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Abstract

Effect handlers are a powerful abstraction for defining, customising, and composing
computational effects. Effect systems can statically guarantee that all effects are handled,
ruling out uncaught effects at runtime. However, there are two main challenges in incor-
porating effect systems into mainstream programming languages. The first challenge is
complexity. Traditional effect systems typically require extensive use of effect annotations,
in particular effect variables. Retrofitting such systems into mainstream languages can
therefore require pervasive changes to existing type signatures. The second challenge is
fragmentation. There are many effect systems with different foundations in the literature
and there remains a gap in understanding the precise relationship between them, which
makes it hard for language designers to make design choices.

This thesis addresses these two challenges by introducing modal effect types, a novel
approach to effect systems based on multimodal types. The key observation is that effect
tracking in effect systems is typically entangled with other constructs such as function
types. As a result, we have limited control over when and how effects are tracked in
types. The key idea is to decouple effect tracking from function types via modalities,
which offer fine-grained control over when and how effects are tracked. Modal effect
types eliminate effect variables for a large class of programs, reducing the complexity of
effect systems, and provide a foundation for unifying different effect systems, helping
to address fragmentation of effect systems in the literature.

This thesis comprises three main parts, together with a prologue and an epilogue.
The first part is MET, a core calculus with modal effect types. We define its syntax,
type system, and operational semantics, develop several extensions, and prove type
soundness and effect safety. MET enables ergonomic programming with higher-order
functions and effects without requiring effect variables.

The second part is MET(X), a uniform framework based on MET for encoding, ana-
lysing, and comparing effect systems. We give encodings as macro translations from
existing row-based and capability-based effect systems into MET(X) and prove that these
encodings preserve types. These encodings enable a direct analysis of their differences,
and provide practical insights on language design.

The third part is Maetel, a surface language for MET with a novel bidirectional type
inference algorithm Fresco that can infer both first-class polymorphism and first-class



modal types. The key insight of type inference is to use skeletons, which carry partial
type information, to enable type information to flow back and forth between functions
and arguments. Maetel infers all introduction and elimination of modalities, requiring
no manual annotations. Maetel also supports implicit instantiation of polymorphic types

with modal types and other polymorphic types via local type information.
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Lay Summary

Computer programs do not merely calculate and return answers. They also interact
with their environments, such as by reading and changing stored data, reporting errors,
and communicating with other computers. Such actions that occur while a program
computes its result are called computational effects. An effect handler allows one part of a
program to request an effect and another part to decide how that request is dealt with.
This separation can make software easier to develop and maintain. However, a program
may crash if it makes a request while no handler is prepared to deal with it.

Programming languages can detect many mistakes before a program runs by assign-
ing types to its parts. A type describes how a piece of code may be used. For instance,
a type may say that this program wants an integer and generates a paragraph of text
with words of that length. Types are extended to also describe what effects a program
may request, e.g., that it may write the generated paragraph to a file or print it on the
screen. Such extensions are called effect systems, which can check before a program runs
that all effects will be properly handled. However, existing programming languages are
typically designed without considering effect systems. There are many different effect
systems in the literature, which typically extend existing type constructs with extra
information to describe effects. As a result, adding such effect systems to a programming
language can require significant rewriting of its existing code to include extra effect
annotations in types, even if the code itself does not request any effects. The resulting
types also become harder to read and understand for programmers.

This thesis introduces modal effect types to address these problems. The main idea
is to use a separate construct called modalities to describe effects in types, instead of
polluting existing types with extra effect information. Modal effect types keep track of
the effects available in the surrounding context, and only require a type to be decorated
with modalities if the available effects change. Code that does not request new effects
can therefore keep its usual types familiar to programmers. Beyond simplifying effect
systems, the contributions of this thesis also include a formal comparison of different
effect systems based on modal effect types, which provides insights for language
designers to choose the appropriate effect system for their programming languages, and
an algorithm for automatically inferring where modalities should be inserted, further

reducing the annotation burden for programmers.
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1 Introduction

Shall I be pure or impure?

—Philip Wadler (1992)

Functional programmers have long enjoyed the benefits of higher-order functions, which
may take other functions as arguments and return them as results. For instance, a

standard uncurried map function applies a function to every element of a list:

map (f, [1) []
map (f, x :: xs) = f x :: map (f, xs)

Its familiar type describes the values that map takes and returns:
map : forall ab . (a = b) * List a — List b

The function map takes a function from a to b and a list of as, and returns a list of bs.
This map function does not itself raise exceptions, access mutable state, perform input
or output, or communicate with concurrent processes. These behaviours are known as
computational effects, or just effects [Moggi 1991]. Although map performs none of them
directly, the function f may do so whenever it is applied to an element of the list. For
example, consider the effect 10, with operations read and print for reading and printing
strings. We can apply map to an effectful identity function that prints Hello world:

map ((fun x — do print "Hello world”; x), xs)

This application prints Hello world the same number of times as there are elements in
xs. As we see, the effects of applying map depend on the function passed to it.
Programs may crash at runtime due to unhandled or mishandled effects. An effect
system extends a type system to track effects in types, statically guaranteeing that every
effect is handled properly. A common approach is to annotate function arrows with the
effects that may occur when a function is invoked. For instance, for the example above,

since the argument only performs 10, we can give map the following type:
map : forall a b . (a —={I0} b) * List a —{I0} List b

The annotation following each arrow is an effect type. Here, it contains the single effect

10. This type permits the example above, but restricts the function passed to map to
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performing only I0. This leads to a modularity issue: if we want to pass an argument
that performs other effects, such as Exception or State, to map, we must give it a different
type.

The traditional solution is to use parametric effect polymorphism. Effect polymorphism

uses effect variables to quantify over effect types. For example, we can give map a type:
map : forall a b e . (a —{e} b) * List a —{e} List b

The effect variable e can be instantiated with an effect type. In the example above, e may
be instantiated with 10 or with any effect type containing 10, such as 10, State.
So far, the story seems complete. We encountered a modularity issue with effect types,

and resolved it with parametric polymorphism. What, then, is the problem?

1.1 The eee problem

The problem arises precisely from the complexity caused by effect variables. The same
effect variable e appears three times in the above type of map, even though the definition
of map does not itself perform any effects at all. Any effects performed during the
application of map come from its argument, rather than from map itself. We refer to this
as the eee problem, a term coined by Philip Wadler and then first used by Martin Odersky
at the 44th meeting of IFIP Working Group 2.8 [IFIP Working Group 2.8 2026].

The eee problem breaks backwards compatibility. Even for higher-order functions
that do not themselves perform any effects, we have to change their type signatures
to include effect variables. This is particularly problematic when retrofitting an effect
system to an existing language such as OCaml, which already has a large codebase,
including libraries in which higher-order functions are widely used. We would need
significant rewriting of the type signatures of existing functions to add effect variables,
even though they have nothing to do with effects. Moreover, effect variables add a mental
burden when reading, understanding, and reasoning about types. A programmer must
follow several occurrences of e merely to recover the simple fact that map passes on the
effects of its argument and does not itself perform any effects.

Why not instead track the fact that map itself is pure? From a contextual view of effects,
it is obvious that the definition of map requires no effects from the context. However, we
cannot express this fact directly in a conventional effect system because effect types are
entangled with function arrows. Each arrow describes the effects that may occur when
the corresponding function is invoked. For instance, if we leave all function arrows in
the type of map unannotated, as in its original type, they would be interpreted as pure.
As a result, we cannot apply map to any effectful argument.

This thesis decouples effect types from function arrows, giving map its familiar type
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map : forall a b . [J((@a — b) * List a — List b)

where the syntax [], which can be omitted for global definitions such as this one, is
a modality that states map itself requires no effects. We can still apply map to effectful

arguments.

1.2 Contributions

This thesis contributes modal effect types, a new effect system that decouples effect types
from function arrows and tracks effects with modalities. In particular, this thesis makes

three main contributions:
e MET, a core calculus for modal effect types;
e MET(X), a framework based on MET for encoding and comparing effect systems;
e Maetel, a surface language with type inference for modal effect types.

The next three sections highlight the problems, insights, and results of each contribution.
Effect systems and type inference are both active and established research areas in
programming languages research. There are a few approaches that also target the eee

problem. A detailed discussion of related work is given in Chapter 11.

1.3 Modal effect types

We design a core calculus MET for modal effect types. MET decouples effect types from
function arrows, solving the eee problem of Section 1.1. MET achieves this decoupling
by tracking, for each term, the ambient effect context, which records the effects provided
by the context, and by using modalities to track changes to effect contexts in types. For

instance, let us revisit the type of map above:
map : forall a b . [J((a — b) *x List a — List b)

The [1] is the empty absolute modality, which states that the effect context of the inside
term is empty, i.e., map’s definition requires no effects, regardless of what the ambient
effect context is. When we apply map, since we know it is well-typed under the empty
effect context, we may safely apply it under any ambient effect context, so that its
argument may perform any effects provided by the context. For instance, let us revisit
the application from the beginning of this chapter:

map ((fun x — do print "Hello world"”; x), xs)
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The ambient effect context for this term must contain 10 as the argument uses the print
operation. We can apply map here since its type tells us it requires no particular effects. In
addition to the [ ] modality, MET supports absolute modalities [E] and relative modalities
<D> that specify what effects are used or handled.

MET supports algebraic effects and handlers [ Plotkin and Power 2003; Plotkin and Pretnar
2013], which provide a general way to define, customise, and compose computational
effects. In addition to absolute modalities, MET also has relative modalities, which describe
a change to the ambient effect context. They are particularly useful for effect handlers
that handle some specific effect while forwarding other effects to the surrounding
context.

The design of the MET calculus is based on the recent work on multimodal type
theory (MTT) [Gratzer et al. 2020; Gratzer 2023 ], which is a dependent type theory
that supports multiple modes and modalities. Modes refine types and terms, with
modalities transforming between modes. MET extends and generalises the simply-typed
fragment of MTT. We define MET, prove the correctness of its metatheory including type

soundness and effect safety, and extend MET with more features.

1.4 Encoding effect systems

Effect systems [ Lucassen and Gifford 1988; Wadler 1998 ] in the literature are fragmented:
there are many systems with different foundations, and the relationships between them
are not well understood. The most conventional approach, as we have seen before,
associates effect types with function arrows. In these systems, effect types are often
organised as row types [Wand 1987; Rémy 1989].! We refer to this approach as row-based
effect systems. In general, a function type in a row-based effect system has the form:

A—EB

Here, E specifies the effects that may occur when the function is invoked.

Another popular approach is to treat effects as capabilities [ Dennis and Horn 1966;
Miller 2006] provided by the context, and track capabilities in types. We refer to
such systems as capability-based effect systems. In the capability-based effect system of
Brachthduser et al. [2022], a function type has the form:

(A, f:T)=B.

1Or sets, which are a special case of rows.
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This function binds a value of type A and a capability f of type T for use in its function
body which returns a value of type B.

These two styles of effect systems differ fundamentally in how they track effects. In a
row-based effect system, a function type always describes the effects that it may perform.
In a capability-based effect system, a function type binds capabilities and may mention
these capabilities in its body. Some capability-based effect systems further restrict
functions to second-class values to prevent capabilities from escaping. It is difficult to
compare these two styles of effect systems directly. We encounter the same challenge as
in the eee problem: these effect systems entangle effect tracking with function types.
Any direct attempt to encode a function type from one system to another must reconcile
the differences between effect tracking mechanisms built into the function types.

Modal effect types serve as a common target for encoding different effect systems
since they decouple effect tracking from function types. We develop MeT(X) based
on MET as a uniform framework for encoding and comparing different effect systems.
MET(X) is parameterised by an effect structure X, which determines how effect collections
are organised, so that we can focus on encoding the effect tracking mechanisms instead
of dealing with the details of effect collections.

We present MET(X), use it to encode row-based and capability-based effect systems,
and prove that the encodings preserve typing. Our encodings enable a direct analysis
of the differences between row-based and capability-based effect systems and provide
practical insights into language design. We also show that a fragment of a row-based
effect system with effect polymorphism can be encoded by modal effect types without
any effect variables. This encoding provides formal support for the argument that modal
effect types solve the eee problem.

1.5 Inferring modal types

Merely having the core calculus MET is not enough to use modal effect types in practice.
As with other explicit core calculi, MET requires annotations on lambda abstractions and
explicit terms for type abstractions and applications. Moreover, MET requires explicit
terms for introducing and eliminating modalities. We want a surface language where
all these annotations and terms can be omitted.

Type inference for MET is reminiscent of type inference for first-class polymorphism
(FCP). FCP combines higher-rank polymorphism, where quantifiers may appear be-
neath function arrows, with polymorphic instantiation, where a type variable may be

instantiated with a polymorphic type. Following this definition, we introduce the notion
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of first-class modal types, which allows modalities to appear anywhere in a type and
allows a type variable to be instantiated with a modal type.

Type inference for FCP has been studied extensively. Full type inference for System F
is undecidable [Pfenning 1993; Wells 1999]. Existing approaches impose different
restrictions or extensions on the type system, adopt different heuristics, or develop
different constraint-solving algorithms [Garrigue and Rémy 1999; Le Botlan and Rémy
2003; Leijen 2008; Serrano et al. 2020; Emrich et al. 2020].

We propose Fresco, an approach to type inference for FCP that stays with System F
types, has low syntactic overhead and predictable behaviour, and does not rely on
sophisticated algorithms. We generalise this approach to Maetel, a surface language
with modal effect types that supports both first-class polymorphism and first-class
modal types. The central idea is to use bidirectional information flow between functions
and arguments. Information from an argument may guide how a function is instantiated,
while information from a function may guide the inference of polymorphic and modal
types for its arguments. To allow information to flow in both directions within an
application we introduce skeletons, which record known type information. Skeletons
contain ghosts that represent unknown information. Skeletons first flow from arguments
to a function to guide its inference and instantiation. The function then supplies the
ghosts in skeletons with more information, which flows back to the arguments. We also
introduce a freezing operator for programmers to control the direction of information
flow.

We give a declarative type system and a type inference algorithm for Fresco, and
prove soundness and completeness of the algorithm with respect to the declarative

specification. We also show how Maetel extends Fresco to infer modal effect types.

1.6 Structure of the thesis

The thesis consists of a prologue, three main parts, and an epilogue. Each main part
develops one of the three contributions described above.

Prologue contains this introduction, the preliminaries in Chapter 2, and a tour of
programming with modal effect types in Chapter 3. The preliminaries review algebraic
effects and handlers, modal types, and bidirectional typing. The tour then introduces
the main ideas and programming patterns of modal effect types through examples in
Maetel.

Part I introduces the calculus MeT. Chapter 4 defines the syntax, mode theory, kind
system, type system, and operational semantics of MET, and establishes its type sound-

ness and effect safety. Chapter 5 develops extensions to MeT, including masks, presence
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types, parameterised effects, data types, polymorphism, local labels, and richer forms
of handlers.

Part I introduces the framework MeT(X). Chapter 6 defines MET(X), including effect
structures, and establishes its type soundness and effect safety. Chapter 7 gives com-
positional type-preserving encodings of row-based and capability-based effect systems
into MeT(X).

Part III introduces the language Maetel with Fresco type inference. Chapter 8 defines a
declarative type system for Fresco. Chapter 9 develops a type inference algorithm for
Fresco and establishes its soundness and completeness with respect to the declarative
type system. Chapter 10 presents the design of Maetel, which extends Fresco to infer
tirst-class modal effect types.

Epilogue discusses related work in Chapter 11 and concludes the thesis in Chapter 12.

Appendices contain proofs of the theorems in the metatheory of the calculi and the
type inference algorithm in the main parts.

Relationship to prior work. Parts I and II are a substantial revision, simplification,
and extension of the materials in the papers [Tang et al. 2025; Tang and Lindley 2026]:

e Wenhao Tang, Leo White, Stephen Dolan, Daniel Hillerstrom, Sam Lindley, and
Anton Lorenzen. Modal Effect Types. In Proceedings of the ACM on Programming
Languages, volume 9 (OOPSLA1), pages 1130-1157, 2025.

e Wenhao Tang and Sam Lindley. Rows and Capabilities as Modal Effects. In Proceedings
of the ACM on Programming Languages, volume 10 (POPL), pages 923-950, 2026.

Chapters 8 and 9 of Part III are based on the materials in the paper [Tang et al. 2026]:

e Wenhao Tang, Shengyi Jiang, Aghilas Y. Boussaa, Sam Lindley, and Bruno C. d. S.
Oliveira. Bidirectional Typing with Freezing, Skeletons, and Ghosts. Preprint, 2026.

Chapter 10 of Part III is new material.

In addition to the above papers covered in this thesis, the author also worked on
other papers on types and effects during his PhD [Tang et al. 2024, 2023; Bosman et al.
2024; Tang and Schrijvers 2024]:

e Wenhao Tang, Daniel Hillerstrém, James McKinna, Michel Steuwer, Ornela
Dardha, Rongxiao Fu, and Sam Lindley. Structural Subtyping as Parametric
Polymorphism. In Proceedings of the ACM on Programming Languages, volume 7
(OOPSLA2), pages 1093-1121, 2023.
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e Wenhao Tang, Daniel Hillerstrom, Sam Lindley, and J. Garrett Morris. Soundly
Handling Linearity. In Proceedings of the ACM on Programming Languages, volume 8
(POPL), article 54, 2024.

e Roger Bosman, Birthe van den Berg, Wenhao Tang, and Tom Schrijvers. A Calculus
for Scoped Effects & Handlers. In Logical Methods in Computer Science, volume 20,
issue 4, 2024.

e Wenhao Tang and Tom Schrijvers. From High to Low: Simulating Nondeterminism
and State with State. In Journal of Functional Programming, volume 34, e16, 2025.
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2 Preliminaries

The meanings of simple signs (words) must be explained to us if we are

to understand them.
—Ludwig Wittgenstein (1921)

We explain the meanings of some basic concepts this thesis builds on, including algebraic
effects and handlers, modal types, and bidirectional typing. Effect handlers and modal
types are the two main features of our calculi in Parts I and II. Bidirectional typing is

the basis of our type inference approach in Part III.

2.1 Algebraic effects and handlers

In order to express effects in our calculi, we use algebraic effects and handlers [Plotkin and
Power 2003; Plotkin and Pretnar 2013], an expressive language feature which provides
a modular way to define and compose effects. Modal effect types are not restricted to
effect handlers; the idea is independent of how effects are implemented in a language.

Algebraic effects and handlers achieve modularity through separating syntax and
semantics of effects. Effects can be freely composed syntactically, while an effect handler
interprets some selected effect and leaves other effects to other handlers, generalising
standard exception handlers. An effect is described by a collection of operations. For
example, the 10 effect from Chapter 1 provides two operations for reading and printing

strings:
eff I0 = read : 1 = String, print : String = 1

The signature 1 = String of read states that read takes a unit and returns a string.
Similarly, the signature String = 1 of print states that print takes a string and returns
a unit. For example, the following program reads a string, prepends "hello " to it, and

prints it:
hello () = do print ("hello " ++ do read ())

Invoking an operation transfers control to a handler that handles this operation. For
example, this simple handler supplies a fixed result "world” for read and discards strings

passed to print:

11
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mockIO f = handle f () with
return x = X
read ) r = r "world”
print sr = r ()

This handler takes a function f, invokes this function and handles its 10 operations.
The handler has three clauses. The first return clause binds the return value as x and
directly returns it. The remaining two are operation clauses, which bind the argument
of the operation as the first parameter and bind the continuation of the operation as the
second parameter r. Calling r resumes the computation with the provided result.

As a more interesting example, we implement a generator with effect handlers. We

use a Gen effect with one operation for yielding integers:
eff Gen = yield : Int = 1
The following handler collects all yielded numbers into a list.

asList f = handle f () with
return () = nil

yield x r = cons x (r ())

The return clause returns the empty list. The operation clause prepends the integer x
onto the head of the list returned by the continuation r. For example, asList collects
three yielded integers as follows:

> asList (fun () — do yield 6; do yield 37; do yield 42)

We can also implement mutable state with effect handlers. A state effect is paramet-
erised by the type of the state s and has two operations:

eff State s =get : 1 = s, put : s = 1
The following implements mutable state in a parameter-passing style:

state m = handle m () with
return x = fun s — x
get O r = funs > r s s

put s' r = funs = r () s'

The handler transforms a stateful computation into a function that takes the current
state. The return clause does not use the current state. The get clause resumes the
continuation with the current state and makes no change to it. The put clause resumes
the continuation with unit and replaces the current state with the new state s'. For
example, we start with an initial state 37 and increment it by 5:

12



2.2 Modal types
> state (fun () — do put (do get () + 5); do get ()) 37

For a gentle introduction to algebraic effects and handlers, I recommend Matija
Pretnar’s tutorial An Introduction to Algebraic Effects and Handlers [Pretnar 2015]. For a
broader collection of papers and other resources, see the community-maintained effects
bibliography [ Yallop 2026].

2.2 Modal types

Modal types arise from the propositions-as-types correspondence for modal logic.
Modal type systems enrich ordinary type systems with modalities, which control how
variables may be used, e.g., how many times, under which conditions, or in which
scope. Classic examples are the necessity modality OJ and the possibility modality ¢. In
Kripke semantics with some given model, a proposition [IP is true in a world if P is
true in all accessible worlds, while a proposition QP is true in a world if P is true in
some accessible world.

To provide some intuition for what a modal type system looks like, we present a
simply-typed lambda calculus with the necessity modality [J from the modal logic
IS4. The necessity modality [J in the modal logic IS4 is used to characterise staged
computation in programming languages [ Davies and Pfenning 2001 ]. There are different
styles for formulating modal type systems. We follow the style of multimodal type
theory (MTT) [Gratzer et al. 2020], which adopts locks from Fitch-style modal lambda
calculi [Clouston 2018] and uses let-style elimination for modalities. The typing rules
are as follows.

T-Var T-VARMobAL T-Mob
ae¢l’ r&arM:A
Ix:AT'Frx: A IxpgAT'rx: A I't+mod M :0OA
T-Ler™MoD T-Ass T-Arpr
't M:OA IN'xgA+N:B I'x:ArM:B IT'+M:A—B I'tN:A
I'rlet modx=MinN:B TrAx*M:A—>B I'rMN:B

The first four rules are interesting. Rule T-Mop introduces the necessity modality [J
and puts a lock in the context for M. Contexts are ordered since we have locks. These
locks control how variables may be used. In rule T-Var, we cannot use a variable x
if there is a lock in the context to the right of x. We can only use those variables that
are annotated with the modality [J as in rule T-VARMobaL. These variables come from

modality elimination as in rule T-Lermop, which eliminates the modality of M and
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annotates the binding of x with the modality [J. As a result, we have the guarantee that
inside a necessity modality, we can only use variables that come from another necessity
modality. This exactly characterises the intuition of staged computation: a term of type
A is a piece of generated code that can only use other pieces of generated code, and
cannot use any ordinary values from the current stage. Another classic example is the
bang modality ! from linear logic, which is used in linear type systems where a type A
is linear by default and !A is unrestricted [Girard 1987; Wadler 1991].

We only have one modality in the above calculus. Graded modal type systems
generalise a single modality to a family of modalities indexed by grades r [Orchard et al.
2019; Abel and Bernardy 2020], which are usually specified by a semiring-like structure.
For instance, graded modalities can refine the bang modality to !, which tracks that a

value should be used r times.

Modes assign types and terms to different syntactic categories. There is only one
mode in graded modal type systems. Each modality is an endomorphism on the single
mode. Multimodal type theory further supports multiple modes, in addition to multiple
modalities between them. It is parameterised by a mode theory, which specifies modes
m,n, modalities p : m — n, and modality transformations « : p = v. A mode theory
is a 2-category, where modes are objects, modalities are morphisms, and modality
transformations are 2-cells. A typing judgement has the formI' + M : A @m, stating
that M has type A under I' at mode m.

The core calculus MEeT in Chapter 4 is based on MTT, where modes represent effect
contexts. We assume no prior knowledge of MTT when presenting MET. The following
is a brief introduction to the typing rules of simply-typed MTT for interested readers; it
is not necessary for understanding the rest of the thesis.

A modality moves types and terms between modes. If u : m — n and A is a type at
mode m, then pA is a type at mode n. The typing rules for introduction and elimination
of modalities are as follows, similar to the rules for the necessity modality above.

MTT-Mob MTT-Ler™MoOD
p:m-—on F,QMI—M:A@m 't M:uA@n F,x:#AI—N:B@n
['Fmod, M: uA @n ['kletmodyx=MinN:B@n

Introducing a modality u adds a lock annotated by p. Eliminating a modality u binds
its contents as x :; A annotated by p.! Ordinary type constructors are mode-local. For

instance, if A — B is a type at mode m, then both A and B are types at m.

IThe full syntax of modality elimination has an extra modality annotation which enables sequential
eliminations. We omit it here for simplicity and reintroduce it in Chapter 4.

14
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As in the variable rules above, the variable rule in MTT controls accessibility with

locks and modality annotations on bindings:

MTT-Var
p:m—n v=locksI’):m —-n a:u=>v

Lx Al'rx:A@m

Here, locks(I”) is the modality obtained by composing the modalities of the locks in the
context I'". We want to use a variable x :;, A after locks whose modalities compose to v.
The use is permitted when the mode theory provides a transformation a : 1 = v.

We can instantiate MTT to recover the typing rules for the necessity modality [J above.
There is only one mode e. There are two modalities: the necessity modality [1: ¢ — e

and the identity modality 1 : ¢ — e, satisfying:
lou=pu=pol OoO="0.

We have two identity modality transformations 1 = 1 and [J = [J, ignoring their names.
The only non-identity transformation is [ = 1; in particular, there is no transformation
1 = [. The interesting typing rules are as follows.

T-Var T-Mop T-LeET™mMOD
p = locks(I”) ra&+rM:A@e 'tM:uA@e T,x:,ArN:B@e
F,x:yA,F'I—x:A@o I'Fmod, M:uA @e I'kletmod,x=MinN:B@e

The single variable rule recovers the two variable rules above. An ordinary binding is by
default annotated with 1 and cannot cross a [J-lock because there is no transformation
1 = 0. A modal binding is annotated with [J and can always be used since we have
both = Oand O = 1.

For a gentle introduction to simply-typed MTT which is enough for understanding
the relationship between MTT and this thesis, I recommend Kavvos and Gratzer’s paper
Under Lock and Key: A Proof System for a Multimodal Logic [Kavvos and Gratzer 2023].
For a thorough introduction to MTT, I recommend Daniel Gratzer’s PhD thesis Syntax
and Semantics of Modal Type Theory [ Gratzer 2023].

2.3 Bidirectional typing

Bidirectional type systems split typing into inference mode I, where we infer the type
of a term, and checking mode C, where we check a term against a given type. The usage

of the word “mode” here has nothing to do with the usage of the word “mode” in
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modal type systems. We write the type inference judgement as I' -1 M : A and the type

checking judgement as I' -c M : A. For the simply-typed lambda calculus, the typing
rules are as follows.

T-Var T-ANNO T-SwitcH T-Ass
I'sx:A TrteM: A Tt M:A I'x:ArcM:B
IT'tix: A 't (M:A):A IT'tce M- A IT'tc Ax.M:A— B
T-Arp
FFIM:A—>B rl-cN:A
'ttt MN:B

A variable infers its type from the context. A type annotation checks its term against the
annotated type and infers the annotated type. Rule T-Switch switches from checking
mode to inference mode. A lambda abstraction is checked against a function type. An
application infers the function type and uses its argument type to check the argument.
For a detailed introduction to bidirectional typing, I recommend Dunfield and
Krishnaswami’s survey Bidirectional Typing [ Dunfield and Krishnaswami 2022].
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Everyone embarks on a journey dreaming of the Sea of Stars.

—Opening lines, Galaxy Express 999 (1979)

Your journey has just begun.

—DMaetel, Galaxy Express 999 (1979)

This chapter is a self-contained tutorial on programming in Maetel, our surface language
with modal effect types, from a programmer’s perspective. Maetel is a functional
programming language with Haskell-like syntax, algebraic data types, effect handlers,
modal effect types, and type inference for both first-class polymorphism and first-class
modal types. We assume the readers are functional programmers with basic knowledge
of effect handlers as introduced in Section 2.1. We assume no background knowledge
of programming language theory because we hope that modal effect types can be a
practical type-system feature that improves programmers’ experience. We illustrate
how modal effect types stay close to ordinary functional programming while extending
the types in a modular and conservative way to track effects, providing effect safety and
serving as useful documentation for programmers. In particular, most types in Maetel
retain their familiar shape; modalities mainly appear either at outermost positions for
specifying which effects are used, or where effects are handled.

For programmers who are familiar with other programming languages with effect
systems such as Koka [Leijen 2026 ] and Effekt [ Brachthduser et al. 2026], we provide a
direct comparison between programs in these languages in Section 11.1.

I do not yet have a full implementation of Maetel. Aghilas Y. Boussaa implemented a
surface language with many of the features of Maetel [ Boussaa 2026]. His implementa-
tion uses ML-like syntax instead of the Haskell-like syntax of Maetel.

3.1 Pure programs

We begin with ordinary, familiar pure programs. A prefix of 7t as a list:
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pi

: List Int

pi = [3,1,4,1,5,9]

A first-order function inc increments an integer:

inc

inc x

: Int — Int

X + 1

A pair containing two copies of inc:

pinc :

pinc =

(Int — Int) * (Int — Int)

(inc, inc)

An uncurried higher-order function map, as in Chapter 1, maps a function over a list:

map

: forall ab . (a — b) x List a — List b

map (f, nil) = nil

map (f, cons x xs) = cons (f x) (map (f, xs))

A curried higher-order function iter iterates a function over a list:

iter

forall a . (a — 1) — List a — 1

iter f nil =0

iter f (cons x xs)

f x; iter f xs

We write 1 for the unit type, whose only value is (). Maetel adopts bidirectional typing

and requires all global definitions to be accompanied by type signatures.

All the above programs are pure; they do not perform any effects themselves.

Whenever we say a program is pure in this chapter, we always mean that the program

itself performs no effects that the surrounding context must handle, or equivalently, the

program requests no effects to run. Maetel keeps their ordinary types as above. Since

we know they are pure, we can do a bit more, wrapping their types in [] to document

that they require no effects:

pi
inc

pinc :
: [I(forall ab . (a = b) * List a — List b)

map

iter :

map

iter :

: [J(List Int)
: [1(Int — Int)

[1((Int — Int) x (Int — Int))

[1(forall a . (a > 1) — List a — 1)

: forall a b . [J((a = b) * List a — List b)

forall a . [1((a — 1) — List a = 1)

The syntax [] is the empty absolute modality. It says that the program inside uses no

effects, as we can easily verify from the definitions of these functions. Modalities have
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higher precedence than function arrows. Annotating types of pure programs with
top-level [] is recommended as it provides useful documentation for programmers and
informs the type checker that these programs can be used wherever we want, regardless
of what effects are available. Since Maetel is a call-by-value language, the modality [] is
redundant for pi as a value of type List Int can never perform any effects.

Maetel requires global programs to require no effects from the context in order to
guarantee that programs would not get stuck due to unhandled effects. Furthermore,
Maetel allows omitting this top-level [1 from a global type signature, so the type
signatures of earlier definitions are implicitly wrapped in [] when they are global
definitions. We will always keep top-level [1 explicit in the rest of this chapter.

Programmers familiar with traditional effect types may intend to annotate every
function arrow in the types of pinc, map, and iter with []. They would still type check,
but unnecessarily restrict the arguments of map and iter to also be pure functions. The
modality [] we added before only requires the definitions of map and iter to be pure,
but still allows their arguments to be effectful, as we will see in the next section.

3.2 Effectful programs

Pure programs only compute results from their inputs. Effectful programs may also
interact with their context, for example, by printing messages, yielding values, updating
state, or making nondeterministic choices. Maetel uses the eff syntax to declare effects
and their operations with signatures:

eff 10 = read : 1T = String | print : String = 1
eff Gen [a]
eff State [a]l = get : 1 = a | put : a = 1

eff ND = choose : 1T = Bool | fail : 1 = [](forall a . a)

yield : a = 1

An operation signature A = B types operations that take an argument of type A and
return a result of type B. We write = to distinguish operation signatures from function
arrows. The I0 effect provides operations for reading and printing strings. The paramet-
erised effect Gen [a] provides yield for yielding a value of type a. Similarly, State [a]
provides get and put for reading and updating a state cell of type a. Ignore the brackets
around the type variable a for now; we will return to them in Section 3.8. The ND effect
provides nondeterministic choice and failure. The operation choose returns a boolean
representing a choice, while fail returns an uninhabited type representing failure.
Maetel tracks effect contexts, the effects available at each point in a program. Effect
contexts belong to the underlying type checking mechanism and are not visible in

programs by default. We can only use an effect if it is available in the ambient effect
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context. Suppose, for example, the surrounding programs install handlers for Gen Int,
State Int, and ND. The ambient effect context is then Gen Int, State Int, ND. Within
this context, the following variants of effectful inc type check:

genInc : Int — 1

genInc x = do yield (x + 1)

stateInc : 1 — 1

stateInc () = do put (inc (do get))

randomInc : Int — Int

randomInc x = if do choose then x + 1 else x

The keyword do invokes an operation. It allows unit arguments to be omitted, as in do

get and do choose. The function genInc uses Gen Int to yield the incremented argument.
The function stateInc uses State Int to read the current state, increment it, and store
the result. The function randomInc uses ND to choose nondeterministically whether to
increment its argument. Nevertheless, all three functions retain their ordinary types as
long as the ambient effect context provides the effects they use. The pure higher-order

functions from Section 3.1 can be applied under the current effect context:

iter genlnc pi 1

map (randomInc, pi)

Since iter and map are pure as indicated by their modality [], we can use them in any
effect context. Their arguments genInc and randomInc can still use the effects provided
by the ambient effect context. For this reason, Maetel rejects the following type signature
for iter:

iter : forall a . [1((a — 1) — [I(List a — 1))

This type incorrectly claims that the result function of iter is pure, which is not true
since it calls the argument.

As another negative example, since we assumed the current effect context to be

Gen Int, State Int, ND,a program that prints a list does not type check:

printlist : forall a . List a — (a — String) — 1

printlist xs f = iter (fun x — do print (f x)) xs

The pure function iter is safe to use here, but its argument uses the missing 10 effect.
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3.3 Specifying effects

What if we want to define an effectful function where the ambient effect context does not
provide the effects it needs? For instance, it is useful to define the variants of inc from
Section 3.2 globally, so that we can use them later within different handlers. Recall the
modality [] from Section 3.1 for pure programs. We call it the empty absolute modality
and extend it to be non-empty to specify which effects a program uses. We can therefore
write the following global definitions for inc variants:

genInc : [Gen Int](Int — 1)
genInc x = do yield (x + 1)

statelnc : [State Int](1 — 1)
stateInc () = do put (inc (do get))

randomInc : [ND](Int — Int)

randomInc x = if do choose then x + 1 else x

The absolute modality [Gen Int] says that genInc is defined in the effect context Gen Int.
Thus, its body may use yield, but cannot depend on other effects from the surrounding
context. Similarly, [State Int] allows stateInc to use integer state, and [ND] allows
randomInc to make a nondeterministic choice. In general, an absolute modality [E]
specifies that a program is defined in the effect context E, and therefore may use only
effects from E. The modality [E] makes sure that when the program is run, the effects
in E must be available in the ambient effect context.

With absolute modalities, we can now fix the ill-typed printlist function and define
it where the ambient effect context does not provide 10:

printlist : forall a . [I0]J(List a — (a — String) — 1)

printlist xs f = iter (fun x — do print (f x)) xs

Absolute modalities allow programmers to specify the effects a program uses inde-
pendently of what the ambient effect context provides. They usually appear in the
type signatures of global effectful programs, serving as useful documentation for
programmers to indicate which effects are used in the programs. They are also useful
locally in programs to have more precise control over uses of effects. For instance, we
can require concurrent processes to send only pure functions to each other to avoid

crashes due to running a program from another process.

As readers may have noticed, we have been writing modalities in types, but not in the

bodies of programs. Maetel infers introduction and elimination of modalities, similarly
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to how ordinary functional programming languages infer polymorphic types and their
instantiations.

3.4 Handling effects

We now define handlers for the Gen, State, and ND effects from Section 3.2. The handler
asList handles Gen a by collecting the yielded values in a list:

asList : forall [a] . [J(<Gen a>(1 — 1) — List a)
asList f = handle f () with
return () = nil

yield x r = cons x (r ())

The handler all handles ND by collecting all possible results in a list:

all : forall [a] . [J(<ND>(1 — a) — List a)
all m = handle m () with

return x = cons x nil

choose () r = r true ++ r false

fail () _ = nil

The handler state handles State s by threading a state through the computation:

state : forall [s] [a] . [](<State s>(1 — a) — s — a)
state m = handle m () with

return x = fun s — x

get O r = funs > r s s

put s' r = funs — r () s'

We can use these handlers to handle effectful programs from the previous sections:

> asList (fun () — iter genlnc pi)

> all (fun () — map (randomInc, pi))

> state (fun () — iter (fun _ — statelInc ()) pi; do get) @

The first program collects the incremented elements yielded by genInc. The second
program returns every list that the nondeterministic map can produce, in total 2° = 64
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lists. The final program runs stateInc once for each element of pi, starting from 0, and
returns the final state 6.

Now we explain the types of these handlers. Each handler type has a top-level [] as
we have seen before, which says that the handler itself uses no effects in its definition.
Each handler also has a relative modality within angle brackets, which specifies the effect
that the handler interprets. For example, <ND> says that the handler all handles the ND
effect for its argument. Similarly, <Gen a> and <State s> say that the handlers asList
and state handle the Gen a and State s effects, respectively.

One may wonder why handlers need a different form of modality. For example, why
not give asList an absolute modality as follows?

asList : forall [a] . [J([Gen al(1 — 1) — List a)

It type checks, but breaks compositionality. One of the main benefits of effect handlers
is that they compose. A handler interprets one effect and automatically forwards other
effects to surrounding handlers. Programmers can therefore combine independently
defined handlers, with each handler responsible for only one effect. We will give
examples of composing handlers in Section 3.5.

The absolute modality above prevents this form of composition. The modality [Gen a]
fixes the argument of asList to only use Gen a; no other effects from the ambient effect
context where asList is called are allowed. Instead, the relative modality <Gen a> allows
the argument to use Gen a provided by the handler asList, together with any other
effects from the ambient effect context of the call site. The handler handles Gen a and
forwards the ambient effects.

Relative modalities allow programmers to specify relative changes to the ambient
effect context. They usually appear in the type signatures of handlers, serving as useful
documentation for programmers to indicate which effects are handled. In general, a
handler that handles effects D and itself uses effects E usually has type [E](<D>(1 —
A) — B). Maetel enables programmers to only care about what effects are used and

handled, leaving other forwarded effects untouched.

3.5 Composing handlers

We compose handlers by composing functions. For instance, the function prefixSum

uses state to maintain the current sum and a generator to yield each prefix sum:

prefixSum : [State Int, Gen Int](List Int — 1)
prefixSum xs = iter (fun x — do put (do get + x); do yield (do get)) xs
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3 A tour of modal effect types

Its absolute modality documents the two effects used by its definition. To run prefixSum,
we need to provide both effects. We use the two handlers state and asList:

> asList (fun () — state (fun () — prefixSum pi) 0)

The global effect context is empty, while the effect context for the program prefixSum pi
isState Int, Gen Int, where Gen Intis added by the relative modality <Gen Int> of the
outer handler asList, and State Intis added by the relative modality <State Int>of
the inner handler state.

As another example, the function subsetSum combines state with nondeterminism to
calculate the sum of a subset of a list of integers:

subsetSum : [State Int, NDJ(List Int — Int)
subsetSum xs =

iter (fun x — if do choose then do put (do get + x) else ()) xs; do get

Handling state first and nondeterminism second enumerates all 2° = 64 possible sums
of subsets of pi:

> all (fun () — state (fun () — subsetSum pi) @)

As above, the global effect context is empty, while the effect context for the program

subsetSum piis State Int, ND extended by the relative modalities of the two handlers.

3.6 Masking effects

Sometimes we want a program to retain most of its ambient effects but prevent it from
using some particular effects. This situation typically arises when a library function is
implemented by a local handler and invokes a callback within the scope of that handler.
The callback may use any ambient effects at the call site, but we do not want the callback
to use the effect installed by this local handler, since it would leak the implementation
details of library functions. For instance, consider a function that uses yield internally
to find the first value satisfying a predicate:

find' : forall [a] . [1((a — Bool) — List a — Maybe a)
find' p xs =
handle (iter (fun x — if p x then do yield x else ()) xs) with
return () = nothing
yield x r = just x
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This function iterates over a list and invokes the yield operation when it finds a value
satisfying the predicate p. The local handler handles the yield operation, returning
the yielded value and terminating the iteration by discarding the continuation r. The
function call p x is in the scope of the local handler. If p calls yield, the handler could
mistake that call for a value yielded by the search itself and return the wrong result.
The type for find' is invalid because it does not reflect the fact that the yield operation
performed by the argument p is also handled by the local handler. This unintended
handling is usually called the accidental handling problem [ Zhang and Myers 2019] or
the effect pollution problem [Convent et al. 2020]. In other words, we want abstraction
safety for effect types, so that effects are only handled if the type tells us so. Maetel
achieves this property by forcing the argument type to be annotated with the relative
modality <Gen a>as:

find' : forall [a] . [1(<Gen a>(a — Bool) — List a — Maybe a)

The relative modality <Gen a> explicitly states that the argument may use the Gen a
effect provided by the local handler.

Even though the type of find' now tells us what will happen, the behaviour of find'
is still not exactly what we want. We want to prevent the handler from handling the
yield operation invoked by the argument p. Masks allow us to encapsulate internal
effects, solving the effect pollution problem. Masking an effect for a program prevents
the dynamically nearest handler from handling this effect performed by this program.
For the above example, we can mask the Gen effect around the argument p as follows.

find : forall [a] . [J((a — Bool) — List a — Maybe a)
find p xs =
handle (iter (fun x — if mask<Gen>(p x) then do yield x else ()) xs) with
return () = nothing
yield x r = just x

The expression mask<Gen>(p x) masks Gen for the call p x. Any yield operation per-
formed by p is therefore forwarded out of the local handler here. This handler still
handles the yield calls in the then branch. Consequently, the type of find does not
require the argument type to have the relative modality <Gen a>, since the mask<Gen>
removes the Gen effect from the effect context for the call p x.

