 𝜃( ∀ .𝑃′
𝑖
) ⪯Ψ𝑖

𝜓′ 3 .

IH on 1 , 2 , and 3 gives Ξ𝑠 , 𝑃𝑏 , and 𝜃𝑎 with

𝑃′
𝑖
∼ 𝑃′

0 ⇝ Ξ𝑠 ;𝑃𝑏 4 .

Our goal follows from SolE-UnivGhost on 4 and choosing 𝑃𝑎 = ∀ .𝑃𝑏 .

Subcase The remaining non-flexible shapes of 𝑃𝑖 are impossible by inversion on
the precision premise. The flexible case follows from SolE-FlexL.

Case
C-Arrow
Ψ1 ,Ψ𝑎,1 | Θ ⊢ 𝜌(𝜓1) ∼ 𝑄1 1 Ψ2 ,Ψ𝑎,2 | Θ ⊢ 𝜌(𝜓2) ∼ 𝑄2 2

Ψ1 ,Ψ𝑎,1 ,Ψ2 ,Ψ𝑎,2 | Θ ⊢ 𝜌(𝜓1) → 𝜌(𝜓2) ∼ 𝑄1 → 𝑄2

In this case 𝜓𝑎 = 𝜓1 → 𝜓2. We have

Ψ = Ψ1 ,Ψ2 Ψ𝑎 = Ψ𝑎,1 ,Ψ𝑎,2.

We assume 𝑃0 = 𝑃0,1 → 𝑃0,2; if it has a top-level universal ghost, we can always
deal with it in the case analysis below with proper constraint solving rules.
Inversion on the refinement premise gives

Θ ⊢ 𝜃𝑃0,1 ▶ 𝑄1 3 Θ ⊢ 𝜃𝑃0,2 ▶ 𝑄2 4 .

We proceed by case analysis on 𝑃𝑖 .

Subcase 𝑃𝑖 = 𝑃𝑖 ,1 → 𝑃𝑖 ,2. By inversion on the precision premise, there are Ψ𝑖 ,1

andΨ𝑖 ,2 such that

Ψ𝑖 = Ψ𝑖 ,1 ,Ψ𝑖 ,2 Θ | Δ ⊢ 𝜃𝑃𝑖 ,1 ⪯Ψ𝑖 ,1 𝜓1 5 Θ | Δ ⊢ 𝜃𝑃𝑖 ,2 ⪯Ψ𝑖 ,2 𝜓2 6 .

IH on 1 , 3 , and 5 gives Ξ1, 𝑃1, and 𝜃1 with

𝑃𝑖 ,1 ∼ 𝑃0,1 ⇝ Ξ1;𝑃1 7 .

After rewriting 4 and 6 with 𝜃1, IH on 2 with input context Θ0 ,Ξ1 gives
Ξ2, 𝑃2, and 𝜃𝑎 with

𝑃𝑖 ,2 ∼ 𝑃0,2 ⇝ Ξ2;𝑃2 8 .

Our goal follows from SolE-Arrow on 7 and 8 and choosing Ξ𝑠 = Ξ1 ,Ξ2

and 𝑃𝑎 = 𝑃1 → 𝑃2.

Subcase 𝑃𝑖 = . Our goal follows from IH on 1 and 3 , IH on 2 and 4 ,
SolE-GhostL and choosing 𝑃𝑎 = 𝑃0,1 → 𝑃0,2.
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Subcase 𝑃𝑖 = ∀ .𝑃′
𝑖
. By well-formedness, 𝑃′

𝑖
is guarded. Inversion on precision

gives
Θ | Δ ⊢ 𝜃𝑃′

𝑖
⪯Ψ𝑖

𝜓1 → 𝜓2 5 .

We reuse the previous subcases on 5 to obtain 𝑃𝑎 , and then use
SolE-GhostGuarded.

Subcase The remaining non-flexible shapes of 𝑃𝑖 are impossible by inversion on
the precision premise. The flexible case follows from SolE-FlexL.

Case
C-UnivGhostG
Ψ,Ψ𝑎 | Θ ⊢ 𝜌(𝜓′) ∼ 𝑄 1

Ψ,Ψ𝑎 | Θ ⊢ ∀ .𝜌(𝜓′) ∼ ∀ .𝑄

In this case 𝜓𝑎 = ∀ .𝜓′. We have 𝑃0 = ∀ .𝑃′
0. Inversion on the refinement premise

gives
Θ ⊢ 𝜃𝑃′

0 ▶ 𝑄 2 .

We proceed by case analysis on 𝑃𝑖 .

Subcase 𝑃𝑖 = . IH on 1 and 2 with input gives 𝜃𝑎 with

∼ 𝑃′
0 ⇝ 𝑃′

0 3 .

Our goal follows from SolE-GhostL and choosing 𝑃𝑎 = ∀ .𝑃′
0.

Subcase 𝑃𝑖 = ∀ .𝑃′
𝑖
. Inversion on precision gives

Θ | Δ ⊢ 𝜃𝑃′
𝑖
⪯Ψ𝑖

𝜓′ 3 .

IH on 1 , 2 , and 3 gives Ξ𝑠 , 𝑃𝑏 , and 𝜃𝑎 with

𝑃′
𝑖
∼ 𝑃′

0 ⇝ Ξ𝑠 ;𝑃𝑏 4 .

Our goal follows from SolE-UnivGhost on 4 and choosing 𝑃𝑎 = ∀ .𝑃𝑏 .

Subcase The remaining non-flexible shapes of 𝑃𝑖 are impossible by inversion on
the precision premise. The flexible case follows from SolE-FlexL.

Case C-UnivGhost, C-UnivGhost1, and C-UnivGhost2. Impossible, since neither 𝜓𝑎

nor 𝜌(𝜓𝑎) has an ordinary universal ghost at the top level.

□

D.5.2 Soundness of consistency

We prove Lemma 25.
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Lemma 25 (Soundness of consistency).

1. Given a problem of consistency (Θ0;𝑃0;𝑃), if Θ0 [𝑃0]-- 𝑃 ∼ 𝑃1 ⊣ Θ1, then (Θ0 ⊑ Θ1;𝑃1)
is a solution to it.

2. Given a problem of variable unification (Θ0; 𝛼̂; 𝛽̂), if Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1, then Θ0 ⊑ Θ1 is
a solution to it.

3. Given a problem of assignment (Θ0;Ξ; 𝛼̂;𝑃), if Θ0 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1, then Θ0 ,Ξ ⊑ Θ1

is a solution to it.