With masks, relative modalities are extended from the form <D> to <L |D>, where D
denotes the effects added to the ambient effect context and L denotes the effects removed
from the ambient effect context. We write <D> as a shorthand for <|D>. We call <D> an
extension modality and <L |> a mask modality. Mask modalities appear in types when we

want to state that some programs cannot use certain effects from the ambient effect
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context. For example, the following function yields the current state after invoking a
callback:

yieldState : [Gen Int, State Int](<Gen|[>(1 — 1) — 1)
yieldState f = mask<Gen>(f ()); do yield (do get)

The absolute modality says that yieldState may use Gen Int and State Int. The mask
modality <Gen|> states that the effect context for the callback f does not include the
effect Gen Int from the ambient effect context, coinciding with the mask<Gen> in the body.
There is no mask modality in the type of find, because the mask term in the definition
of find cancels the effect introduced by the local handler, so that the effect context inside
the mask is the same as the ambient effect context outside the handler.

3.7 Algebraic data types

Maetel supports algebraic data types and pattern matching. For example, the list type
used throughout this chapter can be defined as follows:

data List a = nil | cons a (List a)

Data constructors may also store functions, and those functions may use ambient
effects. For example, we can define a data type Proc for cooperative processes, whose
constructor stores a function that takes a queue of other suspended processes:

data Proc = proc (List Proc — 1)

push : [J(Proc — List Proc — List Proc)

push p ps = ps ++ cons p nil

next : [J(List Proc — 1)
next nil =0

p ps

next (cons (proc p) ps)

The function push appends a process to the queue, while next runs the process at its
head. The top-level [1 modalities say that these auxiliary functions are pure, while the
stored processes may use ambient effects at the call site. For example, the following

process increments the state and passes control to the next process in the queue:

incProc : [State Int]Proc

incProc = proc (fun ps — stateInc (); next ps)
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Instead of manually scheduling processes with queue operations, we can implement a
cooperative scheduler with effect handlers through a Unix-style fork operation [Ritchie
and Thompson 1974; Hillerstrém 2022]:

eff UCoop = ufork : 1T = Bool | suspend : 1T = 1

The operation ufork returns false in the parent process and true in the child. The
operation suspend asks the scheduler to pause the current process and run another one.

The scheduler handles UCoop and maintains the process queue:

schedule : []1(<UCoop>(1 — 1) — List Proc — 1)

schedule m = handle m () with
return () = fun ps — next ps
suspend () r = fun ps — next (push (proc (fun ps' — r () ps')) ps)
ufork (O r = fun ps — r true (push (proc (fun ps' — r false ps')) ps)

When a process returns, the handler runs the next process in the queue. When a process
suspends, the handler stores its continuation at the end of the queue and runs the next
process. When a process forks, the handler runs the child process immediately and
queues the parent process. The type of schedule follows the same pattern as the earlier
handlers. Its top-level [] says that the scheduler itself is pure. Its relative modality
<UCoop> says that it handles the UCoop effect of its argument. Each process can freely use
ambient effects from its call site.

3.8 Kinds

Now we explain what the brackets in the syntax forall [a] mean. These brackets
appear in some of the polymorphic types, mostly in the types of handlers. As a running

example, recall the type of the state handler:
state : forall [s] [a] . [J(<State s>(1 — a) — s — a)

After this handler finishes, the State effect handled by it is no longer available. Any
value returned by the handler must therefore not use the State effect provided by the
handler. This matters when the returned value is a function, because the function body
may read and update the state:

state (fun () — (fun () — do put (do get + 42))) 0

The returned function fun () — do put (do get + 42) captures state operations
provided by the handler state and carries these operations outside the handler. This
function would get stuck when called due to unhandled state operations. On the other

hand, returning a value of type Int is safe since it cannot perform the State effect
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provided by the handler. Returning a value of type [State Int]J(1 — 1) is also safe;
although it may use the State effect, this effect is not provided by the handler state
here, but from the effect context specified by the absolute modality [State Int].

Based on this observation, Maetel has a kind system which classifies types according
to whether their values may depend on ambient effects. The kind Abs represents absolute
types, whose values are independent of the ambient effect context. Base types such as
Int are absolute, as are data structures containing only absolute values. An absolute
modality also produces an absolute type because it records the complete effect context
on which a value depends, such as [State Int]J(1 — 1). The kind Any contains all types.
Function types have this kind because a function body may use ambient effects. Every
absolute type can also be used where a type of kind Any is expected. These two kinds
explain the brackets on polymorphic variables. A type variable bound by forall a has
kind Any by default; writing forall [a] instead restricts the type variable a to kind Abs.

With this kind system, Maetel rejects the earlier problematic program. For that
program to type check, the type variable a in the type of state would have to be
instantiated with the function type 1 — 1, which has kind Any. However, the type
variable a has kind Abs, so the instantiation is rejected.

Sometimes a programmer wants to deliberately assert that a handler returns a value
that depends on the handled effect. A more general type for the state handler can record

that dependence in its result type:

state' : forall [s] a . [J(<State s>(1 — a) — s — <State s>a)
state' m = handle m () with

return x = fun s — x

get O r = funs > r s s

put s'r = funs = r () s'

Here a has kind Any, so it may be instantiated with the function type 1 — 1. We do
not face the earlier effect leakage problem because the variable x in the return clause
has type <State s>a as reflected in the result type of state'. The earlier computation is
therefore accepted by state':

state' (fun () — fun () — do put (do get + 42)) @ 1 1

The result type <State Int>(1 — 1) records that the returned function still relies on
the State Int effect. The earlier type of state is usually sufficient in practice.

The state type s is restricted to kind Abs for the same reason. The get and put operations
may move states between different effect contexts. We restrict states to be independent of
the ambient effect context to avoid leaking effects. Otherwise, if s could be instantiated
with 1 — 1, we could use state operations to leak effects:
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3.9 Effect polymorphism

state (fun () — asList (fun () — do put (fun () — do yield 42));
(do get) ()

The put operation stores the function that uses the Gen Int effect provided by the
handler asList. After asList finishes, get retrieves the same function outside that
handler. Invoking this function would then call yield outside the scope of the handler
asList. Therefore, Maetel forces the state type to have kind Abs. Maetel achieves this by
requiring the argument and result types of all operations to have kind Abs, as we have
seen in the declaration of the State effect:

eff State [s] = get : 1 = s | put : s = 1

Most programs encounter the Abs kind only in type signatures that move values across
handler boundaries or pass values to operations. Ordinary polymorphic functions such
as map and iter continue to use variables of the default kind Any.

3.9 Effect polymorphism

All examples in the preceding sections use no type variables that abstract over effects.
Absolute modalities specify a fixed effect context, while relative modalities allow
functions to transform the ambient context without naming it. These modalities, together
with the notion of ambient effect contexts, enable programmers to write modular
effectful programs without relying on any explicit polymorphism mechanism.

Nevertheless, effect variables can still be useful when we want to explicitly abstract
over different effect contexts specified by absolute modalities. The most prominent case is
higher-order effects, whose operations take functions or other suspended computations
as arguments [Wu et al. 2014; Pir6g et al. 2018; van den Berg and Schrijvers 2024; Yang
and Wu 2023, 2026]. For example, consider a different interface for the cooperative
concurrency effect in Section 3.7 with a higher-order fork operation that takes the child
process as an argument. As discussed in Section 3.8, an operation argument must have
an absolute type so that it cannot leak ambient effects. We could therefore define fork
as follows:

eff Coop = fork : [Coop](1T — 1) = 1 | suspend : 1 = 1

The absolute modality here restricts the child process to using only Coop. We have to
define different versions of Coop to allow the child process to use other effects.

To admit other effects without fixing them in the declaration, we abstract over effect
contexts with an effect variable e:

eff Coop e = fork : [Coop e, el(1 — 1) = 1 | suspend : 1 = 1
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3 A tour of modal effect types

The variable e ranges over the additional effects that a child may use.

As far as we know, the requirements for effect polymorphism in Maetel mainly arise
when we want a modular interface for higher-order effects. In our recent extended
abstract [Boussaa et al. 2026, we sketched a new approach to extend modal effect types
with modular types for higher-order effects without relying on effect polymorphism.
Another use case for effect polymorphism is to faithfully encode other effect systems as

we will demonstrate in Part II.

3.10 Type inference

The preceding examples contain no explicit terms for type abstractions, instantiations,
modality introductions, or modality eliminations. Maetel implicitly infers them using
a bidirectional typing approach; we defer a detailed description to Part III. One thing
worth mentioning is that Maetel can implicitly instantiate type variables with a type that
contains quantifiers or modalities, which is what we mean by first-class polymorphism and
first-class modal types. Such instantiations are useful since a handler is often polymorphic
over its return type, which is instantiated to a concrete type when applying a handler

to a program. For instance, suppose we have a list of pure polymorphic functions:
pureFuncs : List (forall a . [J(a — a — a))

We can apply the state handler to a program that returns this list:
state (fun () — do put 42; pureFuncs)

In order for this program to type check, we need to instantiate the type variable a of
state with the typeList (forall a . [1(a — a — a)).Maetelinfers this instantiation
automatically by locally making use of the type information of pureFuncs, while also
making use of the type information of state to introduce the relative modality <State

Int> for the whole argument.

3.11 Maetel cheat sheet

We conclude this chapter with a Maetel cheat sheet. It is not a complete reference, but

shows representative programming patterns using examples from this chapter.

eff 10 = read : 1 = String | print : String = 1

eff Gen [a] = yield : a = 1

eff State [s] = get : 1 = s | put : s = 1

eff ND = choose : 1T = Bool | fail : 1 = forall a . a
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## Absolute modalities track which effects are used

inc : [J(Int — Int) # A pure function

iter : forall a . [1((a = 1) — List a — 1) # A pure higher-order function
genInc : [Gen Int](Int — 1) # An effectful function that uses only Gen Int
genInc x = do yield (x + 1)

stateInc : [State Int]J(1 — 1) # Uses only State Int
prefixSum : [State Int, Gen Int](List Int — 1) # Uses both effects

## Relative modalities track which effects are handled
asList : forall [al . [1(<Gen a>(1 — 1) — List a) # A handler for Gen
asList f = handle f () with

return () = nil

yield x r = cons x (r ())

state : forall [s] [al . [J(<State s>(1 — a) — s — a) # Handles State
all : forall [a] . [J(KND>(1 — a) — List a) # Handles ND
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Part 1

MET the Calculus

We introduce a core calculus MEeT for modal effect types, together with different

extensions ranging from standard type system features to effect specific features.

Chapter 4 introduces the core calculus MeT. Chapter 5 presents extensions of MET.
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4 A core calculus

Find the simplest algebra of types, and some syntax for them.
—Stephen Dolan (2016)

We introduce MET, a simply-typed calculus with effect handlers and modal effect types.
We start with an overview of the core calculus, followed by its syntax and mode theory,
which defines the algebraic structures of modes (effect contexts) and modalities. We
then present its static and dynamic semantics as well as its metatheory, including type
soundness and effect safety. We aim at presenting a minimal core calculus in a self-
contained way in this chapter, assuming no prior knowledge of multimodal type theory
(MTT) [Gratzer 2023; Gratzer et al. 2020]. We conclude this chapter with a discussion
of the connections between MET and MTT. We defer extensions including data types,
parametric polymorphism, masks, and enriched forms of handlers to Chapter 5.

4.1 Overview of MET

We give a high-level overview of the core calculus MEeT. This overview complements the
Maetel tutorial in Chapter 3 to show how effect contexts are tracked and how modalities
are explicitly introduced and eliminated in MET.

Every well-typed term in the simply-typed A-calculus is also well-typed in MET. For
example, we may define a higher-order application function:

WPy = AfMTT AT f x 0 (Int > 1) > Int > 1
We use meta-level macros defined by = in red to refer to code snippets.
Effect contexts. MET adopts a contextual reading of effects, inspired by Frank [Lindley
et al. 2017] and Effekt [Brachthduser et al. 2020]. For brevity, we directly track operation
labels, instead of organising operations into effect names (an effect consists of several

operations) as in Section 3.2. For our examples we assume two operations yield : Int —

1 and ask : 1 — Int. In addition to a typing context I', typing judgements include an

35
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ambient effect context which tracks the operations that may be performed. Consider the
typing judgement:

[1 + geny, = Ax™".doyieldx : Int > 1 @ yield

The function has type Int — 1. When applied, it performs the yield operation using
the do syntax. The judgement specifies the effect context with the syntax @ yield, which
tracks the possibility of performing yield. We can now apply app,,., to gen,,., and 42:

T - (A7 A f x) (Ax™.do yield x) 42 : 1 @ yield
There is a natural notion of subeffecting on effect contexts. We also have:
I, + Ax'"t.doyieldx : Int — 1 yield, ask
Absolute modalities. Effect contexts specified by @ E belong to typing judgements
instead of types. MET uses modalities to track effects in types. An absolute modality [E]

allows us to specify a new effect context E in types different from the ambient one. For

example, consider the typing derivation:

T3, &g - Ax"™.doyieldx : Int > 1 @ yield

T3+ gen’yer = Modpyieia) (Ax™"*.do yield x) : [yield](Int — 1) @ ask

This term has type [yield](Int — 1). We highlight modalities in blue when they appear
in types. The syntax modjy;.14) introduces an absolute modality [yield] which specifies
a singleton effect context of yield and uses it to override the ambient effect context ask.
The typing judgement of the premise uses the new effect context yield as its ambient
effect context. The lock @;.; ) tracks the switch of the effect context and controls the
accessibility of variables on the left of it. Only variables that are known not to use effects
other than yield may be used. This is important to ensure effect safety. For example,
consider the following invalid judgement:

I3, f:Int =1 mod(yierq) (AX™™.f x) : [yield](Int — 1) ask

This program is unsafe as f may invoke ask which we must not use under the effect
context yield specified by the modality [yield]. MET rejects this judgement as it relies
on the following invalid judgement for the inner function:

T3, f:Int —> 1,804 ¥ AX™™.fx @ Int > 1 yield

This typing judgement is invalid as the lock @,;., 4 prevents the use of f. To make it valid,
we can annotate the binding of f with the modality [yield] as f :|,;c1q) Int — 1. This

annotation tracks that the function f may only use the operation yield. Such annotated
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bindings are introduced by modality elimination. For instance, we can eliminate the
modality of gen’y,., and then apply it via the let mod syntax (where we elide the typing
of the bound term):

rl,f :[yield] Int —> 1 f 42 1 yleld

I1 - let modpyierq) f = Modpyierq) (Ax™".do yield x)in f 42 : 1 yield

The term Ax'"t.do yield x inside the modality [yield] is bound to f. The binding of f
is annotated with this absolute modality. Consequently, the use of f in f 42 requires
the ambient effect context to contain the operation yield. In general, whether a variable
binding f :;, A can be used after a lock @, is controlled by a modality transformation

relation which we will introduce in Section 4.3.

Relative modalities. As well as being able to specify a fresh effect context from scratch
with an absolute modality, MET also has relative modalities (D) which allow us to extend

the ambient effect context with an extension D. For instance, consider the derivation:

& . + Ax™.doyield (do ask () : Int — 1 yield, ask

mod(yie1dy (Ax™"*.do yield (do ask ())) : (yield)(Int — 1) ask

The relative modality (yield) extends the ambient effect context ask with the operation
yield. Consequently, the function inside can use both operations. Relative modalities
are especially useful for giving composable types to effect handlers as we have seen in
Section 3.4.

4.2 Syntax

Figure 4.1 gives the syntax of the core part of MET. MET extends a simply-typed A-calculus
with standard constructs for effects and handlers (highlighted in orange) as well as
modal effect types (highlighted in grey).

Types A,B:=1|A—B| A Terms M, N :=x|Ax* M| MN | mod, V
Effects D,E,F:=-| {,E | let, mod, x =V in M
Modalities  u,v == [E] | (D) | do¢M | handle M with H
Kinds K ::= Abs | Any Values V,W :=x | AxA.M | mod, V
Contexts Iu=-|Lx: A|T, @&, Handlers H ::= {return x — M}

Label contexts X :

-|Z,:A—B | {{pr—>M}wH

Figure 4.1: Syntax of MET.

We adopt the Barendregt convention that all variables are distinct [ Barendregt 1985].

We implicitly identify each syntactic category up to its equivalence relation, which is
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the standard a-equivalence by default unless defined explicitly in later sections. For
brevity, we fix a global context X which associates each global operation label with its
signature. An entry ¢ : A — B indicates that the operation ¢ takes an argument of type
A and returns a value of type B.

In the following sections, we first present the mode theory of MeT, which defines the
structures of modes and modalities, before moving to the kinding, typing, operational
semantics, and metatheory of MET.

4.3 Mode theory

Figure 4.2 summarises the mode theory of MET. We explain it in the following sections.

Well-formedness

¢ € dom(X) I'+E I'+E r+D
| ¢, E T'+[E] I'+(D)

Equivalence and subeffecting‘l" FE= FHF FE < FHF Fus=s v‘

I'tE1=E, I'tE,=E3 T'+tE=FE L+
IT'+tE=E I'tEi=Es I'v{,E={,FE rv¢,0/,E=l,(,E
I'+EE = I'+tE=F 'tD=D’
TrrEXF T'+[E]=[F] I'+(D) =(D’)

Modality action
[EI(F) = E (D)E)=D,E

Modality composition

po[E] =[E] [E]o(D) = [D, E] (D1) (D) = (D2, D1)
Modality transformation
MT-Ass MT-ReL
I'+ E < u(F)
I'+[E]=pu@F r't(D)=(D)@F

Figure 4.2: Mode theory of MET.
As usual, equivalence, subeffecting, and modality transformation judgements impli-

citly require well-formedness of effects and modalities as well-formedness conditions.

We sometimes omit I' when it is clear from the context to simplify the presentation.
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4.3.1 Effect contexts as modes

The syntax of effects is defined in Figure 4.1. We distinguish effect contexts, which specify
the available effects and over which E and F range, from extensions, which extend
effect contexts and over which D ranges. For the minimal core calculus in this chapter,
extensions and effect contexts share the same syntax and rules. The extensions to MET
in Chapter 5 distinguish them explicitly.

The modes of MET are effect contexts E. Each type and term is at some effect context E,
specifying the available effects from the context. Figure 4.2 gives the well-formedness,
equivalence, and subeffecting rules for effect contexts. Well-formedness I' + E checks
that each label in E is defined in the global label context Z. The context I is only needed
to maintain well-scopedness for the extension with polymorphism in Section 5.4.

Effect contexts E are defined as scoped rows of operation labels [Leijen 2005]. Each
label denotes an effectful operation present in the global label context . An effect
context may contain the same label multiple times. In Chapter 6, we will see different
ways to organise effect contexts in addition to scoped rows.

Following Rémy [1994] and Leijen [2005], we identify effects up to reordering of
distinct labels. Since we only have labels here, it is technically impossible to distinguish
between two identical labels. It would become possible to distinguish between them in
Sections 5.2 and 5.9 with the extensions of parameterised effects, which parameterise
operation signatures with type parameters, and presence types, which allow us to assign
different operation signatures to the same labels in effect contexts.

We define a subeffecting relation on effect contexts E < F if we can append another

effect context to E to obtain F.

4.3.2 Modalities manipulating effect contexts

Components of types and terms may have different effect contexts from the ambient
one. For instance, under a pure global context, we may want to define a function that
performs some effects when it is invoked. We use modalities to manipulate effect contexts.
For the modal type (1A, the effect context for A is derived from the ambient effect context
manipulated by the modality u as follows.

[EI(F) =E (D)E)=D,E

The absolute modality [E] completely replaces the effect context F with E, similar to
effect annotations on function types in traditional effect systems. The relative modality
(D) is the key novelty of MET. It specifies a transformation on the input effect context,
extending it with D. We write D before E because the effects in D are more recent than
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those in E. We call () the identity modality since ()(E) = E for any E. Modalities are

monotone total functions on effect contexts. If E < F, we have u(E) < u(F).

Modality composition. We compose the actions of modalities as follows.
polE] = [E] [E]o(D) =[D, E] (D1) o(D2) = (D2, D1)

Our composition reads from left to right. First, an absolute modality completely specifies
the new effect context, thus shadowing any other modality u. Second, replacing the
effect context with E and then extending it with D is equivalent to just replacing it with

D, E. Third, successive extensions can be combined into one.

Composition is well defined because applying a composite modality is equivalent to
applying its components sequentially: (1 o v)(E) = v(u(E)). We also have associativity
(Mov)o&=po(vol)andidentity (Yopu=po() =p.

We choose a left-to-right composition because the modality p in a modal type A
represents a manipulation of the ambient effect context. As a result, for the type 1A, the
modality v indicates a more recent manipulation of the effect context than u. For instance,
for the type [E][F|(1 — 1), the available effects for the function are F instead of E, which
is consistent with composing the two modalities: ([E] o [F])(1 — 1) = [F](1 — 1).

Modality transformations. Just as modalities allow us to manipulate effect contexts,

we need a transformation relation that tells us when we can change modalities.

We write I' + © = v @F for a transformation from the modality u to v under the
ambient effect context F. Intuitively, such a transformation indicates that under ambient
effect context F, the action of u can be replaced by the action of v. This relation is used to
control variable access as we have demonstrated in Section 2.2. For instance, supposing
we have a variable of type 1/(1 — 1) under ambient effect context F, we can rewrap it as

a function of type v(1 — 1) if u = v @F.

Intuitively, y = v @F is safe when v(F) is larger than u(F) so that we have not
lost any operations. Moreover, subeffecting should not break the safety guarantee of
transformations. That is, u(F’) < v(F’) should hold for any effect context F’ with F < F’.
For instance, consider the following program which coerces the modality (D) of a
value V to (D).

I'+let mod(p,y x =V in modp,) x : (D2)(Int — Int) @E
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We need the transformation relation (D1) = (D,) @E in its derivation tree:

ITr@E Tr{(Dy)= (D) @F
I'+ ((D1),Int — Int) = (D,)

T-Var
I, x XDy) Int — Int,ﬂ<D2> Fx:Int > Int@D,, E
T-Mob
'tV :(Di)(Int > Int) @FE [,x :p,y Int = Int - modp,y x : (D2)(Int — Int) @E
T-LermoD

I'+let modp,y x =V in modp,) x : (D2)(Int — Int) @E

To preserve the typing derivation after upcasting E to a larger F, the transformation
requires D1, F < Dy, F forany E < F.
We formally define I' - u = v @ F as the following two rules.

MT-ABs MT-REeL
't E<u(F)
I'+[E]=>u@F I'+(DYy=(D)@F

Rule MT-Ass allows us to transform an absolute modality to any other modality as
long as no effect leaks. Rule MT-REL only allows us to transform a relative modality to
another equivalent relative modality. The following lemma shows the soundness of

modality transformation.

Lemma 1 (Soundness of modality transformation). IfI'+ u = v @F, then T + u(F’) <
v(F’) for all F" withT + F < F'.

Let us give some examples. First, [| = u @FE always holds, consistent with the
intuition that pure values can be used anywhere safely. Second, (¢) = ({) @ E always
holds. Third, () = (¢) @E does not hold for any E.

An interesting observation is that () = ({) @- is not allowed, even though it is sound
in the core calculus as we have F < ¢, F for any effect context F. We do not allow it
here for two reasons. First, with the extension of parameterised effects or presence
types in Sections 5.2 and 5.9, it would not be sound when F contains another ¢ with a
different parameter or signature. Second, allowing it would break abstraction safety as
we discussed in Section 3.6.

4.4 Kinds, contexts, and equivalence

Figure 4.3 gives the kinding and type equivalence rules for MET. We have two kinds
Abs and Any. The Abs kind is a sub-kind of the kind of all types Any, and denotes types
of values that are guaranteed not to use operations from the ambient effect context.

Function arrows have kind Any due to the possibility of using operations from the
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ambient effect context. A modal type [E]|A is absolute as it cannot depend on the
ambient effect context.

I'+A:Abs I'+[E] I'+A:Any I'+{(D) '-A:K
I'+1:Abs I'+A:Any I'+[E]A : Abs I'-(D)A:K

'+ A:Any '+ B:Any
I'+A — B:Any

Tru=v r'-A=B 'rA1 =B I'rA> =B,

T'r1=1 I'rpA=vB I'tAy —> Ay =By — By

Figure 4.3: Kinding and equivalence rules of types for MET.

T@E Try TrA:K reF Try wF)=E
T,x, AGE CE
r=rr@ke
retc =T, @E In=I@E r=r@k Tru=y TrA=A
r=sTr@E r=r, @E Ix:yA=sT',x: A’ @E

rsrrer wF)=E Tru=y

ra =r,a @k r,a&,=T@E ra, s =Tra. @F
I'rA—B|rz|
I'tA:Abs T'+ B:Abs A — B FX
I'tA—+B F F{:A—» B,L

Figure 4.4: Well-formedness and equivalence rules of contexts for MET.

Contexts are ordered. Each term variable binding x :;, A in contexts is tagged with a
modality p. We omit this annotation when u is the identity modality. Contexts contain
locks @, carrying modalities 1. As shown in Section 2.2, they track the introduction and
elimination of modalities and play an important role in controlling variable access.
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Figure 4.4 gives the well-formedness and equivalence rules for contexts. We define the
relation I" @ E to state that the context I is well-formed at effect context E. For instance,

given some modalities y1, v, and &, the following judgement is valid.

u(F) v(F) &(E)
ﬂlpJ,x u A1 Y A2 /ﬂ[EJ/Z 3 A3 E
————
F E

We annotate below the effect context for each variable binding and annotate above the
effect context for each type. Reading from left to right, the lock &) switches the effect
context from F to E since [E](F) = E.

The context equivalence relation I' = [’ @E states that the contexts I' and I” are
equivalent at effect context E. The interesting rules are the last two rules, which allow
us to remove locks with identity modalities and to compose adjacent locks.

Following MTT, we define the meta operation locks(—) to compose all the modalities
on the locks in a context:

locks(:) = () locks(I', @) = locks(I') o i locks(I', x :;, A) = locks(I')

Figure 4.4 also gives the well-formedness rules for the label context X.. For an operation
signature A — B, we restrict the kind of A and B to be Abs in order to prevent effect
leakage as discussed in Section 3.8.

4.5 Typing

Figure 4.5 gives the typing rules of MeT. The typing judgementI' - M : A @E states
that the term M has type A under context I' and effect context E. As usual, we require
I @E, T + E,T + A : K for some K, and well-formedness for type annotations as
well-formedness conditions. We highlight interesting rules in grey.

Modality introduction and elimination. Modalities are introduced by T-Mop and
eliminated by T-Letmop. The term mod,, V introduces modality u to the type of the
conclusion and a lock ﬂ“ into the context of the premise, and requires the value V' to be
well-typed under the new effect context ((E) obtained by applying u to E. The lock &,
tracks the change to the effect context. Specialising the modality u to either absolute or

relative modalities, we get the following two rules.

F,Q[EJI-VZA E F,E<D>|—V:A D,F
'+ modig V:[EJA@F '+t modipyV :(D)A@F

43



4 A core calculus

I'+A:Abs I'@E I'ru=v@E
I'e(u,A)=v I't(u,A)=v
Tt M:A@E
T-Ler™MOD
T-Var T-Mop I,& +V:uA@v(E)
T+ (u,A) = locks(I”) r,&,+V:A@uE) Ix:y ArM:B@E
Ix:y AT'rx:A@QE I'tmod, V:uA@E I'+let, mod, x=VinM:B@FE
T-Aprp T-Do
T-Ass I'tM:A—> B@E Y>3¢{:A—B
I'x:ArM:B@E IT'tN:A@E 't N:A@/(,E
T'rAxAM:A— B@E I'FMN:B@E I'rdo¢ N:B@/(,E
T-HaNDLE

D:&' F,G<D>I—M:A D,E F,x:<D>AkN:B E
[ZBfi:AiﬂBi F,pi:A,-,ri:Bl-—>B|—Ni:B E]i

I' + handle M with {return x = N} W {{; p; r; — N;}; : B@E

Figure 4.5: Typing rules for MET.

We restrict mod to values to avoid effect leakage [Lorenzen et al. 2024; Ahman 2023].
Otherwise, a term such as mod (do ¢ V) would type check under the empty effect
context but get stuck due to the unhandled operation ¢.

The term let, mod, x = V in M moves the modality u from the type of V to the
binding of x. As with modality introduction, modality elimination is also restricted
to values. Following MTT, we use let-style modality elimination which takes another
modality v in addition to the modality u that is eliminated from V. This is crucial for
sequential unboxing. For instance, the following term sequentially unboxes x : vA.

The variables y and z are bound as y :, 1A and z :,., A, respectively.
let mod, y = x in let, mod, z =y in M

Without the modality v in the second let, we would get stuck on further eliminating the
modality u from y.

Abstraction and application. Rules T-Ass and T-Arp are standard. The effect context
E remains the same in the premises and conclusions of both rules, because abstraction

and application do not change the ambient effect context.

44



4.6 Operational semantics

Invoking and handling operations. Rule T-Do is standard. It invokes an operation
{ in the ambient effect context ¢, E. Rule T-HANDLE is more interesting; it introduces a
relative modality. The handler handle M with H extends the ambient effect context E
with D, the collection of operation labels handled by H, for the term M. We put a lock
& ) into the context of M to track this change to the effect context. For the return value
of M which is bound as x in the return clause, we need to wrap it with (D) to reconcile
the mismatch between D, E and E, because the return value may capture effects in
D. We directly annotate this modality (D) on the binding of x in the context. The
typing premises for the operation clauses are standard. For an operation with signature

A; — B;, the parameter p; has type A; and the continuation r; has type B; — B.

Accessing variables. Locks control the accessibility of variables. Rule T-Var uses the
auxiliary judgement I' + (i1, A) = locks(I”) (also defined in Figure 4.5) to check whether
we can access a variable x :;, A given all locks in I”. When A has kind Abs, we can always
use x as it does not depend on the effect context. Otherwise we need to make sure the
coercion from u to locks(I"”) is safe by checking the modality transformation relation
p = locks(I”) @ E, where E is the ambient effect context before manipulation given by
I' @ E and locks(I'") composes the modalities on locks in I'”. We have seen an example in
Section 4.1 showing that the variable f : Int — 1 cannot be used after the lock [yield]
while f :[yic14) Int — 1 can. As another example, x iy 1 — 1,8 Fx: 1 —= 1@ isill-
typed since we cannot transform the modality (¢) to [¢’]. It would be well-typed if x had
type Int which has kind Abs, or if the lock had modality () which can be transformed
from (¢), or if x were annotated with a modality [] which can be transformed to [¢’].

Subeffecting. We do not have an explicit typing rule for subeffecting. However, the
type system does allow us to use a variable under a larger effect context. We have seen
how this works in Section 4.1. We give another example here which upcasts the empty
effect context of a variable x to E. It is well-typed because [|] = [E] @ - holds.

AxIIt=1Y) ot mod)) y = x in mod(gy v : [](Int — Int) — [E](Int — Int)

4.6 Operational semantics

Figure 4.6 gives the operational semantics for MeT including the definition of evaluation
contexts.

Rule E-LermoD eliminates a modality. Other reduction rules are standard for effect
handlers [Hillerstrom et al. 2020]. In rule E-Op, we use the meta function bl(&) to obtain
the set of bound operation labels which have handlers installed in the evaluation context
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Evaluation contexts & :=[]|EN |V E|dof & | handle & with H

E-Aprp (AxA. M)V ~ M[V /x]
E-Lermop  let, mod, x = mod, V in M ~ M[V /x]
E-ReT handle V with H ~» N[V /x],
where H = {return x — N} W {{; p; ri = N;};
E-Or handle E[do ¢ V] with H ~» N[V /p, (Ay.handle E[y] with H)/r],
where { ¢ b(E)and ({ pr — N) e H
E-Lier E[M] ~ E[N], if M~ N

Figure 4.6: Operational semantics for MET.

&. Itis inductively defined naturally as follows, where we write dom(H) for the set of
operation labels handled by H.

bl([ 1) 0 bl(do ¢ &)
bl(E N) bl(E)  bl(handle & with H)
bV E) = bl&)

bl(E)
bU(E) U {¢] ¢ € dom(H)}

The condition ¢ ¢ bl(E) makes sure each operation ¢ is handled by the dynamically

innermost handler of ¢.

4.7 Metatheory

MET enjoys standard structural properties such as weakening by a variable binding
and exchanging consecutive variable bindings. There are also some metatheoretical
properties specific to modal type systems that are different from what we usually see
in conventional type systems [Kavvos and Gratzer 2023]. For instance, we have the

following admissible rule for weakening a lock of a context.

ra&, I'+M:AQE rer l'ru=va@r
r,a rrM:A@F

We use the modality transformation relation y = v @ F to check whether we can weaken
the lock ﬂy to @, under the ambient effect context F. As a result of lock weakening, the
ambient effect context E, which satisfies T, By, I @ E, may be changed to a larger effect
context E’, which satisfies I', @,, " @ E’. As another example, we have the following

admissible rule for substituting values with modalities into terms.

r@+V:A@F T,x:, AT +M:B@E
I, + M[V/x]:B@E
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The variable binding x :;, A is indexed by a modality u, which coincides with the
modality of the lock &, in the context of the value V being substituted. We prove these
properties as well as further lemmas in Appendices A.1 and A.2.

To state syntactic type soundness, we first define normal forms, which are either
values or terms stuck on an unhandled operation.

Definition 1 (Normal Forms). We say a term M is in a normal form with respect to effect
context E if it is either a value V or of the form M = E[do € V] for { € E and { ¢ bl(E).

We have the following two theorems for syntactic type soundness.

Theorem 2 (Progress). IfT'+ M : A @E and dom(T') = 0, then either there exists N such
that M ~» N or M is in a normal form with respect to E.

Theorem 3 (Subject Reduction). If '+ M : A @Eand M ~» N, thenT + N : A @E.

Progress states that a well-typed term is either reducible or in a normal form with
respect to the ambient effect context. The condition dom(I') = @ rules out free term
variables while allowing I to contain locks. Subject reduction states that the type of
a well-typed term is preserved under reduction. Their proofs are in Appendices A.3
and A4.

These two theorems together give type soundness and effect safety.

Theorem 4 (Type Soundness and Effect Safety). If - + M : A @, then either M diverges or
there exists a value V such that M ~* V, where ~" denotes the reflexive-transitive closure of

the reduction relation ~-.

Proof. By Theorems 2 and 3. O

4.8 Connections between MET and MTT

We have presented MET as a core calculus in a self-contained way. In this section we
discuss its connections to multimodal type theory (MTT) [Gratzer 2023; Gratzer et al.
2020], the theoretical foundation of MET. Roughly speaking, MET extends simply-typed
MTT [Kavvos and Gratzer 2023] with effect handlers and instantiates the mode theory
of MTT to track effects. However, MET also generalises simply-typed MTT in several
ways to improve its usability and to support subeffecting. In this section, we explain the
connections between MeT and MTT in more detail.
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4.8.1 Indexed families of morphisms

As shown in Section 2.2, a modality in MTT is a morphism between two modes,
transforming one mode to another. However, in MET, a modality is not a morphism
between two specific modes; it can take any mode as input and return another mode as
output. Thus, a modality u in MET is actually an indexed family of morphisms between
modes. We write ur for the pair of a modality p and a mode F that p acts on. This
notation gives us a morphism pr : E — F where u(F) = E. The morphism goes from E
to F instead of the other direction to remain consistent with MTT. This also explains
why in Section 4.3, modality composition i o v reads from left to right.

In contexts, types, and terms, we use p without indices. We do not lose any information
by omitting the indices. Given a typing judgement I’ + M : A @E, the indices for
all modalities in I', M, and A can be computed. This relies on the fact that for well-
formedness of contexts, we require the empty context to be at the empty effect context,
i.e., - @-instead of - @E for any E, which is different from MTT.

Using indexed families of morphisms in MET instead of concrete morphisms is not an
arbitrary choice. Using indexed families of modalities in types and terms is very useful
to allow term variables to be used flexibly in effect contexts larger than those in which
they are defined. This greatly simplifies the support of subeffecting; we do not need
to update all indices of modalities in a term or type when upcasting this term or type
to a larger effect context. As a result, every type is always well-defined at any mode,
which means that we do not need to define the well-formedness judgement A @ E as
in MTT. Moreover, one important benefit of having types well-defined at any mode
is that when adding polymorphism for values, type quantifiers do not need to carry
the additional information about the modes at which the type variables can be used,
greatly simplifying the type system. Otherwise, polymorphic types would need to have
the form YaX “£.A, where E indicates the mode of the type variable a.

4.8.2 The double category of effects

As shown in Section 2.2, the mode theory of MTT is a 2-category, where objects are
modes, morphisms are modalities, and 2-cells are modality transformations. However,
beyond these structures, MeT also has a natural partial order between modes — subeffect-
ing. A 2-category is not expressive enough to capture this partial order. We extend the
mode theory to a double category in MET to support subeffecting. In this section, we use
the notation ur since it corresponds to a modality in MTT. We fix a well-formed context
I' throughout and sometimes omit it from judgements to simplify the presentation.
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A double category extends a 2-category with an additional kind of morphism. Along-
side the regular morphisms, now called horizontal morphisms, there are also vertical
morphisms that connect the objects of the 2-category. This makes it possible to generalise
the 2-cells to transform arbitrary morphisms, whose source and target are connected
by vertical morphisms. The following figure shows the differences between 2-cells in a

2-category and those in a double category using syntax of MET.

UF E %‘u}" F
T
e ]k
VF E/ o F/

In MET, objects are given by effect contexts (i.e., modes), the horizontal morphisms
by modalities, the vertical morphisms by the subeffecting relation, and 2-cells by the
modality transformations. We prove that this structure indeed forms a double category.

First, we need to show that effect contexts (objects) and subeffecting (vertical morph-
isms) form a category. This is obvious since the subeffecting relation is a partial order.
We have the following lemma.

Lemma 5. Effect contexts and subeffecting form a category with the identity morphisms E < E
and the morphism composition given by transitivity of subeffecting.

Proof. 1t is easy to show that effect contexts and subeffecting form a poset. Every poset
is a category. i

Second, we need to show that effect contexts (objects) and modalities (horizontal
morphisms) also form a category. We repeat the definition of modalities and modality
composition from Section 4.3 here using the syntax ur for ease of reference:

[Elf:E—>F (D)f:D,F > F

pr o [Elyr) = [Elr [E]r o (D) = [D, E]r (D1)p o (D2)p, r = (D2, D1)p

The effect contexts and modalities naturally form a category since modality composi-

tion possesses identity and associativity. We have the following lemma.

Lemma 6. Effect contexts and modalities form a category with the identity morphisms () :
E — E and the morphism composition ur o vp: such that

1. Identity: ()p o ur = ur = pr o ()g for ur : E = F.

2. ASSOCiﬂtiUity.’ ([,151 o] VEZ) o 553 = UE, © (VEZ o] égs)for HE; - Ez g El, VE, : E3 — Ez,
and &g, : E — Ea.

Proof. By inlining the definitions of modalities and checking each case. m]
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Finally, we need to show that modality transformations are 2-cells in the double
category of effects. We first repeat the definition of modality transformations from
Section 4.3 here using the syntax ur for ease of reference:

MT-Ass MT-ReL
ur:E' = F IT'rELE

I'H[Elr = pr I'H(D)r = (D)r

We have required the effect context that the source and target modalities act on to
be the same F in these rules. This is enough for presenting the calculus, but we can
further extend it to allow yr = v where F < F’. This is used in the metatheory
for MeT such as the lock weakening lemma we discussed in Section 4.7. The extended
modality transformation relation is defined by the transitive closure of the following
rules. Compared to the definition in Section 4.3, the only new rule is MT-Mono.

MT-ABs MT-REeL MT-Mono
ur:E' —=F I'+ELE IT'rFLF
FF[E]F:>HF FI-(D)F=><D)F r'-‘LlF:yF/

The following lemma shows that the transformation I' v ur = v satisfies the
requirement of being a 2-cell in the double category of effects with well-defined vertical
and horizontal composition.

Lemma 7 (Modality transformations are 2-cells). IfI' v ur = vp, ur : E — F, and
vpr tE'— F/,thenT + E < E"and T + F < F'. Moreover, the transformation relation is closed
under vertical and horizontal composition as shown by the following admissible rules.

Trur=pp  Trve=y
'+ up, = v, I'tvp, = &F, pr:E—F ‘u%,:E’—>F’
I'vur = &R T+ upoveg = g ovy,

Proof. Straightforward case analysis.
]

We have proved that the minimal mode theory presented in Section 4.3 forms a
double category. It is not hard to verify that with extensions such as masks and presence
types in Sections 5.1 and 5.2, the mode theory still forms a double category.
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How much can we add to the language without losing the semantics?

—Paul Blain Levy (2001)

We add several extensions to MET, including both standard type system features and
specialised features for algebraic effects and handlers. We introduce masks, presence
types, and parameterised effects, which make the mode theory and effect systems more
expressive. We demonstrate that MET scales to support data types and polymorphism,
including polymorphism for both value types and effects. Effect polymorphism helps
deal with situations in which it is useful to refer to one or more effect contexts that
differ from the ambient one (such as the higher-order fork operation in Section 3.9),
recovering the full expressive power of row-based effect systems. We also introduce
a minimal extension of MET with local labels, which allows us to generate operation
labels dynamically [de Vilhena and Pottier 2023 ], and extensions with richer forms of
handlers.

5.1 Masks

Masks allow us to remove labels from the ambient effect context. They are useful for
solving the effect pollution and accidental handling problems as discussed in Section 3.6.

Figure 5.1 defines the extensions of the mode theory with masks. Masks L are simply
multisets of labels. Well-formedness I' + L ensures that all labels in masks are defined in
the global label context X. Equivalence on masks, written I' + L = L’, is just equivalence
of well-formed multisets. We define two meta-operations E — L and L — D in order to
define the mode theory for the extension with masks. The operation E — L removes the
labels in L from E. The operation L — D removes the labels in D from L.

Modality action p(E) and composition p o v are extended naturally. For (L| D)(E), we
remove the labels in L from E and then extend it with D. For [E] o (L| D), replacing the
effect context with E and then masking L and extending it with D is equivalent to just
replacing it with D, (E — L). For (L1| D7) o (L2| D), sequential masking and extension

can be combined into one modality by cancelling the overlapping part of L, and D; with
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Syntax
Masks L:u=-|¢,L Modalities u,v ==[E]|(L|D)

Well-formedness and equivalence

FI—LHFI—yHFI—yEv‘

{ € dom(X) F'+L 'L I'tD r'rL=L r+D=D’
I+ I'r¢, L I'+{L|D) I'+{(L|D) =(L’|D")
Meta-operations on effects
—L=- .—D=-
(,E)—L = E-L lfLE&.L (t,L)-D = L-D lfDEf',D
{,(E-L) otherwise {,(L—D) otherwise
Modality action | u(E)
[E)(F) = E (LID)(F) =D, (F - L)
Modality composition
p o [E] = [E]
[E] o (LID) = [D,(E-L)]

(L1|D1) o (L2|D2) (L1, (L2 = D1)| Dy, (D1 = L2))

Modality transformation

MT-ABs MT-REL MT-ExpaND
I'+E < u(F) I'+(F-L)={,E
I'+[E]=>up@F I'+{(L|D)=>(L|D) @F I'+{(L|D)=({,L|D,t) @F
MT-SHRINK MT-TraNS
't(F-L)=¢(,E Il''ru=v@F Trv=£&@F
I'-{,LID,{)=(LID)@F l'ru=£&@F

Figure 5.1: Masks.

the meta-operations L, — Dy and Dy — Ly as (L1, (Lo — D1)| D2, (D1 — Lp)). For instance,

we have () o (¢]) = () and (1] 2, £3) o (2| bs) = (l1] s, &3).

Modality transformation is extended with three new rules. MT-Expanp allows us to

simultaneously mask and extend some operations given that these operations exist in

the ambient effect context F. MT-SHrINk allows us to do the reverse for any operations.

MT-TraNs is a standard transitivity rule for modality transformation. It enables the

sequential application of MT-ExpanD and MT-Surink. For instance, we have (¢ |{;) =

(2| &) @1y, b by first applying MT-SHrINK to simultaneously remove ¢; from both the

mask and extension, then applying MT-ExpaND to simultaneously add f;.
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5.1 Masks

Syntax

Kinding

Terms M,N :=---| masky M

I'+(L|D) I'rA:K
I+ (L|D)A:K

Typing

T-Mask
F,HMI—M:A E-L

I'+ masky M : (L))A @E

Operational semantics

Evaluation contexts & ::=---| mask; &

E-Mask mask; V ~» mod V
E-Or handle E[do ¢ V] with H ~» N[V /p, (Ay.handle E[y] with H)/r],
where 0—free({,E)and ¢ pr— N)e H

Figure 5.1: Masks (continued).

Figure 5.1 defines the extensions to kinding, typing, and operational semantics for
masks. The kinding rule is standard. In T-Mask, the mask mask; M removes effects
L from the ambient effect context for M and introduces a lock @ to the context of
the premise. For the return value of M, we need to box it with (L|) to reconcile the
mismatch between E — L and E. In E-Mask, we also reduce a mask on a value to the
introduction of the corresponding mask modality. To define the semantics of masks,
we follow Biernacki et al. [2018] and define the predicate n—free(¢, &) inductively on

evaluation contexts as follows.

n—free(?,&) n—free(?, &) count();L)y =m
0—free(?,[ ]) n—free({,do ¢’ &) (n + m)—free(?, mask; &)
(n +1)—free(?, &) { € dom(H) n—free(?,&) ¢ ¢ dom(H)
n—free(£, handle & with H) n—free(£, handle & with H)

We have n—free(!, &) if there are n masks for { in & without corresponding handlers.
The E-Op rule requires 0—free({, &) to guarantee that the current handler is not masked
by masks in &. The meta function count(¢; L) yields the number of ¢ labels in L. We omit
the inductive cases that do not change .
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5 Extensions

Since masks are a basic and important extension when treating effects as scoped rows,
we base all subsequent extensions in this chapter on the version of MET extended with

masks.

5.2 Presence types

Instead of having a global label context which associates operation labels with their
signatures, we can also assign different signatures to labels in types. We can further
extend this idea to allow some labels to be absent. This is usually referred to as presence
types [Rémy 1994] and adopted in the Links language [Hillerstrom and Lindley 2016].

Figure 5.2 gives the extension with presence types. We mostly need to extend the
mode theory. We now distinguish between the syntactic categories of extensions and
effect contexts as they have different equivalence and subeffecting relations. Each label
has a presence type P [Rémy 1994]. A presence type P can be an operation arrow of
the form A — B, which indicates that the operation takes an argument of type A and
returns a value of type B, or the absent type —, which indicates that the operation with
this label cannot be invoked. Extensions and effect contexts both assign presence types
to labels.

For the equivalence of effect contexts, we allow absent labels to be freely added to or
removed from the right of effect contexts. For instance, ¢ : P, ¢’ : —is equivalent to ¢ : P.
We can think of an effect context as denoting a map from labels to infinite sequences of
presence types, each with a cofinite tail containing only —. For extensions, we do not
ignore labels with absent types when defining equivalence, so ¢ : P, ¢’ : —and ¢ : P are
distinct.

We define the subeffecting relation differently from before to account for presence
types. We have E < F if we can replace the absent types in E with proper operation
arrows to obtain F. We also have a subtyping relation on extensions D < D’. Like
subeffecting on effect contexts, it requires D and D’ to contain the same row of labels,
but it allows absent types in D to be replaced by concrete signatures in D’.

We extend the meta-operations on effects from Figure 5.1 to account for presence
types. Since we distinguish between the syntactic categories of extensions and effect
contexts, we define E — L and D — L separately, though their definitions are identical.
The definitions of modality action and composition remain unchanged. For modality
transformation, we modify rules MT-Expanp and MT-SHRINK to account for presence
types and rule MT-REL to allow upcasting presence types in extensions for relative
modalities. For instance, (¢ : =) = (£ : A — B) @E is allowed. It is easy to verify that
Lemma 1 still holds.
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5.2 Presence types

Syntax
Presence P:=A - B| — Extensions D:=-|{:P,D Effectcontexts E,F:=-|{:P ,E

Well-formedness‘ I'+D H I'+E HF F P‘

T+P T+D T+P T+E T+A:Abs I'+B:Abs
T'r- I'vt¢:P,D I'+?¢:P,E T'r-— I'+tA—B
Equivalence|[T+D =D’ ||{T+E=E'||[T+P =P’

I'+Dy =D, r-p=rp

T+Dy=Ds r+D=D’ x4
I't+D=D I'tDy=Ds T+¢:P,D=¢:P',D’ Tre:P,¢:P',D=¢:P',0:P,D

[+E=Ep IepP=p

TrEy=E; TrE=E (0
Tr+E=E I'+E1=E; +¢:P,E=¢:P ,E Tr¢:P,¢’:P'  E=¢:P ,{:P,E

rrA=A 'rB=FB
I'tE,{:—=E I'r—=- 'rA—»B=A"—»PB

TFESE||[TFPLP

Subeffecting | T'+ D < D’

THE;=¢:P,Ej, TrEy=¢:PyE, TrP <P, TFE,<E)

I'+-<E I'rE1 <Ep
FI—DlEftpl,Di rl—DzEfipz,Dé T'rP1 <Py FI-DiéD;_
T+-<- I'tD1 <Dy

TFP P TH-<P

Meta-operations on effect contexts‘ E-L H D-L H L-D ‘

E-L ifL=¢,1 —L=-
(¢(:P,E)-L= ! e,. L_
¢:P,(E-L) otherwise D=
D-1’ 'fLEE,L/ _ L-D’ iszf:P,D'
(¢:P,D)-L= 1 - ¢ L-D= {f (L-D) otherwise
{:P,(D-L) otherwise ’

Modality transformation

MT-ABs MT-ReL MT-ExpaND
T+E < u(F) r+D<D T+(F-L)=¢:A—B,E
THE]=u@fF T+ (L|D)= (LD’ @F T+(LID)= (¢, L|D,{:A—-B)@F
MT-SHRINK MT-TraNs
Tr(F-L)=¢:P,E Tru=v@F Trv=EQF
Tr(¢LID,¢:P)=(LID)@F Tru=EQF

Figure 5.2: Presence types. The subeffecting judgements are new; changes to the other judge-
ments are highlighted in grey.
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5 Extensions

5.3 Crisp data types

We demonstrate the extensibility of MET with data types by extending it with pair
and sum types. It is straightforward to extend MET further with algebraic data types.
Figure 5.3 gives the syntax, kinding, equivalence, typing, and operational semantics for
the extension with pair and sum types.

Syntax
Types A,Bu=---|AXB|A+B
Terms M,N:=---|(M,N)]| case, Vof (x,y) —» M
| inlM | inr M| case, V of {inlx — M, inry — N}
Values V,W:u=---| (V,W)|inlV |inrV

Kinding and equivalence ‘ I'rA:K H I'rA=B ‘

THA:K THA:K IT'rA1=A I'rAi = A,
IT'rB:K I'tB:K I'By =B, I'tB1 =B,
I'tAXB:K I'tA+B:K IT'tAiXB1=A;XB; I'tA1+B1=A+ B,
Typing| T+ M : A@E
T-Pair T-InL T-INrR
Tt M:A@E T'tN:B@E TEM:A@E ' M:B@E
'r(M,N):AXB@E '+rinlM:A+B@E F'rinrM:A+B@E
T-CrispPAIR T-CrisPSum
v(F)=E & rV:AxB@E v(F)=E ra+-V:A+B@E
Ix:yAyywBrM:A"@F Ix:, ArM;:A"@F Iy:wBrMy:A'@F

I'+case, Vof (x,y) » M:A’"@F Ttcase, Vof{inlx— My, inry— Mp}: A @F

Operational semantics

Evaluation contexts & ==---|(E,N)| (V,&) | case, & of (x,y) —» M
| inl&|inr& | case, & of {inlx +— M,inry — N}

E-Pair casey (V1,V2) of (x,y) = N ~ N[V1/x, V2 /y]
E-INL  case, inl V of {inlx = Ny, -} ~ N[V /x]
E-INR  casey inr V of {inry > Np,---} ~» No[V/y]

Figure 5.3: Pairs and sums.

Rules T-PaIr, T-Inr, and T-INr are standard introduction rules. The elimination rules
T-CrispPaIr and T-CrispSum are more interesting. In addition to ordinary pattern match-
ing, they interpret the value V under the effect context transformed by the modality v,
which can then be attached to the variable bindings in the case clauses. They follow the
crisp induction principles of multimodal type theory [Gratzer et al. 2020; Shulman 2018;
Gratzer et al. 2021]. These crisp elimination rules provide extra expressiveness. For
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5.4 Polymorphism

example, we can write the following function, which transforms a sum of type /(A + B)
into a sum of type (1A + 1B). This function is not expressible without crisp elimination

rules.

AxHA+B) (et mod, v = x in case, y of {inl x; — inl (mod, x1), inr x2 = inr (mod, x2)}

5.4 Polymorphism

Figure 5.4 gives the extension of MET with polymorphism for values and effects.

To support effect polymorphism, we extend the syntax of effect contexts E with effect
variables ¢ and introduce a new kind Effect for them. As is typical for row polymorphism,
we restrict each effect type to contain at most one effect variable. We also extend the
syntax with effect masking E\L, which denotes the effect type obtained by masking
L from E. The latter is needed to keep the syntax of effect contexts closed under the
masking operation E — L; otherwise we cannot define ¢ — L. In other words, the syntax
of effects is the free algebra generated by effect extension D, E and masking E\L, with
the empty effect - and effect variables ¢ as base elements. With the new syntax E\L, we
directly redefine the meta-operation E — L as E\L.

The effect equivalence is extended in a relatively standard way. We do not allow
non-trivial equivalence or subtyping between different effect variables. We always
identify effects up to the equivalence relation. That is, we can directly treat the syntax
of effects as the free algebra quotiented by the equivalence relation E = F. Observe that
using the equivalence relation, all open effect types with the effect variable ¢ can be
simplified to an equivalent normal form D, ¢\L. Subeffecting is unchanged from core
MET in Section 4.3 and thus omitted.

The kinding rule checks the body of YaX.A under a : Abs when K # Effect. Equival-
ently, a polymorphic type has kind Abs if any of its instantiations has kind Abs. This is
reminiscent of how the linearity of a polymorphic type is determined in the qualified
linear type system of Tang et al. [2024]. For example, Ya”™ .« has kind Abs, even though
its variable can be instantiated with any type such as a function type. It does not break
soundness because this type has no closed values.

The typing and operational semantics rules for polymorphism are standard.

It may appear surprising that we treat a type application V A as a value. This permits
type instantiation within modality introduction, which restricts the term to be a value.
For instance, modg) ((Aa.V) A) is safe. The evaluation context let, mod, x = & in M

allows a type application to reduce. We could also allow values to reduce inside
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5 Extensions

Syntax

Types A,Bu=---|a|VaK.A  Contexts Fa=---|T,a:K

Effects Euz=---|e| E\L Terms M,N:u=---| AakV|MA

Kinds K :=---| Effect Values V,W:i=---| AakV |V A
Kinding[T + A : K||T F E : Effect|

I'>a:K K # Effect INa:AbstA:K' T,e:EffectrA: K

Tta:K T+VakA: K T rVefffect A K
I'+ E : Effect { € dom(X) I' + E : Effect I'+ E : Effect L

I'+[E] I+ Effect T'+{, E : Effect I'+ E\L : Effect
Contexts‘l’ E HF =I"@E
I'@E I'sT"@E
INa:K@E Ia:K=T",a: K@E locks(T', « : K) = locks(T')
Equivalence|[ '+ A =B HF FE=F
Ia:KrA=B T'+E=FE 'erL=1L
Tra=a I+ VaK.A=VaKB T're\L=e\L I'rE\L=E\L
t¢L
I'+E\:=E F'r\L=- I'r(,E)\(¢,L) = E\L I't({,E)\L=1¢,E\L
Ik (e\L)\L" = e\(L, L)
Meta-operations on effects
E-L=E\L
Typing| T+ M: A@E
T-TAss T-TArr
Ia:KrV:A@E T+M:VaKB@E TrA:K
T'rAaXV:VaKA@E I'rMA:B[A/a] @F
Operational semantics
Evaluation contexts & :u=---|EA]| let, mod, x =& in M

ETArr (AaK.V)A ~ V[A/a]

Figure 5.4: Polymorphism.

modalities, so that the type application inside modg) in the previous example can

reduce. This extension is not necessary, so we omit it here for simplicity.
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5.5 Commuting modalities and type abstraction

5.5 Commuting modalities and type abstraction

Crisp elimination rules in Section 5.3 allow us to commute modalities and data type
constructors, e.g., from (A + B) to A + uB. Similarly, it is also sound and useful
to commute type abstractions and modalities. However, the current modality elim-
ination rule cannot do so, for a similar reason to why it is not possible to transform
Va.A + B to (Va.A) + (Va.B) in System F. We extend modality elimination to the form
let, mod, AaK.x = V in M, which allows V to use additional type variables in ak;
these variables are abstracted when V is bound to x. For instance, we can now write a
function of type (VaX.pA) — p(VBX.A[B/a]) as follows.

AxVe"44 let mod,, ABK.y = x Bin mod, y

Figure 5.5 shows the extension to syntax, typing, and semantics.

Syntax
Terms M,N :=---|let, mod, AaK.x =V in M

Typing| '+ M : A@E

T-Lermop’ -
v(F) =E &, a:KrV:pyA@E [,x 0, VaK Ar M:B@F

T+ let, mod, AaK.x =VinM:B@F

Operational semantics

E-Lermon’  let, mod, AaK.x = mod, V in M ~ M[(AaK.V)/x]

Figure 5.5: Commuting modalities and type abstractions.

5.6 Local labels

Local labels enable us to generate fresh operation labels with a local scope. This extension
is inspired by the local effects of Biernacki et al. [2019], dynamic labels of de Vilhena
and Pottier [2023], and fresh labels of the Links language [Jourde et al. 2022]. It enables
us to encode named handlers [Xie et al. 2022; Brachthduser et al. 2020] as we will see in
Chapter 7.

Figure 5.6 gives the syntax, typing, and operational semantics for the extension with
local labels. Well-formedness rules of masks, extensions, and effect contexts are extended
to permit local labels from I'. Typing rule T-LocaLErrecT binds a fresh local label ¢ with
type signature A — B. This label ¢ appears in the context of the typing judgement for
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5 Extensions

the term M. (As is standard for term and type variables, we also implicitly adopt the
Barendregt convention for local labels, applying a-conversion as necessary to ensure
that £ is fresh.) Well-formedness of type A’ and effect context E under I ensures that ¢
cannot appear in A’ or E. Rules T-Do and T-HaNDLE are modified to permit any label

from either Z or T.

We adopt the generative semantics of Biernacki et al. [2020] for local labels. Each
local label ¢ introduced by local £ : A — B in M is replaced by a fresh label generated at
runtime. We manage these labels in a context defined as Q ::=-| Q,¢ : A — B. We do
not syntactically distinguish runtime-generated labels from static labels; runtime labels
are tracked in Q. The reduction relation has the form M | Q ~» N | (). Only E-Gex
extends (), adding a fresh runtime label for a local label binding. Other reduction rules
leave () unchanged. To prove type soundness, we also extend the other judgements
with Q. For instance, typing judgements have the form Q | I'+ M : A @ E for runtime
terms. We omit these modified versions of the rules since the changes are trivial.

Syntax
Terms M,N:=---|local{: A - Bin M

Well—formedness‘F F LHF +D HF F E‘

¢ edom(XZ,T) 'L { edom(X,T) 'tD { e dom(Z,T) '+E
T'r¢, L I'v?¢,D IT'+{,E
Typing| T+ M : A@E
T-LocaLEFrECT T-Do
It:A—-»B+rM:A"@FE >, I'23¢:A—-B TEN:A@/!,E
I'rlocall:A —-»BinM:A"@FE I'trdo{ N:B@/{,E
T-HANDLE

D= F,H<D>|—M:A D,E l",x:<D>A|—N:B E
[Z,r3€1’:Ai—»Bi F,pitAi,T’i:Bi—>Bl—Ni2B E]i

I' + handle M with {return x — N} W {{; p; r; = N;}; : B@QE

Operational semantics‘M |Q~ N | QY

E-Gen local{:A—»BinM|Q~ M[l'/{]| Q,¢: A— B where {’ is globally fresh

Figure 5.6: Local labels. New parts in well-formedness and typing rules are highlighted.
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5.7 Shallow handlers

5.7 Shallow handlers

Up to now we have considered only deep handlers of the form handle M with H.
Deep handlers automatically wrap the handler around the body of the continuation
r captured in a handler clause. We extend the handler syntax with shallow handlers
shandle M with H, in which the handler is not automatically wrapped around the
bodies of continuations [Kammar et al. 2013; Hillerstrém and Lindley 2018]. Figure 5.7
presents the extension with shallow handlers. The most interesting part is that in the
typing rule T-SuaLLowHANDLE, the continuation r is wrapped in the modality (D),
because the continuation is not under the ambient effect context E but may additionally
perform effects in D. We do not have this extra modality in the typing rule T-HANDLE in
Figure 4.5 for deep handlers, because the continuation of a deep handler is recursively

wrapped by the handler itself, which handles effects in D.

Syntax

Typing

T-SmaLLowHANDLE
D=1{ F,B<D>|—M:A D,E F,x:<D>A|—N:B E
[Z>¢:A; — B; F,pi:Ai,ri:<D>Bi—>Al—Ni:B E];

I' + shandle M with {return x — N} w{¢{; p; ri = N;}; : B@QE

Operational semantics

Evaluation contexts & :=---| shandle & with H

Terms M,N ::=---|shandle M with H

E-SHALLOWRET shandle V with H ~» N[V /x]
where (return x — N) € H
E-SnatcowOr  shandle E[do ¢ V] with H ~» N[V /p, (Ay.E[y])/7]
where 0—free({,E)and ¢ pr— N)e H

Figure 5.7: Shallow handlers.

5.8 Modality-parameterised handlers

In the typing rule T-HANDLE in Figure 4.5, the continuation depends on the ambient effect
context E of the handled computation M. This is not always desirable. We introduce
modality-parameterised handlers, a natural generalisation in which effect handlers are
parameterised by a modality that is used to wrap continuations.

Figure 5.8 gives the syntax and typing for the extension with modality-parameterised
handlers. Rule T-HanDLE now defines a handler parameterised by the modality u. The
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5 Extensions

Syntax

Typing| T+ M : A@E
T-HaNDLE
u(F)=E I'rpu= () @F I'tpuy=puou@F
D=¢ I, @ &n+M:A@D,E T, @, x:.p ArN:B@E
[ZB@,‘:A,'H»BI' F,ﬁy,p,-:Ai,ri:H B,'—>B}—N1':B E]l‘

Terms M, N :=---| handle! M with H

T + handle” M with {return x = N} w {f; p; r; > N;}; : B@F

Figure 5.8: Modality-parameterised handlers. New parts in the typing rule are highlighted.

modality p transforms the effect context F to u(F) = E for the whole term as witnessed
by the addition of the lock @, to the context of each premise. Since both the handled
computation and the handler clauses are well-typed under the lock @, we can wrap
the continuation r, which captures the handled computation and the handler, in the
modality u. The return value x is also wrapped in the modality p as it is returned from
M whose context contains the lock ﬂ}, .- In contrast, the handler rule in Figure 4.5, shown
below, gives r only the function type B’ — B.

D=¢ T,@&p+rM:A@D,E  T,xypy ArN:B@E
[X>¢:A; - B; I,pi:Ai,ri:Bi > BFrN;:BQ@E];
I' + handle M with {return x —» N} W {{; p; r; = N;}; : B@E

The operational semantics requires no change.

To recover the original handler construct of Tang et al. [2025], we just need to
instantiate the modality u to the identity modality (). When the modality annotation is
omitted, we take it to be ().

Having a modality u for the continuation r gives us finer-grained control over effect
tracking for the continuation. As discussed in Section 7.1.4, the extra expressiveness
provided by this rule is especially useful for encoding other effect systems in our
unified framework in Chapter 6, as different encodings typically translate function
types, including continuation types, using different modalities. We give an example of
an effect handler annotated with the empty absolute modality [].

handle!! (do yield 42;do yield 37;0) with {return x - x,yield p r > p +r ()}

As a result of the annotation [], the binding for the continuation r has the form r 1
1 — Int instead of r : 1 — Int. The annotation [] allows us to use * more flexibly. For

example, we can use 7 inside another absolute modality.
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5.9 Parameterised effects

The new handler rule requires the modality u to have a comonadic structure as
specified by the conditions y = () @F and y = p o u @F. These conditions are
important because semantically a handler for operation ¢ may not be used (when ¢ is
not invoked) or be used multiple times (when ¢ is invoked multiple times). Intuitively,
each use of the handler consumes one modality p. The condition p = () @ F ensures
that when the handler is not used, we can transform away the modality u at effect
context F. The condition u = p o u @ F ensures that when the handler is used multiple
times, we can duplicate the modality u each time the handler is used. For example,
the identity modality () trivially satisfies the comonadic structure, and the absolute

modality [E] satisfies the comonadic structure at F with E < F.

5.9 Parameterised effects

Parameterised effects allow us to define effects that are parameterised by types, such as
state effects parameterised by the type of the state. It is standard to extend MeT with
parameterised effects. Figure 5.9 gives the extension with parameterised effects, only
showing the parts that require changes and highlighting the changes in grey. Since
parameterised effects require type variables, we assume we have extended contexts

with type variables as in Section 5.4.
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5 Extensions

Syntax

Effects D,E,Fu=---|¢ A,E Label contexts T :=-| %, 0: VaK. A B

Terms M,Nu=---|dol A M
Well-formedness| T+ E || T+ VaK.A — B[+ =

Y5¢0: VaKi. A — B [,a:K+A:Abs

[T+ A;:K;]; T+E I a:K +B:Abs F VaK.A - B FXZ
TF- T+¢ A; E T+ VoK. A B [ Fe: YaK A BT
Equivalence

T+E =E [T+ A; = Bil; )

TFE=E [+E;=E; Iv? A; ,E=¢{ B; E I'v?¢ A;,0' B E=¢ B;,l A; E
Meta-operations on effects

—L=- .—D=-

— E-L ifL=1¢L - D’ ifD=( A,D’
(¢ A,E)—L= _ (6,L)-D = L-D iftD=¢ A,D
¢ A,(E-L) otherwise {,(L—D) otherwise

Modality transformation

MT-Ass MT-ReL MEExeano
T'+E < uF) T+(F-L)={ A,E
TH[E]pu@F T+ (L|D)= (LID)@F T+(L|D)Y= (¢, L|D, ¢t AY@F
MT-SHRINK . MT-TRANS
Tr(F-L)=tAE Tru=vaF Trv=EQF
TH{{, LD, ¢ A)=(LID)@F Tru=&@F
Typing [ M A 0 ]
T-Do

— T-HaNDLE
Eol:Ve A B THAGK] p=g A T@p rM:iAGDE  Txip ArN:BGE
'k N:A[Ai/ai] @8 A; E [L5¢:VaK.A" B T,a:K,p:A,r:B >BrN :B@L];

F+dol A; N:B[Aj/aj] @l A; E '+ handle M with {return x = N} w {{; p r > N’}; : B@E

Operational semantics

Evaluation contexts &E:=---|dof A &

E-Or handle E[do ¢ A V] with H~ N[ A/a,V/p,(Ay.handle E[y] with H)/r],
where 0-free(¢,E),{ pr— N) € H,and £ 3 ¢ : VaK. A’ — B’

Figure 5.9: Parameterised effects.
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Part 11

MET(X) the Framework

We propose a parameterised uniform framework MeT(X) based on modal effect types,

which enables us to encode different effect systems in the literature.

Chapter 6 introduces the uniform framework MeT(X). Chapter 7 presents encodings of
different effect systems into MeT(X).

65






6 A uniform framework

A family of unimplemented computing languages is described that is
intended to span differences of application area by a unified framework.
—P. J. Landin (1966)

The literature includes much work on effect systems for effect handlers based on a
range of different theoretical foundations. Two of the most popular and well-studied
approaches are row-based effect systems [Hillerstrém and Lindley 2016; Leijen 2017;
Lindley et al. 2017] and capability-based effect systems [Brachthduser et al. 2020, 2022;
Boruch-Gruszecki et al. 2023].

Row-based effect systems, as in the languages Koka [Leijen 2017; Xie et al. 2022],
Links [Hillerstrom and Lindley 2016], and Frank [Lindley et al. 2017], follow the
traditional monadic reading of effects: effects are what computations do when they
run. They treat effect types as rows of effects and annotate each function arrow with
an effect row. For modularity, they implement parametric effect polymorphism via row
polymorphism [Rémy 1994; Leijen 2005]. For example, a standard application function
in System F€ [Xie et al. 2020], a core calculus of Koka, has type:

Ve.(Int > 1) > Int > 1

It is polymorphic in its effects ¢, which must agree with the effects performed by its
first argument because the argument is invoked in the function body.
Capability-based effect systems, as in the language Effekt [Brachthéuser et al. 2020,
2022] and an experimental extension of Scala 3 [ Boruch-Gruszecki et al. 2023], adopt a
contextual reading of effects: effects are capabilities provided by the context. Treating
effects as capabilities enables a notion of contextual effect polymorphism [ Brachthduser
et al. 2020] which allows effect-polymorphic reuse of functions without effect variables.
For example, an uncurried application function in System C [Brachthduser et al. 2022],

a core calculus of Effekt, has type:

(f :Int = 1,Int) = 1
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6 A uniform framework

The argument f is a capability. It is a second-class function that cannot be returned as
a value. It can use any capabilities the context provides. We write = for second-class
functions. For a curried application function, which requires returning a function, we

must capture capabilities in types:
(f:Int=>1)=(Int = 1at{f})

Its result has type (Int = 1 at {f}). As well as specifying argument and result types as
usual, this type also includes a capture set { f} which records that the returned function
may use the capability f bound by the argument type (f : Int = 1).

Though row-based and capability-based effect systems are both well-studied, their
relationship is not. We aim to bridge this gap in the literature by encoding both styles of
effect systems into a uniform framework. Row-based and capability-based effect systems
differ significantly in both their theoretical foundations and their interpretations of
effects. Moreover, their mechanisms for tracking effects are entangled with other features
such as functions. For instance, as we have seen above, a function arrow in System F¢
describes a standard function type and also provides effect annotations. Similarly, a
function arrow in System C may bind capabilities. The entanglement of effect tracking
with such features is the central challenge in analysing the differences between such
effect systems.

Modal effect types provide a new foundation for effect systems. As demonstrated
in Part I, MET decouples effect tracking from standard type and term constructs via
modalities. For instance, an application function in MeT has a plain function type (Int —
1) — Int — 1. This type imposes no restriction on how effects from the context
may be used. To control the use of effects, we can add modalities to the type. For
example, the type [yield|(Int — 1) — Int — 1 restricts the argument function to using
only the operation yield by wrapping it with the absolute modality [yield]; the type
[[(Int = 1) — [][(Int — 1) restricts both the argument and result functions to be pure.

We focused on introducing the core theory of MET in Part I. In this part, we exploit
the observation that the decoupling of effect tracking via modalities leads to a tangible
increase in flexibility and expressivity compared to typical effect systems whose effect
tracking is entangled with other features. Such decoupling allows us to encode a range of
effect systems, including those based on rows and capabilities, in a uniform framework.

In this chapter, we introduce the uniform framework MeT(X), a System F-style core
calculus based on MEeT (Chapter 4) with extensions for polymorphism (Section 5.4),
local labels (Section 5.6), and modality-parameterised handlers (Section 5.8). MET(X) is
parameterised by an effect structure X. An effect structure, inspired by prior work on

abstracting row types [Morris and McKinna 2019; Hubers and Morris 2023; Yoshioka
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etal. 2024 ], defines the structure of effect collections. MET hardwires the underlying effect
structure to scoped rows [ Leijen 2005]. In contrast, MET(X) allows us to smoothly account
for the different treatments of effect collections adopted by different effect systems, such
as sets [Bauer and Pretnar 2014; Brachthduser et al. 2022], simple rows [Morris and
McKinna 2019], and scoped rows [Leijen 2005, 2017; Lindley et al. 2017]. Parameterising
by the effect structure enables us to separate the bureaucracy of managing effect
collections from our main concern, which is how to use modalities to encode different
effect tracking mechanisms. In Chapter 7, we will show how our uniform framework
MET(X) enables encodings of different effect systems.

In the rest of this chapter, we present the syntax, typing rules, and operational
semantics of MET(X). For ease of reference, we give its complete specification, even

though many components were introduced separately in Part I.

6.1 Syntax

Figure 6.1 gives the syntax of MET(X). We highlight syntax relevant to modal effect types
and their extensions in grey.

Types AB:=1]A— B| uA Terms M,N == ()| x| AxAM | MN
| a|VaK.A | AaX.V|MA| mod, V
Modalities u,v = [E] | (D) | let, mod, x =V inM
Extensions D:u=-1¢D|¢D | dot¢M
Effect Contexts E,F:=-|{,E| ¢,E | localf:A —» BinM
Kinds K ::= Abs | Any | Effect | handley M with H
Contexts Iu=-|T,a:K|T, &, Values V, W ::= () | x | AxA.M | mod, V
| T, x:y,A|T,{:A—-B | let, mod, x=VinW
Label Contexts XYu=-|X,{:A—»B | AakV |V A

Handlers H == {returnx — N,{ p r — M}
Figure 6.1: Syntax of MET(X).

As mentioned above, MET(X) is a System F-style core calculus based on MeT (Chapter 4)
with three extensions from Chapter 5: polymorphism (Section 5.4), local labels (Sec-
tion 5.6), and modality-parameterised handlers (Section 5.8). MET(X) also generalises
MET by leaving the structure of effect collections (i.e., extensions and effect contexts)
unspecified, as discussed in Section 6.2.

We treat let, mod, x = V in W as a value, similar to the fact that we treat V' A as a
value, which is useful for the encoding of System C in Section 7.3. This is reminiscent
of the notion of complex values in call-by-push-value [Levy 2004]. We also extend the
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6 A uniform framework

operational semantics of MET(X) in Section 6.6 to allow reduction of values in mod, V
and let, mod, x =V in M.

We let A range over both value types A and effect contexts E, and let @ range over
type variables for them in type abstraction AaX.V and type application M A.

We make several simplifications to MET in order to focus on the core ideas of our
encodings of different effect systems. We assume that each handler only handles one
operation, and fix a global context X which associates each global operation label with
its type. An entry ¢ : A — B indicates that the operation ¢ takes an argument of type
A and returns a value of type B. We also support local labels which are introduced by
local £ : A — B in M and maintained in the context I'. We do not distinguish between
local and global labels syntactically.

6.2 Effect structures

An effect structure defines the structure of effect collections, that is, extensions and effect
contexts in MET(X). Extensions D and effect contexts E are both syntactically defined as
lists of labels and effect variables. We overload commas for list concatenation, e.g., D, E
and E, F both denote list concatenation. As usual, list concatenation is associative but
not commutative. The kinding, equivalence, and subtyping (or subeffecting) relations

for them are determined by an effect structure X.
Definition 2 (Effect structure). An effect structure X is a tuple (:, =) of two relations.

o I' + D : Effect is a kinding relation which defines well-formed extensions. This relation
is preserved by concatenation D, D’. That is, if T + D : Effect and I' + D’ : Effect, then
I'-D,D’: Effect.

o '+ D = D’ is an equivalence relation for well-formed extensions.

Our definition of an effect structure X is minimal and includes only the definitions
of kinding and equivalence relations for extensions D. We can naturally derive the
kinding relation I' + E : Effect, equivalence relation I" + E = E’, and subeffecting relation
I' v E < E’ for effect contexts as follows.

I'> e : Effect '+ D : Effect '+ E : Effect
T+ -: Effect T+ e: Effect I'+D,E : Effect
I'tDy=Dy I'+E1=E; TvE,E'=F
I'r.-=- Tre=se I'tDy,E1 =Dy, Ey T'tELF

The kinding and equivalence relations for effect contexts are defined inductively.

The subeffecting relation is more interesting. We have E < F if there exists an effect
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6.2 Effect structures

context E” such that E, E’ is well-formed and E,E” = F. It is easy to verify that this
subeffecting relation is a partial order. We often write :x, <x, and =x to denote which
specific effect structure we refer to. We sometimes omit the context I for the equivalence
and subeffecting relations for brevity.

We give four examples of effect structures, among which Rsc, and S are used for the
encodings of System F¢ and System C in Sections 7.2 and 7.3, respectively.

Definition 3 (Simple Rows). Rsimp = <:7Qsimp, =g....) defines effect collections as simple

simp
rows [ Morris and McKinna 2019] of operation labels. Well-formed extensions consist of distinct
labels without any effect variable. D = D’ if D is identical to D" modulo duplication and

reordering of labels. The full definition is given in Figure 6.5.

Definition 4 (Scoped Rows). Rsp = (iRe,s =Rs.,) defines effect collections as scoped
rows [Leijen 2005] of operation labels. Well-formed extensions may contain duplicate labels
without any effect variable. D = D’ if D is identical to D’ modulo reordering of distinct labels.
The full definition is given in Figure 6.4.

Definition 5 (Sets). S = (s, =s) defines effect collections as sets. Well-formed extensions are
sets of labels and effect variables. The equivalence relation is set equivalence. The full definition
is given in Figure 6.2.

Definition 6 (Multisets). Smuit = (:s,,,,» =S, defines effect collections as multisets. Well-
formed extensions are multisets of labels and effect variables. The equivalence relation is multiset
equivalence. The full definition is given in Figure 6.3.

>,I'>¢{:A—-B IT'+ D : Effect I'+ e : Effect I'+ D : Effect
I'+-: Effect T'r?,D : Effect I'+t e, D : Effect
D1 =D, D1 =D, D; = Ds D=D’ D =D’
D=D D, = D; D1 =Ds ¢, D=¢,D’ e, D=¢,D’
0,0/,D=¢,¢,D l,e, D=¢,0,D e, e, D=¢,¢,D (,(,D=¢,D
e,e,D=¢,D

Figure 6.2: The effect structure S (sets).
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6 A uniform framework

I'+ D : Effect

>, I>¢(:A— B T+ D : Effect I'+ e : Effect T'+ D : Effect
I'+-: Effect T'r?,D : Effect I'te,D : Effect
DlEDz DlEDz DZED3 D =D’ D =D’
D=D D, =Dy D1 =Ds ¢{,D=1¢{,D’ e, D=¢,D’
¢,¢,D="?,{,D l,e,D=¢,¢,D e, &, D=¢€,¢e,D

Figure 6.3: The effect structure Smyir (multisets).

T'+ D : Effect

>, I>¢{:A—>B I'+ D : Effect

T+ -: Effect T'+Y¢,D : Effect
D1 =D, D1 =D, Dy =Ds D=D’ N
D=D DZEDl D15D3 f,DEf,D, f,y’,DEF,f,D

Figure 6.4: The effect structure Rscp (scoped rows).

I'+ D : Effect

>, I>¢{:A—>B I'+ D : Effect

T+ -: Effect T'+Y¢,D : Effect
Dy =D, Dy =Dy D, = D3 D=D’
D=D DZEDl D15D3 f,DEf,D, E,y’,DEFI,f,D
(,{,D=¢,D

Figure 6.5: The effect structure Rgjmp (simple rows).
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6.3 Mode theory

The effect structure Rscp corresponds to the treatment of effect collections as scoped
rows used in MET.
Following Yoshioka et al. [2024], an effect structure that intuitively characterises the

notion of a collection of effects should satisfy the following validity conditions.
Definition 7 (Validity Conditions). Validity conditions for an effect structure X are
1. if E<x -then E = -, and
2. if0 <x U,Eand { # {' then { <x E.

The validity conditions together ensure that if a label ¢ is a subtype of an effect context
E, then it must syntactically appear in the effect context E. The first condition prevents
us from claiming that some label is contained in the empty effect context. The second
condition prevents us from identifying two syntactically different labels as the same one.
All effect structures given above satisfy the validity conditions. Our type soundness
and effect safety theorems in Section 6.7 are parameterised over any effect structure

satisfying the validity conditions.

6.3 Mode theory

The mode theory of MeT(X) follows that of MET in Section 4.3. The main difference is
that we use a more general modality transformation rule for relative modalities that is
suitable for effect structures beyond the scoped rows used in MET.

Modes. Modes of MeT(X) remain effect contexts E as in MET. Well-formedness, equi-
valence, and subeffecting of effect contexts are determined by the effect structure X as

in Section 6.2.

Modalities. Well-formedness and equivalence of modalities are unchanged from MET.

I'+ E : Effect '+ D : Effect T'+E=F r-D=D’
T+ [E] I'+ (D) T'+ [E] = [F] I'+(D)=(D")

Action and composition of modalities are also unchanged from MET and are inde-

pendent of the effect structure X.

[EI(F) = E (D)(F) = D,F
po[E] =[E] [E]o(D) =[D, E] (D1) o(D2) = (D>, D1)
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6 A uniform framework

Modality transformations. We generalise the modality transformation rules of MeT in

Section 4.3.2 to account for different effect structures X.

I'+E < u(F) T'+Dy,F <D, FforallE <F
MT-Aps —M8MMMMM MT-REL
I't[E]=u@F I't{(Dy) = (D) @F

Rule MT-Ass is unchanged from MET. Rule MT-ReL generalises MT-ReL of MET. It
allows us to transform a relative modality (D1 ) to another relative modality (D;) as long
as D1, F < D», F for every effect context F larger than E. This rule directly corresponds to
Lemma 1. This MT-REL rule is suitable for any effect structure, while the corresponding
rule MT-REL in Section 4.3.2, which allows (D1) = (D,) @E if Dy is equivalent to D,
is specific to the treatment of effect collections as scoped rows in MET. For instance, with
the effect structure S, it is safe to have ({) = () @ { because {,{ < { holds for sets. The
label ¢ provided by the modality on the LHS is already in the effect context. In S these
two occurrences of £ cannot be distinguished, unlike in scoped rows.

It is worth noting that with the effect structure Rscp, the MT-ReL rule of MET(Rscp)
is more permissive than the MT-REL rule of MeT. As we discussed in Section 4.3.2, the
judgement () = (¢) @- is not allowed in MET, but it is allowed in MET(Rscp). As a result,
we still have type soundness for MET(Rscp) but not abstraction safety. We deliberately
choose this more permissive MT-REL rule since it works for other effect structures and it
is necessary for encoding other effect systems. Characterising the notion of abstraction

safety in the uniform framework MeT(X) is interesting future work.

6.4 Kinds, contexts, and equivalence

The kinding, well-formedness, and equivalence rules largely follow Section 4.4. The
full rules are given in Figure 6.6. Kinding and equivalence for extensions and effect
contexts are provided by the effect structure X. The rules for type variables and local
labels come from Sections 5.4 and 5.6, respectively. The global label context X is fixed,
and all its operation signatures are closed and well-formed.