Proof. We first augment the definition of a consistency problem to (Δ1;Δ2;Θ0;𝑃0;𝑃)
where Δ1 and Δ2 are contexts of rigid type variables present in Θ0 that no flexible
variables depend on. We augment the definition of a solution (𝜃 :: Θ0 ⊑ Θ;𝑄) to require
Θ ⊢ 𝜃𝑃 ∼ 𝑄 and Θ | Δ1 ⊢ 𝜃𝑃0 ▶ 𝑄 and Θ | Δ2 ⊢ 𝜃𝑃 ▶ 𝑄 and that no flexible variables
in Θ depend on variables in Δ1 and Δ2. For part 1 of the lemma, it is enough to prove
that given a consistency problem (Δ1;Δ2;Θ0;𝑃0;𝑃), if Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑃1 ⊣ Θ1, then
Θ0 ⊑ Θ1 and Θ1 ⊢ 𝑃 ∼ 𝑃1 and Θ1 | Δ1 ⊢ 𝑃0 ▶ 𝑃1 and Θ1 | Δ2 ⊢ 𝑃 ▶ 𝑃1.

By mutual induction on the algorithmic consistency derivation together with the two
auxiliary judgements of variable unification and assignment. We first prove the cases
for the two auxiliary judgements.

2. Unification of flexible variables. We prove that Θ0 ⊑ Θ1 is a solution by induction
on the unification derivation

Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1.

Case
U-Flex-Flex-Id
𝛼̂ ∈ dom(Θ0)

Θ0 ⊢ 𝛼̂ ≃ 𝛼̂ ⊣ Θ0

Trivial.

Case
U-Flex-Flex-L

𝛼̂ ≠ 𝛽̂

Θ0 , 𝛼̂ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ0 , 𝛼̂ ≔ 𝛽̂

By definition of information increase, we have

Θ0 , 𝛼̂ ⊑ Θ0 , 𝛼̂ ≔ 𝛽̂ 2 .

By declarative consistency rule C-FlexL, we have

Θ0 , 𝛼̂ ≔ 𝛽̂ ⊢ 𝛼̂ ∼ 𝛽̂ 3 ,

334



D.5 Consistency

Our goal follows from 2 and 3 .

Case
U-Flex-Flex-R

𝛼̂ ≠ 𝛽̂

Θ0 , 𝛽̂ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ0 , 𝛽̂ ≔ 𝛼̂

Similar to the case of U-Flex-Flex-L.

Case
U-Flex-Flex-Assign
Θ0 ⊢ 𝛼̂[𝜏/𝛾̂] ∼ 𝛽̂[𝜏/𝛾̂] ⊣ Θ1 2

Θ0 , 𝛾̂ ≔ 𝜏 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1 , 𝛾̂ ≔ 𝜏

By IH on 2 ,
Θ0 ⊑ Θ1 3 Θ1 ⊢ 𝛼̂[𝜏/𝛾̂] ∼ 𝛽̂[𝜏/𝛾̂] 4 .

By definition of metasubstitution and 3 ,

Θ0 , 𝛾̂ ≔ 𝜏 ⊑ Θ1 , 𝛾̂ ≔ 𝜏 5 .

By a straightforward subsidiary induction on 4 with declarative consistency
rules and weakening, we have

Θ1 , 𝛾̂ ≔ 𝜏 ⊢ 𝛼̂ ∼ 𝛽̂ 6 .

Our goal follows from 5 and 6 .

Case U-Flex-Flex-Skip andU-Flex-Flex-Skip’. Our goal follows from IH andweakening.

3. Assignment. We prove thatΘ0 ,Ξ ⊑ Θ1 is a solution by induction on the assignment
derivation

Θ0 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1.

Case U-Assign-UnivGhost-Id. Our goal follows from reflexivity of information in-
crease, reflexivity of consistency, and C-UnivGhost2.

Case
U-Assign-SolveM

𝛼̂ ∉ ftv(𝑃) guess(𝑃) = (𝛽̂; 𝜏)

Θ0 , 𝛼̂ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ0 ,Ξ, 𝛽̂, 𝛼̂ ≔ 𝜏

Let Θ1 = Θ0 ,Ξ, 𝛽̂, 𝛼̂ ≔ 𝜏. By definition of information increase,

Θ0 , 𝛼̂,Ξ ⊑ Θ1 2 .

By definition of guess(𝑃), we have

Θ1 ⊢ 𝑃 ∼ 𝜏 3 .
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Then by Θ1 ∋ 𝛼̂ ≔ 𝜏, declarative C-FlexR on 3 gives

Θ1 ⊢ 𝑃 ∼ 𝛼̂ 4 .

Our goal follows from 2 and 4 .

Case
U-Assign-Assign
Θ0 ,Ξ ⊢ 𝛼̂[𝜏/𝛽̂] ∼ 𝑃[𝜏/𝛽̂] ⊣ Θ1 2

Θ0 , 𝛽̂ ≔ 𝜏 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 , 𝛽̂ ≔ 𝜏

2 expands to, for some 𝑄,

Θ0 ,Ξ [𝑃[𝜏/𝛽̂]]-- 𝛼̂[𝜏/𝛽̂] ∼ 𝑄 ⊣ Θ1 3 .

By the IH of consistency on 3 , we have

Θ0 ,Ξ ⊑ Θ1 4 Θ1 ⊢ 𝑃[𝜏/𝛽̂] ▶ 𝑄 5 Θ1 ⊢ 𝛼̂[𝜏/𝛽̂] ∼ 𝑄 6 .

By 4 and definition of information increase, we have

Θ0 , 𝛽̂ ≔ 𝜏,Ξ ⊑ Θ1 , 𝛽̂ ≔ 𝜏 7 .

By 5 , 6 , and a straightforward subsidiary induction, we have

Θ1 ⊢ 𝑃[𝜏/𝛽̂] ∼ 𝛼̂[𝜏/𝛽̂] 8 ,

By another straightforward subsidiary induction on 8 with C-FlexL, C-FlexR,
and weakening, we have

Θ1 , 𝛽̂ ≔ 𝜏 ⊢ 𝑃 ∼ 𝛼̂ 9 ,

Our goal follows from 7 and 9 .

Case
U-Assign-Depend
𝛼̂ ≠ 𝛽̂ 𝛽̂ ∈ ftv(𝑃) Θ0 | 𝛽̂,Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 2

Θ0 , 𝛽̂ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1

Our goal follows from IH on 2 .

Case U-Assign-Skip, U-Assign-SkipRigid, and U-Assign-SkipTmVar. Our goal follows
from IH and context weakening.

1. Consistency. We prove the augmented statement above by induction on the al-
gorithmic consistency derivation.

Case
U-Ghost

Δ2 ∩ ftv(𝑃0) = ∅

Θ0 [𝑃0]-- Δ1|Δ2 ∼ 𝑃0 ⊣ Θ0
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We have Θ0 ⊑ Θ0 by reflexivity. By C-Ghost, we have

Θ0 ⊢ ∼ 𝑃0 1 .

By reflexivity of refinement and the side condition, we have

Θ0 | Δ1 ⊢ 𝑃0 ▶ 𝑃0 2 Θ0 | Δ2 ⊢ ▶ 𝑃0 3 .

Our goal follows from 1 , 2 , and 3 .

Case U-Unit and U-Rigid. Our goals follow from reflexivity of information increase,
reflexivity of refinement, and rules C-Unit and C-Var.