As in Section 4.4, locks(—) composes all the modalities on the locks in a context.

locks(-) = () locks(T", &) = locks(I') o locks(I', x :;; A) = locks(I')
locks(T, « : K) = locks(T") locks(', £ : A — B) = locks(T")

6.5 Typing

Figure 6.7 gives the full typing rules for MET(X). They combine the rules for MeT
from Section 4.5 with the extensions for polymorphism, local labels, and modality-
parameterised handlers from Sections 5.4, 5.6 and 5.8. As before, we highlight rules
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'+ A:Abs I'sa:K '+ [E] '+ A:Any
'+ A:Any 'ra:K T'r1:Abs I'+[E]A: Abs
I'+(D) I'-A:K I'+A:Any I'+ B:Any INa:K1FA: Ky
T+ (D)A:K T'+A — B:Any I'FVakiA:K,
'tpu=v TrA=B r+rA=A" TrB=H
Tta=a F'r1=1 I'-puA=vB I'r'rA-B=A"> B
Ia:KrA=B

I+ Vak.A=VakB

I @E I'pu I'rA:K Tr@F I'tp u(F)=E
[x:y A@E r,a ok
Ir@eE reE '-A—-B
Ia:K@E I't:A—- B@E
rsrr@ek
T E FEF, E le"l E 1"151"2 E
I'sT@E I'=T@E IrsI, @E
r=r’e@c Tru=y TrrA=A’ r=r’rer u(F)=E Trus=sy
Ix:yA=sT',x: A’ @F ra =r,a @
r=srr@ke I'=I@E r+A=A" I'+B=B
ILa:K=IT",a: K@E ¢:A—-B=1",{:A" - B @F r,&,=Tr@E
ra, 6a =Tra. eE
T+A—B|[rz]
T'rA:Abs I' B:Abs F X -+A —»B
I'+tA— B F +X,l:A— B

Figure 6.6: Kinding, equivalence, and context well-formedness rules for MeT(X).
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relevant to modal effect types in grey. The typing judgementI' - M : A @ E states that the
term M has type A under context I" and effect context E with well-formedness condition

I' @ E. We require well-formedness of M, A, and E as well-formedness conditions for

the typing judgement.

r A

I'A:Abs rer l'ru=va@r

I'e(u,A)=>v I'r(wA)=v
T-Ler™MoD
T-VArR T-Mob r,& rV:uA@v(F)
Tk (u, A) = locks(I”) T,8,+V:A@uF) T,x oy ArM:B@F
Fx:yAT'rx:AQE I'+mod, V:uA@F [+ lety mod, x=VinM:B@F
T-Arp T-TAprp

T-Ass '+M:A—>B@E TTAss I'rM:VaKA@E

I''x:A+rM:B@E Tt N:A@E Ia:K+rV:A@E TrB:K

F+AxAM:A—>B@E I'MN:B@E I'rAaKV:vaKA@FE TrMB:AB/a]@F

T T-Do T-LocaLEFrecT
-Unir L T30:A~B TrN:A@(E I,0:A—BrM:A @F
I'r+():1@E T'rdo¢{ N:B@/(,E T'rlocalf:A—»BinM:A" @F

T-HANDLE
pF)=E Trpuy=>()@F Trpu=>pop@F T,&, &)+rM:A@(E
Y, Is¢:A" B T8, %, ArN:B@E r.a,p:A,r:;yB ->BrN':BQE

T+ handle* M with {return x > N,¢pr+— N’} : B@F

Figure 6.7: Typing rules for MET(X).

6.6 Operational semantics

Figure 6.8 gives the full operational semantics of MET(X). It combines the semantics of
MET from Section 4.6 with the rules for polymorphism and local labels from Sections 5.4
and 5.6, and adapts the handler rules from Section 5.8. We carry over the runtime label
context () from Section 5.6 and omit it from reductions when it is unchanged.

We define value normal forms U which cannot reduce further. We always evaluate
terms to value normal forms before substituting them into other terms. This is because
we include let, mod, x = V in W as values. As a result, for example, let mod(y x =
mody f in () is a value of unit type but captures a function f : 1 — 1. Since the type
1 has kind Abs, we can bind this value to a variable and use this variable anywhere.
However, we want to avoid substituting such a value into a term wrapped in an absolute

modality; otherwise the term after substitution would be ill-typed since f would not be
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accessible. Requiring values to be in value normal forms before substitution rules out
such issues.
The evaluation contexts permit reduction of values under modality introduction and

type abstraction, in type application, and in the bound value of modality elimination.

Value normal forms U == ()| x | AxA.M | AaX.U | mod, U
Evaluation Contexts &:=[]|EN|UE|E A| mod, &
| AaK.E | let, mod, x =& in M | do ¢ & | handle’ & with H

E-Arp AxA. MU ~ M[U /x]
E-TArp (AaK.U)A ~ U[A]a]
E-Lermop  let, mod, x = mod, U in M ~ M[U /x]
E-Gen local/: A —-BinM| Q~ M[{'/]]| Q,¢': A— B where {’ freshin Q and =
E-Rer handle! U with H ~ N[U/x],

where H = {returnx — N,{pr+— N’}
E-Op handle* E[do ¢ U] with H ~ N[U/p, (Ay.handle! E[y] with H)/r]

where { ¢ bl(E)and H> ({ p r — N)

E-Lirr E[M]| Q~ E[N]| if M| QN | Q

Figure 6.8: Operational semantics for MET(X).

6.7 Metatheory

To state syntactic type soundness, we first define normal forms.

Definition 8 (Normal Forms). We say that a term M is in normal form with respect to an
effect context E if it is either a value normal form M = U or of the form M = E[do € U] for
{ < Eandl ¢ bl(E).

The following theorems together give type soundness and effect safety.

Theorem 8 (Progress). In MeT(X) where X satisfies the validity conditions, if Q| T+ M :
A @E and dom(T') = 0, then either there exist N and Q' such that M | Q ~~ N | Q’, or M is
in a normal form with respect to E.

Theorem 9 (Subject Reduction). In MET(X),if Q| T+ M:A@Eand M| Q~ N | (Y,
then (Y |T+ N:A @E.

The condition dom(I') = 0 rules out free term variables while allowing I to contain
locks. Their proofs are given in Appendices B.3 and B.4. Finally, we can state effect
safety.
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6 A uniform framework

Theorem 10 (Effect Safety). In MET(X) where X satisfies the validity conditions, if - | - + M :
A@ , M| -~"N|, and N | Q is irreducible, then N is a value normal form, where ~~" is
the reflexive-transitive closure of ~.

Proof. Theorem 9 and Theorem 8 show that N is in normal form with respect to the
empty effect context -. Supposing it has the form &[do ¢ U], we have { < -, which
contradicts the first validity condition. Therefore, N is a value normal form. a
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7 Encodings

The relation between call-by-value and call-by-name is then studied by
giving simulations of each language by the other and interpretations of

each calculus in the other.
—Gordon D. Plotkin (1975)

We study the relation between different effect systems by encoding, as macro transla-
tions [Felleisen 1991], various effect systems based on rows and capabilities into our
uniform framework MEeT(X). We prove that all our encodings preserve typing. Our
encodings do not heavily alter the structure of programs but mostly insert terms for
manipulating modalities. As a result, it is relatively obvious that the encodings preserve
semantics as well; we formally prove this result for some of our encodings. Our primary
case studies are encodings of System F¢ [Xie et al. 2020], a core calculus of Koka with a
row-based effect system, and of System C [Brachthduser et al. 2022], a core calculus of
Effekt with a capability-based effect system. By encoding effect systems into a uniform
framework, we can directly reason about the differences between the effect-tracking
mechanisms of different effect systems (Sections 7.1.3 and 7.1.4). Our encodings also
offer practical insights for language designers (Section 7.5.1).

We start with an overview of our encodings in Section 7.1. Then we present the
encodings of row-based effect systems in Section 7.2 and of capability-based effect
systems in Section 7.3. We also present the encoding of System F!¢, a fragment of
System F¢, into modal effect types without any effect variables in Section 7.4. Section 7.5

discusses insights from our encodings and potential extensions.

7.1 Overview of encodings

We briefly describe the row-based effect system of System F¢ [Xie et al. 2020] and the
capability-based effect system of System C [ Brachthduser et al. 2022] along with their
encodings into MET(X). We use these encodings to directly compare the different systems
in a uniform framework. We specifically consider encodings of the different kinds of
effect handlers provided by the different systems. We also briefly discuss the results of
encoding other effect systems in MET(X).
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7.1.1 Encoding rows

Koka [Leijen 2026] has an effect system based on scoped rows [Leijen 2005]. Sys-
tem F€ [Xie et al. 2020] is a core calculus underlying Koka. To encode System F¢, we use
the effect structure Rscp of scoped rows.

Function types in System F¢ have the form A —F B, where E is an effect row that
specifies the effects that the function may use. Effect types in System F¢ are entangled
with function types. The key idea of our encoding is to decouple the effect type E from
the function arrow via an absolute modality in MET(Rscp). Writing [—] for translations,
we translate a function type as follows.

[A —* Bl = [[ENI(LAT — [B])

An effectful function in System F¢ is decomposed into an absolute modality and a
standard function in MET(Rscp). For instance, consider the following first-order effectful

function in System F¢ which invokes the operation yield.
genge = AYieldyInt do yield x @ Int —Yieldq

We use meta-level macros defined by = in red to refer to code snippets. Each
A-abstraction in System F€ is annotated with an effect row, which is the same as the

effect row of its function type. We translate genpe into MET(Rsp) as follows.
[geng1 = (AxI"t.do yield x) : [yield|(Int — 1)

At the term level, we insert a modality introduction mod|y;e1q] for the A-abstraction,
corresponding to the type-level modality [yield]. We colour mod in grey in the transla-
tions. The black parts remain terms with valid syntax and provide intuition about the
translation. The modality [yield] is different from the effect row annotation in System F¢
since it is a first-class type constructor and not part of the function type.

As a more involved example including both higher-order functions and function

application, consider the effect-polymorphic application function in System F¢:
appee = AeETeCt ) fIt=1 JexInt £ x o Ve (Int —¢ 1) — Int —¢ 1

This function abstracts over an effect variable ¢ which stands for the effects performed
by the argument f. Both f and the inner A-abstraction are annotated with ¢ because
f is invoked, so their effects must match. The outer A-abstraction is pure as partial

application is pure. The encoding of app. in MET(Rscp) is as follows.

[[appr‘]] — AgEﬂ‘ect. (Af[a](lnt—ﬂ)' (Axlnt.let f/ :f in f’ x))
VeEfect [([¢](Int — 1) — [¢](Int — 1))
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Each function arrow is associated with an absolute modality reflecting the effects
performed by that function. For the pure function arrow in the middle, we use the
empty absolute modality [|. The type abstraction A¢ and quantifier Ve are preserved.
We omit kinds when obvious. In the term, in addition to modality introduction, we also
insert a modality elimination for f before applying it to x. The use of f’ requires that
the effect variable ¢ is present in the effect context.

Our term translation from System F¢ to MET(Rscp) explicitly decouples the effect
tracking mechanism of System F€ from function abstraction and application. This reveals
the essence of effect tracking in System F¢. Each A-abstraction Afx.M in System F€ is
encoded in MET(Rscp) by inserting a modality introduction mod|gy;. This demonstrates
that a function in System F€ carries its effects. Each function application V' W in System F¢
is encoded by inserting a modality elimination let modpgy; f = [V] in f [W] for
the function V of type A —F B. This demonstrates that when a function is invoked in
System F¢, we need to provide all effects it may use, as the elimination of [[E]] and use
of f together require [ E] to be present in the effect context.

We give the full encoding of System F€ into MET(Rscp) in Section 7.2.2.

7.1.2 Encoding capabilities

Effekt [ Brachthduser et al. 2026 ] has an effect system based on capabilities. System C [Bra-
chthiuser et al. 2022] is a core calculus underlying Effekt. Since System C tracks capabil-
ities as sets, we use the effect structure S of sets to encode it.

Functions in System C are called blocks. Blocks are second-class in that they must be
tully applied and cannot be returned. Capabilities are introduced as block variables.
Unlike row-based effect systems which have a separate notion of operation labels,
System C interprets effects as capabilities provided by the context. A capability can only

be used if it is in scope.

First-order blocks. Let us start with a simple example. Suppose that we have a
capability y : Int = 1 (for yielding integers) in the context. We can construct the
following block.

yrInt=1+ gen- = {(x:Int)=>y(x)} : Int=1 | {y}

The star * on the binding of y indicates that this block variable is a capability. Braces
delimit blocks. Arguments are wrapped in parentheses. Double arrows emphasise
that blocks are second-class. The block applies the capability y from the context to
the argument x. The typing judgement tracks a capability set {y}, which contains all
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7 Encodings

capabilities that the block may use. The block arrow itself has no capability annotation.
The above block is simply encoded as a A-abstraction in MET(S).!

Int 5

y* i Effect, iy Int =1 & f[genc] = Ax™ g x c Int — 1 v

The most interesting aspect of the encoding is how we encode the capability y : Int = 1
in the context. A capability y in System C can appear as both a type and a term. We
introduce an effect variable y* of kind Effect to represent it at the type level. We omit
kinds in the context when obvious. At the term level, we translate the capability directly
to # :[,-) Int — 1. The absolute modality ensures that whenever j is invoked, the effect
variable y* is present in the effect context. The translation of the block body directly
applies # to x. The effect variable y* must be in the effect context specified by @y*
because 1 is used.

Boxes. In System C we can turn a second-class block into a first-class value by boxing
it as follows.

yInt=1+ gen’- = box{(x:Int) = y(x)} : Int=1at{y}

This typing judgement has no capability set because it types a value, and values are
always pure in System C. The value has type Int = 1 at {y}, which means it is a boxed
block of type Int = 1 with capability set {y}. The block may only use the capability
y. We can unbox a boxed block V' via unbox V which gives back a second-class block.
We simply encode boxing and unboxing as modality introduction and elimination in
MET(S). For instance, we encode gen’ - as follows.

YV Int =1k [gen’ ] = Ax™ g x) « [y ](Int — 1)

The capability set annotation at {y} in the type is encoded as the absolute modality
[*]. The encoding shows the connection between boxes of System C and modalities,
supporting the claim of Brachthéduser et al. [2022] that boxes of System C are inspired
by modal connectives [Choudhury and Krishnaswami 2020].

Higher-order blocks. The situation becomes more involved when we consider higher-
order blocks that take other blocks as arguments. This is because System C entangles
the introduction and tracking of capabilities with blocks, especially their construction
and application.

1f we strictly follow the encoding of System C in Section 7.3.2, there would be an extra identity modality
for the translated function. This modality is crucial for keeping the encoding systematic. We omit such
identity modalities in the overview.
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Let us consider the uncurried and curried application functions in System C.

appe = {(x:Int, f:Int = 1) = f(x)} (Int, f:Int=>1) =1

app’c = {(f : Int = 1) = box {(x : Int) = f(x)}} : (f:Int = 1) = (Int = 1at {f})
These are block constructions. The first block app - binds the integer parameter x first
because System C requires value parameters like x to appear before block parameters
like f in a parameter list. In addition to behaving like standard A-abstractions, block

constructions also play an important role in capability tracking. Specifically:

1. Both app- and app’- bind a capability f : Int = 1 for their block bodies. This
capability f can also be used in the type as shown in the type of app’ .

2. For soundness, System C assumes that this new capability f is called directly at
least once in the block body even if f may actually not be used. (The capability f
is indeed called directly in app -, whereas in app’ - the call occurs inside a box.)
Consequently, the capability f is always added to the capability set of the block
body tracked by the typing judgement.

3. In addition to the new capability f, both app- and app’ - allow any capability from
the context to be called as well.

Our encoding of block constructions in MET(S) takes account of these three constraints
and exposes them explicitly via modalities. For instance, app - is encoded as follows.

[app-1 = Af. (AxIt A FUIAnE=T) ot f=finfux)
Vi ant — [f](Int — 1) — 1)
For (1), in order to allow the term variable f to appear in types, we introduce an effect
variable f* and wrap the type Int — 1 of the argument f with an absolute modality [ f*].
The effect variable f* represents the term variable f at the level of types. Additionally,
we immediately eliminate the modality of f to f. As a result, in the context of the
application f x we have three local bindings f*, f, and f. For (2) and (3), we use a
relative modality ( f*) to wrap the whole function type. The relative modality adds the
effect variable f* to the ambient effect context for the function to use, in accordance
with (2). The relative modality also allows the function to use effects from the ambient
effect context, in accordance with (3).
The translation of app’ - is similar.

lapp'cl = Af. ()\flf‘ [(Int=1) |t f:f in (Ax.f x))
VO 1Int = 1) = [f7](Int — 1))
In general, the translation of block types from System C to MeT(S) is as follows, where

we let A and B range over value types and let T range over block types.

[(A, f:T)= Bl = Vf.(f)([I[Al - [f]IT] - [B])
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A block type is decomposed into a standard function type with extra modalities and
type quantifiers, which makes explicit exactly how System C introduces and tracks
capabilities.

Block calls. Blocks must be fully applied. Assuming we have a capability y : Int =1
in the context, we can apply the blocks app - and app’ - to the block gen - as follows.

yrInt =1+ app-(42,genc-) 1 {y}
yInt =1+ app’(genc) Int=1at{y} | {y}

As blocks must be fully applied, we must additionally pass an integer to app-, in this
case 42. These two programs are block calls. Like block constructions, block calls in
System C not only pass arguments to a block but also play an important role in capability
tracking. Specifically:
1. Recall that both app - and app’ - bind a capability f. Consequently, when calling
them with gen -, System C substitutes f with the capability set {y} of gen- in types.
This is reflected by at {y} in the result type of the call to app’ - (before substitution
itwasat {f}).

2. Recall that System C assumes the capability f bound by app- and app’ - is called
directly. Consequently, the capability set of the whole block call must be extended
with the capability set {y} of the argument gern . This is reflected by the fact that
both typing judgements track the capability sets {y} even though the application
of app’ - does not call y directly.

Our encoding of block calls in MeT(S) takes account of these two constraints and exposes
them explicitly via modalities. For instance, our example application of app - above is

encoded as follows.

%

V5,0 Int —1 - let f=1lapp-Ty*in f42( [gen-1) : 1 @y

For (1), recall that in the translation [app- || we bind an effect variable f* to represent
the capability f and wrap the argument type with an absolute modality [f*]. Thus
for the application of [app- ]|, we instantiate the effect variable f* with y* and box the
argument [[gen - ]| with the absolute modality [y*]. For (2), the elimination of the relative
modality (y*) of [app-1 y* and the use of f ensure that y* must be present in the effect
context.

The translation of the call of app’ - is similar.

%

Y, Int =1 let f=1lapp’' 1y inf( [igen-1) : [y 1(Int — 1) y

As with the encoding in Section 7.1.1, the encoding of System C in MeT(S) helps
elucidate exactly how the capability tracking in System C is entangled with constructs
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like block constructions and calls. Modality introduction and elimination reveal the
hidden mechanisms.

We give the full encoding of System C into MeT(S) in Section 7.3.2.

7.1.3 Comparing rows and capabilities

As a uniform framework, MeT(X) allows us to directly compare how effect tracking
differs in different effect systems without dealing with the subtleties in their typing and
reduction rules.

For instance, let us compare the encoding of function types and polymorphic types
in System F¢ with the encoding of block types and box types in System C.

System F€ to MET(Rscp) : [A —E B] =[[EJI(IAT — [BI)
[Ve. Al =Ve.[A]
System Cto MeT(S):  [(A,f: T) = Bl = Vf~.(f)([AT - [f][T] — [BI)
[TatCl=[ICII[T]

From the encodings we can immediately observe two key differences between System F¢
and System C.

1. The encoding of function types in System F¢ is wrapped with an absolute modality,
whereas the encoding of a block type in System C is wrapped with a relative modality.
The encoding of box types in System C is wrapped with an absolute modality. The
different modalities reveal a fundamental difference between the meanings of
functions in System F¢ and blocks in System C: functions in System F¢ can only use
those effects specified in their types, whereas blocks in System C can use arbitrary

effects from the context unless they are boxed.

2. The encoding of block types in System C binds a list of effect variables and wraps
each block argument type with an absolute modality of the corresponding effect
variable, whereas the encoding of a function type in System F¢ is much less involved.
Only the encoding of polymorphic types in System F¢ binds effect variables. The
difference in the treatment of argument types reveals that capabilities in System C
act as an implicit form of parametric polymorphism, abstracting the capabilities
used by each block variable. This explains why capability-based effect systems do
not require explicit effect variables in many cases where row-based effect systems
do.
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7.1.4 Encoding effect handlers

We have seen how effectful functions in System F¢ and System C are encoded in MET(X).
These are the most important parts of our encodings, as most effect systems track effects
by giving different interpretations to functions. Although all effect systems discussed in
this chapter support effect handlers, the same ideas apply equally to traditional effect
systems for languages with only built-in effects. Nonetheless, the encodings of effect
handlers in System F¢ and System C are interesting and reveal fundamental differences
between the typing and semantics of effect handlers in these two calculi.

In this section, we show how effect handlers in System F¢ and System C are encoded.
We use the following handler in MET(X) for the yield operation as an example.

sumyer(x) = handle (do yield 42;do yield 37;0) with {yieldp r — p + 1 ()}

This handler handles the yield operation by adding all yielded integers together. We

omit the return clause, which is simply return x — x, for simplicity.

Encoding effect handlers in System F€. System F¢ does not use the handle with syntax.
Instead, a handler in System F€ is defined as a handler value, which is a function that
takes an argument to handle. Consider the following polymorphic handler for the yield

operation.
sumpe = Ae.handler {yieldpr—p+r ()} : Ve.(1 oY Int) ¢ Int

The term sunie is polymorphic over other effects ¢ that it does not handle. The handler
syntax defines a handler, which is a function that takes an argument of type 1 —Yield¢
Int, calls this argument with unit and handles the yield operation. The continuation
r has type 1 —¢ Int as it may use effects abstracted by ¢. For instance, we can apply

sumge using the following expression, which reduces to 79.

sumpe E (Ax'.do yield 42;do yield 37;0)

We can easily encode sumige in MET(Rscp) as a polymorphic function whose body uses
the handle with syntax to handle the argument. The main difficulty is that for the handler
clause, the continuation r should have type [1 —¢ Int] = [¢]|(1 — Int) following the
translation of function types in Section 7.1.1. However, the naive typing rule of handlers
in Section 4.5 only allows us to give a function type to r with no modality. We use
the extension of modality-parameterised handlers in Section 5.8 to resolve this issue. The
handler syntax is annotated with a modality i as handle” M with H. The continuation
r in the handler clause of H now has the plain type A — B and carries the modality u
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on its binder. The translated return clause uses its binder directly. With the modality-
parameterised handler, we can translate sunige as follows, omitting the details of the
translation of the handler clause, which we name H’.
[sume] = Ae. (A flvieldcl0=1nt) handleld! (let f’=fin f’ () with H’)
Ve.[e]([yield, €](1 — Int) — Int)

We eliminate the modality of the argument f before applying and handling f. The
type translation follows the translation given in Section 7.1.1. We formally define the
translation of handlers in Section 7.2.2.

Encoding effect handlers in System C. System C adopts named handlers. Instead of
using operation labels to identify which operation we want to invoke and handle, in
System C each handler binds a fresh capability in the scope of the handler and handles
the use of this capability. For instance, we can define a named handler and use it to
handle a computation as follows.

sume = try {y™=" = y(42);y(37);0} with {p r > p +r(())} : Int | C

Handlers in System C use the try with syntax. This handler introduces a capability y
of type Int = 1 in the scope between try and with. We use the capability y to yield
integers 42 and 37. These two uses of y are handled by the handler, whose operation
clause is similar to what we have seen before, except that it uses a capability in place of
an operation label.

The semantics of named handlers in System C differs from that of the standard
effect handlers of Plotkin and Pretnar [2013]. Named handlers have a generative
semantics [ Biernacki et al. 2020] which dynamically generates a fresh runtime label for
each capability introduced by a handler. Dynamic generation guarantees the uniqueness
of runtime labels, which ensures that all uses of a capability must be handled by the
handler that introduces the capability.

To encode the named handlers of System C into MeT(X), we need to resolve this
semantic gap. Adding named handlers to MET(X) would work but is rather heavyweight.
We observe that the essence of named handlers is actually a way to dynamically generate
labels. We use the extension of local labels from Section 5.6, which decouples dynamic
generation of labels from named handlers. The syntax local £ : A — B in M introduces
a local label in the scope of M. The type system ensures that the local label ¢ cannot
escape from M. The semantics generates a fresh label to replace the local label ¢. With
local labels, we can encode sumic as follows, omitting the handler H’, which contains
an operation clause for ¢, translated from the handler of sumc.

[sumc] = local ¢, : Int — 1in handlelI€N]
(Ayl&1ant=1) et §=yinf42;1 37,0) ( (Ax"t.do ¢, x)) with H" : Int @ [C]]
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We introduce a local label ¢, for the handler. We use the term (Ax'"t.do ¢, x)
which invokes the operation ¢, to simulate the capability introduced by the named
handler in sumc. The translation of the handled computation binds this function to
y, eliminates the modality of y to f, and uses j to yield integers 42 and 37. As in the
encoding of effect handlers in System F¢, we also use our modality-parameterised
handlers here and annotate handle with the modality [[C]].

Our translation [sumc] is simplified for clarity; it is actually the result of reducing

the full translation of sunic by a few steps. We give the full translation in Section 7.3.2.

Comparing encodings of effect handlers. Our encodings of effect handlers in Sys-
tem F© and System C elucidate how effect handlers differ in these two effect systems.

1. The System C encoding requires local labels, whereas the System F¢ encoding does
not, which reveals the syntactic difference that capabilities in System C have scopes
whereas operation labels in System F¢ do not, and the semantic difference that
System C generates fresh runtime labels for effect handlers, whereas System F¢ does

not.

2. The System F€ encoding performs operations directly, whereas the System C encoding
wraps operation invocations into a function (such as the term (Ax'"t.do ¢, x)
in [sumc]) and passes this function to the handled computation. This difference
shows how, in a capability-based effect system such as System C, operations are
not directly invoked via their labels but are instead explicitly invoked and passed

around as blocks at the term level.

7.1.5 More encodings

The encodings of System F¢ and System C illustrate the core idea of using modalities
to encode and compare effect systems with different foundations in MET(X). However,
MET(X) can be used for much more than encoding these two effect systems. In Sec-
tions 7.2.4,7.3.4 and 7.4.2, we give three more representative encodings of effect systems
into MeT(X), including

e System E [Brachthduser et al. 2020], an early core calculus for Effekt based on

capabilities,

e System F™*" [Xie et al. 2022], a core calculus formalising scope-safe named
handlers of Koka, and

e System F¢, a practical fragment of System F¢ that can be encoded into modal effect

types without using effect variables.
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These results further demonstrate the expressiveness of MET(X) as a general framework
for encoding, comparing, and analysing effect systems. We further discuss practical

language design insights arising from our encodings in Section 7.5.1.

7.2 Rows as modal effects

In this section, we first briefly present System F€ [Xie et al. 2020], a System F-style core
calculus formalising the row-based effect system of Koka [Leijen 2026], and show how
to encode it into MET(Rscp). Then we present System F€™*", a variant of System F€ which
formalises named handlers in Koka, and show how to encode it into MeT(S).

7.2.1 System F¢

Figure 7.1 gives the full syntax and typing rules of System F¢. Unlike Xie et al. [2022],
our version of System F¢ is fine-grain call-by-value [Levy et al. 2003]. Effect rows E
are scoped rows [ Leijen 2005] with an optional tail effect variable ¢. As in MET(X), we
assume a fixed global label context Z. By convention, we write ¢ for effect variables and
a for value type variables. We omit their kinds, Effect and Value, when obvious. In type
abstractions and applications, we let A range over both value types and effect rows, and
let @ range over their type variables.

Typing judgements in System F€ include I' + V : A for valuesand I' + M : A | E
for computations, where the latter tracks effects E. The typing rules are standard for a
System F-style calculus with effect handlers and a row-based effect system [Hillerstrém
and Lindley 2016; Leijen 2017]. The operational semantics is also standard and is given
in Figure 7.2.

Rule T-Aps introduces a A-abstraction. Rule T-Do invokes an operation ¢. Rule
T-HanDLER introduces a handler as a function that takes a function argument of type
1 —%E A as in Section 7.1.4. Xie et al. [2020] do not include a return clause in handlers
for System F¢. Figure 7.2 also defines the runtime handler construct and evaluation
contexts. The runtime handler construct is typed as follows.

T-HANDLE

Ys>{:A" - B 't M:A|{(E I,p:A,r:B —-FArN:A|E
I'handle Mwith{{ pr+— N}:A|E
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Value Types A,B:=1|a|A —F B|Vak.A Values V,W:u=(] x| AExA.M
Effect Rows E,F:u=-|¢|¢{,E | AaKk.V | handler H
Kind K ::= Effect | Value Computations M,N z=return V|V W |V A
Contexts Fe=-|T,x:A|T,a:K | dolV|letx=MinN
Label Contexts X:=-|X,{:A —» B Handlers H:={{prw— N}
T-Var T-Ass T-TAss
T-Unir Tsx:A I[x:ArM:B|E [La:K+rV:A
TH():1 Trx:A T-AExAM:A>EB T+ AakV :vak.A

T-HANDLER
Ls3¢:A B T,p:A,r:B -FA-N:A|E

T +handler {£pr— N}:(1 - A)=EA

TFM:A|E

T-VALUE T-Ler
THV:A I'+M:A|E T,x:ArN:B|E
IF'rreturn V:A|E F'tletx=MinN:B|E
T-Aprp T-TArp
TFV:ASEB  THEW:A F'rV:¥akB TrA:K
TFVW:B|E T+V A:B[A/a]| E
T-Do

Y>3¢{:A—-B TrV:A
F'tdolV:B|{E

Figure 7.1: Syntax and typing rules for System F¢.

Computations M :=---| handle M with H
Evaluation Contexts & :=[]]|letx =& in N | handle & with H

E-TArp (AaX V)T ~ V[T /a]
E-Arp (AxA.M)V ~ M[V /x]
E-HANDLER handler H V ~ handle V () with H,

E-Rer  handle (return V) with H ~ return V

E-Or handle E[do ¢ V] with H ~» N[V /p, (Ay.handle &[return y] with H)/r],
where £ ¢ bl(E)and H> ({ p r — N)

E-Lirr E[M] ~ E[N], if M ~~ N

Figure 7.2: Operational semantics of System F¢.
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[-1 : Kind — Kind [-1 : Type — Type
[Effect] = Effect [y =1
[Value]] = Abs [a] = a
, [A —E B] = [[E]I(IA] — [B])
[[[[—% : Fffect Row — Effect Context [VaK AT = ValK[A]
[e] = ¢ )
_ [-1 : Context — Context
[¢,E] = ¢ [E] 5[4.]] - . .,
_7 - [T,x:A] = [T],x:[A]
[[[[% : .Label Context — Label Context [C.a-K] = [T].c:[K]
[Z,¢:A Bl = [Z],¢: [A] — [B] [T = ITD, &gy
[-1 : Value / Handler — Term [-1 : Computation — Term
01 = 0 [return VIl = [V :
[x] = x [letx=MinN] = letx =[M]in[N]
[AaK V] = AalKD V] IV Al = V1 1A] .
Co ' ., [(V:A—FB)W] = let modyey; x = [V] inx [W]
[AExA.M]T = modppgy (AxIAT.[M]) [do¢V] = dot [V]
handler H : . .
I[(fL?E A) E A]] = modygy (Af-handleEW (let modyy pyy £/ = f in f7 () with [HET)

[{¢pr— NE] = {returnx > x,prletr = modygy 7 in INT[*"/r]}

Figure 7.3: An encoding of System F¢ in MET(Rscp).

7.2.2 Encoding System F¢ into MET(Rscp)

Figure 7.3 encodes System F¢ in MET(Rscp). The translation is mostly straightforward.

For kinds, we translate the effect kind Effect to the effect kind Effect and the value
kind Value to the kind Abs. We always translate values in System F¢ into values of kind
Abs in MET(Rscp).

For types, we translate an effectful function type A —F B into a function type with
an absolute modality [[E]|([A] — [BI).

For contexts, we homomorphically translate each entry. For a typing judgement
' M : A| Ein System F¢, we pass the effect context E to the translation of its context I'
as [T']lg, which adds a lock @£ to the translated context. This lock is used to maintain
the invariant of MeT(X) typing judgements that [I'lr @ [E].

For terms, the translation is type-directed and essentially defined on typing judge-
ments. We annotate components of a term with their types as necessary. We highlight
modality-relevant syntax of the term translation in . The grey parts show how
modalities decouple effect tracking. The black parts themselves remain valid programs
after type erasure.

The translation of lambda abstraction A¥x#.M introduces an absolute modality by
modgy;, and the translation of function application V' W first eliminates the modality
of [V] by let mod|jgy; x = [V'] before applying it. Examples of translations of lambda

abstraction and application can be found in Section 7.1.1 as [[gen ]| and [app 1.
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Translations of type abstraction, type application, operation invocation, and let-
binding are homomorphic. Let-binding in MeT(X) is syntactic sugar defined in the
standard way as let x = M in N = (Ax.N) M. The translation of return V is simply
[vi.

A handler value handler H of type (1 —tE A) »E A is translated to a higher-
order function that handles the application of its function argument f. We eliminate
the modality of f before applying it to () since f has type [[{,E]](1 — [A]). We
introduce a modality modgy; for the whole translated function since handler H is
an effectful function with effect E. In the return clause of [H], the modality [[¢, E]]
appears on the binder of x, so no modality elimination is needed. The operation clause
of [ H] demonstrates why we must use modality-parameterised handlers. Note that rule
T-HanDLER of System F€ gives the continuation r in H the type B’ —F A. By annotating
handle with [[E]], the modality [[E]]] appears on the binder of the continuation r in
[H], while r has type [B'] — [A]. We therefore rebox r and bind the result to 7’ before
translating N, so that v has type [[ E ]| |([B’] — [All), which is equal to [[ B’ —E A]l. The
runtime handler construct is translated as follows. It is used in the proof of semantics
preservation in Appendix C.1.

[-1 : Computation — Term
[handle M with H: A| E] = handlellEW [M] with [H]

Translations of evaluation contexts are analogous to the translations of their correspond-
ing terms.
We now give the full translation of the handler sunige of Section 7.1.4.

[sume] = Ae. (A flyie1d.cl0=1t) handlel] (let f’ = fin f’ () with
{returnx > x,{prletr = rinp +(let r =r"inr” ()})
. Ve.le]([yield, €](1 — Int) — Int)

We have the following type and semantics preservation theorems with proofs in
Appendix C.1.

Theorem 11 (Type Preservation). If I' + M : A | E in System F¢, then [T]g + [M] :
[AT @[ E] in MET(Rscp). Similarly for typing judgements of values.

Theorem 12 (Semantics Preservation). If M is well-typed and M ~~ N in System F€, then
[M] ~* [N] in MET(Rscp) where ~* denotes the reflexive-transitive closure of ~.

7.2.3 System F¢+s"

Xie et al. [2022] extend Koka with named handlers and formalise this extension in
the core calculus System F€™S", which is based on System F¢. System F€**" allows each
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handler to bind a handler name that can be used to invoke operations. A handler name
is similar to a capability in System C, but it is a first-class value. For instance, we can
define a named handler in System F¢**" as follows.

sumgess = Ae.nhandler {yield p r — p +r ()} :Ve.(Va.evyield® —Yield" € 1nt) —¢ Int

This handler is similar to the handler sunire in Section 7.1.4. The main difference is that
the argument takes a value of type evyield®. This is a first-class handler name with
which we can invoke the yield operation. For example, we can apply sumisysiem pe+sn as

follows.
sungersn E (Aa.Ah®Y9" 1 42; 1 37;0)

Instead of using the label yield to invoke the operation as in the application of sumg in
Section 7.1.4, we directly apply the handler name & to arguments. This is reminiscent
of the handler sumisystem ¢ in Section 7.1.4 where we invoke the operation by calling the
capability introduced by the handler. This program reduces to 79. The scope variable
a ensures scope safety of the handler name, similar to the technique used by runsT in
Haskell [Launchbury and Peyton Jones 1995]. We give the full syntax, typing rules, and
operational semantics of System F€**" below.

Figure 7.4 gives the syntax of System F***". Our presentation of System F¢**" is fine-
grain call-by-value. We highlight new parts compared to System F¢. Each effect label ¢
is annotated with a scope variable a. As before, we omit kinds when obvious from the
variable names.

Value Types ABu=1|a|A—-EB|VaK.A| eve®

Kind K ::=value | Effect | Scope({)

Effect Rows Eux=-|e]| 0*,E

Contexts Fe=-|T,x:A|T,a:K

Values V,W:u=(| x| AExA.M | AaK.V | nhandler H
Computations M,N :=returnV | VW |V A|letx=MinN| doV W
Handlers H:={lprw— M}

Label Contexts Yu=-|X,0:A—>B

Figure 7.4: Syntax of System F€*s".

Unlike Xie et al. [2022], the kind Scope(¢) of scope variables is annotated with an effect
label ¢. For a : Scope({), each appearance of a in effect rows must be associated with
this label ¢ as ¢“. This annotation is important to rule out well-typed but meaningless
terms in System F€**". Not every well-typed term in System F¢**" is meaningful in the
sense that we can find an appropriate evaluation context to fully apply its abstractions
and handle its effects. For example, a function of type Va.ev £;" x ev £,* —%% 1 cannot

be applied and handled when ¢; # {,, because named handlers cannot provide two
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7 Encodings

evidence values of types ev ;" and ev £,” with the same scope variable a but different
operations ¢; and £,. (This type becomes meaningful with umbrella effects in Xie et al.
[2022].) Each handler introduces its own scope variable a with some fixed operation
label ¢. Annotating the kind Scope with an operation label ¢ solves the problem of
attaching the same scope variable a to different operation labels.

Figure 7.5 gives the typing rules. Rule T-NamepHANDLER introduces a named handler
as a function, whose argument takes a handler name of the evidence type ev {?. An evid-
ence type specifies an effect £ and a scope variable a. The use of rank-2 polymorphism
guarantees that the handler name of type ev {” cannot escape the scope of the handler.
Rule T-DoNaME invokes an operation via a handler name M of the evidence type ev £”.

T-VArR T-As T-TAss
T-Unit Tox:A ILx:A+M:B|E [La:KrV:A
Tr():1 Trx:A IrAExAM:A>FB T+ AakV:vaK A

T-NaMepHANDLER
L30:A"»B T,p:A,r:B->FArN:A|E

[ + nhandler {¢ p r > N} : (Va5Pe®) ey g7 »F A) SE A

TFM:A|E

T-VALUE T-Arpr T-TArp
TFV:A FIFV:A-EB  TrW:A FrV:¥akB TrA:K
IF'treturn V:A|E I'+VW:B|E 'tV A:B[A/a]| E
T-Ler T-DoNaME
't M:A|E ILx:A+N:B|E Y>¢:A—»B TV :evf? TEFW:A
F'rletx=MinN:B|E T'tdoVW:B| ¢, E

Fe+sn

Figure 7.5: Typing rules for System

Figure 7.6 gives the operational semantics of System F¢**", including the definitions of
runtime constructs and evaluation contexts. As in the operational semantics of MeT(X)
and System C, reduction rules in System F¢**" are also of the form M | Q ~ N | Q0. The
most interesting rule is E-GeN, which reduces a handler application to a runtime handle
construct and passes a runtime evidence value evy, to the argument. This rule generates
a fresh marker /1 and a fresh scope variable a. The runtime context ) associates each
dynamically generated marker & with its operation label £ and its dynamically generated
scope variable a.

Unlike Xie et al. [2022], our E-NOp rule for System F€™*" has the condition & ¢ BH(E),
which ensures that there is no other handler in & with the marker /. This condition
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7.2 Rows as modal effects

is necessary to guarantee that the current handler is the nearest one for the marker #,
because even for named handlers it is still possible to duplicate the same handler at

runtime, as observed by Biernacki et al. [2020].

Runtime Markers h
Runtime Contexts Qu=-|Q,h:°
Computations M :=---| handle;, M with H
Values Via=---] ey,
Evaluation Contexts & :=[]]|letx =& in N | handle;, & with H
E-TApp (AaK. V) A ~ V[A/a]
E-Aprp AxA M)V ~ M[V /x]
E-Gen nhandler H V | Q ~~ handley, (letx =V ain x evy) with H| Q, h : €7

where a, h freshand H> (¢ p r — N)
E-NRer handle, (return V) with H ~ return V
E-NOr handle;, E[do evy, V] with H ~» N[V /p, (Ay.handle, E[return y] with H)/r],
where h ¢ BH(E)and H> ({ p r — N)
E-Lier EM]| Q~E[N]|Q, ifM|Q~ N|Q

Figure 7.6: Operational semantics for System F€**".

The meta-function BH(E) gives the set of runtime markers bound by handlers in &:

BH([]) = 0
BH(letx =& inN) = BH(E)
BH(handle, & with H) = BH(E) U {h}.

Typing rules for runtime constructs are as follows.

T-HANDLENAME

T-EVIDENCE Qs h: " rs>{:A"—» B
Qsh:t° QITFM:A|"E Q|T,p:A,r:B —-FA+N:A|E
Q|Ttrevy,:evt” Q| T+ handley Mwith{{ pr— N}:A|E

7.2.4 Encoding System F¢*5" into MEeT(S)

As with the encoding of named handlers in System C, we can encode a named handler
of System F¢**" by introducing a local label ¢, and using the term mody,; (Ax.do £, x)
to simulate the handler name. We use the effect structure § instead of Rsc, because
handler names are unique. The theory S allows multiple effect variables, which we
use to encode scope variables. We give the full encoding below and prove its type and
semantics preservation in Appendix C.4.

Figure 7.7 gives the translation of System F¢**" into MeT(S). The evidence type ev ¢*
with £ 3 ¢ : A — B is translated to a function type [ |([A]l — [B]). Correspondingly,
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7 Encodings

an operation invocation do VW for V : ev {? is translated in the same way as a function
application. A named handler nhandler H is translated to a function that takes a function
argument f and handles it with a handler in MET(S). We pass the term modj, (Ax.do, x)
to the argument f to simulate the handler name of type ev ¢ in System F€*".

[-1 : Kind — Kind [-1 : Effect Row — Effect Context
[Value] = Abs [-1=-
[Effect] = Effect [e] = ¢
[Scope(¢)] = Effect [¢,E] = a,[E]
[-1 : Type — Type [-1 : Context — Context
] =1 [-1=-
[all = a [T,x:AT = [N, x:[A]
[A —E B] = [[E]I([A] — [BI) [T,a: K] = [T, a: [K]
[VaK.A] = ValKl [A]] [Tle = [TT, & ey
[eve'l = [a(TAT — [BI)
where Y. 5 0: A — B [-1 : Label Context — Label Context
[-1 =

[X,¢:A—B] = [Z],¢: [A]l — [B]

[-1 : Value / Computation — Term

o1 = 0

[x] = x

[AaK. V] = AalKI V]
[return V] = [V1]
[letx=MinN] = letx =[M]in[N]
[V Al = [V] [A]
[[V“‘—>EB W1 = let modjgy; x = [V]inx [W]
[do V&¥ W] = let mody, x = [V] inx [W]

I[nhandler H ]]

. ’ A1 E
- (Valever »UE A) SE Al = modgzy) (Af.local ¢ : [A’] — [B'] in handle!tE1!

(letx =f £, in
let modyy, jgy) f/ = x in
£’ (mod,,; (AxI41 do ¢, x)))
with [H" )
{return x — x,
€, pr—letr’ =modgy 7 in [N][7'/r]}

[H""1

Figure 7.7: An encoding of System F€™*" in MeT(S).

The following theorems show that our encoding preserves types and operational

semantics.

Theorem 13 (Type Preservation). If '+ M : A | E in System F**", then [Tl + [M] :
[A]l @ [[E] in MeT(S). Similarly for typing judgements of values.
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7.3 Capabilities as modal effects

Theorem 14 (Semantics Preservation). Suppose no two entries of Q) contain the same scope
variable. If M is well-typed and M | Q ~~ N | Q' in System F<**", then [M] | [Q] ~*
[NT | [T in MET(S), where ~~* denotes the reflexive-transitive closure of ~-.

Translations of runtime constructs for System F¢**" are as follows. Note that we
translate dynamically generated scope variables a to their corresponding dynamically
generated labels ¢;,, where QO > h : {”. The translations of terms do not use #, as
the scope variable a is also dynamically generated and suffices to assign operations
uniquely to handlers. The translations are used in the proof of semantics preservation

in Appendix C.4.
[-1 : Runtime Context — Runtime Context
1 = -
[Q,h: 0] = [Q],4:1[A] - [B] whereX>¢:A B
[-1 : Term — Term
[Val = V1€ whereQ>h:{"
[evi] = mody,; (AxI4).do ¢, x)
whereQ> h:0"andX>¢(: A — B
[handle, M with H 1 = handle™ 1 [M] with [H]

where Qs h:¢{"andX>¢: A — B

Translations of evaluation contexts are analogous to the translations of their correspond-
ing terms.

7.3 Capabilities as modal effects

In this section, we present System C [ Brachthduser et al. 2022], a core calculus formalising
the capability-based effect system of Effekt [ Brachthduser et al. 2026], and show how to
encode it into MET(S). We refer to Brachthduser et al. [2022] for a complete introduction
to System C.

7.3.1 System C

Figure 7.8 gives the syntax and typing rules for System C, which is fine-grain call-
by-value [Levy et al. 2003] and distinguishes between first-class values V, blocks P
(second-class functions), and computations M.

We have three typing judgements for values, blocks, and computations, respectively.
Judgements for blocks I' + P : T | C and computationsI' + M : A | C explicitly track a
capability set C, which contains the capabilities in I" that may be used.
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7 Encodings

Value Types A,Bu=1|TatC Blocks P,Q:u=f| {(ﬂ,ﬁ) = M}
Block Types T:=(A,f:T)=B | unbox V

Capability Sets C == {f} Computations M, N ==return V' | P(V,Q)
Contexts Fu=-|T,x:A|L,f:C“T|T,f=T | letx=MinN

Values V,W:u=x| ()| box P | def f=PinN

Handlers H:={prm— N} | try {fW=8 = M} with H

‘FFV:AHI’FP:T|C‘

T-VAR T-Box T-TRANSPARENT T-TRACKED
T-Unir Tax:A T+P:T|C rsfCT Tsf:T
Tr():1 Trx:A T'+boxP:TatC Trf:T|C Trf:T|{f}
T-Unsox T-Brocxk - T-BSus
FrV:TatC [x:A f*TrM:B|CU{f} FrP:T|C" C'cC
TrunboxV:T|C Tr{(x:Af:T)=>M}:(A f:T)=B|C 'rP:T|C
I'+M:A|C
T-Ler T-Cae
T-VALUE 't M:A|C FFP:(AilijTj):>B|C
TFV:A I[Lx:ArN:B|C’ TrVitAy TrQj:Ti|C;
TrreturnV:A| - Trletx=MinN:B|CuUC’ T'+P(V;,Qj): BIC;/fi]| CUC;
T-Sus T-D&F T-HANDLE
r-M:A|C’ r+P:T|C ILf"(A)=B+rM:A|CU{f}
c’'ccC ILfC“TrM:A|C T,p:A,rC(B)=ArN:A|C

TFM:A|C Trdeff=PinM:A|C Trtry{fA=F = M}with{pr—N}:A|C

Figure 7.8: Syntax and typing rules for System C. We mostly follow the syntax of Brachthduser
et al. [2022]. The main difference is that we write = for block types to emphasise
that they are second-class.

The typing rules of System C are much more involved than those of System F¢ as
capability tracking is deeply entangled with term constructs such as block constructions
(T-Brock), block calls (T-CaLv), block bindings (T-Der), and uses of block variables
(T-TransparenT and T-TRackeD). Due to space constraints, we focus on explaining these
key rules.

There are two rules for uses of block variables as there are two forms of block variable
bindings in contexts. A tracked binding f :* T stands for a capability. Rule T-TRACKED
tracks f itself in the singleton capability set { f}. A transparent binding f :© T stands for
a user-defined block whose capability set C is known. Rule T-TranspareNT tracks C as
the capability set.
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7.3 Capabilities as modal effects

Rules T-Der and T-Brock both bind block variables. Rule T-Der binds a block P as
a transparent block variable f :© T where C’ is the capability set of P. Rule T-BLock
binds a list of tracked block variables (capabilities) f :* T whose concrete capability sets
are unknown until called. The rule T-BLock reflects the roles that block constructions
play in capability tracking, as discussed in Section 7.1.2. For instance, all capabilities j_‘
are added to the capability set of the block body M.

Rule T-CarL fully applies a block P to values V; and blocks @ The rule reflects the
roles that block calls play in capability tracking, as discussed in Section 7.1.2. It replaces
each block variable f; (recall that these variables are bound as f; :* T in rule T-BLock)
with the capability set C; of the block Q; in type B. The capability set of the call is the
union of the capability sets of P and all its block arguments because all these arguments
might be invoked.

Rule T-HaNDLE defines a named handler which introduces a capability f : (A”) = B’
into the scope of M. An operation invoked by calling f in M is handled by this handler.
The capability f is added to the capability set of M. The continuation r is introduced as
a transparent binding with capability set C as it may only use capabilities in C provided
by the context.

System C adopts named handlers and a generative semantics with a reduction relation
M| Q~ N |, where Q:=-|{:(A) = Bisa context for runtime operation labels,
similar to MET(X). The most interesting reduction rule is E-Gen, which uses a runtime
capability value cap, with a runtime label ¢ to replace a capability f introduced by a
handler. The full operational semantics and runtime constructs are given in Figure 7.9.

Figure 7.9 also defines the syntax of runtime constructs for System C. Reduction in
System C is defined on both terms and blocks, since we have unbox V which can reduce.
Since System C uses block variables f as both term-level and type-level variables, we need
to substitute them separately. We follow Brachthduser et al. [2022] in overloading the
notion of substitution. We write C/f for substitution in types and P/ f for substitution
in terms.

Typing rules for runtime constructs are as follows.

T-HANDLE
T-Cap Q>3(:A"=B QITFM:A|CuU{t}
Q>3(:A=B QITp:A,r:“B)=ArN:A|C
Q|T+rcap,: A= B| {{} Q|Trtry, Mwith{pr— N}:A|C
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Runtime Labels !

Runtime Contexts Q:=-1Q,{:A=B

Capability Sets Cu=-|{{}|{f}ICuC

Blocks P,Qu=---| cap,

Computations M:u=--| try, M with H

Evaluation Contexts Ex=[]|letx=EinN|def f=EinN|&EV,Q)]| try, & with H

E-Box unbox (box P) ~ P
E-Ler let x = return Vin N ~ N[V /x]
E-Der def f = Pin N ~ N[P/f]

ECatt {(x:A,f:T)= M}(V,Q)| Q~ M[V/x,Q/f,C/f]| Q
where Q|- +Q:T|C

E-Gen try {fA=8 = M} with H | Q ~ try, M[cap,/f,{{}/f]withH| Q,¢: A= B
where ¢ fresh

E-Rer try, (return V) with H ~~ return V

E-Or try, &[cap,(V)] with H ~ N[V /p, {(y) = try, E[return y] with H}/r],
where ¢ ¢ bl(E) and H = {p r — N}

E-Lirt EM]|Q~E[N]|Q, ifM|Q~N|Q

Figure 7.9: Operational semantics for System C.

7.3.2 Encoding System C in MET(S)

Figure 7.10 encodes System C in MeT(S). The term translation is type-directed and
defined on typing judgements. We annotate components of a term with their types and
capability sets as necessary. In the term translation, we highlight syntax relevant to
modalities and type abstraction in . The grey parts show how modalities decouple
capability tracking. The black parts remain valid programs after type erasure. The
encoding is unavoidably more involved than that of System F¢ because of the deeper
entanglement of capability tracking with blocks. As in Section 7.3.1, we focus on
explaining the encoding of block-relevant constructs.

For block constructions and block calls, we have explained their encodings in detail

in Section 7.1.2, using the block constructions and calls app - and app’ - as examples.

A block binding def f = P in N not only binds f to a block P but also annotates
the binding f :©" T with the capability set C’ of the block P as shown by rule T-DgF in
Figure 7.8. For instance, we can bind the block ger - in Section 7.1.2 to f and apply it to

42. Tts typing derivation is as follows.

yrInt=1+ gen. : Int=1 | {y} yrInt=1, W nt=1 0 f42) 1| {y}
yInt =1+ def f =gen-in f(42) : 1 | {y}
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7.3 Capabilities as modal effects

[[_—]] : gap Set — Effect Context [-1 : Context — Context
{f1 = f~ 1 =-
[T,x:A] = [T1,x:[A]l
[[—1% : Yalue / Block Type — Type IT,f =Tl = [[r]],f*,f . [T1
[TatC] = [[CIIIT] [T, f:€ T = [TD, f :ycy) (T]
[(A f:T)= Bl = Vf.(F)(TAT = [f*][T] — [BI) [Clc = 1T, &yjcy)
[=1 : Block — Term
[-1 : Value — Term L] = f
101 = 0 _ _ SR
[x] = x [{(x :A,f :T)y= M}] = A'f".modOg> (/\x[[ ]]f[f IITT,

[box P: T at C] = mod[jcyy [P1 let mod| -] f=fin[MI)

[unbox V : T | C] let modpycyy x = [V inx

[-1 : Computation / Handler — Term
[return V]| v
[let x =M in N] let x = [M]in [N]
[def f=P:T|CinN]J let f = modmc]” [P] in let mod[[[c]]] f =fin[N]

[P(V;,Qj: Ti| Cp)I = let mod ey * = IPTIC; T in x [Vl (modyyc,y) [Q;1)

[ {fW=F = M}ﬂ
withH: A| C

local ¢ [A’] — [B’] in letey mod“f) g=
(Af*.mod sy (Af.let modjg f = f in [MI)) £
in handlelt M (¢ (modpy,) (mod(y (1xI4Y.do ¢ x)))) with [H/ €]

[{pr— N} €] = {return x — x,
tr pr > letr” =modpcy) (modgy ) in let modjycy # = 7" in [N}

Figure 7.10: An encoding of System C in MeT(S).

The binding of f in the second premise is annotated with its capability set {y} since
gen - uses the capability y. We cannot simply encode such a transparent binding by
ignoring its capability-set annotation. Instead, we use an absolute modality to simulate
this annotation. To encode the binding of f, we wrap the translated block ger - in the
absolute modality [y]. The full translation of the above term is as follows, where we
include the identity modality omitted in Section 7.1.2.

let f = ( (Ax™"t.§ x)) in let f=Ffinlet f'=finf 42

We eliminate the modality [y*] of f and bind it to f, reminiscent of how we translate
block arguments bound by block constructions. In general, for a transparent block
variable binding f :C T in the context, we only keep the binding f qpcy) [TT. The
intermediate binding f above is introduced locally by the term translation and is not
retained by the context translation.

The translation of block-variable uses is simple. We translate each f to its hatted

version f. This simplicity stems from the fact that we eagerly eliminate the modality of
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each f after it is introduced, for example, in the translations of block constructions and
block bindings.

The translation of named handlers try { f(4)=8" = M} with H is different from the
translation of sumic in Section 7.1.4. The full translation of sumic is as follows, where we

make the omitted identity modalities explicit.

local 4, : Int — 1/in let mod;, g = ( (Ay.let 7 =yini{42;7 37;0))
in handle!l“M (g ( ( (Ax™"t.do ¢, x))))
with {return x = x, b, p r — let 1’ = ( r)in
let 7=r"inp+(let " =7inr" ()}

The main difference is that, instead of directly using the local label ¢, for the handled
computation, we introduce an effect variable y* first and substitute it with ¢,. This
extra layer of abstraction is necessary to keep the translation systematic, because our
translations of types and terms consistently translate a capability y to an effect variable
y". After reducing the type application and the binding of ¢ in the translation above,
we obtain the translation of sumc in Section 7.1.4.

In the return clause, the modality [¢,, [C]]] appears on the binder of x, so no modality
elimination is needed. In the operation clause, the modality [[C]l] appears on the
binder of r, while r has a plain function type. Using a modality-parameterised handler
is important because in sumic, the continuation 7 is a transparent binding of the form
r :© 1 — Int as shown by the typing rule T-HanprE of System C in Section 7.3.1. We
therefore give r the identity modality used by translated block types, rebox it with
[[C1], and eliminate the latter to bind 7, consistently with the translation of transparent
bindings.

For contexts, we translate each entry. For a variable binding x : A, we translate it
homomorphically. For a transparent binding of a block variable f :© T, we translate it
to the term variable f as discussed in the translation of def above. For a tracked binding
of a block variable f :* T, we translate it to an effect variable f* and a term variable f as
discussed in Section 7.1.2.

We have the following type preservation theorem with its proof in Appendix C.2.

Theorem 15 (Type Preservation). If ' + M : A | C in System C, then [T]c + [M] :
[Al @[ C] in MET(S). Similarly for typing judgements of values and blocks.

Unlike the previous encodings, we do not have a one-to-many correspondence
between the reduction steps in System C and MET(S) such as Theorems 12 and 14.
It is still possible to establish a semantics preservation theorem up to the reduction
steps on values in MeT(S). We leave the formal statement and proof of this theorem to
future work.
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7.3.3 System =

System E [Brachthduser et al. 2020] is an early core calculus for the Effekt language.
System E is essentially a fragment of System C without boxes. As a result, in System =
capabilities can never appear in types since we cannot box a second-class block into a
first-class value. System E does not track capabilities in typing judgements. There is no
danger of capability leakage since capabilities are second-class. Figure 7.11 gives the
syntax and typing rules of System E.

Value Types A, B =1 Computations M,N ==return V | letx = M in N
Block Types T :=(A,T) = B | def f=PinN|P(V,Q)
Contexts Tu=-|T,x:A|T,f:T | try {f4=8 = M} with H
Values V,W:u=x|() Handlers H:={prw— N}

Blocks P,Qu=f|{(x:A,f:T)= M)}

TV A|TrP:T|[TFrM:A]

T-Var T-BLock VAR T-Brock _

T-Unit Iox:A I>f:T Ix:A,f:T-M:B
Tr():1 Trx:A Trf:T T+{(x:A f:T)y=M}:(A,T)=B
T-VaLUE T-LeT T-DEr

TrV:A TtM:A I'x:ArN:B T'rP:T If:T-N:B
I'kreturnV : A I'rletx=MinN:B I'deff=PinN:B
T-Car.

FI-PZ(A,‘,T]'):>B T-HANDLE
I'rVi:A M+ Qj:T; I,f:A=BrM:A ILp:A',r:B=AFN:A

I'+P(V;,Q):B Trtry ({28 = M} with {pr—>N}: A

Figure 7.11: Syntax and typing rules for System E.

The operational semantics of System ZE is almost identical to that of System C, except
that it omits the E-Box rule and capability-set substitutions C/f.

7.3.4 Encoding System Z in MEeT(S)

While our encoding of System Cin Section 7.3.2 directly gives an encoding of System E in
MET(S), it introduces unnecessary complexity. Since capabilities never appear in types
in System =, we do not need to introduce an effect variable f* for each capability f in the
encoding. It turns out that we can simply encode second-class blocks in System E as first-
class functions in MeT(S) without introducing any extra term constructs. For instance, a
block {(x : A, f : T) = M} is encoded as a function AxI41 fIT1 [ M] by changing only
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the notation. Figure 7.12 gives the encoding of System E into MeT(S). This encoding
is straightforward and does not require any non-identity modalities. We mostly just
translate the syntax of second-class blocks in System E to first-class functions in MeT(S).
For named handlers, we introduce local labels.

[-1 : Type — Type [-1 : Value — Term
[1] =1 [x] = «x
[(A,T)= Bl = [A] — [T1 - [B] 101 = 0
[-1 : Context — Context [-1 : Block — Term
1 =- o =5
[T,x:A] = [T],x: [A] [{(x=A,FT) = M}] = AxIAT fIT0_[ ;]
[T, f:T1 =[], f:0T1

[-1 : Computation — Term
[return V] Vi
[letx =M in N]J let x = [M] in [N]
[def f =P in NJ let f =[P]in[N]
[P(V,Q)1 = [P1TV] [Q]
[try {f4=8 = M} with H]] = local ¢ : [A] — [B] in
handle (Af.[M]) (Ax141.do ¢; x) with [H']]
{returnx > x,lf p r = [N]}

[{pr— N}MI

Figure 7.12: An encoding of System E in MET(S).

We translate runtime contexts as follows.

1 = -
[Q,¢:A= Bl = [QI,¢:[A] — [BI]

We translate runtime constructs used in the operational semantics as follows.

[cap,] AxIA do ¢ x whereQ>¢:A =B
[try, M with H] handle [M] with [H]
[{pr— N}l = {returnx > x,lpr— [N]}

We have the following theorems, whose proofs are in Appendix C.3.

Theorem 16 (Type Preservation). If I' - M : A in System B, then [I'] + [M] : [Al
in MeT(S). Similarly for values and blocks.

Theorem 17 (Semantics Preservation). If M is well-typed and M | QO ~ N | O in
System E, then [M] | [Q] ~* [N | [€Q'] in MET(S).
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7.4 Implicit effect polymorphism as simply-typed MeT

Even without effect variables, MET is sufficiently expressive to encode programs from
conventional row-based effect systems, provided effect variables on function arrows
always refer to the lexically closest one. This is an important special case, since most
functions in practice use at most one effect variable. For example, as of August 2026,
the Koka [Leijen 2026 ] repository contains 583 effectful functions across 134 files, but
only 86 functions across 5 files use more than one effect variable; almost all of these
are internal primitives for handlers that are not exposed to programmers. Also, almost
all programs in the Frank [ Convent et al. 2020] repository make no mention of effect
variables, relying on syntactic sugar to hide the single effect variable. We formally
characterise and prove this claim about the expressiveness of MET.

7.4.1 System F'¢

We first define System F'¢, the fragment of System F¢ with implicit effect variables but
explicit concrete effects. Effect abstraction omits the bound effect variable. Effect applic-
ation gives the concrete prefix of the instantiation row, but omits its tail effect variable,
which is always the lexically closest one.? As a result, this fragment guarantees that in
each scope we can only refer to the lexically closest effect variable.

F1¢. We need no effect

Figure 7.13 gives the full syntax and typing rules of System
variables in System F'¢, but we retain effect variables in grey to make the connection
to System F¢ explicit. For clarity, we also wrap effect rows with grey braces. We add
A to effect variable bindings in contexts to indicate effect variable bindings. All effect
variables are grey and can be erased, whereas the concrete effects at an effect application
remain explicit. Everything in red is only used for the encoding. We get a fragment of
System F€ by dropping everything in red, dropping the effect row on the value typing
judgement, and making everything else black.

For simplicity, we assume that operation argument and result types are not function
types, although they may be effect abstractions. For instance, ¢ : (Vc.1 —'7 1) — 1
is allowed, but £ : (1 —'°/ 1) — 1 is not. This restriction ensures our invariant that
only the lexically closest effect variable can be referred to; otherwise, an operation call
could carry an effect variable ¢ to a scope where ¢ is no longer the lexically closest effect
variable.

Typing judgements includeI' - V : A | {E for valuesand T'F M : A | {E, ¢} for
computations. The effect variable ¢ in the effect row is always the lexically closest effect

2This is different from the notion of implicit polymorphism in the sense of Hindley-Milner type inference,
where type abstraction and application are fully inferred. In System F'¢, we still keep the syntax for
effect abstraction and application as in System F, but erase effect variables from them.
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Value Types A,B:=1|A —'E“/ B|V:. A Values V,W:u=()| x| AETxA M
Effects E,Fu:=-|{E | Ae.V | handler H
Contexts Fe=-|T,x:A Computations M,N ==returnV |V W | V {E
| T,Ac|T, ¢, | dotV]letx=MinN
Label Contexts X:u=-|X,¢{:A —» B Handlers H:={{pr— N}
ITFV:A|(E )]
T1-Var T1-ABs
T1-Unir AglyorA=Ve' AorA=1 I, ¢, x:ArM:B|{E
Tr():1]{E I,x:AT)rx:A|[E TFAE YA M:A—SESB|(F
T1-EABs T1-HANDLER
[,A, 4. FV:A| L30:A B  T,e,p:A,r:B > ArN:A|(E
T'rA ViV Al E T +handler (£ pr N}: (1 =0 Ay S ES A (F
T+M:A|(E )|
T1-VaLUE T1-Ler
r'rV:A|{E 'rM:A|{E Ix:A+N:B|{E
I'rreturnV : A | {E F'rletx=MinN:B|{E

T1-Arp T1-EArp
r'rV:A—-EIB|(E TrW:A|(E vV :Ve A| (E

r'rVW:B|{E v V{F, ¢} :A[{F, ¢}/ {E

T1-Do

Y30:A—»B T+rV:A|{(E
Trdol¢V:B|{(E

Figure 7.13: Syntax and typing rules for System F'¢.

variable. Unlike System F€¢, we also keep the effect variable for value typing judgements
to ensure that when defining a function in T1-Ass, we refer to the lexically closest effect
variable. Notice that these effect variables are grey, indicating that they are irrelevant to
the typing of System FI¢. The red effect rows on value typing judgements record the
ambient effect rows at which values are translated. Red markers ¢ in contexts indicate
the transitions of ambient effect rows as in rules T1-Ass, T1-EABs, and T1-HANDLER.
These red rows and the red markers are auxiliary annotations used only by the encoding.

Because of these red markers, contexts are ordered.

The context entry A« introduced by T1-EAss indicates an effect-variable binding.
We retain the black A so that we know an effect variable is bound here, whereas the

concrete effect variable name is not needed and is therefore grey. Rule T1-Var prevents
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7.4 Implicit effect polymorphism as simply-typed MET

variables from crossing an effect-variable binding entry (A), unless their type is an
effect abstraction or 1. This condition ensures that we cannot use variables that refer to
effect variables that are not the lexically closest. In rule T1-EApp, we instantiate an effect
abstraction with an effect row whose concrete prefix F is explicit and whose tail is the
implicit, lexically closest effect variable. The other typing rules are restrictions of the
corresponding rules of System F¢. The operational semantics of System F!€ follows the
operational semantics of System F¢ in Figure 7.2, except that it erases effect variables.
The instantiation operator [{E, ¢ } /<'] implements part of standard type substitution

when the grey effect variables are taken into account:

{E, ¢}/l =1 (Ve A)NIE, ¢}/l = Ve A
(A—=BB){E, ¢} /e = A[(E, ¢}/l - BB B[{E, ¢} /<]

Two cases cannot arise because of the invariant that only the lexically closest effect
variable can be referred to, so we do not include them here. First, when instantiating
an effect abstraction, we never need to further substitute in A, which can mention only
€”, whose binding is closer than that of €’. Second, when instantiating a function type,
the effect variable on the function arrow is always the same as the effect variable being
instantiated, because this is the lexically closest effect variable that can be referred to.

For example, the following System F'¢ handler sums all yielded integers.

assum : Ve.(1 - It 1nt) 190 Int

asSum = Ac.handler {yield x 7 > x + 7 ()}

7.4.2 Encoding System F'€ in MET(Rscp)

We now give compositional translations of types, contexts, and terms from System F!€
into MET(Rscp). The encoding relies on the mask extension of MET from Section 5.1. Our
framework does not include masks, because masks are designed for scoped rows. Our
target calculus is MET(Rs¢p) with the mask extension.

Figure 7.14 gives the type, context, label-context, and term translations. For label
contexts, the restriction on operation signatures ensures that their translations do not
depend on the effect context, so we use the empty context. We always translate a type
to a modal type. For the unit type, we insert the identity modality for uniformity.
For a function arrow, the relative modality (E — F|F — E) transforms the outside effect
context E to the effect context F of the function body. For effect abstraction, the empty
absolute modality simulates entering a scope with a fresh effect variable. For contexts,
we translate term bindings by moving top-level modalities to their binders, and translate

red markers to their corresponding locks. The sequence A, 4. becomes an absolute lock
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since it is introduced by effect abstraction; other markers become relative locks since
they are introduced by lambda abstraction or handlers.

[-1g : Value Type — Type [-1r : Context — Context
[ = O1 [-1e = &
[A —F Blg = (E~F|F - E)([Alr — [Bl) [T, x:Ale = [Tlg,x: A" if [Allg = pA’

[V.Ale = [I[A] [T, A, ¢ 1 = [T]r, &,
[T, ¢l = (T1r, &; ppr fTC£T,A
[=] : Label Context — Label Context
-1 = -
[Z,¢6:A— Bl = [[X1,¢: Al — [B].

[-1 : Value — Term

[0 = mody ()
[x:A | E] = modtop([[A]]E) X
[AFxA.M : B | E] = mod(g_pr-r) (AxIAVF let modiop(pagy) x = x in [M])
[A.V] = modp [V]

[handler H : (1 »YE A) »E A | F]l = modr_ge-p) (Afl[H"EM}E.let mody f' = f in
handle f’ (mod, ()) with [H : A | E])
[{¢pr—> N}:A|E] = {return x > let modiop(ray, ;) y=x in modiop(pAfe) Y-
{pr—let modiopary) p” =p in [NI[p’'/pl}
where 2> /¢: A" » B’.

[-] : Computation — Term

[return V] = [V]
[letx=M:A|EinN] = (Ax.let modiop(jay,) X = x in [N]) [M]
[V W] = letmody f=[V]inf [W]
[(V:V.A)F | E] = let modj; x = [V] ininst(x; A;F;E)
[do¢ V] = dot[V]

Figure 7.14: Encoding of System F!€ in MET(Rscp).

As with all other encodings in this chapter, the term translations are defined on
typing judgements. We annotate terms with their types and effect contexts only when
the translations need them. All terms are translated to terms whose types have a top-level
modality. We use top(i1A) = pu to extract a top-level modality. We eliminate top-level
modalities when variables are bound and reintroduce them when variables are used,
as shown in the translations of variables, abstractions, and let-bindings. The translation
of application eliminates the identity modality of the function. The translation of effect
abstraction introduces the empty absolute modality.

Effect application is the most interesting case. It eliminates the empty absolute
modality introduced by effect abstraction and then uses the meta-function inst to adjust
the top-level modality with respect to the ambient effects E and the instantiation effects

F. The goal of this meta-function is to get a value with the appropriate top-level modality
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7.4 Implicit effect polymorphism as simply-typed MET

that matches the translation of the instantiated type A[F/] at the ambient effect context
E. The meta-function inst is defined as:

inst(x;1;F;E)=x
inst(x;V.A;F;E) =x
inst(x; A —F B;F;E) = lete_r|r—gy Mod(gy ¥ = x in mod(g_&' F)|(E’,F)-E) Y

The unit and effect-abstraction cases of inst are trivial because their translations do not
depend on the ambient effect context. The only non-trivial case is for a function type. In
this case, the variable x is bound at modality [] with type [A —E B]. = (E"Y([Alp —
[Bllg). Our goal, the translation of the instantiated function type, is:

LALF/1 —=*F BIF/Mg = (E = (E', F)|(E’, F) = E)(LALF/1le",r — [BLF/11EF)

By an induction on types, it is easy to see that we have [A]lrr = [A[F/]le,r and [Blg =
[B[F/]1le’,r- Thus we only need to reconstruct the appropriate top-level modality, which
is exactly what the modality introduction and elimination in the function type case of inst
do. To see how it works, let £ =(E — F|F — E), u =(E’),and v = (E — (E’,F)|(E’,F) — E).
We eliminate the modality p of the translated function type and reintroduce the modality
v. The modality & changes the ambient effect context E to the instantiation effect context
F, so that the effect context for the argument and result types of v is E’, F as required, not
E’,E. This £ modality guarantees the term is well-typed as we have the transformation
Eou=>v@E.

The translation of a handler value follows its presentation in System F¢ as a higher-
order function. The modality of the function argument f is eliminated before f is
invoked. The translation of handler clauses generates a return clause that changes the
type of the returned value from [A]ls e to [A]le. In the operation clause, the modality of
the operation argument p is eliminated according to its translated type. The continuation
r needs no elimination: the identity modality on its binder is exactly the top-level
modality of [B’ —F AJg. The runtime handler construct is translated homomorphically
as:

[handle M with H: A | E] = handle [M] with [H: A | E].

As an example of type translation, the type of asSum from Section 7.4.1 is translated to

[]({(Gen Int)({)1 — ()Int) — ()Int).
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Omitting introduction and elimination of identity modalities, its term translation is

[assum] = modp (Af.let modgen 1ney f/ = f in
handle f’ () with {return x - x,yield p r > p + 7 ()})

We have the following type preservation theorem.

Theorem 18 (Type Preservation). IfT' - M : A | [E, ¢}, then [Tg + [M] : [Allg @E in
MET(Rscp). Similarly, if T+ V : A | {E, ¢}, then [T'llg + [V : [Alle @E in MET(Rscp).

Its proof is in Appendix C.5.

7.5 Discussion

In this section, we highlight practical language design insights gleaned from our
encodings, discuss the extensibility of our encodings, and outline potential extensions
to our framework MeT(X).

7.5.1 Insights for language design

In Section 7.1.3 and Section 7.1.4, we demonstrated how our encodings provide a direct
way to compare System F¢ and System C. Moreover, our encodings can help inform

language design choices based on the following observations.

1. Our encodings together demonstrate that modal effect types are as expressive as
the row-based and capability-based effect systems we consider.

2. The encoding of System E (Section 7.3.4) implies that we need not sacrifice first-class
functions in order to obtain the benefits of the contextual effect polymorphism of
Effekt.

3. The encodings of System C (Section 7.3.2), System = (Section 7.3.4), and System F¢*>"
(Section 7.2.4) demonstrate that we can use local labels, the minimal extension

introduced in Section 5.6, to simulate the relatively heavyweight feature of named
handlers in Effekt and Koka.

4. The encoding of System F¢*s" (Section 7.2.4) further demonstrates that the first-class

handler names of Koka offer no extra expressiveness over the second-class local
labels of MeT(X).

5. The encoding of System C (Section 7.3.2) shows that instead of having a built-in
form of capabilities which can appear at both term and type levels, as in Effekt
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and Scala [Boruch-Gruszecki et al. 2023], we can simulate such capabilities by
introducing an effect variable for each argument and wrapping the argument in an

absolute modality with the corresponding effect variable.

6. The encoding of System F'¢ (Section 7.4.2) shows that modal effect types without
any effect variables are sufficient to enable modular reuse of effectful programs in

many practical cases as characterised by the fragment System F!¢ of System F¢.

7.5.2 Extensibility

Our encodings focus on the core idea. None of our encodings considers data types.
Most of our encodings, except those in Section 7.2, do not consider polymorphism over
value types. It is straightforward to add these features to the encodings in Sections 7.2
and 7.3. Data types and polymorphism are simply translated homomorphically. For the
encoding of System F'€ in Section 7.4, encoding data types and polymorphism is more
subtle, which we discuss below.

Recall that in Section 7.4.2 we always translate types to modal types and greedily
eliminate modalities and lazily introduce them for variables. For variables of data types
such as a pair A X B, we just need to further destruct the pair before greedy modality
elimination and reconstruct the pair upon lazy modality introduction. This is because
the translations of its components may produce terms of type /A" and vB’ with different
modalities which require separate modality eliminations. For variables of recursive
data types, we need to destruct only to the extent that the data type is unfolded in the
function body, where we may treat recursive invocations as opaque. While this requires
a higher-order translation, it does not require destructing the recursive data type and
eliminating its modalities more than a small number of times.

The translation is complicated because we use let-style modality elimination following
MTT. For modalities with certain structures (right adjoints), it is possible to use Fitch-
style modality elimination [Clouston 2018], which allows modalities to be eliminated
directly without binding [Gratzer 2023; Shulman 2023]. We are interested in exploring
whether we can extend MET to use Fitch-style modality elimination and thus give a
compositional local encoding for recursive data types. Fortunately, these issues appear
to cause problems only in the encoding, not in practice. Functional programs typically
use pattern matching in a structured way that plays nicely with the automatic modality
elimination of bidirectional typing.

Extending the encoding with polymorphism for value types is tricky because the

source calculus System F!€ is not stable under value type substitution. For instance,
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the following substitution breaks the condition that function arrows only refer to the

lexically closest effect variable:
Ve.a)[1 = 1) /a]l =V -1,

This exemplifies the fragility of the syntactic approach of Frank. It is still possible to
define the encoding by forcing the substituted type to satisfy the lexical restriction. We
leave the full development of such an encoding as future work.

7.5.3 Potential extensions to MET(X)

We discuss three potential extensions to MET(X) that would enable encodings of more
effect systems. We leave their full development as future work.

Effect kinds. We can extend the effect structure to abstract over effect kinds instead of
having a single kind Effect. The augmented definition of an effect structure is a triple
X = (R, :, =) where the new component R is a set of effect kinds. We must extend the
kinding and equivalence relations accordingly. As an example of this extension, in order
to characterise Rémy-style row types [Rémy 1989], which use a kind system to ensure
that there are no duplicate labels, we can declare R = {Row | L}, where L is the set of
labels that must not occur in the row. As another example, this extension enables us to
combine different effect structures by assigning a kind to each theory. For instance, we
can declare two kinds Set and Row for theories S and Rscp, respectively, and then give
local labels the kind Set and global labels the kind Row. We can then treat local labels

as sets and global labels as scoped rows.

Presence types. We can associate operation labels in extensions and effect contexts
with presence types [Rémy 1994 ]. Furthermore, instead of predefining the operation
types for labels, we can assign operation types to labels in extensions and effect contexts
in the manner of Tang et al. [2025]. For instance, the syntax of extensions could be
extended to D ::=-| ¢ : P,D | ¢,D, where P is a presence type typically defined as
P = —| Pre(A — B) | 6. A label can be absent (—), present with a type (Pre(A — B)),
or polymorphic over its presence (0).

Masks. MET(X) does not include the mask operator and the mask modality (L[} from
Section 5.1. Masking Biernacki et al. [2018]; Convent et al. [2020] is useful for effect
systems based on scoped rows where duplicated labels indicate nested handlers for
the same operation label. However, it is unclear what masking means for other effect
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structures, which is why we do not include it in MET(X). An interesting direction for
future work is to extend MeT(X) with a suitable notion of an abstract mask operator
and extend the syntax of relative modalities to (L| D), where L is a mask and D is
an extension. This extension will require extending the effect structure to define the

kinding and equivalence relations of masks.
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Part 111

Maetel the Language

We design a language Maetel with modal effect types, whose central feature is the Fresco
type inference algorithm for inferring first-class modal types, where modal types can

be implicitly introduced, eliminated, and used for instantiation.

Chapter 8 introduces the Fresco type system for first-class polymorphism. Chapter 9
presents the type inference algorithm of Fresco and proves its soundness and complete-

ness. Chapter 10 extends Fresco to infer modal effect types.
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8 A haunted bidirectional type system

Now, I call out to the spirits of this place.
—Arthas, Warcraft 111 (2002)

I like my type systems to be bidirectional.
—Conor Titania McBride (2018)

Consider the following application of a map function to a Church-encoded list
churchMap (Af.(f 42, f true)) churchIds
where churchMap and churchIds have the standard types

churchMap : Va b.(a — b) — CList a — CList b
churchlIds: CList (Ya.a — a)

with the type alias CList a = Vb.b — (a — b — b) — b for the Church encoding.
This simple example turns out to be surprisingly challenging for many type inference

systems. We identify two key challenges for type checking our example:

1. instantiating the type variable a of churchMap with the polymorphic type Va.a — a,
2. assigning the polymorphic type VYa.a — a to the parameter f of the first argument
term Af.(f 42, f true).

ML-style type inference [ Damas and Milner 1982; Milner et al. 1990] fails immediately
since it only supports rank-1 polymorphism, which restricts universal quantifiers to the
top level of types, while the types of churchMap and churchIds have universal quantifiers
nested inside function arrows. Bidirectional type inference [Peyton Jones et al. 2007;
Dunfield and Krishnaswami 2013] nicely supports higher-rank polymorphism, allowing
quantifiers to appear flexibly in types, as in the types of churchMap and churchIds.
Moreover, bidirectional type inference allows local type information to flow from
functions to arguments, which would address challenge (2) provided challenge (1) had

already been addressed. However, most existing work on bidirectional type inference
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with higher-rank polymorphism is restricted to monomorphic instantiation, i.e., instan-
tiation with monomorphic types (monotypes), and so does not address challenge (1),
which requires polymorphic instantiation, i.e., instantiation with polymorphic types
(polytypes). We refer to the combination of higher-rank polymorphism and polymorphic
instantiation as first-class polymorphism (FCP).

Type inference for FCP is a hot topic, with many different approaches, including
PolyML [Garrigue and Rémy 1999], LTI [Pierce and Turner 2000], MLF [Le Botlan
and Rémy 2003 ], HML [Leijen 2009], Boxy [ Vytiniotis et al. 2006 ], HMF [Leijen 2008],
QML [Russo and Vytiniotis 2009], GI [Serrano et al. 2018], QuickLook [Serrano et al.
2020], FCIF [Kovécs 2020], FreezeML [Emrich et al. 2020, 2022], SuperF [Parreaux et al.
2024], LCTI [Xue et al. 2026], and ATIA [Morris 2026 ]. However, almost all of these
approaches still fail to type check the above example.! Many of these approaches handle
polymorphic instantiation as in challenge (1) by using their own heuristics or constraint
solving algorithms to determine that churchMap should be instantiated with the polytype
Va.a — a as required by the argument churchIds. However, unlike bidirectional type
inference, they cannot make use of local type information flow to address challenge
(2). Some approaches, such as QuickLook [Serrano et al. 2020], the algorithm behind
the ImpredicativeTypes extension in GHC, do adopt bidirectional typing techniques
to support information flow from functions to arguments. This enables QuickLook to
address challenge (2), but it fails to address challenge (1), because it can make only
limited use of information about arguments to guide polymorphic instantiation.

Our two key challenges exemplify the need for different directions of type information
flow between functions and arguments. To address challenge (1), type information must
flow from the second argument churchIds to the function churchMap for polymorphic
instantiation. To address challenge (2), type information must flow from the instantiated
function to the first argument A f.(f 42, f true) in order to assign a polymorphic type to
f. However, combining these two directions of type information flow to obtain both of
their advantages is much more subtle than it may seem. Several existing type inference
systems emphasise mixed directions of type information flow [ Vytiniotis et al. 2006;
Serrano et al. 2020; Odersky et al. 2001; Xue et al. 2026]. However, as far as we are
aware, none of them sulffices to type check the above example due to limitations on how
different directions of type information flow can be mixed. Moreover, they often rely on
ad hoc algorithmic procedures to propagate local type information from arguments to

functions, and thus lack declarative specifications.

IThe exception is SuperF [Parreaux et al. 2024], which extends surface type syntax with constraints, but
lacks completeness results.
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In this chapter, we propose a novel bidirectional type system Fresco? for FCP that
utilises mixed directions of type information flow. Our central idea is to allow local
type information to first flow from arguments to functions, addressing challenge (1),
and then flow back from functions to arguments, addressing challenge (2). Fresco
enables this mixed information flow by haunting the type system. Instead of relying on
ad hoc mechanisms for collecting local type information from arguments, Fresco uses
skeleton inference, which mimics type inference, to infer skeletons of arguments. Skeletons
extend types with ghosts that represent unknown information. An ordinary ghost [
represents an unknown type, while a universal ghost [ represents unknown universal
quantifiers. For instance, a skeleton fi.f1 — Int represents a possibly polymorphic
function type with result type Int. Skeletons enable mixed information flow between
functions and arguments: known information in an argument skeleton is passed to its
function; unknown information denoted by ghosts in the skeleton is then filled in by
the function and passed back to the argument.

In order to provide fine-grained control over which information is considered known
and thus flows from arguments to functions, we introduce a term-level freezing operator
inspired by FreezeML [Emrich et al. 2020]. Freezing a term fixes its skeleton to be exactly
what is inferred from the term itself.

In order to succinctly distinguish synthesised (known from the term) and inherited
(known from the environment) information within a type, we follow Odersky et al.
[2001] in ascribing colours to types. This enables us to concisely express the declarative
type system in a form similar to more conventional bidirectional type systems, making

Fresco easier to understand and reason about.