Case
U-Arrow
Θ0 [𝑃′1]-- Δ1|Δ2 𝑃1 ∼ 𝑄1 ⊣ Θ1 1 Θ1 [𝑃′2]-- Δ1|Δ2 𝑃2 ∼ 𝑄2 ⊣ Θ2 2

Θ0 [𝑃′1 → 𝑃′2]-- Δ1|Δ2 𝑃1 → 𝑃2 ∼ 𝑄1 → 𝑄2 ⊣ Θ2

IH on 1 gives

Θ0 ⊑ Θ1 3 Θ1 ⊢ 𝑃1 ∼ 𝑄1 4 Θ1 | Δ1 ⊢ 𝑃′
1 ▶ 𝑄1 5 Θ1 | Δ2 ⊢ 𝑃1 ▶ 𝑄1 6 .

IH on 2 gives

Θ1 ⊑ Θ2 7 Θ2 ⊢ 𝑃2 ∼ 𝑄2 8 Θ2 | Δ1 ⊢ 𝑃′
2 ▶ 𝑄2 9 Θ2 | Δ2 ⊢ 𝑃2 ▶ 𝑄2 10 .

Our goal follows from stability on 4 , 5 , and 6 along 7 , rule C-Arrow, and
definition of refinement.

Case
U-ForallInh
Θ0 , 𝛼 [𝑃0]-- Δ1 ,𝛼|Δ2 ,𝛼 𝑃 ∼ 𝑄 ⊣ Θ1 , 𝛼 1

Θ0 [∀𝛼.𝑃0]-- Δ1|Δ2 ∀𝛼.𝑃 ∼ ∀𝛼.𝑄 ⊣ Θ1

IH on 1 gives

Θ0 , 𝛼 ⊑ Θ1 , 𝛼 2 Θ1 , 𝛼 ⊢ 𝑃 ∼ 𝑄 3

Θ1 , 𝛼 | Δ1 , 𝛼 ⊢ 𝑃0 ▶ 𝑄 4 Θ1 , 𝛼 | Δ2 , 𝛼 ⊢ 𝑃 ▶ 𝑄 5 .

By removing the type variable 𝛼 from 2 , we have

Θ0 ⊑ Θ1 6 .

By C-ForallInh on 3 , we have

Θ1 ⊢ ∀𝛼.𝑃 ∼ ∀𝛼.𝑄 7 .

By definition of refinement on 4 , we have

Θ1 | Δ1 ⊢ ∀𝛼.𝑃0 ▶ ∀𝛼.𝑄 8 .
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By definition of refinement on 5 , we have

Θ1 | Δ2 ⊢ ∀𝛼.𝑃 ▶ ∀𝛼.𝑄 9 .

Well-formedness of ∀𝛼.𝑄 comes from well-formedness of ∀𝛼.𝑃 and ∀𝛼.𝑃0. Our
goal follows from 6 , 7 , 8 , and 9 .

Case
U-ForallSyn
Θ0 , 𝛼 [ ∀ .𝑃0]-- Δ1|Δ2 ,𝛼 𝑃 ∼ 𝑄 ⊣ Θ1 , 𝛼 1

Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 ∀𝛼.𝑃 ∼ ∀𝛼.𝑄 ⊣ Θ1

IH on 1 gives

Θ0 , 𝛼 ⊑ Θ1 , 𝛼 2 Θ1 , 𝛼 ⊢ 𝑃 ∼ 𝑄 3

Θ1 , 𝛼 | Δ1 ⊢ ∀ .𝑃0 ▶ 𝑄 4 Θ1 , 𝛼 | Δ2 , 𝛼 ⊢ 𝑃 ▶ 𝑄 5 .

By removing the type variable 𝛼 from 2 , we have

Θ0 ⊑ Θ1 6 .

By C-ForallSyn on 3 , we have

Θ1 ⊢ ∀𝛼.𝑃 ∼ ∀𝛼.𝑄 7 .

By definition of refinement on 4 , we have

Θ1 | Δ1 ⊢ ∀ .𝑃0 ▶ ∀𝛼.𝑄 8 .

By definition of refinement on 5 , we have

Θ1 | Δ2 ⊢ ∀𝛼.𝑃 ▶ ∀𝛼.𝑄 9 .

Well-formedness of ∀𝛼.𝑄 comes from well-formedness of ∀𝛼.𝑃 and ∀ .𝑃0. Our
goal follows from 6 , 7 , 8 , and 9 .

Case
U-UnivGhost
Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1 1

Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 ∀ .𝑃 ∼ ∀ .𝑄 ⊣ Θ1

IH on 1 gives

Θ0 ⊑ Θ1 2 Θ1 ⊢ 𝑃 ∼ 𝑄 3 Θ1 | Δ1 ⊢ 𝑃0 ▶ 𝑄 4 Θ1 | Δ2 ⊢ 𝑃 ▶ 𝑄 5 .

By C-UnivGhost on 3 , we have

Θ1 ⊢ ∀ .𝑃 ∼ ∀ .𝑄 6 .

By definition of refinement on 4 , we have

Θ1 | Δ1 ⊢ ∀ .𝑃0 ▶ ∀ .𝑄 7 .
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By definition of refinement on 5 , we have

Θ1 | Δ2 ⊢ ∀ .𝑃 ▶ ∀ .𝑄 8 .

Well-formedness of ∀ .𝑄 comes from well-formedness of ∀ .𝑃 and ∀ .𝑃0. Our goal
follows from 2 , 6 , 7 , and 8 .

Case
U-UnivGhost1
Θ0 , 𝛼 [𝑃0]-- Δ1 ,𝛼|Δ2 ∀ .𝑃 ∼ 𝑄 ⊣ Θ1 , 𝛼 1

Θ0 [∀𝛼.𝑃0]-- Δ1|Δ2 ∀ .𝑃 ∼ ∀𝛼.𝑄 ⊣ Θ1

IH on 1 gives

Θ0 , 𝛼 ⊑ Θ1 , 𝛼 2 Θ1 , 𝛼 ⊢ ∀ .𝑃 ∼ 𝑄 3

Θ1 , 𝛼 | Δ1 , 𝛼 ⊢ 𝑃0 ▶ 𝑄 4 Θ1 , 𝛼 | Δ2 ⊢ ∀ .𝑃 ▶ 𝑄 5 .

By removing the type variable 𝛼 from 2 , we have

Θ0 ⊑ Θ1 6 .

By C-UnivGhost1 on 3 , we have

Θ1 ⊢ ∀ .𝑃 ∼ ∀𝛼.𝑄 7 .

By definition of refinement on 4 , we have

Θ1 | Δ1 ⊢ ∀𝛼.𝑃0 ▶ ∀𝛼.𝑄 8 .

By definition of refinement on 5 , we have

Θ1 | Δ2 ⊢ ∀ .𝑃 ▶ ∀𝛼.𝑄 9 .

Well-formedness of ∀𝛼.𝑄 comes from well-formedness of ∀ .𝑃 and ∀𝛼.𝑃0. Our
goal follows from 6 , 7 , 8 , and 9 .