A fundamental guiding principle of Fresco is that “polymorphism should never be
guessed out of thin air”. When instantiating a polymorphic type, Fresco only guesses
a universal quantifier if this quantifier is determined by known information collected
from the environment, such as via skeleton inference. Inspired by classic ideas on
provenance in database systems [Buneman et al. 2001] and Barendregt’s proof for
finiteness of developments [ Barendregt 1985], we formalise this principle in a declarative
specification by tagging each guessed quantifier.

In the rest of this chapter, we first give a high-level overview of Fresco in Section 8.1,
and then present a declarative type system for Fresco. We give a type inference algorithm
for Fresco in Chapter 9 and prove its soundness and completeness with respect to the
declarative type system. We focus on type inference for FCP in this chapter and Chapter 9.
In Chapter 10, we extend Fresco to infer modal effect types for our language Maetel.

2The name Fresco is a loose acronym of the key notions “FREezing, Skeletons, Colours, and ghOsts”.
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8 A haunted bidirectional type system

8.1 Overview

In this section, we give a high-level overview of Fresco. We begin with a brief recap
of conventional bidirectional type systems. Then we explain the key technical ideas of
Fresco one by one, including skeletons and ghosts, colours and modes, polymorphic
subtyping with tags, and freezing. Finally we provide more examples and discuss the
limitations of Fresco.

8.1.1 Conventional bidirectional type systems

Conventional bidirectional type systems split typing into inference mode I, where we
infer the type of a term, and checking mode C, where we check a term against a given
type. A function application rule typically has the following shape.

Tt M- A inst(A) = A1 — B I'te N: Aq
't MN:B

The application itself is in inference mode. We first infer the type A of the function,
then instantiate its type to a function type A; — B, and finally check the argument
against the argument type A;. Thus information flows from functions to arguments.
Such information flow naturally solves challenge (2) at the beginning of this chapter,
assuming the argument type is known. In the motivating example, if we are given the
type (Va.a — a) — Int X Bool, type checking the first argument proceeds as follows.

T,f:Va.a—arc(f42,f true): Int X Bool
I'vtc Af.(f 42, f true): (Va.a — a) — Int X Bool

The checking rule of lambda abstraction assigns the known polytype Ya.a — a to the
parameter f.

The missing step is the polymorphic instantiation in challenge (1). Many existing
bidirectional type systems restrict attention to higher-rank polymorphism [ Dunfield
and Pfenning 2004; Dunfield and Krishnaswami 2013; Cui et al. 2023; Zhao and d. S. Oli-
veira 2022; Jiang et al. 2025] and only allow instantiation with monotypes. We cannot
simply extend such systems with arbitrary implicit polymorphic instantiation as this
is an undecidable problem [Chrzaszcz 1998; Tiuryn and Urzyczyn 1996 |. However, in
our example the second argument churchlds provides the information to instantiate
churchMap with: the polytype Va.a — a. Thus, in order to address challenge (1), we
naturally wish information to flow from arguments to functions. Fresco enables such

information flow via skeletons and ghosts.
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8.1.2 Skeletons and ghosts

In order to perform polymorphic instantiation, we must collect information from the
argument churchlIds of type CList (Va.a — a), which expands to Vb.b — ((Va.a — a) —
b — b) — b. Directly using the argument type is, however, not always sufficient. Even
though this works in the motivating example, in general, further implicit instantiation
or generalisation may occur on the argument, before its type can be matched against
the argument type of the function. For instance, in foo churchIds where foo : (A —
((Va.a — a) - A — A) — A) — B, the type of churchlds is instantiated with A. As
a result, we should make sure that the information we collect from the argument is
compatible with the types of the argument after any instantiation or type abstraction.

Fresco uses skeletons to represent the information collected from arguments. Skeletons
extend types with ghosts, including both ordinary ghosts £1, which represent unknown
types, and universal ghosts [, which represent unknown (possibly empty) sequences

of universal quantifiers. For instance, we infer the following skeleton for churchIds.
AA = ((Vaa—-a)—->A—-0)—> A

This skeleton is consistent with any possible type that churchIds may have. Note that
is not a binder itself, and all instances of ghosts in a skeleton are unrelated. The four
appearances of [l can match any other types we use to instantiate churchIds. The top-
level fil can match any number of universal quantifiers introduced by type abstraction
on churchIds. As a result, in the example foo churchIds defined above, the skeleton of
churchIds is consistent with the argument type of foo. Meanwhile, the skeleton still
shows that list elements have type Va.a — a.

As another example, the skeleton of the first argument A f.(f 42, f true) to churchMap
is . — AL X LA It tells us that the term should have a possibly polymorphic function
type with an unknown argument type and a possibly polymorphic product return type.
Again, this skeleton is consistent with any possible type for a lambda abstraction of this
shape. In particular, it does not commit the type of f to be any specific type, but leaves it
as a ghost [1. Later, this information can flow back from the argument type of churchMap
to the lambda abstraction and resolve challenge (2), as illustrated in Section 8.1.1.

Skeletons only carry polymorphic information that we are certain about. For instance,
the skeleton of id cannot be Va.a — a, because the quantifier Va may be instantiated.
On the other hand, the quantifier Vo in the skeleton of churchIds is allowed, because it
is in a guarded position (under function arrows) which cannot be instantiated.

Skeleton inference rules of Fresco correspond one-to-one with the syntax-directed

typing rules of Fresco with systematic minimal changes (Section 8.7). We believe that
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skeleton inference smoothly scales to support other typing features. We provide some
evidence for this belief by extending our implementation of Fresco with effects and
handlers along with a modal effect type system [Tang et al. 2025; Tang and Lindley
2026].

8.1.3 Colours

Information provided by skeletons of arguments is known. When typing the function,
we want to synthesise its type guided by such information inherited from the arguments.
We use colours, following coloured local type inference (CLTI) [Odersky et al. 2001], to
distinguish between synthesised and inherited parts of a type. Unlike in CLTI [Odersky
et al. 2001], we allow monotypes to be freely guessed as they can be solved efficiently
by unification. As a result, we need only ascribe colours to universal quantifiers, which
cannot be guessed. For instance, we can fill in the ghosts of the skeleton of churchIds to
obtain a coloured type (which we call a bidirectional type) as follows for the function
churchMap.
Vb.b — (Ya.a > a) >b—>b)—>b

The quantifier Va is inherited (blue) since it is provided by the skeleton of the argument
churchIds. The quantifier Vb is synthesised (red) since it has to be inferred from the
function churchMap itself; the skeleton of churchIds only provides a universal ghost
in this position. In general, a blue quantifier is inherited from the context and a red
quantifier is synthesised from the term itself. Monotypes such as function arrows and
type variables are always uncoloured. When writing a monotype with colours, we mean
the same type as the uncoloured one. For instance, Int is the same as Int.

Type metavariables are classified into different syntactic categories by their colours.
A red A (a synthesised type) has only red quantifiers, a blue A (an inherited type) has
only blue quantifiers, and a grey /A (a bidirectional type) may have both red and blue
quantifiers. A black A has uncoloured quantifiers and only appears in term annotations
and contexts. For the same type metavariable A in different colours, these coloured
versions are all structurally equal, differing only in the colours of quantifiers. In other
words, type metavariables are colour blind. We also colour skeletons and have the same
conventions for P, P, P and

We define the above operation of filling in the ghosts as a skeleton refinement relation
P » A. Here, P is an inherited skeleton, and A is a bidirectional type with inherited
information from P and new synthesised information. For instance, the above skeleton

refinement is written as:

AA— ((Yaa—>a)—>A—>NA)— A Vb.b— (Ya.a—>a)—>b—>Db)—>b
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The refinement relation characterises what other types a skeleton represents. We can-
not fill in ghosts with arbitrary types. In P » /, we disallow use of variables introduced
by inherited quantifiers in P to fill in ghosts. For instance, Va.1 — a » Va.a — ais
invalid, even though the result type is well-scoped, because we use the bound variable
a to fill in a ghost. This restriction guarantees that when a quantifier is known, all
appearances of the bound variable must also be known, since these variable appearances

also describe the shape of the polytype.

8.1.4 Modes

In order to type check the motivating example, we need to utilise the information
from the second argument. However, a standard application rule such as the one in
Section 8.1.1 only takes one argument into account. Some previous work [Pierce and
Turner 2000; Serrano et al. 2020] gives the application spine M N a special typing rule.
However, it is not stable under term transformations such as adding a dummy lambda
abstraction, e.g., (Ax.M) 42 N. We adopt a more general approach to dealing with
argument terms. As shown in Section 8.1.1, bidirectional typing typically has two modes
I and C. Inspired by counters in Contextual Typing [Xue and Oliveira 2024], we add a
function mode form Fm (where m ranges over modes), for terms in function position.
Our modes are primarily used to track local program structure, unlike traditional
bidirectional typing where modes fully determine the direction of information flow.
For instance, the typing judgement for churchMap in our running example has the form
I' Fer 1 churchMap : A for some type A. The mode F F I merely tells us that it is applied to
two arguments, and that the whole application is in an inference position with no input
type. Information flow is determined by colours in the bidirectional type

8.1.5 Flowing back and forth

With all the above ideas (skeletons, ghosts, colours, and modes), we now show the key
rule of Fresco, the typing rule for function application. This rule enables information to
flow back and forth between functions and arguments.
I're N=>PQ® T'rP» AQ FTtenM: A > BB F'te N:A@®
'ty M N :

Though the rule is declarative, it is easiest to explain via an algorithmic intuition.
Skeleton inference (1) first infers a synthesised skeleton P for the argument N, which
carries the polytype information gleaned from N itself. The skeleton P is red since
it is known from the argument N itself. Since the argument skeleton is now known,

skeleton refinement (2) refines inherited P to a bidirectional type /, which is used as

123



8 A haunted bidirectional type system

the argument type of the function M in the typing judgement (3). The skeleton P is
blue since for the function M, it is inherited from the context (the argument N). The
occurrences of the grey A in (2) and (3) denote the same type with the same structure and
colours. Inherited quantifiers in /A come from the argument N in (1), while synthesised
quantifiers in A are inferred from the function M in (3). Finally, since the argument type
is fully known, we type check the argument N against the type A in (4). The type A is
blue since it is inherited from the context (the function M). In summary, information
first flows from the argument to the function, and then flows back from the function to
the argument. This differs from the application rule in Section 8.1.1, where information
only flows from function to argument.

It is worth noting that skeleton inference (1) uses checking mode C. This is because N
is in a checking position where potential instantiation or type abstraction may happen.
Skeleton inference takes this into account and infers a skeleton that is consistent with
any possible type of N.

As an example, we show how the running example is typed using the application
rule. With P;y4s = A.A — ((Va.a — a) > A — ) » Aand CList (Ya.a — a) = Vb.b —
((Va.a — a) =» b — b) — b, the typing of the outer application goes as follows.

I' . churchlds = P I'+ Py » Clist (Ya.a — a)
I' be1 churchMap (Af.(f 42, f true)) : CList (Va.a — a) — CList (Int X Bool)
T k¢ churchlds : CList (Va.a — a)

I' k1 churchMap (Af.(f 42, f true)) churchIds : CList (Int X Bool)

In each premise, we highlight the part that demonstrates how information flows from
the argument to the function and back. We infer the skeleton P;4s of churchlds, refine it
to the bidirectional type CList (Va.a — a), use this type as the argument type for the
inner application at mode F I, and finally type check churchIds. The typing of the inner
application goes as follows.

ke (Af(f 42, f true)) =» L. — QAL XA
I'r A — AA XA » (Ye.c = ¢) = Int X Bool
I' Frr1 churchMap @ ((Ye.c — ¢) — Int X Bool) — ClList (Va.a — a) — CList (Int X Bool)
Trc Af.(f 42, f true): (Vc.c — ¢) — Int X Bool

I’ ke1 churchMap (Af.(f 42, f true)) : CList (Va.a — a) — CList (Int X Bool)
In this case the skeleton .1 — [.[1 X [1 of the argument Af.(f 42, f true) does not

really provide any polymorphic information. The function churchMap infers the quantifier

Vc, which is then used as inherited information to type check the argument.
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8.1.6 Polymorphic subtyping with tags

We have seen how information flows back and forth. Now we focus on how the

polymorphic instantiation of churchMap is performed in its typing judgement:

I Fepr churchMap : ((Ye.c — ¢) — Int X Bool) — CList (Vc.c — ¢) — CList (Int X Bool)

The second argument type carries the inherited quantifier Vc from the skeleton of
churchIds. Recall that the type of churchMap is Va b.(a — b) — CList a — CList b. We
want to instantiate the type of churchMap to the bidirectional type above. As usual, we
combine instantiation together with type abstraction into a subtyping relation. For the

example here, the subtyping is:

I'tepp Vab.(a — b) — Clista — CList b <
((Vc.c = ¢) = Int XBool) — CList (Vc.c — ¢) — CList (Int X Bool)

Intuitively, this judgement upcasts the LHS to the RHS guided by inherited informa-
tion on the RHS. We must instantiate 2 to a polymorphic type Vc.c — c as determined by
the inherited information from the second argument. In a traditional bidirectional type
system such as that of Dunfield and Krishnaswami [2013], the declarative subtyping
rule guesses a monomorphic type for instantiation, which is solved by unification. In
Fresco, though we can still guess monotypes, we cannot guess polytypes arbitrarily.
Otherwise, for instance, single id would have possible types List (Va.a — a) and
List (A — A) with no best choice. Instead, we want to guess polytypes only based on
the inherited information we know. However, it is challenging to distil the idea of “never
guess polymorphism out of thin air” in a declarative way. This is one of the main reasons
that many type systems for FCP lack declarative specification and completeness results.
For instance, QuickLook [Serrano et al. 2020], which also collects information from
arguments to guide polymorphic instantiation of functions, only has an algorithmic
specification of instantiation.

We propose a novel approach to characterise the idea of “never guess polymorphism
out of thin air” in a declarative way, inspired by work on provenance tracking [ Buneman
et al. 2001] and residuals in lambda calculus [Barendregt 1985]. Within a polytype we
guess for instantiation, we tag each quantifier with a unique tag, and track whether
each quantifier is determined by inherited information via its tag. For instance, in the
subtyping judgement above, for the type variables a and b we guess ¢, = Vc.c — ¢
and ¢, = Int XBool. The tag € is fresh. After substituting ¢, for a, the second argument
type of the function type becomes CList (V°c.c — ¢), which matches the argument type
on the RHS:

€|k cClist (Vc.c > ¢) ~CList (Ye.c — ¢).
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8 A haunted bidirectional type system

This consistency judgement determines the tag € via the inherited quantifier Vc on the
RHS. The judgement includes a tag context (here the singleton €).

Tags share information about whether a guessed quantifier is determined across
different appearances of the same quantifier. A guessed quantifier is determined as long
as one of its appearances is determined by inherited information. For instance, in the
working example, ¢, appears twice in the instantiated type, but it is determined fully
by its second appearance in the second argument type CList (Vc.c — c). This improves
over prior work such as CLTI [Odersky et al. 2001] and Boxy types [ Vytiniotis et al.
2006]. These approaches also support mixed information flow through ideas similar
to colours and skeletons. However, they have a stricter restriction on polymorphic
instantiation, requiring all appearances of the guessed instantiation to be determined,
rather than just one.

We now present a negative example where subtyping fails as it would require guessing
polymorphism out of thin air. Consider single id. We may have the invalid subtyping

judgement:
I'bep Vaa — Lista < (Vb.b — b) — List (Vb.b — D)

Guessing ¢, = Vb.b — b for the instantiation, we have the subtyping judgement:

ke (VDb — b) — List (Vb.b — b) < (Vb.b — b) — List (Vb.b — b)

We cannot determine the tag € via this judgement, as both appearances of Vb correspond
to synthesised Vb on the RHS. As a result, in Fresco, List (Ya.a — a) is not a valid type
for single id. This solves the no best choice problem.

Our algorithm for subtyping does not guess types for instantiation. Instead, for an
instantiation, it uses a look judgement to inspect the RHS for the quantified variable.
Look is separated into constraint collection and constraint solving. In the motivating
example, constraint collection for a extracts from the correspondence between CList a
and CList (Vc.c — c) that the type for a should be consistent with Vc.c — c. Constraint
solving then determines the instantiation for a as Yc.c — c. One advantage of look is
that it is local: it only happens in subtyping for solving instantiation, and it does not
introduce any unification variable to the context. As a result, our algorithm only does

standard global unification for monotypes.

8.1.7 Freezing

The motivating example does not require freezing. The skeleton of churchIds already
provides enough information. Freezing is useful when argument skeletons do not
provide enough information. For instance, in single id, Fresco does not infer the type
List (Va.a — a). The reason is that the skeleton of id is .1 — [. We cannot give id a
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more concrete skeleton such as Va.a — a, as a skeleton should be consistent with any
possible type of the term (Section 8.1.2).

Freezing enables a programmer to fine-tune the information flowing from arguments
to functions. Freezing a term disables any potential instantiation or type abstraction on
it, regardless of the context. We write [ M] for freezing a term M. For instance, [ id] has
skeleton Va.a — a. As a result, Fresco infers the type List (Va.a — a) for single [id]
via the following derivation.

I+ [id] = Vb.b > b 't Vb.b—>b» Vb.b—>D
I tep single: (Vb.b — b) — List (Vb.b — b) Tre[id]: Vb.b > b

I +; single [id] : List (Vb.b — b)

The polymorphic instantiation of the function single succeeds because the first Vb is
inherited.

Though freezing an argument provides more information for the function, it is not
always desirable. For instance, run [id] where run : (Int — Int) — Int is ill-typed,
because run expects a function type Int — Int, yet [id] disables instantiation on id.

We give one more example of freezing based on a variant of our motivating example.
With a standard application function app : Vab.(a — b) — a — b, the following
application is ill-typed.

app (Af.(f 42, f true)) id

The argument id does not provide enough information to instantiate app with a polytype
Va.a — a, unlike churchIds in the motivating example. We can make it well-typed by
freezing id as follows.

app (Af.(f 42, f true)) [id]

Now app instantiates with Va.a — a, which then flows back to the lambda abstraction

and assigns a polytype to f.

8.1.8 Features and design choices

We discuss some important features and design choices of Fresco with examples.

Order irrelevance. Fresco is not sensitive to argument order. This observation is
exemplified by our motivating example, where the second argument churchIds provides
the information to instantiate the function churchMap, and this information flows back to
the first argument A f.(f 42, f true). As another simple example, consider two functions
choose : Va.a — a — aand auto : (Vb.b — b) — (Vb.b — b). Fresco infers the same type

for both choose auto id and choose id auto. In both cases, auto guides the instantiation
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of choose with (Vb.b — b) — (Vb.b — b), which then flows back to id and instantiates
id with Vb.b — b.

Polymorphic instantiation guided by result type. Section 8.1.6 illustrates how argu-
ment types guide polymorphic instantiation of functions. Inherited result types can
also guide polymorphic instantiation. For instance, for the type checking judgement
I' k¢ nil : List (Vb.b — b) where nil : Va.List a, its subtyping judgement is
I' . Va.list a < List (Vb.b — b). We guess V°b.b — b for instantiation, which is
determined by the consistency € | I' + Vb.b — b ~ Vb.b — b.

Flowing back and forth within one argument. We have seen how information flows
from one argument to the function, and then flows back to another argument. Fresco
also allows information to flow back to the same argument. For instance, consider the
application foo bar where foo : Va.((Yb.b — b) — a) — a and bar : Vc.c — (Vd.d — d).
The argument guides the function to instantiate 2 with Vd.d — d, while the function

guides the argument to instantiate c with Vb.b — b.

Further instantiation. As one would expect, Fresco allows types used for instantiation
to be further instantiated. For instance, given functions head : Va.List @ — a and ids :
List (Va.a — a), Fresco infers the type Int for head ids 42. The first application head ids
instantiates head with Va.a — a, which is the result type that is further instantiated
with Int to match 42.

Shallow subtyping. Fresco only considers shallow subtyping, i.e., instantiation and
type abstraction apply only to top-level types of terms. This is a common design choice
for FCP type systems, as it enables more polymorphism to be inferred. For instance, in
our motivating example, the skeleton of churchIds only contains the quantifier because
it is in a guarded position (inside a function arrow) and thus can never be instantiated.
In contrast, the skeleton of id is 1.1 — [l without the top-level quantifier, because it can
be instantiated. Modes play a central role in subtyping, determining when subtyping is

allowed. For instance, in the subtyping judgement
It Int = Vaaa — a < Int — Int — Int

we can still instantiate Va without breaking the shallow subtyping restriction as the
function mode F C specifies that the term is in function position, and we can instantiate

the whole function application term of type Va.a — a with Int.
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Value restriction. Fresco adopts the value restriction [Milner et al. 1990; Wright 1995].
Type abstraction only applies to syntactic values. For instance, given poly : (Va.a —
a) — Int, the term poly (Ax.x) is well-typed as information flowing from the function to
the argument introduces type abstraction on the argument Ax.x. In contrast, poly (id id)
is ill-typed as we cannot generalise the application id id because it is not a value. To
make it well-typed, we can either n-expand the argument to a value as poly (Ax.id id x),
or freeze the second id as poly (id [id]). Freezing allows us to directly infer the type
Va.a — a for the argument id [id] without a type abstraction. The value restriction
is helpful for extending Fresco with effects and inference for modal effect types in
Chapter 10.

8.1.9 Limitations

We discuss some limitations of Fresco with examples.

Failures. Consider the subtyping judgement I' +.. Va.1 — a < 1 — Vb.b — b.
The LHS type is uninhabited. Unfortunately, this subtyping judgement is invalid in
Fresco. Suppose we guess Vc.c — c as the instantiation of a. After instantiation we
have I . V¢c.c — ¢ < Vb.b — b. The quantifier V¢c is not determined by Vb because
we can still further instantiate it. However, for the original subtyping judgement, the
instantiation with V¢c.c — c is obviously the simplest solution. Extending Fresco to
support such subtyping judgements without violating the “never guess polymorphism
out of thin air” principle is an interesting direction for future work.

Ghosts are nameless. In Fresco, ghosts are nameless. Being nameless keeps skeletons
simple, but also loses the connection between different occurrences of ghosts. For

instance, consider the application compose poly head with type signatures:
compose : Yabc.(b > ¢) > (a > b) > a—c head:Vdlistd —>d poly:(Ve.e = e)— Int

The skeleton of poly is its type (Ve.e — ¢) — Int. The skeleton of headis f.List A — [,
which fails to capture the connection between the argument and result types of head.
The skeleton of poly guides instantiation of b with Ve.e — e. Type checking head would
require instantiating a with the polytype List (Ve.e — e), which is not possible as the
inherited information is too coarse.

In other systems such as QuickLook, this program is well-typed. QuickLook directly
uses unification variables when specifying the type inference algorithm, which pre-
serves the connection between argument and result types of head. We intentionally

omit unification variables from the declarative system of Fresco for simplicity and
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predictability. In order to permit such examples, a promising extension to explore is
named ghosts. We defer this exploration to future work.

Only flowing back and forth once. Fresco only allows information to flow back and
forth once, first flowing from the argument to the function, and then flowing back from
the function to the argument. It can be helpful for information to flow back and forth
multiple times between function and argument. For instance, consider the application
f g with two variables:

f:Ved.(c = c —Listd) — Int g:Vb.(Va.a = a) - b — List b

The skeleton of g is A.(Va.a — a) — [ — List [}, which guides f to instantiate ¢
with Va.a — a. This information then flows back to ¢ and guides it to instantiate b
with Va.a — a. However, in order to make it well-typed, we should instantiate d with
Va.a — a as well, which requires information flow from g to f again. We intentionally
do not allow such recurring information flow in Fresco for efficiency and predictability

reasons. We defer exploring such an extension to future work.

8.1.10 Comparison of type systems for FCP

We make no claim that Fresco is the most expressive type inference system for FCP.
There are examples that type check in other systems but not in Fresco (and vice versa).
We compare Fresco with representative type inference algorithms for FCP including
QuickLook (QL) [Serrano et al. 2020], HMF [Leijen 2008], MLF [Le Botlan and Rémy
2003], ATIA [Morris 2026], and FCIF [Kovacs 2020] through examples. Figure 8.2
shows the comparison results, where most examples are taken from Serrano et al. [2018,
2020]. We add a few new examples that benefit from mixed directions of information
flow. Type signatures of functions appearing in these tables are given in Figure 8.1. For
Fresco, QL, and HMF, we show results with both native lists (Nat.) and Church-encoded
lists (Ch.), if they are different. For MLF, ATIA, and FCIF, we only show results with
Church-encoded lists.

Our comparison shows that Fresco performs well compared to systems that extend
surface type syntax (MLF) or algorithms without declarative specification (QL, ATIA,
FCIF), even though Fresco stays with plain System F types and has a declarative
specification with completeness results. We believe that Fresco achieves a good balance
between expressiveness and simplicity in the sense that programs that are obviously
well-typed through mixed directions of local type information between functions and
arguments can be type checked in Fresco.
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head : Va.Lista — a tail:Va.lista — Lista
append : Va.List a — List a — Lista nil : Va.Lista

cons : Ya.a — List a — Lista map :VYab.(a > b) > Lista — List b
single: VYa.a — Lista length : Va.List a — Int

compose : Yabc.(b - ¢) > (a > b) > a—>c runST : Va.(Vs.STsa) — a

app:Vab.(a > b)—>a—b pair:VYab.a —-b—>axb
argST : Vs.ST s Int revapp:VYab.a —» (a > b) > b
choose : Va.a —a —a id:Va.a — a
auto : (Ya.a — a) —» (Va.a — a) auto’ : Yb.(Wa.a — a) — (b — b)
ids: List (Va.a — a) inc: Int — Int
poly : (Ya.a — a) — Int X Bool polys : List (Ya.a — a) — Int X Bool

Figure 8.1: Type signatures for functions used in the comparison. For Church encodings, List A
denotes Yb.b —» (A - b — b) — b.
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Fresco QL HMF MLF ATIA FCIF
Nat. Ch. Nat. Ch. Nat. Ch.
A Polymorphic instantiation
Al Axy.y ® o ® ® ® o
A2  choose id (] (] (] (] (] (]
A3 choose nil ids o e O o () () (]
A4 A(x:Va.a - a)xx ® () () () () ()
A5  idauto ([ o ([ [ J [ J ([ J
A6  idauto’ [ J O ([ J [ [ J ([ J
A7  choose id auto { ] { { { {
A8 choose id auto’ O O O ® O O
A9  f (choose id) ids where [ ) ® O O () () ()
f:Va.(a - a)—>Lista—a
Al0Oa poly id ([ [ ([ [ J ([ J ([ J
A10b poly (Ax.x) ® [ [ ) ® () ()
Al0c id poly (Ax.x) ® () o ® ® o
A1l k (Af.(f 42, f true)) xs where o e O O O O O
k:Va.a — List a — Int,
xs : List ((Va.a — a) — (Int,Bool))
Al2a app poly id ® () ® () ® ®
A12b revapp id poly ® ® ® ® ® ®
Al3a app runST argST () () () () () ()
A13b revapp argST runST ° ( ° ® ® ®
B Functions on polymorphic lists
Bla tail ids ([ ([ O ([ [ J [ J ([ J
Blb head ids ([ ( O ( ([ o o
Blc single id [ [ [ ® ® [ )
B2  cons idids (] ® O { (] (  J
B3  cons (Ax.x) ids ® e O ® () O [ )
B4  append (single inc) (single id) [ ) [ ) [ ) [ ) [ ) ()
B5  append (single id) ids ® ® O O ® ® ®
B6  map poly (single id) ® () O ® () ()
B7  map head (single ids) O e O e O e () ()
B8  head ids true (] ® O { (] (] (]
C  Inference of polymorphic lambda binders and generalisation points
Cla Af.(f 42, f true) O O O O O O
Clb A(f :Va.a — a).(f 42, f true) [ ) [ ) o () () ()
Clc g (Af.(f 42, f true)) where ® o @) O [ [
g :((Va.a — a) — Int X Bool) — 1
C2 r(Axy.y) where o o O e o o

r:(Ya.a — Yb.b — b) — Int

Figure 8.2: Comparison of type systems for FCP. ® means accepted and O means rejected.
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Fresco QL HMF MLF ATIA FCIF
Nat. Ch. Nat. Ch. Nat. Ch.
E  n-expansion
Ela k hlst O O O O O O
Elb k (Ax.h x)Ist where () ®e O ® O O O
Ist : List (Va.Int — a — a),
k:Va.a — Lista — a,
h:Int > Va.a—a
E2a Ax.poly x O O O [ O O
E2b (Ax.poly x) : (VYa.a — a) — Int X Bool () () O () o ()
E3a app poly id () () () o () ®
E3b app (Ax.poly x) id © @) O () O O
Fresco: app (Ax.poly x) [id]
E4a map poly ids ® [ ® ® ® ®
E4b map (Ax.poly x) ids () ® O O () O O
E5a compose poly head O [ ) ® o ® [
E5b Axs.poly (head xs) O O O () @) @)
E  n-expansion (new)
E6 (Af.app f) poly id () @) O ° ® ®
E7 (Af.app poly f) id © O O [ ) O O
Fresco: (Af.app poly f) [id]
F  Bidirectional information flow (new)
F1  map (Af.(f true, f 42)) ids ° e O O O O O
F2  app (Af.(f true, f 42)) id © @) O O O O
Fresco: app (Af.(f true, f 42)) [id]
F3 mapidids O ® O [ ) ) ® [
F4 (Af.(f 42, f true)) id © @) O O O O
Fresco: (Af.(f 42, f true)) [id]
F5 pair (Ax.42)42: ® () [ ) ° o O
((VYa.a — a) - Int) X Int
F6  choose nil ids [ ] ® O (] (] (] (]
F7  head (choose nil ids) e © o O ® [ ) ® ()
Fresco: head (choose nil [ids])
F8 f (Ax.ids) where () @) () () ® ()
f:Va.(Int - a) - a
F9  f (Ax.(x,ids)) where [ ) O ® ® ® [ )
f:Va.(Vb.b - bxa) —a
F10 f (Ax.ids) where () O ® () () ()
f:Va.(Yb.b > b) > a)—>a
Flla polys (single id) ° [ ) O ] O ()
F11b let xs = single id in polys xs () O @) () @) @)

Fresco: let xs = single [id] in polys xs

Figure 8.2: Comparison of type systems for FCP (continued). ® means accepted, O means
rejected, and © means accepted with freezing.
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8 A haunted bidirectional type system
8.2 Syntax, colours, and modes

For clarity, we first present the syntax of types and terms, typing, and subtyping for
Fresco, and then introduce skeletons and skeleton inference.

Types A,B:=1|a|A— B|Va.A

Synthesised types A,Bu=1]a|A— B|Va.A

Inherited types A,Bu=1|a|A— B|Va.A

Bidirectional types ,Bu=1]a| A — B|Va.A|Va

Modes m:=I|C|Fm

Terms M,N:=()| x| Ax.M|AxAM|M:A
| IM]IMN

Values V=) x| AXxM|AXAM|V:A

Contexts lFe=-|T,a|T,x:A

Figure 8.3: Syntax of Fresco.

Figure 8.3 shows the syntax of types, terms, contexts, and modes for Fresco. Types
include a unit type (1), type variables («), function types (A — B), and universal types
(Ya.A). As usual, we have standard well-scopedness (I' - A) and a-equivalence (I +
A = B) on types, including coloured types, as well as terms. We adopt the Barendregt
convention that all variables are distinct [ Barendregt 1985]. We say that a type is guarded
if it has no top-level quantifiers.

Modes, as introduced in Section 8.1.4, track local program structure, indicating
whether a term is in an inference position (I), a checking position (C), or a function
position (Fm) with function body at mode m. Function modes specify whether the
argument type comes from an argument term.

Colours, as introduced in Section 8.1.3, track the direction of information flow for
polytypes. We write plain types in black, synthesised types in red, inherited types in blue,
and bidirectional types in . We only care about whether a quantifier is synthesised
or inherited; monotypes are always black. A bidirectional type / tracks whether each
quantifier is synthesised (Vo) or inherited (Va). The syntax of bidirectional types
subsumes the syntax of synthesised and inherited types. Types in term annotations
and contexts remain black. Consequently, programmers never write coloured types in

annotations, and never see variable bindings with coloured types in contexts.

The syntax of terms and contexts is mostly standard. We include a freezing operator
[ M] inspired by FreezeML [Emrich et al. 2020], which allows us to freeze the type
synthesised for M in the current context, and thus treat it as inherited. We have a
syntactic category of values V for the value restriction [Milner et al. 1990; Wright 1995].
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8.3 Typing rules

8.3 Typing rules

Figure 8.4 gives the declarative typing rules for Fresco. We highlight judgements we
have not yet defined in light grey background. The typing judgement has the form
I' by M : A, which states that under context I in mode m the term M has type A. As usual,
we require standard well-scopedness of M and A under I as well-formedness conditions
for the typing judgement. Moreover, we require compatibility between coloured types
and modes A :%¥ m defined as follows.

Ym

AWI AW — B:YFm

This compatibility relation demonstrates how local program structures interact with
information flow directions. In inference mode I, the type is always synthesised (i.e.,
determined by the term itself). In checking mode C, the type is always inherited (i.e.,
determined by the term context). In function mode F m, the type is a function type whose

argument type is bidirectional and whose result type depends on m recursively.

Iy M :
D-Unir D-Var D-AnNoO D-Sus
I'sx:A F'eeM:A F'e;k M- A IF'r, A<
T'r: ():1 Frrx:A Frrir(M:A):A Tty M :
D-Freeze D-ForaLL D-Ass D-ABsANNO
I'etM: A IarcV:A Ix:Avrp. M Ix:Avyp M :
Frc[M]: A Tte V:iVa.A Tt AxM: A — Chy AXAM: A >
D-Arpr
I'te N=>P THFP» F'ren M A — IT'tc N:A
I'th M N :

Figure 8.4: Declarative typing rules for Fresco.

Many of the rules are standard bidirectional typing rules. Rule D-Unir infers the unit
type for unit. Rule D-Var infers the type A for variable x from the context. Rule D-Anno
checks the term M against the type A inherited from the type annotation and infers the
type A. As mentioned in Section 8.1.3, the types A, A, and A in this rule are identical
modulo colour. Rule D-ForatL introduces an inherited universal quantifier in checking
mode. We require the quantifier to be inherited to avoid guessing type abstraction.

Upcasting and abstraction rules allow an arbitrary mode m in the conclusion, gener-

alising standard bidirectional typing, which only allows checking mode. Rule D-Sus
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8 A haunted bidirectional type system

upcasts the synthesised type A of a term M to the bidirectional type 5 guided by the
mode m. We define the subtyping judgement in Section 8.5. Rule D-Ass introduces an
unannotated lambda abstraction. We require the argument type to be inherited to avoid
guessing quantifiers without restricting it to monotypes. Rule D-ApsAnNo introduces
an annotated lambda abstraction. The argument type in the conclusion does not need
to be inherited since it is fully determined by the known type annotation. In both rules,

we use m— as the mode of the premises defined as follows.
(Fm)—=m I-=1 c-=¢

Since monotypes are uncoloured, our rule D-Ass allows monotypes to be guessed for
arguments of lambda abstractions. For instance, we have the following typing derivation

where we guess the unit type for the parameter x of a lambda abstraction.

x:1rpx:1

(applying D-Ass)
FrAxx 1 —>

Rule D-Arp is key to enabling bidirectional type information flow, as we explained in
detail in Section 8.1.5. We will formally define skeletons P, skeleton inference I' . N =»
P, and skeleton refinement I' + P » A in Sections 8.6 and 8.7.

Rule D-Freeze freezes the synthesised type A of term M, as explained in Section 8.1.7.
It disables further upcasting by switching from inference mode I to checking mode
C. For instance, we cannot apply rule D-Sus to the term [id], because [id] must be
in checking mode, while D-Sus requires inference mode for its premise. Similarly, we
cannot apply rule D-Sus to the term (Ax.[id]) either, which can only be in checking
mode or function modes. Moreover, we may not apply D-Foratt to [id], as the syntax

of values V does not include frozen terms.

8.4 Syntax-directed typing rules

Our typing rules in Figure 8.4 enjoy a clear connection to conventional bidirectional
typing rules. However, they are not syntax-directed because of overlaps introduced
by rules D-Sus and D-ForatrL. We incorporate both rules into other rules to obtain a
syntax-directed type system. The full syntax-directed typing rules are given in Figure 8.5
where the main changes are highlighted.

Concretely, we incorporate D-Sus into the three base rules D-Unir, D-Var, and
D-AnnNo, having the subtyping judgement as a premise. We incorporate D-ForaLL into
the two lambda abstraction rules D-Ass and D-AssAnNo, which requires separating the
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8.5 Subtyping and consistency

Ity M :
SD-UnNit SD-Var SD-ANNO SD-FREEZE
', 1< 'sx:A TH AL FrreM:A TH AL 'riM: A
Tt O by x: 'ty (M:A): It [M]:A
SD-AESCHECK SD-ABs
Ia,x:A+cM:B m#C Ix:Avp. M:
F're AxM: Ya.A— B F'rpAx M: A —
SD-ABsANNOCHECK SD-ABsANNO
Ia,x :Arc M : B m#C I x:Avp. M:
[re AxA.M: Va. A — B T AXAM: A —
SD-Arp
'tc N=>»P F'rPo» F'ten M A — F'te N:A
T't, M N :

Figure 8.5: Syntax-directed declarative typing rules for Fresco.

rules for checking mode, SD-ABsCHeck and SD-ABsANNOCHECK, where we introduce

inherited quantifiers, from the rules for other modes, SD-Ass and SD-ABsANNoO.
Writing I' ) M : A for the syntax-directed typing judgement, we prove the following

soundness and completeness lemmas of the syntax-directed type system in our Rocq

mechanisation.
Lemma 19 (Soundness of Syntax-Directed Rule). IfT' +; M : A, then T +, M :
Lemma 20 (Completeness of Syntax-Directed Rule). IfT' -y M : A, then T +;, M :

The key challenge is to prove the completeness lemma, which requires showing that
the general subsumption rule D-Sus is admissible in the syntax-directed type system.
The intuition is that if we upcast the type of a term M non-trivially in the declarative
type system, we can always push the upcast down, depending on the structure of M,
until we reach a base case where we can apply the rules SD-Unit, SD-VAR, or SD-ANNO.

This syntax-directed type system helps with the design of skeleton inference in
Section 8.7 and the design of type inference algorithms in Chapter 9.

8.5 Subtyping and consistency

A fundamental principle of Fresco is to never guess polytypes out of thin air. Instead,
we only guess polytypes that can be determined by inherited type information. In

order to make sure that every universal quantifier we guess is determined by some
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8 A haunted bidirectional type system

Decorated types @ u=1|a| p1 = @2 | Vea.p Tag contexts W:u=-|W,e Tags €
Unresolved types T:u=1|a|Ti - T | Voa.T Potential tags 6 :=-|e€
Fl—q)#\]}’H(p#\I"
I'rop pH#W 1 #WY P # W p#Y
F'ro#W 1#- a#- P12 e #Y YW Vea.p # W {e}
Figure 8.6: Syntax and well-formedness rules for tagged types.
W Tk, T<
S-INFER S-CHEck S-ForaLLR
[ THFT~A T, A guarded VI|T+T ~A VI Tlar, T<A
' T<KA VI|ITr T<KA W T T<VaA
S-ArrOW S-ForaLLL
Wi | THT ~ Y [T+, b < m#zI Wiresh Tro#VWV W W |TH Tle/a] <
W, Wy [The, T » T <A — WI|TH, VaT <
WI|THT ~
C-Unrit C-Var C-ForatrLInua C-ForaLLSYN
I'sa VIT,arT~ VI IT,arT~
JTr1~1 JTra~a W,6|TFVYa.T ~ Va. YT+ VYaT ~ Va.
C-ArrOW
\I’1|1"|—T1~ \I’zll"»—T2~

\Pl,\l—’zlrFTl—)Tz~ —

Figure 8.7: Subtyping and consistency rules for Fresco.

inherited quantifier, we decorate universal quantifiers with tags, whose syntax and

well-formedness rules are given in Figure 8.6.

Tags track the provenance of quantifiers, as explained in Section 8.1.6. A decorated
type ¢ is always synthesised and includes a tag € on every quantifier. An unresolved
type T is always synthesised and may have tags on some quantifiers. A tag context W is
a set of tags. We write W, W’ for set union and W & W’ for disjoint union. A potential
tag 0 is either a tag or empty. We define W, 6 as W if 6 is empty, and as W, € if 6 is €. We
define well-formedness of decorated types I' - ¢ # W in Figure 8.6. This judgement
combines I' ¢, the standard well-scopedness judgement of types, and ¢ # W, which

checks that W contains all tags in ¢ and each quantifier has a unique tag.
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8.5 Subtyping and consistency

Figure 8.7 defines the subtyping and consistency relations for Fresco. The subtyping
judgement has the form W | ' +, T < A (abbreviated asI' +, T < A if ¥ is empty),
which states that given tags W under context I' in mode m, unresolved type T is a
subtype of bidirectional type /. As with the typing judgement, we require standard
well-scopedness and A :%¥ mas well-formedness conditions for the subtyping judgement.
The consistency judgement has the form W | I' + T ~ A, which states that given tags
W under context I' the unresolved type T' is consistent with the bidirectional type
Intuitively, in addition to their usual roles, subtyping and consistency rules aim to use
inherited quantifiers from A to determine tagged quantifiers in T, so that these tagged
quantifiers are not guessed out of thin air. The tag context W does not contain all tags in
T, but only those determined from

Rule S-InrER solves no tags in inference mode. Rule S-CHeck degenerates to consist-
ency when both sides are guarded. Rule S-ForaLrLR introduces an inherited quantifier
in checking mode. Rule S-Arrow upcasts a function type T — T, to a bidirectional
function type — in function mode Fm by unifying the argument types and
recursively upcasting the result type. This does not break our claim of only allowing
shallow subtyping, because the mode F m indicates that the term of this function type is
indeed applied to an argument, so the upcasting of its result type is allowed. The solved
tags of the conclusion are the union of those from the two premises. In this sense, the
tag context is a relevant context: tags may be duplicated, but each tag it contains must
be determined.