Case
U-UnivGhost2
Θ0 ⊢ 𝑃0 guarded 𝑃0 non-flex Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1 1

Θ0 [𝑃0]-- Δ1|Δ2 ∀ .𝑃 ∼ 𝑄 ⊣ Θ1

IH on 1 gives

Θ0 ⊑ Θ1 2 Θ1 ⊢ 𝑃 ∼ 𝑄 3 Θ1 | Δ1 ⊢ 𝑃0 ▶ 𝑄 4 Θ1 | Δ2 ⊢ 𝑃 ▶ 𝑄 5 .

By C-UnivGhost2 on 3 , we have

Θ1 ⊢ ∀ .𝑃 ∼ 𝑄 6 .

By definition of refinement on 5 , we have

Θ1 | Δ2 ⊢ ∀ .𝑃 ▶ 𝑄 7 .

Our goal follows from 2 , 6 , 4 , and 7 .
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Case
U-Flex

Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1 1

Θ0 [𝛽̂]-- Δ1|Δ2 𝛼̂ ∼ 𝛼̂ ⊣ Θ1

By IH of variable unification on 1 , we have

Θ0 ⊑ Θ1 2 Θ1 ⊢ 𝛼̂ ∼ 𝛽̂ 3 .

By 3 we have Θ1 | Δ1 ⊢ 𝛽̂ ▶ 𝛼̂ 4 , since flexible variables do not depend on rigid
type variables inΔ1. By reflexivity of refinement, we have Θ1 | Δ2 ⊢ 𝛼̂ ▶ 𝛼̂ 5 , since
flexible variables do not depend on rigid type variables in Δ2. Our goal follows
from 2 , 4 , 5 , and Θ1 ⊢ 𝛼̂ ∼ 𝛼̂.

Case
U-FlexL
𝑃0 non-flex Θ0 | · ⊢ 𝛼̂ ≔ 𝑃0 ⊣ Θ1 1

Θ0 [𝑃0]-- Δ1|Δ2 𝛼̂ ∼ 𝛼̂ ⊣ Θ1

By IH of assignment on 1 , we have

Θ0 ⊑ Θ1 2 Θ1 ⊢ 𝑃0 ∼ 𝛼̂ 3 .

By 3 , we have Θ1 | Δ1 ⊢ 𝑃0 ▶ 𝛼̂ 4 , since flexible variables do not depend on rigid
type variables inΔ1. By reflexivity of refinement, we have Θ1 | Δ2 ⊢ 𝛼̂ ▶ 𝛼̂ 5 , since
flexible variables do not depend on rigid type variables in Δ2. Our goal follows
from 2 , 4 , 5 , and Θ1 ⊢ 𝛼̂ ∼ 𝛼̂.

Case
U-FlexR
𝑃 non-flex Θ0 | · ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 1

Θ0 [𝛼̂]-- Δ1|Δ2 𝑃 ∼ 𝛼̂ ⊣ Θ1

By IH of assignment on 1 , we have

Θ0 ⊑ Θ1 2 Θ1 ⊢ 𝑃 ∼ 𝛼̂ 3 .

By reflexivity of refinement, we have Θ1 | Δ1 ⊢ 𝛼̂ ▶ 𝛼̂ 4 By 3 , we have
Θ1 | Δ2 ⊢ 𝑃 ▶ 𝛼̂ 5 , Our goal follows from 2 , 3 , 4 , and 5 .

Case
U-GhostR

Δ1 ∩ ftv(𝑃) = ∅

Θ0 [ ]-- Δ1|Δ2 𝑃 ∼ 𝑃 ⊣ Θ0

Our goal follows from Θ0 ⊑ Θ0, the side condition, definition of refinement, and
Θ0 ⊢ 𝑃 ∼ 𝑃.
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Case
U-UnivGhostR
Θ0 ⊢ 𝑃 guarded 𝑃 non-flex Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1 1

Θ0 [ ∀ .𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑄 ⊣ Θ1

IH on 1 gives

Θ0 ⊑ Θ1 2 Θ1 ⊢ 𝑃 ∼ 𝑄 3 Θ1 | Δ1 ⊢ 𝑃0 ▶ 𝑄 4 Θ1 | Δ2 ⊢ 𝑃 ▶ 𝑄 5 .

By definition of refinement on 4 , we have

Θ1 | Δ1 ⊢ ∀ .𝑃0 ▶ 𝑄 6 .

Our goal follows from 2 , 3 , 5 , and 6 .

□

D.5.3 Completeness of consistency

We prove Lemma 26.

Lemma 26 (Completeness and optimality of consistency).

1. Given a problem of consistency (Θ0;𝑃0;𝑃), if there exists a solution to it, then Θ0 [𝑃0]--
𝑃 ∼ 𝑃1 ⊣ Θ1 gives its optimal solution (Θ0 ⊑ Θ1;𝑃1).

2. Given a problem of variable unification (Θ0; 𝛼̂; 𝛽̂), if there exists a solution to it, then
Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1 gives its optimal solution Θ0 ⊑ Θ1.

3. Given a problem of assignment (Θ0;Ξ; 𝛼̂;𝑃), if there exists a solution to it, then Θ0 | Ξ ⊢
𝛼̂ ≔ 𝑃 ⊣ Θ1 gives its optimal solution Θ0 ,Ξ ⊑ Θ1.

Proof. We first augment the definition of a consistency problem to (Δ1;Δ2;Ψ;Θ0;𝑃0; 𝑆)
where Δ1 and Δ2 are contexts of rigid type variables present in Θ0 that no flexible
variables depend on. We augment the definition of a solution (𝜃 :: Θ0 ⊑ Θ;𝑄) to require
Ψ | Θ ⊢ 𝜃𝑆 ∼ 𝑄 and Θ | Δ1 ⊢ 𝜃𝑃0 ▶ 𝑄 and Θ | Δ2 ⊢ 𝜃⌊𝑆⌋ ▶ 𝑄 and that no flexible
variables in Θ depend on variables in Δ1 and Δ2. With the augmented definitions, for
the first part of this lemma for consistency, it is enough to prove that, if (𝜃 :: Θ0 ⊑ Θ;𝑄)
is a solution to the consistency problem (Δ1;Δ2;Ψ;Θ0;𝑃0; 𝑆), with 𝑃 = ⌊𝑆⌋, we have

Θ0 [𝑃0]-- Δ1|Δ2 𝑃 ∼ 𝑃1 ⊣ Θ1 𝜃1 :: Θ1 ⊑ Θ 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ Θ | Δ1 ,Δ2 ⊢ 𝜃1𝑃1 ⪯ 𝑄

We proceed by mutual induction for the three parts of this lemma, with the first part
augmented as above.
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2. Unification of flexible variables. It is enough to prove that given a unification
problem (Θ0; 𝛼̂; 𝛽̂) and a solution

𝜃 :: Θ0 ⊑ Θ 1 Θ ⊢ 𝜃𝛼̂ ∼ 𝜃𝛽̂ 2 ,

there exists 𝜃1 and Θ1 such that

Θ0 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ1 𝜃1 :: Θ1 ⊑ Θ 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ.