Rule S-ForaLLL is the most interesting one, since it is where guessing polytypes
happens. We have explained its core idea with the motivating example in Section 8.1.6.
It requires the mode not to be I to avoid overlapping with S-INrer where no instantiation
is allowed. For instance, the type Va.a — « can only be upcast to itself in inference
mode; we cannot instantiate it. For the instantiation, we guess a decorated type ¢
whose tags in W’ are unique and fresh. Adding all tags W’ of ¢ to the tag context of
the premise subtyping judgement ensures that every quantifier in ¢ is determined by
inherited information from A. The potential tag 6 is not solved in this rule since we
cannot guarantee that the quantifier being instantiated must exist.

Most consistency rules are straightforward. Rule C-ForaLLINH is the only rule where
we add a tag to the tag context, since this tag is determined by the inherited quantifier
on the RHS. Rule C-ForaLLSyN does not determine any tag since the RHS is synthesised.
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8 A haunted bidirectional type system

8.6 Skeletons and ghosts

Skeletons extend types with ghosts to represent unknown type information. Figure 8.8

gives the syntax, well-formedness, and refinement rules for skeletons.

Skeletons P,Qu:=1|a|P— Q]| Va.P | A AP
Synthesised skeletons P,Q:=1|a|P — Q| Va.P | A A.P
Inherited skeletons P,Qu=1]|a|P—Q]|VYa.P | A A.P
Bidirectional skeletons P, O :=1|a| P — O | Va.P | Va.P | ] A.
I'sa A+ T'|A+
T|AFA TIAF1 T|Ara T|AF D —
Ia|A ar guarded F\A|- -+
T|AF TIAFA.
FT'|ArP»
I'|ArPi» T|ArPy» Fa|Aa+rP»
I'NArl»1l T|Arara F'|ArPy — Py» — 'l ArVYa.P» Va.
ANftv(Q) =10 F|AFP» Fa|Avr R.P» F|AFP»
TIAFA» O T|AFAP» T|AFAP» Va. T|AFAP» A

Figure 8.8: Syntax, well-formedness, and refinement rules for skeletons.

A plain ghost [l represents an unknown type. A universal ghost f in f.P represents
a sequence of unknown universal quantifiers. Like types, skeletons may be coloured as
synthesised skeletons (P), inherited skeletons (P ), and bidirectional skeletons (”). Only
concrete quantifiers are coloured; ghosts themselves are always black. The guarded
condition is extended to skeletons, with fl.P and [ being unguarded, and similarly
extended to coloured skeletons.

Well-formedness of skeletons. We require universal ghosts to only appear at the end
of a sequence of quantifiers. This is important for our algorithm to deterministically
solve the unification between two quantifier sequences. Moreover, given a skeleton
P, for each universal ghost f1.Q in P, a type variable free in Q cannot be bound in P.
This maintains the above invariant under instantiation. For instance, under a context
containing f, Va.fll.«x is not well-formed, because the bound variable @ appears under a
universal ghost, while Va.f.f is well-formed, because f is not bound by the skeleton
but by the context.
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8.7 Skeleton inference

We characterise these requirements on universal ghosts via the well-formedness of
skeletons. We write I P if the bidirectional skeleton P’ is well-formed under context
I'. We use an auxiliary set A to track the type variables bound by universal quantifiers
in the skeleton, since these variables cannot be used under universal ghosts. The full
judgement thus has the form I' | A + . We write I' \ A for the context after removing the
variables in A from I'. The well-formedness rules are given in Figure 8.8, where we write

to match both Va and Va. Since colours play no role here, we define well-formedness

of uncoloured skeletons (I" - P) by simply ignoring colours in these rules.

Skeleton refinement. We define a skeleton refinement relation I' + P » ) which fills
in ghosts on the LHS with synthesised skeletons to obtain the RHS. We require well-
formedness of both P and O under I' as well-formedness conditions of the refinement
judgement. Skeleton refinement characterises what skeletons a skeleton can represent.
As discussed in Section 8.1.3, no ghost in a skeleton P can represent skeletons that use
type variables bound in P. To enforce this requirement, we augment the full judgement
formtoI' | A+ P » O, where the set A tracks type variables bound in P. The refinement
rules are given in Figure 8.8. As with well-formedness, we define the refinement of

uncoloured skeletons (I' - P » Q) by ignoring colours in these rules.

For refining [, we require Q to contain no variables from A. For refining i, we have
three rules. The first rule removes a f) on the left. The second rule feeds a concrete
quantifier a on the right into a A on the left. We do not add «a to A in the premise
because it is bound by the synthesised quantifier and can be used when filling ghosts,
unlike variables bound by inherited quantifiers in A. The third rule removes a [ on the
left and the right.

8.7 Skeleton inference

There are different skeleton inference strategies. The most naive approach is to always
infer the trivial skeleton [, which provides no useful information. A more refined and
principled approach to skeleton inference is to follow the structure of the typing rules,
inserting ghosts as needed.

To define skeleton inference, we extend the syntax of variable bindings x : A in
contexts I' to x : P. Figure 8.9 gives the skeleton inference rules. Skeleton inference has
the form I' v, M =» I, which means that the term M has skeleton I’ under context I in

mode m. We require well-formedness of M and P under I" as well-formedness conditions
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8 A haunted bidirectional type system

for the skeleton inference judgement, as well as the compatibility between bidirectional
skeletons and modes I :%¢ m defined as follows.

K m

Pk P k¢ — O *Fm

The only difference from A :¥ m defined in Section 8.3 is that checking mode also
requires a synthesised skeleton, since the goal of skeleton inference in checking mode
is to infer a skeleton consistent with any types that the term can be checked against,
instead of checking the term against an inherited type.

P-Unrt P-Var P-AnNo P-FrREEZE
Trf1< I'sx:P TP THKA L v, M =P
', () > Tk, x = ', M:A)=> It [M]=>P
P-ABsCHECK P-Ass
Ix:QAr.M=Q m#C Ix:Pr,_ M =>
IF're Ax.M == Q.0 -0 e, Ax. M 22 P —
P-ABsANNOCHECK P-ABsAnNNO
I'x:Ar. M =>Q m#C [x:Ar_M=>
T AxAM = QA —Q [, AxAM 2 A —
P-Aprpr
I'tc N=>P I'rP» gy M 2 P/ —
F'r, MN ==

Figure 8.9: Skeleton inference rules for Fresco.

Skeleton inference rules correspond one-to-one with the syntax-directed variant of
the typing rules in Sections 8.3 and 8.4. There are two main differences. The first is
that in rules P-Anno and P-Arp we do not need to do type checking, because skeleton
inference only cares about inferring a skeleton for the term, rather than ensuring that the
term is well-typed. The second is that in P-AssCHeck and P-ABsANNOCHEcCk we insert
universal ghosts, while in the corresponding syntax-directed typing rules SD-AssCHeck
and SD-AsANNOCHEck we have inherited universal quantifiers.

In P-Unirr, P-Vag, and P-AnnNo, we use the subtyping judgement between skeletons
[ k% P < O which also mimics the subtyping judgement for types in Section 8.5. Unlike
typing, a general subsumption rule like D-Sus does not work for skeleton inference.
Otherwise, for example, we can infer a skeleton .1 — (Va.a — a) for Axl.id under

mode C, by first inferring the skeleton of this term under mode I and then applying a
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8.8 Skeleton subtyping and consistency

Decorated skeletons ¢ u=1|a | 1 — o | Va.p | 71| #.¢
Unresolved skeletons S:u=1|a|S; — S, |Va.S|A|#| RS #.S
T Y #W || #W
Try Y #W P AW Y # Y #W
Ty # W 14#- a# - U1 — P # W 5 W Vo) # W {e}
Y #W
T WL # W

Figure 8.10: Syntax and well-formedness rules for decorated skeletons.

general subsumption rule. However, this skeleton is not compatible with instantiation
of id. The expected skeleton is 1.1 — (f.L1 — [).

8.8 Skeleton subtyping and consistency

As in Section 8.5, we define decorated skeletons and unresolved skeletons in Figure 8.10.

In addition to adding tags to quantifiers, we also use dotted ghosts i and i in
decorated skeletons. Dotted ghosts are used to avoid trivial guesses for instantiation
as explained later. As in Section 8.5, we write ¢ # W if W contains all tags in 1) and
each quantifier has a unique tag. We define an erasure operation | S| which gives a
synthesised skeleton by removing all tags and transforming dotted ghosts to normal
ghosts. Well-formedness and guardedness of decorated skeletons and unresolved
skeletons are defined by those of their erasure. The judgement I' - i) # W combines
I' + ¢ with ¢ # W, as defined in Figure 8.10. The superscript sk distinguishes this
judgement from the well-formedness judgement of decorated types in Section 8.5,
which we sometimes also annotate with ty asI' F ¢ # W. We define the sort n = ty | sk
and write I' " ¢ # W to range over both.

Figure 8.11 defines skeleton subtyping and skeleton consistency. Most of the subtyping
and consistency rules mimic their type counterparts in Figure 8.7. We highlight the new
rules for ghosts; other rules coincide with those for types. As with well-formedness
judgements, we annotate the subtyping judgement withasortnas W |I'+) S < P to
range over both types and skeletons. When n = ty, the judgement is for types and
metavariables S and P are types; when n = sk, the judgement is for skeletons.

Skeleton subtyping W | T +$¢ S < P requires well-formedness of S and I’ under T as
well as I’ :%¢ m as well-formedness conditions. Intuitively, skeleton subtyping upcasts S

to I’ guided by inherited information in /. Rule S-UNivGHosTR inserts a universal ghost
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W TrkS <

S-INFER S-UntvGHosTR S-GHosT S-GrostG
|[T+S~P S,Pguarded -|TFS~P

| THES <P | TrES<AP A THRASP TR

S-ArRrROW S-ForarLL

W |TFS; ~ Wy | THES, < m#I Wifresh T+ yY#W W0 |T5S[Y/a] <

‘Ifl,\I/2|Fk§'f"51—>52< -

S-UnivGHosTL
m#I  W|TrES<

VTRV <

S-UnivGHosTLG
m#zI  W|THS

W THCAS < W | Tk S <

W|TkFS~

C-Unit C-Var C-ForarLINH C-ForaLLSYN
I'sa VIT,arS~ VIT,arS~
JTr1~1 JTra~a W,5|TFVYa.S ~Va. W|T+VYa.S~Va.
C-ArRrowW C-GHosT C-GHostG
\I/1|1"|—51~ \112|F|—52~
Wy, Wa [THS — S5~ [ T-rA~P A TrEH~A

C-UnivGHosTG
W|TFS~

W | Tk #S ~ A

C-UnivGHosT2
V| |TrS~

VI T*rAS~

C-UnivGHosT1
V| T, arAS~

W|T+AS ~ Va.

C-UnivGHoSsT
W|TkFS ~

W I|TrFAS~A.

Figure 8.11: Subtyping and consistency rules of skeletons for Fresco.

in checking mode, replacing S-CrHeck and S-ForatLR in Figure 8.7. Rule S-Un1vGHostL
instantiates a universal ghost. Like S-ForaLLL, it requires the mode not to be inference
mode. Rule S-GHosT upcasts a ghost to any inherited skeleton. There are two new rules
for dotted ghosts. S-UnivGHOSTLG is the same as S-UnivGHosTL. S-GHostG forces the
RHS to be a ghost to avoid trivial guesses.

Skeleton consistency W | I' + S ~ P requires well-formedness of S and P’ under
I' as well as the refinement judgement I' - | S| » P. Intuitively, skeleton consistency
refines S to I’ guided by inherited information in . The first five rules are the same
as their type counterparts in Figure 8.7, except that they are lifted to skeletons. The
remaining rules are for ghosts and dotted ghosts. Rule C-GHost matches a ghost
with any inherited skeleton, while rule C-GrostG matches a dotted ghost with a

ghost. Rule C-UnNivGHosTG matches a dotted universal ghost with a universal ghost.
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8.8 Skeleton subtyping and consistency

Rules C-Un1vGHost, C-UN1vGHosT1, and C-UNivGHosT2 match a universal ghost to a
universal ghost or an inherited quantifier, or remove a universal ghost.

As shown in rules S-GrosTtG, C-GHOsTG, and C-UnivGHosTG, a dotted ghost can
only match a ghost. This avoids trivial guesses in S-ForaLLL. Otherwise, for example,
we can always guess the trivial skeleton [} for instantiation, which always succeeds but

provides no information.
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In fact “wrong” has no type.

—Robin Milner (1978)

We presented the declarative specification of Fresco in Chapter 8. It is non-algorithmic
because of guesses: we guess monotypes arbitrarily and we guess decorated polytypes
for instantiation in subtyping. In this chapter, we give an algorithmic type system for
Fresco presented in the style of the type-inference-in-context approach [Gundry 2013;
Gundry et al. 2010]. For guessing monotypes, we introduce flexible type variables and
solve them with standard first-order unification. For guessing decorated polytypes, we
introduce a novel look judgement which first collects local polymorphic constraints
for a type variable and then constructs a polytype for instantiating the type variable
by solving these constraints. This judgement is the most interesting machinery of the
algorithm and is presented in Section 9.6.

We prove the algorithmic type system is sound and complete with respect to the
declarative type system in Chapter 8. Our completeness result indicates that instead
of understanding and simulating the involved details of the algorithm, programmers
can reason about which programs type check by using the more succinct declarative
specification. This is in contrast to many existing approaches to type inference for FCP
in the literature which focus on developing advanced algorithms without declarative
specifications or completeness results [Kovacs 2020; Morris 2026; Serrano et al. 2020;
Parreaux et al. 2024].

9.1 Algorithmic syntax

Figure 9.1 gives the extended syntax of types, skeletons, and algorithmic contexts for
the algorithm. We extend the syntax of types and skeletons with flexible type variables
& which stand for unsolved monomorphic types. These variables are generated and
manipulated by the algorithm and can be unified with other monomorphic types. In

contrast, rigid type variables come from the object language and cannot be unified
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9 Type inference algorithm

with anything. Restricting flexible variables to monomorphic types is crucial to avoid
guessing polymorphic types.

Types A,B:=1|a|A—>B |VYa.A| &
Monotypes T,me=1]lalt—omn | &
Skeletons P,Q:=1]|a|P—>Q |VYa.P| & |A]| AP
Entries ex=al|lx:Pla|a=r

Algorithmic contexts Ou:=-10,e

Suffixes Eux=-|E,alEa=1

4

Figure 9.1: Algorithmic syntax.

Algorithmic contexts © are ordered. Entries can only depend on those before them.
Flexible variables in algorithmic contexts ® are either declarations (&) or definitions
(@ = 7). Suffixes E are lists of declarations and definitions of flexible variables that can
be moved around by algorithms. We define well-formedness of algorithmic contexts
O + ctx as follows.

O F ctx OFrT ® F ctx ®OrP O F ctx O F ctx

-k ctx ®, & + ctx ®,4& =1+t ctx ®,x: P ctx B, a + ctx

9.1.1 Metasubstitutions

Following Gundry et al. [2010], we define metasubstitutions (or information increase)
in Figure 9.2. A metasubstitution 0 :: ® C @’ is a finite map 6 from flexible variables in
O to well-formed monotypes in ® such that the structure and dependency order of ®
are preserved. Metasubstitutions solve and move flexible variables, thus representing
an increase in monomorphic information. We write ¢ :: ©® C O’ for an identity metasub-
stitution and sometimes omit the name . For an identity metasubstitution, all entries
of flexible variables in © are preserved in ®’ but possibly with more monomorphic
information (e.g., from & to & := 1). Our algorithms always give identity metasubstitu-
tions. We also define equivalence of metasubstitutions 6 = 0’ :: © C ©’ standardly in
the same figure.

9.1.2 Declarative judgements in algorithmic contexts

Although all the declarative judgements in Chapter 8, including well-formedness,
typing, skeleton inference, skeleton refinement, subtyping, and consistency, are defined
on declarative contexts I’, it is easy to extend them to algorithmic contexts ©. For

most rules we simply replace declarative contexts I' with algorithmic contexts ©. In
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6:0C O O'rr 0:0C O O+t =01
t:-CE8 6,t/&)=0,aC © 0,7/&) 0,4 =17C O
0:0Cc e 0:0Cc O
0:0,x:PCO®,x:0P,= 0:0,aC0,a,E
0=0":0LC 0O
01=60,:0C O OrTi=1
t=1:-CE (61,71/A) = (02, 12/8) 2O, A C O
01=0,:0C 0O Or11 =1 O +11 =017 01=0,:0C 0O
(01,71/2)=(02,72/4) =©, 4 :=7C O 01=60,:0,x:PCO,x:6:P,E

01=6,:0C O
01=60,:20,aC0,a,E

Figure 9.2: Metasubstitutions and equivalence of metasubstitutions.

rules where we implicitly make use of a-equivalence of types or skeletons, we need to
explicitly state the equivalence relation because of the existence of flexible variables. We
only need to add new rules for the new cases of flexible variables, for which we always
retrieve the definition of a flexible variable from the algorithmic context and continue
with its definition.

Figure 9.3 gives the new and changed declarative rules in algorithmic contexts. For
syntax-directed typing, we only need to extend freezing and annotated lambda rules
with explicit type equivalence premises. For subtyping, we add a new rule S-FLexMono
when the LHS is a flexible variable in function mode. For consistency, we add two
new rules C-FLexL and C-FLexR when either the LHS or the RHS is a flexible variable.
For refinement, we also add two rules dealing with flexible variables. We omit well-
formedness rules, where we simply look up the declaration or definition of a flexible
variable, and if it is a definition, we recursively check the well-formedness of this

definition.

9.1.3 From colours to input skeletons

Our declarative judgements for typing I' -, M : O, skeleton inference I' +, M =» O,
subtyping I' -1 P < O, and consistency I' - P ~ O all use a bidirectional skeleton ©) on
the RHS, whose colours distinguish between inherited and synthesised information.
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O+, M:
SD-FREEZE SD-ABsANNOCHECK SD-ABsANNO
O+ M:B O,arA=A" m#C OrA=A
®rB=A ®,a,x:ArcM:B O,x: Aty M:
Or. [M]:A Orc AxAM:Va.A' — B Oy AxAM: A —
HEEEEE

S-FLexMoNo
O®>a:=r1 V| O, <

V|0, a<

V|OFS~

C-FLexL C-FLexR
O>a:=1 V| |OFrT~ O>a:=1 V| |OrS~1

V| |Ora~ V|OrS~a

O|A+P»

CEX RN O|ArTH» ®>a:=1 O|ArPr»1
O|Aranr O|ArPra

Figure 9.3: Declarative judgements in algorithmic contexts (showing only new and changed
rules).

(In typing, we know O is a concrete type. We use () here for uniformity with the other
three judgements.)

We do not have colours in our algorithmic judgements. Instead, for each judgement,
we add an input skeleton Py to represent the inherited information. As we will explain
in detail in the following sections, our algorithmic judgements for typing ® [Po}-n M =
Q 4 ©’, skeleton inference © [Po}-n M = Q 4 ©’, subtyping © [Po}-7 P < Q 4 ©’, and
consistency ® [Po} P ~ Q 4 ®’ all have an input skeleton Py and an output skeleton
Q. The synthesised information is the part of the output skeleton Q that is not in Py.
This is formally characterised by the refinement judgement P » O in Section 8.6. In
the following sections, we use this judgement to establish the connection between the
declarative and algorithmic judgements in the metatheory.
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9.2 Algorithmic type inference

9.2 Algorithmic type inference

Figure 9.4 gives the type inference rules together with auxiliary skeleton splitting rules.
The type inference rules correspond one-to-one with syntax-directed typing rules in
Section 8.4. The type inference judgement has the form ® [P}, M = A 4 ©@’. The input
includes a context ®, a mode m, a skeleton P, and a term M; the output includes a type
A and a context ®’. As usual, we require all inputs to be well-formed. In addition, we
require a compatibility relation between modes and input skeletons as a well-formedness
condition, playing the same role as the relation A :* min Section 8.3. The relation P :% m
is defined as follows.

Q:%m
A1 AV P—>Q:"YFm

Rules I-Unir, I-VAR, and I-AnnNo follow the corresponding syntax-directed rules in
Section 8.4. Each rule uses the algorithmic subtyping judgement which will be defined in
Section 9.5. Rule I-Freeze infers the type of M without using any inherited information
and then checks the consistency between the inferred type and the inherited type A
using the algorithmic consistency judgement which will be defined in Section 9.4.

Rule I-Ass infers the type of a lambda abstraction when not in checking mode,
corresponding to the rule SD-ABs in Section 8.4. It uses the skeleton splitting judgement
O F Pypr> P — Q 4 O to split the input skeleton into a function shape. Here, ©® and
Py are inputs while P — Q and ©’ are outputs. The last case is the most interesting
one, where we split a flexible variable & into a function type with two fresh flexible
variables 3 and 7 as its domain and codomain. Rule I-Ass also uses the meta-function
guess(P) = (&; A) to geta type A by filling in each ghost in P with a fresh flexible variable
in @ and removing universal ghosts in P. We formally define guess(P) as follows.

guess(fl) =(&;&) where & fresh guess(1) = (;1)
guess(fl.P) = guess(P) guess(a) = (; a)
guess(Va.P) = (&;Va.P’) where guess(P) = (&; P’) guess(@) = (1; Q)

guess(P — Q) = (a1, 42; P’ —> Q') where guess(P) = (a1; P’) and guess(Q) = (a2; Q)

Rule I-ApsCHeck deals with the checking mode, corresponding to the rule
SD-AsCHEeck. Rules I-AssAnNo and I-ABsANNOCHEck deal with annotated lambda
abstractions, corresponding to the rules SD-ApsANNo and SD-AssANNOCHECK. Both
rules check consistency between the annotated type of x and the argument type or
skeleton inherited from the input skeleton.

Rule I-Arp infers the type of an application, corresponding to the rule D-Arp in
Section 8.3. We first infer the skeleton P of the argument, then use it as the argument

151



9 Type inference algorithm

©[PF, M= A€

I-UnNit 1-Var
O [PFY1<A40,; @3x:A O [PFY A<SB40
A [PFn ) = A40; © [PFnx = B40;
I-AnNO I-FrEEZE
Q[AFM=A40; O[P}) A<B40, A M=B40; O +rB~A40,
& [Py (M:A) = B40; O [A}Fc [M]=> A40,
I-ABsCHECK [-Ass —
@y, at+ Ay A—> B401,a m#C Gk Py>P — Q401 guess(P)=(d;A)
O, a,x:ABFcM=>B40,,a,x:A,E O1,4,x:AQFn- M=>B40,,x:AE
Qg [Va.Aglc Ax.M = Ya.A — B 40, O [Po}n Ax.M => A —> B40,,E
I-ABsANNOCHECK I-ABsANNO
O, at+ Ay A’ > B40,a m#C Oy Py>P > Q40
@1,5'—A,~A-|@2,a ©1+rA~P40,
O, a,x:A[BFcM=B40;3,a,x:A,E O, x:A[QFy-M=>B403,x:A,E
O [Va.Ag}c Ax*.M = Va.A - B410; O [Po}wAx* M= A - B403,2

I-Arp
O [AFc N = P 410, O [P->Q})en M=>A—>B40, O [AFcN=> A 103

@ [QFn M N = B10;

‘@l—PQ>P—>Q—|®’

@, f,yra~p—79416
P —->QrP—>Q40 OrArA—>A40 @()I-DAU>[)A’—>]7—|@1

Figure 9.4: Algorithmic type inference and skeleton splitting.

skeleton to infer the type A — B of the function, and finally check the argument against
type A.

It is worth noting that although we have two passes for the argument in the rule
I-Arp, the time complexity of the algorithm is still polynomial in the size of the input
term. This is because the first pass is just skeleton inference, in which we only traverse
the argument once as we will see in Section 9.3. As a result, even in the extreme case of
n nested applications M (N7 -+ (Ny—1 Ny)---), the total number of traversals of the
innermost argument N, is n + 1 instead of 2".

We now state the metatheory of type inference. Following Gundry et al. [2010],
we first define the notion of problems and solutions of type inference, and then state
soundness, completeness, and optimality. Our proofs can be found in Appendix D.2.
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Definition 9 (Problems and solutions of type inference). A problem of type inference is a
tuple (®p; m; P; M) where @y is well-formed, P and M are well-formed in @y, and P :* m. A
solution to it is a tuple (01 :: @9 E ©O1; A) such that ©1 +y M : /A where @1 + 01P » A. Such
a solution is optimal if for any other solution (0 : @y C ©; B), there exists a metasubstitution
C:0O; COsuchthat O = Co 6y = O E O (0 factors through 61 with cofactor C) and
®+ CA=B.

Theorem 21 (Soundness of type inference). Given a type inference problem (®g; m; P; M),
if QO [P}n M = A 4 Oy, then (©g C O1; A) is a solution.

Theorem 22 (Completeness and optimality of type inference). Given a type inference
problem (®g; m; P; M), if there exists a solution (0 = @y C ©; B), then O [P}y M = A 4 04
gives its optimal solution (©y C ©O1; A).

9.3 Algorithmic skeleton inference

Figure 9.5 gives the skeleton inference rules, which correspond one-to-one with the
declarative skeleton inference rules in Section 8.7. The judgement has the form ® [Py},
M =2 P 4 ©'. The input includes a context ®, a mode m, a skeleton Py, and a term M;
the output includes a skeleton P and a context ©’. As before, we require Py :* mas a

well-formedness condition defined as follows.

Q :*m
Ak As<c P—Q:=¢Fm

Algorithmic skeleton inference rules closely mimic algorithmic type inference rules
in Section 9.2. Rule PI-ABs, unlike rule I-Ass, does not guess a monomorphic type from
P but directly puts x : P into the context. Introducing flexible variables for ghosts here
would be problematic because these ghosts may be matched with inherited polytypes
later, as in our motivating example at the beginning of Chapter 8. Rule PI-ApsCHEck in-
troduces a universal ghost for the function skeleton, similar to P-AssCHeck in Section 8.7.
Rule PI-Arpr does not do type checking for the argument N, similar to P-App.

Problems and solutions of skeleton inference, as well as soundness, completeness,
and optimality theorems, are defined similarly to those of type inference in Section 9.2.
The main difference is that to characterise the optimality of skeleton inference, we need
to formally define when a skeleton is more precise than another skeleton. We write
O F P < Q, read as P is more precise than Q, if P contains exactly all quantifiers in Q,

but may have more universal ghosts, and fewer monomorphic types. This is exactly
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|© [Po}o M 2 P46

PI-Unit PI-Var
@0[P0]—;k1<P—|®1 ®>>x:P @o[Po};kP§Q4@1
O [Poln () > P 410 O [Polnx =» Q416
PI-AnNoO PI-Freeze
@0[P]—EKA<Q-|@1 O [AF1 M =>P4106;
O [P}Fn(M:A)=> Q410 O [AFc[M] > P40,
PI-Ass
PI-AsCHECK m# C O+ Py> P — Qo0
O, x: [ﬂ]—c M=Q40,x: AR O, x:P [QO]‘m— M=>Q40,,x:P, &
O [AFcAx.M =2 AN —> Q40,2 O [Pobn Ax M =P > Q40,,E
PI-ABsANNO
PI-ABsANNOCHECK m#C Ogr P> P—>Qp410; O1+A~PH0O;
Oy, x:A[A}FcM=>Q401,x:AE O, x:A[QFn-M=>Q40;3,x:A,E
O [AFc AP M > RAA—-> Q40,8 O [PoFnAxAM > A —> Q4038
PI-Arpr

O [A}c N =2 Py 40 O1 [Py > Qo}rnM=>P—>Q+410,
B [QoFn M N =2 Q 410,

Figure 9.5: Algorithmic skeleton inference.

what © + P » Q means. Since Q is inherited, the refinement relation cannot fill P with
more quantifiers, but can only fill its ghosts with monotypes and remove universal
ghosts.! We therefore directly define ® + P < Q as © + P » Q. On types, precision
coincides with type equivalence. Our optimality theorem guarantees that algorithmic
skeleton inference always infers the most precise skeleton. We state the metatheory of
skeleton inference below. The proofs can be found in Appendix D.3.

Definition 10 (Problems and solutions of skeleton inference). A problem of skeleton
inference is a tuple (©g; m; Po; M) where Oy is well-formed, Py and M are well-formed in ®y,
and Py :% m. A solution to it is a tuple (61 = ©y T ©O1; P1) such that ©®; +, M =» P; where
O1 + 01Py » . Such a solution is optimal if for any other solution (6 : @y E ©;Q), there
exists a metasubstitution C : @1 C O suchthat 0 = Co 61 Oy C Oand O + CP; < Q.

Theorem 23 (Soundness of skeleton inference). Given a skeleton inference problem
(®p; m; Po; M), if ©g [Po}n M = P 4 Oy, then (0 C O; P) is a solution.

It may appear intriguing that we say P is more precise than Q but actually Q can have more monotypes
than P. We use the word “precision” not in terms of the quantity of information, but in terms of how a
skeleton characterises terms with fewer unnecessary restrictions.
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Theorem 24 (Completeness and optimality of skeleton inference). Given a skeleton
inference problem (®g; m; Po; M), if there exists a solution (6 :: @y E ©;Q), then @y [Py}
M =5 P 4 Oy gives its optimal solution (©y C O1; P).

9.4 Algorithmic consistency

We first introduce algorithmic consistency before algorithmic subtyping. Figure 9.6
gives the algorithmic consistency rules, together with the auxiliary variable unification
and assignment rules. The judgement has the form ©g [P)} P ~ Q 4 ©1. The input
includes a context ®y, a skeleton Py, and a skeleton P; the output includes a skeleton Q
and a context ©;. This judgement refines P to Q guided by Py, which itself refines to Q.
Intuitively, Q can be understood as the join of P and Py, viewing the refinement relation
as a partial order. When both P and Py are concrete types, this judgement degenerates
to the standard unification of P and Py in type inference.

Refinement disallows uses of bound variables in ghosts. Thus, to enforce that Q is a
valid refinement of P and Py, we augment the judgement with two input variable sets
A1 and A; to track bound variables in Py and P, respectively. The full judgement has the
form g [Py} |, P ~ Q 4 ©1. Rules U-ForarLIng, U-ForarLSyn, and U-UnivGHosT1
add bound variables to A1 or A;. The names of rules show their correspondence to
declarative consistency rules in Section 8.8. Rules U-GHost and U-GHosTR restrict the
uses of variables from A; or A in the output skeleton, guaranteeing the output skeleton
is a valid refinement of both input skeletons.

Compared to declarative consistency, algorithmic consistency has three new rules
dealing with cases where either or both sides are flexible variables: U-FLex, U-FLExL,
and U-FLexR. They use auxiliary judgements to look up definitions of flexible variables
and move other dependencies as necessary. These auxiliary judgements are stand-
ard [Gundry et al. 2010] and are given in the continuation of Figure 9.6. There are also
two new rules to deal with ghosts in the input skeletons: U-GHosTR and U-Un1vGHOsTR.
Declarative consistency does not have these two rules because it has no explicit input
skeletons.

We write @y + P ~ Py 4 O for @y [Po} P ~ Q 4 ©1 when the output Q is not used.
When either P or Py is a type A, the output Q is a type equivalent to A.

The auxiliary judgement © & ~ f 4 @ deals with the case of unifying two flexible
variables by looking up their definitions. The judgement ® | E + & := P 4 ©' deals
with the case of assigning a flexible variable & to a skeleton P. It uses the context E to
contain flexible variables that occur in P and thus need to be moved before &. Among
these rules, rule U-AssicN-UNivGHosT-ID deals with the special corner case where P is
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f.&, which is not covered by rule U-AssigN-SoLveM due to its side condition for the

occurrence check & ¢ ftv(P).

We state the metatheory of consistency below. The proofs of soundness and com-

pleteness of consistency are in Appendices D.5.2 and D.5.3.

Definition 11 (Problems and solutions of consistency).

1. A problem of consistency is a tuple (®y; Po; P) where Py and P are well-formed in ©.

A solution to it is a tuple (01 = @y E O; Py) such that ©1 + 0P ~ where O +
01Py » P1. The solution is optimal if for any other solution (6 :: @y C ©; Q), there exists
a metasubstitution C : @1 C O suchthat 0 = (o601 Oy C Oand O + (P, < Q.

. A problem of unification of flexible variables is a tuple (®; &; ) where & € dom(@y)

and ﬁ € dom(©®y). A solution to it is a metasubstitution 61 = @y T O; such that
©1 + 01& ~ 01p. The solution is optimal if for any other solution 0 = @y T ©, there
exists a metasubstitution C = 1 C O such that © = (0 61 = Oy C O.

3. A problem of assignment of a flexible variable is a tuple (®y; Z; &; P) where & € dom(Qy)

and P is well-formed in ©g, E and P is not a flexible variable and = only contains
declarations of flexible variables appearing in P. A solution to it is a metasubstitution
01 = @, E E Oq such that ®1 + 61P ~ 614. The solution is optimal if for any
other solution 6 = Oy, E C O, there exists a metasubstitution C :: ®1 C O such that
O=Co06; 20y, ELCO.

Lemma 25 (Soundness of consistency).

1.

Given a problem of consistency (®g; Po; P), if @y [Po} P ~ P14 ©1, then (g E ©1; P1)
is a solution to it.

. Given a problem of variable unification (©g; &; B), if @ + & =~ p 4 Oy, then @ C Oy is

a solution to it.

. Given a problem of assignment (®o; Z; &; P), if ©g | E+ & := P 4 O, then ©y, E E 0

is a solution to it.

Lemma 26 (Completeness and optimality of consistency).

1.

2.
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Given a problem of consistency (®y; Po; P), if there exists a solution to it, then ®q [Py}
P ~ Py 4 ©q gives its optimal solution (©g C ©1; P1).

Given a problem of variable unification (®q; &; ), if there exists a solution to it, then
©o F & ~ f 4 © gives its optimal solution @y C ©.
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3. Given a problem of assignment (®; E; &; P), if there exists a solution to it, then ®p | E +
a = P 4 ©q gives its optimal solution Gy, E C O;.

©o [Polaya, P~ Q464 ‘

U-GHost U-Unit U-Ricip
Ay NTtv(Pg) = 0 (QRER
O [Po}ayja, A ~ Po 4Oy O [1Faa, 1~1460 O [a}pn, @ ~ @46y
U-Arrow

Oo [PiFaga, Pr1~Q1401  O1 [Pllaga, P2~ Q2402
O [P] = Pl aja, P1 = P2~ Q1> Q246

U-ForarLINnH U-ForALLSYN
O, a [Pol Ay ,ap0 P~Q 401, a Op, a [A-Polajjar,a P~ Q401
(N [Va~PO]’A1|A2 Ya.P ~ VO(.Q 401 © [@-PO]'AllAz VYa.P ~ Va.Q 410;
U-UnNivGHosT U-UnN1vGHosT1
O [Pol ayjn, P~ Q 40y Oo, a [Pol Ar,a1a, AP ~Q 401,
Q) [A.Po} A1l An A.P ~f.Q 40, Q9 [Va.Po} A1l A.P ~Va.Q 410,

U-Un1vGHosT2
©®p + Py guarded Py non-flex O [Pol ayja, P~ Q 40y

o [Po} ayja, AP ~Q 40

U-FLexLL U-FLexR
U-FLex Py non-flex P non-flex
@0!—(5(2[‘3481 ®0|'I-(5(2=P0-|®1 ®0|'I-6A¥Z=P—|®1
O [BF Ay, & ~ @46y O [Polajja, @ ~ A 40 O [} aya, P~ @40
U-GHosTtR U-UnivGHOsTR
A Nftv(P) =0 O + P guarded P non-flex O [Pol ayja, P~ Q 40O
O [AF Ay, P~ P 46y O [A.Polpjja, P~ Q40

Figure 9.6: Algorithmic consistency.
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Figure 9.6: Algorithmic consistency (continued).

9.5 Algorithmic subtyping

Figure 9.7 gives the algorithmic subtyping rules. The algorithmic subtyping judgement
has the form © [P} P < Q 4 @'. The input includes a context ©, a sort n, a mode
m, a skeleton Py, and a skeleton P; the output includes a skeleton Q and a context
©’. This judgement upcasts P to Q guided by the input skeleton Py, which itself
refines to Q. In addition to well-formedness of all inputs, we require Py :" m as a well-
formedness condition of the judgement, as for algorithmic type inference (Section 9.2)
and algorithmic skeleton inference (Section 9.3).
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@[y P<QA0

SI-INFER SI-CHECK
A, B guarded © [BF A~B40;
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O, x : P | E[PO]_?m&

4@1
4@1,X:P

NN
O

Figure 9.7: Algorithmic subtyping.

159



9 Type inference algorithm

Rules SI-INrer, SI-CHeck, SI-FOrALLR, SI-UNivGHosTR, SI-Arrow, SI-GHost, and
SI-UntvGHosTL closely follow the declarative rules in Sections 8.5 and 8.8.

Rule SI-ForaLLL uses the auxiliary look judgement P < P’ 4% E;Q defined in
Section 9.6 to obtain a skeleton P;, which uses fresh flexible variables in =, from the
inputs P and Py. It checks the well-formedness of P; and uses it to instantiate «. Its side
conditions (m # I and Py guarded or Py = ) avoid overlapping with other rules.

Rule SI-FLexMono corresponds to declarative rule S-FLExMonNo in Section 9.1.2 when
the flexible variable has a definition. For an unsolved flexible variable, there is no
corresponding declarative rule. Rule SI-FLExMono handles both cases in function mode
by using the auxiliary judgement ® | E [P} 7, @ < Q 4 ©’, which is similar to the
variable assignment judgement in Section 9.4. We only consider the function mode Fm
here to avoid overlapping; the other modes are covered by the first four rules.

We define problems and solutions of subtyping, and then state the soundness,
completeness, and optimality of subtyping. The proofs can be found in Appendices D.4.2
and D.4.3.

Definition 12 (Problems and solutions of subtyping). A subtyping problem is a tuple
(®p; n;m; Po; P) where Oy is well-formed and Py and P are well-formed in Oy and Py " m. A
solution to it is a tuple (01 : ® E O1; Py1) such that ©1 v 1P < P where ©1 + 0P »
The solution is optimal if for any other solution (6 = ®y E ©; Q), there exists a metasubstitution
CoO1COsuchthat 0 =001 260y COand O+ (P < Q.

Theorem 27 (Soundness of subtyping). Given a subtyping problem (®g;n;m; Po; P), if
O [Polp P < Q 40Oy, then (©g E O1; Q) is a solution.

Theorem 28 (Completeness and optimality of subtyping). Given a subtyping problem
(®o; n;m; Po; P), if there exists a solution, ®g [Po}h P < Py 4 © gives its optimal solution
(© C ©1; P1).

9.6 Constraint collection and solving for subtyping

Figures 9.8 and 9.9 give the look, constraint collection, and constraint solving rules. The
look judgement has the form P <}, Py 4" E; P1. The input includes a sort n,a mode m, and
two skeletons P and Py. The goal of this judgement is to find a proper substitution for «
in P such that the substituted P can be upcast to some Q compatible with Py. The type
variable o may appear only in P. We require this as a well-formedness condition of the
judgement. We do not need the context ® since we care about extracting polymorphic

information, while flexible variables in ®j only carry monomorphic information. The
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9.6 Constraint collection and solving for subtyping

output includes a skeleton P; that carries all polymorphic information we extract for a,
and a context E of fresh flexible variables used in P;.

The look judgement replaces the guessing of decorated skeletons in S-ForarLLL in
Sections 8.5 and 8.8. A look judgement first collects all constraints C and fresh flexible
variables E for a using the constraint-collection judgement P <, P’ 4% E;C. A constraint
list C contains subtyping constraints sub,(P) and consistency constraints eq(P). The
look judgement then solves these constraints using the constraint-solving judgement
C; A ~ E;Q, where [1 is the empty input skeleton, Q is the result, and E’ is the suffix of
fresh flexible variables used in Q. Finally, when n = sk, we use the solved Q as the final
output; when n = ty, since we want a type for instantiation, we further transform Q to
a type A by guessing fresh flexible variables with the meta-function guess(Q) = (E”; A)
as defined in Section 9.2.

Constraint collection is separated into two judgement forms: one for subtyping P <,
P’ 4% B;C and the other for consistency P ~ P’ 4% E;C. We omit the suffix Z when it is
empty. Both judgements try to find the skeletons in P’ that correspond to appearances
of a in P, and collect these constraints. Their rules follow the algorithmic subtyping and
consistency rules, respectively. We discuss representative rules here. Rules LS-Var and
LE-Var deal with the base cases when the LHS is the type variable we look for. We add
the constraint sub,(P) or eq(P) to the output constraints. Rules LS-Arrow and LE-Arrow
deal with arrows. We recursively look at the argument and result components, and
append their constraints and flexible variables together. Rule LS-ForaLLL removes a top-
level universal quantifier on the LHS. We do not need to instantiate 5, since our goal is to
extract polymorphic information for a, which the instantiation of f contributes nothing
to. Rule LE-FLExR deals with a flexible variable ﬁ on the RHS. Since a € ftv(P), we know
that @ corresponds to some monotype which carries no polymorphic information. Thus,
we allocate a fresh flexible variable y and add the constraint eq(). Rules LS-ABseNT
and LE-AssenT add no constraint when a does not appear on the left-hand side. Rules
LS-Vacuous and LE-Vacuous add no constraint when the RHS is a ghost.

Constraint solving C; P ~ E; Q sequentially solves each constraint C, starting from
the input skeleton P and producing the output skeleton Q and a suffix = of fresh flexible
variables. It calls two auxiliary judgements: P <, Q ~» E; P’ for solving a subtyping
constraint and P ~ Q ~ E; P’ for solving a consistency constraint. We omit the suffix =
when it is empty. Their rules again follow the algorithmic subtyping and consistency
rules, respectively. We discuss representative rules here. Rules SoLS-Var and SoLE-Var
deal with the base cases when the LHS is a rigid variable. We directly keep this rigid type
variable instead of forcing both sides to coincide, since our goal is to extract polymorphic
information while a rigid variable is monomorphic. Similarly, rules SoLE-FLexL and
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9 Type inference algorithm

SoLS-FLex also ignore the RHS and keep the left-hand side variable. Rules SoLS-Arrow
and SoLE-Arrow deal with arrow shapes. We recursively solve the argument and result
components, and build the output arrow skeleton from the results. Rule SoLS-ForarLL
deals with a universal quantifier on the LHS, which we simply keep in the output. Rule
SoLE-GHosTL deals with the base case where the LHS is a ghost and we simply keep
the RHS in the output.