By induction on the context Θ0 and case analysis on which algorithmic unification rule
to use. We first discuss the special case where 𝛼̂ = 𝛽̂.

Case
U-Flex-Flex-Id
𝛼̂ ∈ dom(Θ0)

Θ0 ⊢ 𝛼̂ ≃ 𝛼̂ ⊣ Θ0

Trivial.

Case
U-Flex-Flex-L

𝛼̂ ≠ 𝛽̂

Θ′
0 , 𝛼̂ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ′

0 , 𝛼̂ ≔ 𝛽̂

In this case Θ0 = Θ′
0 , 𝛼̂. By 2 , since both sides are monotypes, we have

Θ ⊢ 𝜃𝛼̂ ≡ 𝜃𝛽̂ 3 .

By the definition of metasubstitution, 1 and 3 , we have

𝜃 :: Θ′
0 , 𝛼̂ ≔ 𝛽̂ ⊑ Θ 4 .

Our goal follows from U-Flex-Flex-L, 4 , and 𝜃 ≡ 𝜃 :: Θ0 ⊑ Θ

Case
U-Flex-Flex-R

𝛼̂ ≠ 𝛽̂

Θ′
0 , 𝛽̂ ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ′

0 , 𝛽̂ ≔ 𝛼̂

Similar to the case of U-Flex-Flex-L.

Case
U-Flex-Flex-Assign
Θ′

0 ⊢ 𝛼̂[𝜏/𝛾̂] ∼ 𝛽̂[𝜏/𝛾̂] ⊣ Θ′
1

Θ′
0 , 𝛾̂ ≔ 𝜏 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ′

1 , 𝛾̂ ≔ 𝜏

In this case Θ0 = Θ′
0 , 𝛾̂ ≔ 𝜏. By 1 and definition of metasubstitution, we have

Θ ⊢ 𝜃𝛾̂ ≡ 𝜃𝜏 3 𝜃 :: Θ′
0 ⊑ Θ 4 .
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By 2 and definition of metasubstitution, we have

Θ ⊢ 𝜃(𝛼̂[𝜏/𝛾̂]) ∼ 𝜃(𝛽̂[𝜏/𝛾̂]) 5 .

By definition of refinement, we have

Θ | · ⊢ 𝜃(𝛽̂[𝜏/𝛾̂]) ▶ 𝜃(𝛽̂[𝜏/𝛾̂]) 6 .

4 , 5 , and 6 together give a solution to the consistency problem (·; ·; ·;Θ′
0; 𝛽̂[𝜏/𝛾̂]; 𝛼̂[𝜏/𝛾̂]).

By the IH of consistency on this solution, we have, for some 𝑄,

Θ′
0 [𝛽̂[𝜏/𝛾̂]]-- 𝛼̂[𝜏/𝛾̂] ∼ 𝑄 ⊣ Θ′

1 7

𝜃1 :: Θ′
1 ⊑ Θ 8

Θ | · ⊢ 𝜃1𝑄 ⪯ 𝜃(𝛽̂[𝜏/𝛾̂]) 9

𝜃 ≡ 𝜃1 :: Θ′
0 ⊑ Θ 10

By U-Flex-Flex-Assign on 7 , we have

Θ′
0 , 𝛾̂ ≔ 𝜏 ⊢ 𝛼̂ ≃ 𝛽̂ ⊣ Θ′

1 , 𝛾̂ ≔ 𝜏 11 .

By definition of metasubstitution, 8 , 10 , and 3 , we extend 𝜃1 such that

𝜃1 :: Θ′
1 , 𝛾̂ ≔ 𝜏 ⊑ Θ 12 . 𝜃 ≡ 𝜃1 :: Θ′

0 , 𝛾̂ ≔ 𝜏 ⊑ Θ 13 .

Our goal follows from 11 , 12 , and 13 .

Case U-Flex-Flex-Skip andU-Flex-Flex-Skip’. Our goal follows from IH andweakening.

3. Assignment. It is enough to prove that given an assignment problem (Θ0;Ξ; 𝛼̂;𝑃)
and a solution

𝜃 :: Θ0 ,Ξ ⊑ Θ 1 Θ ⊢ 𝜃𝑃 ∼ 𝜃𝛼̂ 2 .

there exist Θ1 and 𝜃1 such that

Θ0 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1 𝜃1 :: Θ1 ⊑ Θ 𝜃 ≡ 𝜃1 :: Θ0 ,Ξ ⊑ Θ.

By induction on the pair of contexts Θ0 | Ξ and case analysis on which algorithmic
assignment rule to use.

Case U-Assign-UnivGhost-Id. Our goal follows fromU-Assign-UnivGhost-Id, 1 , and
reflexivity of metasubstitution equivalence by taking 𝜃1 = 𝜃.

Case
U-Assign-SolveM

𝛼̂ ∉ ftv(𝑃) guess(𝑃) = (𝛽̂; 𝜏)

Θ′
0 , 𝛼̂ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ′

0 ,Ξ, 𝛽̂, 𝛼̂ ≔ 𝜏
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In this case Θ0 = Θ′
0 , 𝛼̂. Let guess(𝑃) = (𝛽̂; 𝜏) 3 . By definition of guess(𝑃), 3 ,

and 2 , we can construct 𝜃1 by extending 𝜃 with proper substitutions for 𝛽̂ such
that Θ ⊢ 𝜃1𝜏 ≡ 𝜃𝛼̂. Thus we have

𝜃1 :: Θ′
0 ,Ξ, 𝛽̂, 𝛼̂ ≔ 𝜏 ⊑ Θ 4 𝜃 ≡ 𝜃1 :: Θ′

0 , 𝛼̂,Ξ ⊑ Θ 5 .

Our goal follows from U-Assign-SolveM, 4 , and 5 .

Case
U-Assign-Assign

Θ′
0 ,Ξ ⊢ 𝛼̂[𝜏/𝛽̂] ∼ 𝑃[𝜏/𝛽̂] ⊣ Θ′

1

Θ′
0 , 𝛽̂ ≔ 𝜏 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ′

1 , 𝛽̂ ≔ 𝜏

In this case Θ0 = Θ′
0 , 𝛽̂ ≔ 𝜏. By 1 and definition of metasubstitution, we have

Θ ⊢ 𝜃𝛽̂ ≡ 𝜃𝜏 3 𝜃 :: Θ′
0 ,Ξ ⊑ Θ 4 .

By 2 and definition of metasubstitution, we have

Θ ⊢ 𝜃(𝑃[𝜏/𝛽̂]) ∼ 𝜃(𝛼̂[𝜏/𝛽̂]) 5 .

By 5 , we have

Θ | · ⊢ 𝜃(𝑃[𝜏/𝛽̂]) ▶ 𝜃(𝛼̂[𝜏/𝛽̂]) 6 . Θ ⊢ 𝜃(𝛼̂[𝜏/𝛽̂]) ∼ 𝜃(𝛼̂[𝜏/𝛽̂]) 7 .

4 , 6 , and 7 together form a solution to the consistency problem

(·; ·; ·;Θ′
0 ,Ξ;𝑃[𝜏/𝛽̂]; 𝛼̂[𝜏/𝛽̂]).

By the IH of consistency on this solution, for some 𝑄, we have

Θ′
0 ,Ξ [𝑃[𝜏/𝛽̂]]-- 𝛼̂[𝜏/𝛽̂] ∼ 𝑄 ⊣ Θ′

1 8

𝜃1 :: Θ′
1 ⊑ Θ 9

Θ | · ⊢ 𝜃1𝑄 ⪯ 𝜃(𝛼̂[𝜏/𝛽̂]) 10

𝜃 ≡ 𝜃1 :: Θ′
0 ,Ξ ⊑ Θ 11

By U-Assign-Assign on 8 , we have

Θ′
0 , 𝛽̂ ≔ 𝜏 | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ′

1 , 𝛽̂ ≔ 𝜏 12 .

By definition of metasubstitution, 3 , 9 , and 11 , we have

𝜃1 :: Θ′
1 , 𝛽̂ ≔ 𝜏 ⊑ Θ 13 . 𝜃 ≡ 𝜃1 :: Θ′

0 , 𝛽̂ ≔ 𝜏,Ξ ⊑ Θ 14 .

Our goal follows from 12 , 13 , and 14 .

Case
U-Assign-Depend
𝛼̂ ≠ 𝛽̂ 𝛽̂ ∈ ftv(𝑃) Θ′

0 | 𝛽̂,Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1

Θ′
0 , 𝛽̂ | Ξ ⊢ 𝛼̂ ≔ 𝑃 ⊣ Θ1
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The solution 1 is also a solution to the problem (Θ′
0; 𝛽̂,Ξ; 𝛼̂;𝑃). Our goal follows

from IH and U-Assign-Depend.

Case U-Assign-Skip, U-Assign-SkipRigid, and U-Assign-SkipTmVar. Our goal follows
from IH and context weakening.

1. Consistency. We prove for the augmented consistency problem and solution as
stated at the beginning of this proof. We prove by induction on the declarative con-
sistency derivationΨ | Θ ⊢ 𝜃𝑆 ∼ 𝑄. The cases where 𝑃 or 𝑃0 is a flexible variable are
handled by the other two parts of the lemma. If 𝑃0 = , we use U-GhostR. If 𝑃0 = ∀ .𝑃′

0
while 𝑃 is guarded, we use U-UnivGhostR and continue with the problem for 𝑃′

0. In the
induction below, we assume the above three special cases have already been handled.

Case
C-Ghost

· | Θ ⊢ ∼ 𝑄
In this case 𝑆 = and 𝑃 = . The solution gives

𝜃 :: Θ0 ⊑ Θ 1 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ 𝑄 2 Θ | Δ2 ⊢ 𝜃 ▶ 𝑄 3 .

By 2 and 3 , the side condition of U-Ghost holds. Thus by U-Ghost, we have

Θ0 [𝑃0]-- Δ1|Δ2 ∼ 𝑃0 ⊣ Θ0 4 .

By 2 and 3 , we have
Θ | Δ1 ,Δ2 ⊢ 𝜃𝑃0 ⪯ 𝑄 5 .

Our goal follows from 4 , 1 , 5 , and reflexivity of metasubstitution equivalence.

Case
C-GhostG

· | Θ ⊢ ∼
In this case 𝑆 = and 𝑃 = . The solution gives

𝜃 :: Θ0 ⊑ Θ 1 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ 2 Θ | Δ2 ⊢ 𝜃 ▶ 3 .

By inversion on 2 , 𝑃0 = . Thus by U-Ghost, we have

Θ0 [ ]-- Δ1|Δ2 ∼ ⊣ Θ0 4 .

By reflexivity of precision, we have

Θ | Δ1 ,Δ2 ⊢ 𝜃 ⪯ 5 .

Our goal follows from 4 , 1 , 5 , and reflexivity of metasubstitution equivalence.
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Case
C-Unit

· | Θ ⊢ 1 ∼ 1

In this case 𝑆 = 1 and 𝑃 = 1. The solution gives

𝜃 :: Θ0 ⊑ Θ 1 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ 1 2 Θ | Δ2 ⊢ 𝜃1 ▶ 1 3 .

Since 𝑃0 cannot be a ghost or flexible variable, inversion on 2 gives 𝑃0 = 1. Our
goal follows from U-Unit, 1 , and reflexivity of precision and metasubstitution
equivalence.

Case
C-Var

Θ ∋ 𝛼

· | Θ ⊢ 𝛼 ∼ 𝛼

In this case 𝑆 = 𝛼 and 𝑃 = 𝛼. The solution gives

𝜃 :: Θ0 ⊑ Θ 1 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ 𝛼 2 Θ | Δ2 ⊢ 𝜃𝛼 ▶ 𝛼 3 .

Since 𝑃0 cannot be a ghost or flexible variable, inversion on 2 gives 𝑃0 = 𝛼. By
inversion on 1 , Θ0 ∋ 𝛼. Our goal follows from U-Rigid, 1 , and reflexivity of
precision and metasubstitution equivalence.

Case
C-Arrow
Ψ1 | Θ ⊢ 𝜃𝑆1 ∼ 𝑄1 1 Ψ2 | Θ ⊢ 𝜃𝑆2 ∼ 𝑄2 2

Ψ1 ,Ψ2 | Θ ⊢ 𝜃(𝑆1 → 𝑆2) ∼ 𝑄1 → 𝑄2

In this case 𝑆 = 𝑆1 → 𝑆2 and 𝑃 = 𝑃1 → 𝑃2 where 𝑃1 = ⌊𝑆1⌋ and 𝑃2 = ⌊𝑆2⌋. The
solution gives

𝜃 :: Θ0 ⊑ Θ 3 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ 𝑄1 → 𝑄2 4 Θ | Δ2 ⊢ 𝜃(𝑃1 → 𝑃2) ▶ 𝑄1 → 𝑄2 5 .

Since 𝑃0 cannot be a ghost or flexible variable, inversion on 4 gives 𝑃0 = 𝑃′
1 → 𝑃′

2
and

Θ | Δ1 ⊢ 𝜃𝑃′
1 ▶ 𝑄1 6 Θ | Δ1 ⊢ 𝜃𝑃′

2 ▶ 𝑄2 7 .

By inversion on 5 , we have

Θ | Δ2 ⊢ 𝜃𝑃1 ▶ 𝑄1 8 Θ | Δ2 ⊢ 𝜃𝑃2 ▶ 𝑄2 9 .

IH on the left component with 3 , 1 , 6 , 8 , and 𝑃1 = ⌊𝑆1⌋ gives

Θ0 [𝑃′1]-- Δ1|Δ2 𝑃1 ∼ 𝑄′
1 ⊣ Θ1 10

𝜃1 :: Θ1 ⊑ Θ 11

Θ | Δ1 ,Δ2 ⊢ 𝜃1𝑄
′
1 ⪯ 𝑄1 12

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 13
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By 13 , the right-component premises 2 , 7 , and 9 can be rewritten with 𝜃1. IH
on the right component with 𝑃2 = ⌊𝑆2⌋ gives

Θ1 [𝑃′2]-- Δ1|Δ2 𝑃2 ∼ 𝑄′
2 ⊣ Θ2 14

𝜃2 :: Θ2 ⊑ Θ 15

Θ | Δ1 ,Δ2 ⊢ 𝜃2𝑄
′
2 ⪯ 𝑄2 16

𝜃1 ≡ 𝜃2 :: Θ1 ⊑ Θ 17

By U-Arrow on 10 and 14 , we have

Θ0 [𝑃′1 → 𝑃′2]-- Δ1|Δ2 𝑃1 → 𝑃2 ∼ 𝑄′
1 → 𝑄′

2 ⊣ Θ2 18 .

By 12 , 16 , and 17 ,

Θ | Δ1 ,Δ2 ⊢ 𝜃2(𝑄′
1 → 𝑄′

2) ⪯ 𝑄1 → 𝑄2 19 .

By 13 and 17 ,
𝜃 ≡ 𝜃2 :: Θ0 ⊑ Θ 20 .

Our goal follows from 18 , 15 , 20 , and 19 .

Case
C-ForallInh

Ψ | Θ, 𝛼 ⊢ 𝜃𝑆′ ∼ 𝑄 1

Ψ, 𝛿 | Θ ⊢ 𝜃(∀𝛿𝛼.𝑆′) ∼ ∀𝛼.𝑄
In this case 𝑆 = ∀𝛿𝛼.𝑆′ and 𝑃 = ∀𝛼.𝑃′ where 𝑃′ = ⌊𝑆′⌋. The solution gives

𝜃 :: Θ0 ⊑ Θ 2 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ ∀𝛼.𝑄 3 Θ | Δ2 ⊢ 𝜃(∀𝛼.𝑃′) ▶ ∀𝛼.𝑄 4 .

Since 𝑃0 cannot be a ghost or flexible variable, inversion on 3 gives 𝑃0 = ∀𝛼.𝑃′
0

and
Θ, 𝛼 | Δ1 , 𝛼 ⊢ 𝜃𝑃′

0 ▶ 𝑄 5 .

By inversion on 4 , we have

Θ, 𝛼 | Δ2 , 𝛼 ⊢ 𝜃𝑃′ ▶ 𝑄 6 .

By definition of metasubstitution, 2 gives

𝜃 :: Θ0 , 𝛼 ⊑ Θ, 𝛼 7 .

IH on 1 , 5 , 6 , and 7 gives

Θ0 , 𝛼 [𝑃′0]-- Δ1 ,𝛼|Δ2 ,𝛼 𝑃
′ ∼ 𝑄′ ⊣ Θ1 , 𝛼 8

𝜃1 :: Θ1 , 𝛼 ⊑ Θ, 𝛼 9

Θ, 𝛼 | Δ1 ,Δ2 , 𝛼 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 10

𝜃 ≡ 𝜃1 :: Θ0 , 𝛼 ⊑ Θ, 𝛼 11
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By U-ForallInh on 8 and 𝑃0 = ∀𝛼.𝑃′
0, we have

Θ0 [𝑃0]-- Δ1|Δ2 ∀𝛼.𝑃′ ∼ ∀𝛼.𝑄′ ⊣ Θ1 12 .

By removing the type variable 𝛼 from 9 and 11 , we have

𝜃1 :: Θ1 ⊑ Θ 13 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 14 .

By 10 , we have
Θ | Δ1 ,Δ2 ⊢ 𝜃1(∀𝛼.𝑄′) ⪯ ∀𝛼.𝑄 15 .

Our goal follows from 12 – 15 .

Case
C-ForallSyn
Ψ | Θ, 𝛼 ⊢ 𝜃𝑆′ ∼ 𝑄 1

Ψ | Θ ⊢ 𝜃(∀𝛿𝛼.𝑆′) ∼ ∀𝛼.𝑄
In this case 𝑆 = ∀𝛿𝛼.𝑆′ and 𝑃 = ∀𝛼.𝑃′ where 𝑃′ = ⌊𝑆′⌋. The solution gives

𝜃 :: Θ0 ⊑ Θ 2 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ ∀𝛼.𝑄 3 Θ | Δ2 ⊢ 𝜃(∀𝛼.𝑃′) ▶ ∀𝛼.𝑄 4 .

Since 𝑃0 cannot be a ghost or flexible variable, inversion on 3 gives 𝑃0 = ∀ .𝑃′
0

and
Θ, 𝛼 | Δ1 ⊢ 𝜃( ∀ .𝑃′

0) ▶ 𝑄 5 .

By inversion on 4 , we have

Θ, 𝛼 | Δ2 , 𝛼 ⊢ 𝜃𝑃′ ▶ 𝑄 6 .

By definition of metasubstitution, 2 gives

𝜃 :: Θ0 , 𝛼 ⊑ Θ, 𝛼 7 .

IH on 1 , 5 , 6 , and 7 gives

Θ0 , 𝛼 [ ∀ .𝑃′0]-- Δ1|Δ2 ,𝛼 𝑃
′ ∼ 𝑄′ ⊣ Θ1 , 𝛼 8

𝜃1 :: Θ1 , 𝛼 ⊑ Θ, 𝛼 9

Θ, 𝛼 | Δ1 ,Δ2 , 𝛼 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 10

𝜃 ≡ 𝜃1 :: Θ0 , 𝛼 ⊑ Θ, 𝛼 11

By U-ForallSyn on 8 and 𝑃0 = ∀ .𝑃′
0, we have

Θ0 [𝑃0]-- Δ1|Δ2 ∀𝛼.𝑃′ ∼ ∀𝛼.𝑄′ ⊣ Θ1 12 .

By removing the type variable 𝛼 from 9 and 11 , we have

𝜃1 :: Θ1 ⊑ Θ 13 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 14 .

By 10 , we have
Θ | Δ1 ,Δ2 ⊢ 𝜃1(∀𝛼.𝑄′) ⪯ ∀𝛼.𝑄 15 .

Our goal follows from 12 – 15 .
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Cases
C-UnivGhost
Ψ | Θ ⊢ 𝜃𝑆′ ∼ 𝑄 1

Ψ | Θ ⊢ ∀ .𝜃𝑆′ ∼ ∀ .𝑄

C-UnivGhostG
Ψ | Θ ⊢ 𝜃𝑆′ ∼ 𝑄 1

Ψ | Θ ⊢ ∀ .𝜃𝑆′ ∼ ∀ .𝑄

In these cases 𝑆 = ∀ .𝑆′ or 𝑆 = ∀ .𝑆′, respectively, and 𝑃 = ∀ .𝑃′ where 𝑃′ = ⌊𝑆′⌋.
The solution gives

𝜃 :: Θ0 ⊑ Θ 2 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ ∀ .𝑄 3 Θ | Δ2 ⊢ 𝜃( ∀ .𝑃′) ▶ ∀ .𝑄 4 .

Since 𝑃0 cannot be a ghost or flexible variable, inversion on 3 gives 𝑃0 = ∀ .𝑃′
0

and
Θ | Δ1 ⊢ 𝜃𝑃′

0 ▶ 𝑄 5 .

By inversion on 4 , we have

Θ | Δ2 ⊢ 𝜃𝑃′ ▶ 𝑄 6 .

IH on 1 , 5 , 6 , and 2 gives

Θ0 [𝑃′0]-- Δ1|Δ2 𝑃
′ ∼ 𝑄′ ⊣ Θ1 7

𝜃1 :: Θ1 ⊑ Θ 8

Θ | Δ1 ,Δ2 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 9

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 10

By U-UnivGhost on 7 and 𝑃0 = ∀ .𝑃′
0, we have

Θ0 [𝑃0]-- Δ1|Δ2 ∀ .𝑃′ ∼ ∀ .𝑄′ ⊣ Θ1 11 .

By 9 , we have
Θ | Δ1 ,Δ2 ⊢ 𝜃1( ∀ .𝑄′) ⪯ ∀ .𝑄 12 .

Our goal follows from 11 , 8 , 12 , and 10 .

Case
C-UnivGhost1
Ψ | Θ, 𝛼 ⊢ ∀ .𝜃𝑆′ ∼ 𝑄 1

Ψ | Θ ⊢ ∀ .𝜃𝑆′ ∼ ∀𝛼.𝑄
In this case 𝑆 = ∀ .𝑆′ and 𝑃 = ∀ .𝑃′ where 𝑃′ = ⌊𝑆′⌋. The solution gives

𝜃 :: Θ0 ⊑ Θ 2 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ ∀𝛼.𝑄 3 Θ | Δ2 ⊢ 𝜃( ∀ .𝑃′) ▶ ∀𝛼.𝑄 4 .

Since 𝑃0 cannot be a ghost or flexible variable, inversion on 3 gives 𝑃0 = ∀𝛼.𝑃′
0

and
Θ, 𝛼 | Δ1 , 𝛼 ⊢ 𝜃𝑃′

0 ▶ 𝑄 5 .

By inversion on 4 , we have

Θ, 𝛼 | Δ2 ⊢ 𝜃( ∀ .𝑃′) ▶ 𝑄 6 .
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By definition of metasubstitution, 2 gives

𝜃 :: Θ0 , 𝛼 ⊑ Θ, 𝛼 7 .

IH on 1 , 5 , 6 , and 7 gives

Θ0 , 𝛼 [𝑃′0]-- Δ1 ,𝛼|Δ2 ∀ .𝑃′ ∼ 𝑄′ ⊣ Θ1 , 𝛼 8

𝜃1 :: Θ1 , 𝛼 ⊑ Θ, 𝛼 9

Θ, 𝛼 | Δ1 ,Δ2 , 𝛼 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 10

𝜃 ≡ 𝜃1 :: Θ0 , 𝛼 ⊑ Θ, 𝛼 11

By U-UnivGhost1 on 8 and 𝑃0 = ∀𝛼.𝑃′
0, we have

Θ0 [𝑃0]-- Δ1|Δ2 ∀ .𝑃′ ∼ ∀𝛼.𝑄′ ⊣ Θ1 12 .

By removing the type variable 𝛼 from 9 and 11 , we have

𝜃1 :: Θ1 ⊑ Θ 13 𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 14 .

By 10 and the precision rule for inherited quantifiers, we have

Θ | Δ1 ,Δ2 ⊢ 𝜃1(∀𝛼.𝑄′) ⪯ ∀𝛼.𝑄 15 .

Our goal follows from 12 – 15 .

Case
C-UnivGhost2
Ψ | Θ ⊢ 𝜃𝑆′ ∼ 𝑄 1

Ψ | Θ ⊢ ∀ .𝜃𝑆′ ∼ 𝑄
In this case 𝑆 = ∀ .𝑆′ and 𝑃 = ∀ .𝑃′ where 𝑃′ = ⌊𝑆′⌋. The solution gives

𝜃 :: Θ0 ⊑ Θ 2 Θ | Δ1 ⊢ 𝜃𝑃0 ▶ 𝑄 3 Θ | Δ2 ⊢ 𝜃( ∀ .𝑃′) ▶ 𝑄 4 .

By well-formedness of ∀ .𝑃′ and inversion on 1 , 𝑄 is guarded.

We proceed by case analysis on 𝑃0.

Case 𝑃0 = ∀ .𝑃′
0. Inversion on 3 gives

Θ | Δ1 ⊢ 𝜃𝑃′
0 ▶ 𝑄 5 .

By guardedness of 𝑄, inversion on 4 gives

Θ | Δ2 ⊢ 𝜃𝑃′ ▶ 𝑄 6 .

IH on 1 , 5 , 6 , and 2 gives

Θ0 [𝑃′0]-- Δ1|Δ2 𝑃
′ ∼ 𝑄′ ⊣ Θ1 7

𝜃1 :: Θ1 ⊑ Θ 8

Θ | Δ1 ,Δ2 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 9

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 10
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By U-UnivGhost on 7 , we have

Θ0 [ ∀ .𝑃′0]-- Δ1|Δ2 ∀ .𝑃′ ∼ ∀ .𝑄′ ⊣ Θ1 11 .

By 9 and the precision rule for universal ghosts, we have

Θ | Δ1 ,Δ2 ⊢ 𝜃1( ∀ .𝑄′) ⪯ 𝑄 12 .

Our goal follows from 11 , 8 , 10 , and 12 .

Case 𝑃0 is guarded. By guardedness of 𝑄, inversion on 4 gives

Θ | Δ2 ⊢ 𝜃𝑃′ ▶ 𝑄 5 .

IH on 1 , 3 , 5 , and 2 gives

Θ0 [𝑃0]-- Δ1|Δ2 𝑃
′ ∼ 𝑄′ ⊣ Θ1 6

𝜃1 :: Θ1 ⊑ Θ 7

Θ | Δ1 ,Δ2 ⊢ 𝜃1𝑄
′ ⪯ 𝑄 8

𝜃 ≡ 𝜃1 :: Θ0 ⊑ Θ 9

By guardedness of 𝑄, since 𝑃0 cannot be a ghost or a flexible variable, we
have

Θ0 ⊢ 𝑃0 guarded 10 𝑃0 non-flex 11 .

By U-UnivGhost2 on 10 , 11 , and 6 , we have

Θ0 [𝑃0]-- Δ1|Δ2 ∀ .𝑃′ ∼ 𝑄′ ⊣ Θ1 12 .

Our goal follows from 12 , 7 , 8 , and 9 .

□
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