As an example, consider the algorithmic subtyping judgement
© [(Vb.AA — b) — Int — Int} Pt Va.a > a < Q40
for some Q, ®, and ©’. Its look judgement has the form:
a—a <. (Vb.A —b) > Int - Int 4" ;Vb.Int > b

The constraint collection process collects two constraints eq(Vb.[1 — b) and subg¢(Int —
Int) by first applying LS-Arrow and then LE-Var and LS-Var for the argument and
result components, respectively. The constraint solving judgement is derived as follows,
with two individual constraint solving judgements highlighted and numbered.

Vb.A = b <gc Int — Int ~ Vb.Int = b Q)
A~Vb.A—> b~ Vbl —>bQ) subc(Int — Int);Vb.A — b ~ Vb.Int — b
eq(Vb.fl = b),subec(Int — Int); [l ~ Vb.Int = b

We solve (1) by SoLE-GrosTL. We solve (2) by SoLS-ForaiLL, SoLS-Arrow, and then
SoLE-GHosTL and SoLS-Var for the argument and result, respectively.
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9.6 Constraint collection and solving for subtyping

Constraints C ::=

P, PP E,C CA~E;

=- | suby(P) | eq(P),C

=/,

PP 4 EQ
P, PS5 E,C CA~E;Q (E”;A)=guess(Q)
P ty Pl %LX g =/ :!//,A P <Sk P/ a s o,
— =y Xm iRy
P<, P4 EC|[P~P 5t E
LS-Var LS-ABSENT LS-Vacuous
a ¢ ftv(P)

a <, P 4" sub,(P) P, P P, A5

LS-CuEeck LS-ForaLLR

A#a A,Bguarded A~B5%*EC A< B4 E,C

A<.B4%* EC A< VB.BS E;C
LS-Arrow LS-ForaLLL LS-UnivGHosTL
~P{ 49 51;C1 P gmpé 5% E0:Co Pgm P’ T =5C Png' *=5C
P1—>P2<FmP{—>P£ Y Hq,8,,C1,Co VB.P <, P" 4" E;C AP <L, P4 EC
LE-Var LE-ABSENT LE-Vacuous LE-FLexR
a ¢ ftv(P) P#a a € ftv(P) y fresh
a~P 3" eq(P) P~P 5. P~ P~ B 5% P;eq(p)
LE-Arrow LE-ForaLLINH LE-FORALLSYN
P1~P 4% B1;C1 P2~P£$“EZ;C2 P~P 4 E;.C P~ RA.P's* E;C
VB.P ~VB.P' 4 E;C VB.P ~ AP 4% E;,C

’ !’ o ™ =,
Py — Py ~P] — Py 5% B1,87,C1, C2
LE-UnivGHOsT1

LE-UnivGHOSsT2
P’ guarded P~P 4 E:C

LE-UNnivGHOST
P~P 4 E:C AP ~P s*E;C
A.P ~ AP 4* E;C A.P ~VB.P' 5% E;C AP ~P s*E;C
LE-UnivGHOsTR
P+#a P guarded P ~P'4*EC
P~[AP s E;C

Figure 9.8: Look and constraint collection
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PngWE;Pl
sub,(Q); P ~ E; P’

P~ P

P < Q~EP

SoLS-Var SoLS-ForaLLL

P <, Q~ &P
Va.P <, Q ~ Z;Va.P’

a<nQ~a

SoLS-CHECK
P, B guarded P~B~sE; P

P <cB~ 5P

SoLS-Arrow
Py~ Q1 ~ Eg; P} Py <n Q2 ~~ Eg; P

[l ~ !’ ’
P1— Py < Q1 — Q2 Eq, B, Py > P,

SoLS-GHostL

B guarded
A<cB~ A.B

SoLE-Unir SoLE-Var
T~1w1 a~Q~a

SoLE-ArRrow
Py ~ Q1 ~ Ey; P}

SoLE-GHostL
A~Q~Q

- ’
Py ~ Qy ~ Ep; Py

= = ./ ’
Py — Py~ Q1 — Q2 By, Ep; Py > P,

SoLE-UNivGHoOsT

SoLE-GHosTFORALL

P~Q~ E;;P1  C;Py~ EyP’
eq(Q),C;P ~» By, By, P’

SoLS-UnNivGHosTL
P <, Q~ &P

AP <, Q ~ & AP

SoLS-ForALLR
A<.B~ ;P

A <cVB.B~ E; P’

SoLS-GuHostLF
A~Q1~E;P] A<y Q2~ B P

A <pn Q1 — Q2 ~ Eq, Eg; AP] — P
SoLS-FLex

SoLS-Vacuous

Pgmmwp

a<, Q~a

SoLE-VacuousR

P~A~P

SoLE-ForaLL
P~Q~&P

Ya.P ~Va.Q ~ E;Va.P’

SoLE-GHOSTGUARDED

P~Q~ &P AP ~Q ~ E; P’ Q guarded P~Q~E&EP
A.P ~RA.Q ~ E;A.P’ A.P ~VYa.Q ~ E;Ya.P’ AP ~Q~ &P’
SoLE-FOrRALLGHOST SoLE-GUARDEDGHOST SoLE-FLeExL
P~ R.Q ~ E5; P’ P guarded P~Q~E&P
Va.P ~ A.Q ~ E;Va.P’ P~R.Q~ &P aA~P~a
SoLE-FLEXR
P non-flex guess(P) = (E; P’)

P~a~ 5P

Figure 9.9: Constraint solving.
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10 Inferring modal effect types

Farewell, Maetel. Farewell, Galaxy Express 999. Farewell, days of youth.
—Closing line, Galaxy Express 999 (1979)

We outline the design of Maetel, a surface language with modal effect types and type
inference based on Fresco. As introduced in Part I, MeT is an explicit core calculus which
requires explicit annotations for lambda abstractions as well as explicit introduction and
elimination of modal types. The extension with polymorphism in Section 5.4 also re-
quires explicit type abstraction and instantiation. Even though MET reduces the verbosity
of conventional effect types by not requiring effect variables, the remaining annotation
burdens of explicit modalities and polymorphism in MET are still not satisfactory for
practical programming.

In Chapters 8 and 9, we have introduced the Fresco type inference approach which
infers first-class polymorphism, allowing polymorphic types to be implicitly introduced,
eliminated, and used for instantiation. In this chapter, we adapt the Fresco type inference
algorithm to further infer first-class modal types, allowing modal types to be implicitly
introduced, eliminated, and used for instantiation. We only consider modal effect types
in this chapter, but we believe the same approach can be applied to other modal type
systems.

We first discuss how the problem of inferring first-class modal types is related to
the problem of inferring first-class polymorphism (Section 10.1). Then we formally
present the declarative type system of a core fragment of Maetel, which extends the
declarative type system of Fresco with modal effect types (Section 10.2), and sketch
how the algorithm is extended as well (Section 10.3). Finally we discuss other features
and design choices of the language Maetel (Section 10.4).

10.1 First-class modal types

As discussed in Chapter 8, first-class polymorphism consists of higher-rank polymorph-
ism, which allows quantifiers to appear in arbitrary positions in types, and polymorphic

instantiation, which allows instantiation with polymorphic types. Similarly, first-class
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10 Inferring modal effect types

modal types allow modalities to appear in arbitrary positions in types and allow
modal instantiation, i.e., instantiation with modal types. Our goal of inferring first-
class modal types is to infer introduction and elimination of modalities, as well as

modal instantiation.

As observed by Tang et al. [2025], inferring implicit introduction and elimination
of modalities is closely related to inferring implicit type abstraction and instantiation
for FCP. For instance, in MET, a type Va.[log](a — a) denotes a polymorphic function
that may use the log effect, as specified by the modality [log]. Consequently, for the
type checking judgement I' +c Ax.x : Va.[log](a — a), we infer not only the type
abstraction of a, but also the modality introduction of [log]. As another example, for
the application run idlog where run : (Int — Int) — Int and idlog : Va.[log](a — a),
we not only infer the instantiation of a to Int, but also the elimination of the modality
[Log]. Usual bidirectional type systems, such as the one proposed in Tang et al. [2025],
can neatly infer such implicit introduction and elimination of modalities, but only in a
simply-typed setting.

Incorporating modal instantiation is challenging, for the same reason that incorporat-
ing polymorphic instantiation in FCP is. We must avoid guessing arbitrary modal types
for instantiation. Otherwise, for instance, single ilog where ilog : [log](Int — Int)
would have two possible types List ([log](Int — Int)) and [log](List (Int — Int))
with no best choice.

Mixing different directions of information flow plays an important role in inferring
modal instantiation, as it does in inferring polymorphic instantiation. It is particularly
desirable for modal effect types. A typical pattern of effectful programming is that given
a polymorphic effect handler  : Ya.(E)(1 — A) — B for some effect E and types A
and B (the modality (E) attaches to the argument type), we want to apply this handler
to a suspended computation Ax.M to handle the effects used in M. In order to type
h (Ax.M), the information should first flow from the argument Ax.M to the function h

for instantiation of a, then flow back to the argument to introduce the modality (E).

10.2 A haunted bidirectional type system with modal effects

We present a declarative type system for Maetel based on the declarative type system
of Fresco in Chapter 8. For brevity, we only consider the core features of MET from
Chapter 4 plus polymorphism for value types from Section 5.4. Other extensions are

more routine; we will discuss some of them in Section 10.4.
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10.2 A haunted bidirectional type system with modal effects

10.2.1 Syntax

Figure 10.1 gives the syntax of Maetel. It extends Fresco syntax with modal effect types,
including extensions, effect contexts, modalities, kinds, locks, and term constructs for
invoking and handling effects. We may omit the kind of a type variable when it is Any.

The mode theory remains unchanged from that of MET in Section 4.3.

Types AB:z=1]|a|A—B|VYaKA| pA
Synthesised types ABi=1|a|A— B|VaKA| uA

Inherited types A,B:=1|a|A— B|VaK.A| uA
Bidirectional types ,Bu=1la|A— B|VaKA|VakKA| pA |
Skeletons P,Qu=1|a|P—>Q|VakP| uP |A|A.P

Synthesised skeletons P,Q==1|a|P — Q| Vak.P| uP | A| A.P
Inherited skeletons P,Qu=1]|a|P—>Q|VaX.P| uP | A| A.P
Bidirectional skeletons P, O ==1|a| P — O | Ya&.P | VaX.P| uP | uP | A A.

Extensions D:=-]14¢D Terms M,N:=()|x|AxM|AxAM|MN
Effect contexts E,F ::=-| {,E | M:A|[M]

Modalities u,v = [E] | (D) | do? M | handle M with H

Kinds K ::= Abs | Any Handlers  H := {return x —» N} W {{; p; ri — N;};
Telescopes pu=-|VYaKp| up Values Vi=()| x| AxM|AXAM|V:A
Modes m:=I|C|Fm Contexts Fu=-|Ta:K|T,x:A| T, &,

Figure 10.1: Syntax of Maetel.

We colour modalities in the same way as quantifiers. Thus, a synthesised or inherited
type has all quantifiers and modalities in the corresponding colour. A bidirectional type
may mix the two colours. Skeletons are also extended with modalities yP. A universal
ghost [l now represents both unknown quantifiers and unknown modalities.

The kinding relation for types is unchanged from MET. For coloured types, we simply
ignore colours. Figure 10.2 gives kinding and refinement for skeletons. The kinding
relation combines kinding of types in MET with well-formedness of skeletons in Fresco.
We highlight rules relevant to modalities and ghosts. The rules for modalities follow the
kinding rules of MEeT. The most interesting rules are for ghosts. An ordinary ghost (1 has
kind Any. A universal ghost preserves the kind of its body, which must be guarded and
independent of the variables bound by the skeleton as required in Fresco. As a result,
we can preserve the kind of a skeleton regardless of how it is refined later. Refinement
may refine a skeleton of kind Any to one of kind Abs, which is also of kind Any.

One main difference from MET is that since modality eliminations are implicit in
Maetel, variable bindings in contexts do not need to carry modality indices any more.

Instead, for a variable binding x : A, all top-level modalities of A can be implicitly
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T|AFP:K

I'| A+ P:Abs I'sa:K
I'|Arf:Any I'| A+1:Abs T'|ArP:Any I'Ara:K
I'| A+ P:Any 'l A+ QO :Any Ia:K|AarP:K I'-[E] T'| A+ P:Any
T'|ArP — O:Any I'|Ar : K’ 'l A+ : Abs
I'+(D) F'|ArP:K guarded F'\A|-+P:K
I'| A+ : K FArAP:K
IT'|A-P»
T|AFP» T|AFP»
T'IAr1»1 I'Arar»a F'|ArPy —> Py» —
Ia:K|A,arP» T'|ArP» ANnftv(Q)=0 T|ArP»
T|ArVYak.Pw» VoK T|AvrpuPw» oy T|AFA»Q T|AFADL»
Ia:K|ArRE.P» T'|AFAP» T'|ArP»
T|ArA.P» Vak. T|A+@.P»yu T'|AFAP» A

Figure 10.2: Kinding and refinement rules for skeletons in Maetel.

eliminated as necessary when using x. An elaboration process, which we will discuss
in Section 10.5.2, can reintroduce let mod terms for explicit elimination.

A telescope p records a sequence of quantifiers and modalities. For P ranging over
types and skeletons, telescope application p{P} is defined as follows.

{P}=P  (VaX.p){P} =Va*.p{P}  (up){P} = up{P}

We introduce some conventions for writing telescopes. As usual, we write VaK for a
telescope consisting of a sequence of quantifiers, and write VaK A for the type VaK{A}.
Similarly, we write p for a telescope consisting of a sequence of modalities, and write uA
for the type {A}. For brevity, we also write i in places where a modality is expected,
by which we mean the modality derived by composing the sequence of modalities in u
starting with the identity modality ().

10.2.2 Typing and skeleton inference

Figure 10.3 gives the declarative typing rules for Maetel. The typing judgement has the
formTI +, M : A @E. It extends the judgement of Fresco with an ambient effect context
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10.2 A haunted bidirectional type system with modal effects

E. We require the usual well-formedness conditions from Fresco and MeT. Most typing
rules are inherited from Fresco by adding the same effect context E to the premises and

conclusion. We highlight rules that are new or changed.

'rA=(v,B)

I'A:Abs I'A:Abs A=uB B non-modal v\t =C
T'rA= (v,A) 't A= (v,(B)
IT'th M: A@E
D-Unir D-Var D-AnNNo
I'o+ A = (locks(I'1), B) r-e M:A@E
' ():1@E I'p,x:A,T1+1x:B@E IT'ri(M:A):A@E
D-Sus D-Freeze D-TELESCOPE
IT'tt M:A@E ', A< B@E 'ttt M:A@E p{l'} Fc V : A @p{E}
I'tn M:B@E Fte [M]:A@E I'tcV:p{A} @E
D-Ass D-ABsANNO
I x:Avrp- M:B@E Ix:Avr,. M:B@E
Tk Ax.M: A — B@E Crp AxAM: A — B@E
D-Arpr
I'tc N=»P TFP» D-Do
I'rinM: A —> B@E T'te N: A@E Y>(:A—»B T'teM:A@(,E
I'tn MN:B@E T't;do¢{ M:B@/{(,E
D-HANDLE

D=¢ T,&pnrM:A@DE T,x:(D)Ar,N:B@E
[ZQ&:AI‘—»B,' I‘,p,-:Al-,ri:Bi—>BkmNi: @E]i

I' -, handle M with {return x — N} w {{; p; ri = N;};, : B @E

Figure 10.3: Declarative typing rules for Maetel.

Rule D-TeLEscoPE generalises rule D-ForaLL of Fresco. It introduces any sequence of
quantifiers and modalities described by a telescope p. To state this rule, we define the
applications of a telescope to a typing context and an effect context as follows.

AT} = T {E} = E
(VaX.p{T} = p{l,a:K}  (YaXp){E} = p{E}
(upH{T} = p{T, &} (up{E} = p{u(E)}

Both applications are defined only if the inputs are well-formed. A quantifier extends
the typing context but does not change the effect context. A modality adds a lock and
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10 Inferring modal effect types

transforms the effect context. As with rule D-ForaLL of Fresco and T-Mob of MET, rule
D-TEeLEscoPE is restricted to values.

Rule D-Var is the most interesting rule. It differs from that of Fresco because locks
control variable access. For a context I'g, x : A, I'1, in order to use x, we need to properly
eliminate the top-level modalities of A so that x can go across the locks in I'1. We define
an across judgementI' - A = (v, B) which gives a type B for x after crossing the locks in
I'1 with v = locks(I'1). If A has kind Abs, we can cross any modality v without changing
the type. Otherwise, we take all top-level modalities u of A, and calculate the right
residual C = v\ for the output type following Tang et al. [2025]. The side condition
B non-modal indicates that B has no top-level modalities. The right residual operator is
defined as follows.

v\[E]
(D")\(D)

Intuitively, the right residual C = v\u gives the best modality C after crossing v from

[E]
(D”)  ifD=D",D’

u. First, we have I' + u = v o C @F, which shows that C is sufficient to cross v from
p. Second, forany I'  © = vo & @F, wehaveI' + C = & @v(F), which shows that
C is as good as any other remaining modality since it can be further transformed to
it. For example, suppose f : (log, yield)(1 — 1) is bound outside a handler for yield.
Inside the handler, accessing f crosses the lock #y;e14) introduced by the handler. Since
(yield)\(log, yield) = (log), rule D-Var gives f the type (log)(1 — 1).

Rules D-Do and D-HanbpLE extend the corresponding typing rules of MET with modes
and colours. Rule D-Do requires the inference mode; we can apply D-Sus for other
modes. Rule D-HaNDLE infers the type of the handled computation M, and checks all
handler clauses against the same result type 5 in the same mode m.

As in Section 8.4, the typing rules here are not syntax-directed because of the overlaps
introduced by D-Sus and D-TeLescore. We incorporate both rules into other rules to
obtain a syntax-directed type system. The full syntax-directed typing rules are given in
Figure 10.4, where the rules that differ from Fresco are highlighted.

Concretely, we incorporate D-Sus into SD-Unit, SD-VAR, SD-AnNo, and SD-Do.
We incorporate D-TELEscorE into the two abstraction rules in checking mode, giving
SD-ABsCreck and SD-ABsANNOCHEck. These two rules generalise their Fresco
counterparts by allowing introduction of both quantifiers and modalities.

Figure 10.5 gives the skeleton inference rules for Maetel, which correspond one-to-one
with the syntax-directed typing rules in Figure 10.4. The skeleton inference judgement
has the same form I' -, M =» P as in Fresco with the same well-formedness conditions.
As in Fresco, we extend variable bindings x : A in contexts to x : P for skeleton inference.

Unlike typing, skeleton inference does not take an effect context and ignores locks
in I when accessing variables. This is because rules P-ApsCHeck and P-ABsANNOCHECK
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IT'th M: A@E
SD-Var SD-ANNO
SD-UnNIT r() FA= (lOCkS(rl), B) I'tceM: A@E
', 1<A@E Fo,x:A,T1+, BB @E ', A< B@E
', (): A@E Ig,x:A,T1rpx:B @E I'n(M:A):B@E
SD-Freeze SD-ABsCHECk SD-ABs
't M: A@E p{l'},x : Arc M : B @p{E} m#C Ix:Arp- M:B@E

T [M]:A@E

I'tc Ax.M : p{A — B} @E

lF'rmAx.M:A— B@E

SD-ABsANNOCHECK SD-ABSANNO
p{T}, x:Arc M : B@p{E} m#C Ix:Aryp- M:B@E
T +c Ax2.M: p{A — B} @E Ty Ax*M: A —> B@E
SD-Arp SD-Do
't N=»P I'rP» Y>5(:A—»B I'teM:A@!,E
T'tenM: A —> B@E T'te N: A@E ', BB @{,E
IT'th MN:B@E F'tpdol/M:B @/l E
SD-HANDLE _
D ={ F,G(D)I-IMZA@D,E

F,x:(D)AkmN: @E [ZBfi:Ai—»Bi F,pi:Ai,ri:BiaBkmNi: @E]i
I' +, handle M with {return x = N} w {{; p; ri = N;}; : B @E
Figure 10.4: Syntax-directed typing rules for Maetel.
P-Unit P-Var P-AnNoO P-FrEEZE
Ikl I'sx:P | Sl R TH*A L Tk M=>P
Tk, ()= e, x> I'r,(M:A)=> T [M]=>P
P-ABsCHECK P-Ass P-ABsANNOCHECK
Ix:ArcM=Q m#C T[,x:Pr_M=> [Lx:ArcM=0Q

Tr Ax.M = QA — Q

Th, Ax.M 3 P —

T At M= QLA —Q

P-ABsANNO P-Aprp

m#C Ix:Avr,_ M= 't N=>»7P F'eP» gy M 2 Pl —
[, AxAM 2 A — C+, M N =»

P-Do P-HANDLE
Y>(:A—-»B D= F'ey M == P I,x:(D)P+, N =
Fk;"Bg [ZB[I':AZ'—»B{ l“,pi:A,-,r,':B,'—>kaN,-:» ],’

F+,dot M = I' i, handle M with {return x = N} w {{; p; r; — N;}; =

Figure 10.5: Skeleton inference rules for Maetel.
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10 Inferring modal effect types

introduce universal ghosts which may represent any modalities. As a result, even if
we tracked effect contexts, we would not know what the effect context for the premise
should be and which lock to introduce. Since we do not track effect contexts or introduce
locks in rules P-ABsCHeck and P-ABsANNOCHECK, rule P-Var reads the skeleton stored
in the context without using the across judgement. Another option is to introduce ghosts
into locks and effect contexts, so that for rules P-AssCreck and P-ABsANNOCHECK, we
can introduce @ and set the effect context to £ for the premises. We leave this as future
work.

Freezing interacts with modal types in an interesting way during skeleton inference.
In short, for x : A, the frozen term [ x] makes sure that the skeleton must be the type A
as if the variable were not influenced by any locks in the context and any input type.
This behaviour is consistent with the fact that during skeleton inference, we do not
know which potential modalities may be introduced.

10.2.3 Subtyping and consistency

As in Fresco, we introduce decorated types which attach tags to quantifiers and modal-
ities. Figure 10.6 gives the syntax and well-formedness rules for types with tags. These

provenance tags ensure that subtyping does not guess quantifiers or modalities out of

thin air.
Decorated types @ u=1|a| @1 — @2 | VaXp| p€p Tagcontexts W:u=-|W, e
Unresolved types Tu=1|a|Ti > T | VoK. T| puoT Potential tags 6 :=-|e€
Tags €
T #W:K|[p#V|
l'rp:K p#WY p1#Y pr #
To#W:K 1#- a#- 01— VYW
p#W¥ o #W
Veak.p # Wy {e} ueo #Vw{e}

Figure 10.6: Syntax and well-formedness rules for tagged types in Maetel.

A decorated type ¢ has a tag on every quantifier and modality. An unresolved type
T may have these tags on some of its quantifiers and modalities. As in Fresco, a tag
context W is a set of tags, and a potential tag 6 is either a tag or empty. The judgement
I'+ ¢ # ¥ : K combines the kinding judgement I' ¢ : K with ¢ # W, which requires W
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10.2 A haunted bidirectional type system with modal effects

to contain every tag in ¢ exactly once. We say that a type is guarded if it has no top-level
quantifier or modality.
Figure 10.7 gives the full subtyping and consistency rules. We highlight the rules

about modalities.

\W|Tr,T<A@E

S-INFER S-CHECK S-ForaLLR
|T+T ~A T, A guarded V| T+FT ~A V|Tl,a:K+. T<A@E
T T<A@E VI ITr. T<A@E \I/|TFCT§V04K.A@E
S-ForaLLL
S-ARROW m# I Yifresh Tre#W¥P :K
W | THT ~ W, T+, To < A @E W, W | T, Tlp/a] < A @E
W, Wy [T, T » T <A — A @E VT, VakT < A@E
S-MopCHECK S-MobFun
I'-v,T)=p@E V¥ |u{l}r.T<A@u{E} I'-@,T)=()@E V¥ |T'+,T<A@E
W|T+ 7T < A @E W|T+, 7T <A@E
W|T+T ~
C-Unir C-Var C-ForarLINH C-FOrRALLSYN
I'sa:K V| |T,a:K+rT~ VI |T,a:KrT ~
JTrF1~1 JTra~a W, 5| TFVakT ~vak W|T+VYakT~Vak.
C-MobINnu C-MobpSyn C-ARROW
W|THT ~ VI |T+T ~ Wi | THT ~ W, | T+T, ~
W,5| T+ u’T ~p W Tku’T ~p VU, W [T - T~ A —

Figure 10.7: Subtyping and consistency rules for Maetel.

The subtyping judgement has the form W | I' +, T < A @E. As with typing,
it extends the subtyping judgement of Fresco with an ambient effect context. The
subtyping judgement states that, given tags W under I' in mode m and effect context
E, the unresolved type T is a subtype of /. We require standard well-scopedness and
compatibility between / and m. The consistency judgement W | I' + T ~ A states that,
given tags W under I', the unresolved type T is consistent with /. It does not depend on
an effect context. As in Fresco, W contains only the tags determined by /, rather than
all tagsin T.

The rules for quantifiers and functions follow Fresco, with kind annotations added to
quantifiers. Rule S-MopCHeck introduces, eliminates, or replaces a modality sequence
when the transformation judgement holds. Its premise checks the bodies under p{I'} at
t{E}. Rule S-MopFun removes a modality sequence from the left-hand side in function
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10 Inferring modal effect types

mode. Neither rule determines modality tags, since modality transformation does not
determine a unique modality on the left-hand side. The two highlighted consistency
rules are the modal counterparts of C-ForaLLINH and C-ForaLLSYN. Rule C-MobInH
solves the tag of an inherited modality, whereas C-MobpSyn does not solve the tag of a
synthesised modality.

As in Fresco, decorated and unresolved skeletons extend their type counterparts
with ghosts. Figure 10.8 gives their full syntax and well-formedness rules. The tag
judgements for skeletons are defined in the same way as those for types. The additional

rules account for dotted ghosts. They have the same role as in Fresco.

Decorated skeletons Ppu=1
Unresolved skeletons Su=1|a|S — S| Vaks| us | Al
Guarded skeletons R:=1|la|P—-Q
Guarded unresolved skeletons V :=1|a| S — 5
Try#W:K|[yp#W]
Ty :K  y#W VI #Y B A
Ty #W:K 1#- a#- Y1 — U # VW VeaK y # W w {e}
VHW DHW
uy # W {e} Ak X MY #WY

Figure 10.8: Syntax and well-formedness rules for tagged skeletons in Maetel.

Figure 10.9 gives the full skeleton subtyping and consistency rules. Most rules follow
their counterparts in Fresco. The highlighted rules extend them with modalities.

The skeleton subtyping judgement states that, given tags W under I' in mode m, the
unresolved skeleton S is a subtype of I’. The skeleton consistency judgement states that,
given tags W under I', the unresolved skeleton S is consistent with

Rule S-Mob removes arbitrary modality sequences from both sides outside inference
mode, without determining their tags. It has no modality-transformation premise
because skeleton subtyping does not care about whether the transformation holds. Rule
C-UnivGHostMop additionally matches a universal ghost with an inherited modality

while retaining the ghost in its premise.
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W TrkS <

S-INFER S-UnitvGHosTR S-GHosT S-GHostG

| TFS~P S, P guarded | TFS~P

TrkS<P | TrES AP JTEkALP TRk <A
S-Mop -« S-ArRrROW
m#I \Plrl-m5< W[ TkS ~ \I]2|r|_;k52<

WTEE’S <V W, W, | THE S -5, <P —
S-ForaLLL

m#I  Ke{Abs,Any} W fresh Try#W:K WV |TrES[Y/al<
W Tk voaks <

S-UnivGHostL S-UnivGHosTLG
m#EI  W|TkFS< mEI W|THFS<
W[ THAS < W Tk .5 <

WI|TFS ~

C-Unir C-Var C-ForarLINH C-ForALLSYN
I'sa:K W|T,a:KFS~ V|Tla:KrS~
JTr1~1 JTra~a W,5 | TFVak.s~vak W | TFVaks~vak
C-MobINH C-MobSyN C-ARROW
W|TFS ~ W|TEFS ~ Wy |T+S ~ Wy | T+ Sy ~
W,5|T+u’S~p W TruS~u W, Wy [THS; — Sy~ P —
C-GHosT C-GHostG C-UnivGHosTG C-UnivGHosT
V| |TErS~ W|TFS ~
| TFA~P ITrsE~A W T+ .S~ A W I|T+AS~ A
C-UnivGHOsT1 C-UnivGHOsTMOD C-UnivGHOsT2
V|l a:KrA.S~ W |TkFRAS ~ W|TES~
W|T+AS ~Vak. VI T+HAS~p V| T+AS ~

Figure 10.9: Skeleton subtyping and consistency rules for Maetel.

10.3 Type inference algorithm

We sketch how the type inference algorithm can be extended for Maetel. We leave a full

formalisation of the type inference algorithm and its metatheory for future work.

10.3.1 Algorithmic syntax and kinding

Algorithmic syntax. Figure 10.10 gives the algorithmic syntax of Maetel. It extends
the syntax of Fresco in Figure 9.1 with the highlighted forms. In particular, types include
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10 Inferring modal effect types

modalities, rigid and flexible type variables carry kinds, and algorithmic contexts
contain locks. Flexible type variables still range over monotypes, so the algorithm does

not guess modalities.

Types AB:=1|a|A—B|VaKA| uA | &
Monotypes ,ne=1|lalt—omn|a&

Skeletons P,Qu=1|a|P—>Q|VakP| uP |a|A| AP
Kinds K ::= Abs | Any

Extensions Du:=-|4¢D

Effect contexts E,F:=-|{,E

Modalities u,v = [E]| (D)

Entries ex=a:K|x:Pla:K|a=1]| @,
Algorithmic contexts O:=-|10,e

Suffixes Bu=-18,a:K|B,a:=1

Figure 10.10: Algorithmic syntax of Maetel.

The well-formedness and metasubstitution rules of Fresco extend to the new syntax
in the standard way. Before assigning a solution to & : K, the algorithm checks that
the solution has kind K. The solved entry & := 7 does not retain K, since any required
kind of & can then be checked against 7. Locks are preserved by metasubstitution. Since
every type of kind Abs also has kind Any, an information increase may change the kind
of an unsolved flexible type variable from Any to Abs.

Algorithmic kinding. Algorithmic kinding has the form @y + P : K 4 ©®;, where 0
is an output context and the other components are inputs. Most of its rules follow the
declarative kinding rules in Figure 10.2 and thread the context through their premises.

The only new rules concern flexible type variables, as shown in Figure 10.11.

O+P:K40;
K-FLExXANY K-FLexABs K-FLExDEF
®>a4:K Oyr1:KA40,

Ora:Any40 Oy, a:K,E+a:Abs40y,a:Abs,E Oy, ad:=1,E+a:K40,a:=1,E
Figure 10.11: Algorithmic kinding rules for flexible variables in Maetel.

Algorithmic kinding may change the kind of a flexible type variable from Any to Abs

as shown by rule K-FLexAss. If the type variable has been solved, rule K-FLExDEr checks

its solution 7 at the required kind, which may further change the kind of any flexible

type variables in 7.
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10.3 Type inference algorithm

10.3.2 Algorithmic type and skeleton inference

Type inference. The type inference judgement now includes an ambient effect context
and has the form ©y [P}, M = A 4 ©; @E. The effect context is an input and
is unchanged by the judgement. Figure 10.12 shows the central changed rules. The
remaining rules follow Fresco.

®+ A= (v,B)10; |

A=1uB Bnon-modal v\p=¢( Oy + A:Abs 40
OFrA= (v,(B)40O G +rA=(v,A)16,

(0 [P}o M = A0, @F]

I-Var
O + A = (locks(®1), B) 4 ©}) ®),x:A,0; [P}, B<C-H0, @E

O, x: A, 0B [P]—mx=>C 10, @E

I-ABs
m#*C O+ Py>»P - Q40

guess(P) = (& : Any; A) O, a:Any,x:A[QFn- M=>B40;,x:A,E @QE
0 [Pobn Ax.M = A — B410,,E @F

I-ABsCHEck
p{©o} + Ag> A — B+ p{Oq} p{®1},x: A[B}c M = B4p{0},x: A E @p{E}

O [p{40}}c Ax.M = p{A - B} 10, @E

I-ABsANNOCHECK
p{@o} FAg > A’ — BH p{@1}
p{O®1} [A} A" ~ A 4 p{©y} p{®2}, x:A[BFc M = B4p{®s},x:AE @p{E}

@ [p{Ao}}c AxA.M = p{A — B} 103 @E

Figure 10.12: Changed type inference rules for Maetel.

To state rule I-VAR, we use an algorithmic version of the across judgement: @ - A =
(v, B) 4 ©1. The two rules are ordered. The algorithm first attempts to compute the right
residual. Only if this fails does it check A against the kind Abs.

Rule I-ABs gives every fresh flexible type variable introduced by guess(P) kind Any.
Typing the body may later require some of these variables to have kind Abs, in which
case algorithmic kinding changes their kinds, as in the I-Var rule. Rules I-ABsCHEck
and I-ABsANNOCHEcK use a telescope p, which is the maximal top-level telescope of the
input type. We use p to extend the typing context with rigid type variables and locks,
and to transform the ambient effect context. The rules for operations and handlers are

obtained from the syntax-directed rules in Figure 10.4 by replacing each declarative
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10 Inferring modal effect types

premise with its algorithmic counterpart and threading the output context through the
premises.

We give an example of how kinds of flexible type variables may change during type
inference. Suppose f : Va.[]Ja — a and consider Ax.f x. Rule I-Ass initially guesses a
fresh flexible type variable & for x with kind Any. Typing the application instantiates a

with & and checks x against []&. The typing derivation of checking x is:

K-FLExABs

O,a:Any+ 4 :Abs 40,4 : Abs

O,&:Anyra=([],&)410,a: Abs
I-Var

(G Any,x:&,ﬂ[] [&]—cxzd4@,&:Abs,x:0},ﬂn@-

I-TELESCOPE

LA
O,a:Any,x:a[[lafcx=[]a40©,a:Abs,x: a4 @E

As the derivation shows, the algorithmic kinding changes & from kind Any to Abs. We do
not lose completeness with respect to the declarative type system. For the term Ax.f x,
any monotype 7 guessed for x must be usable under the modality [], which forces the
type 7 to have kind Abs.

Skeleton inference. Algorithmic skeleton inference g [P} n M =» P 4 O keeps all
rules from Section 9.3. It has no ambient effect context. The new rules for operations
and handlers follow Figure 10.5, using algorithmic subtyping and threading the output
context through handler clauses.

10.3.3 Algorithmic subtyping, consistency, and look

Subtyping. The subtyping judgement has the form @y [Po}-7 P < Q 4 ©; @E. The
effect context is only needed when n = ty. The new rules are shown in Figure 10.13.
The modality sequences in these rules are maximal, and at least one sequence in
each conclusion is non-empty. Rule SI-MopChHeck checks the same auxiliary modality
transformation judgement as declarative S-MopCrEeck and checks the bodies under
the target locks and transformed effect context. This auxiliary check uses algorithmic
kinding for its Abs case, so it may change kinds in the output context. Rule SI-ForarLL
also uses algorithmic kinding to check that the instantiation returned by the look
judgement has the kind required by the quantified variable.

Rule SI-MopFun removes source modalities in function mode. For skeletons, rule
SI-Mob removes both modality sequences without comparing them. The full type pass
performs the omitted transformation check.
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‘®O[PO]‘;P<Q"®1@E‘

SI-MobCHEck
@@ P)=H@REA0; O} [P} P <Q4u{0;} @u{E}

@ [uPol ¢ VP < 1Q 4@, @E

SI-MopFun
@+ [7,P)=>()@E-©; O [P} P<Q410,@E

Qo [P} VP < Q 40, @E

SI-Mob
m#I O [P} P <QAH6,

O [EPo} 3¢ VP < HQ 4 64

SI-ForaLLL
m# I Py guarded or Py = P < Py 4™ B Py
Oy, E+P1: K40, ©; [Po}n P[P1/a]l < Q 410, @E

o [Pl Vak.P <Q410, @E

‘90[1’0]- P~Q-|®1‘

U-MobIna U-MobSyN U-UnivGHosTMoOD
@0 [Po]— P~ Q =l @1 @Q [.Po]— P~ Q - @1 @0 [Po]— .P ~ Q =l @1
©p [uPo} uP ~ pQ 40y ©p [A.Po} pP ~ uQ 460y @ [pPo} AP ~ uQ 40,

‘@|EI—(5¢Z=P—|@'

U-AssiGN-SOLVEM
@ ¢ ftv(P)  guess(P) = (B : Any; 1) @, E,f:AnyrT: K40

Oy, ad:K|E+r@:=P40;,&:=1

Figure 10.13: Changed algorithmic subtyping and consistency rules for Maetel.

Consistency. Algorithmic consistency keeps the judgement form @y [Po} P ~ Q 4 Oy.
We show changed and new rules in Figure 10.13. As in Section 9.4, the full judgement
also carries two sets of bound variables, which we omit here since they are unchanged
in the shown rules. Rules U-MobIna and U-MobSyn are the modality counterparts of
the corresponding quantifier rules in Fresco. Rule U-UnivGHOstTMob allows a universal
ghost to match an inherited modality while retaining the ghost in its premise. Rule
U-MobInH compares its two modalities up to modality equivalence, which we do not
write out here since we have no flexible variables in modalities. The changed assignment
rule U-AssigN-SorveM checks the guessed monotype at the kind of the flexible type

variable before assigning it.
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10 Inferring modal effect types

The look judgement. The look judgement keeps the form P <} Py %% E;P; from
Section 9.6. It first collects constraints for & and then solves them to obtain P;. Constraint
collection keeps the forms P <, Py 4* E;C and P ~ Py 4" E;C. Constraint solving keeps
the form C; P ~» Q with two individual solving judgements of the forms P <, Q ~+ P’

and P ~ Q ~ P’.

P <, P4 EC|

LS-TELESCOPE
p1#:0r py #- P, PPSYEC

pi{P} <, p2AP’} %" E;C

LE-TeLEscoPEINH LE-TELESCOPESYN LE-UNivGHOSTTELESCOPE
p#: P~P 5" E;C p#: P~RAP 4 E;C p*- A.P ~P' 4% E;C
p{P} ~ p{P’} 4% E;C p{P} ~A.P' 5" E;C A.P ~ p{P’} 4% E;C

LE-FLExR

P+#a a € ftv(P) ¥ fresh
P ~f 4" :Any;eq(p)

Figure 10.14: Changed constraint-collection rules for Maetel.

Figure 10.14 shows the changed constraint-collection rules. Rule LS-TeLESCOPE
replaces rules LS-ForarLL and LS-ForaLLR. It collects constraints from the bodies
of the two telescopes. Rule LE-TeLescopeIlNH replaces rule LE-ForarLINm. Rule
LE-TeLEscoPESYN replaces rule LE-ForaLLSYN. Rule LE-UNivGHosTTELESCOPE replaces
rule LE-UNivGrosT1. Rule LE-FLEXR declares its fresh flexible variable at kind Any.

[P <0 Q~ 5P/

SoLS-TELESCOPE
p1# - Or pg # - P<,Q~ &P

p1{P} <n p2{Q} ~ E; p1{P’}

SoLE-TeLEScoPEINH SoLE-TELESCOPESYN SoLE-UN1vGHOSTTELESCOPE
p*- P~Q~EP p+- P~R.Q~ &P p#*- AP ~Q~~ 5P
p{P} ~ p{Q} ~ E; p{P’} p{P} ~R.Q ~ &; p{P’} AP~ p{Q} ~ E; p{P’}

Figure 10.15: Changed constraint-solving rules for Maetel.
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Figure 10.15 shows the changed constraint-solving rules. Rule SoLS-TELESCOPE
replaces rules SoLS-ForarLL and SorS-ForarrR. It retains the first telescope in
the result and recursively solves the two bodies. Rule SoLE-TeLEscoPEINH replaces
rule SoLE-Forarr. Rule SoLE-TELEscoPESYN replaces rule SoLE-ForarLGHost. Rule

SoLE-UnNivGHosTTELEscOPE replaces rule SOLE-GHOsTFORALL.

10.4 Extensions and design choices

We discuss some extensions and design choices of Maetel.

10.4.1 Algebraic data types

Maetel supports algebraic data types and pattern matching. This extension poses no
particular challenge. Taking pairs as an example, the declarative skeleton inference rules

for pair introduction and elimination in Maetel are as follows.

P-Pair P-PAlRCHECK
I''rfkM=P T'r N=>Q I'rceM=P Tr.N=>Q
I't; (M,N)=>PxQ I'te (M,N) = RA.PxQ
P-Caske

T Fe M > p{[@](Pl X Pz)} I,x: p{[]Pl},y : p{[]Pz} Fon N =>»
I't, case M of {(x,y) — N} =»

We have two rules for pair introduction, one for inference mode and the other for
checking mode. In P-PAIRCHECK, we introduce a universal ghost to cover potential type
abstraction, similar to P-AssCHEcKk in Section 8.7. We use a case construct to eliminate
pairs. We allow the term to be inferred with a pair skeleton under a telescope, followed
by an optional universal ghost. The same telescope and universal ghost prefix the
skeletons assigned to the two pattern variables. The branch term N has the same mode
m as the whole case term.

10.4.2 Global functions are absolute

As with bidirectional typing, we require type annotations for global functions. Moreover,
we assume that global functions are always absolute; they are implicitly wrapped into
a [] modality if no absolute modality is given. This enables us to give higher-order
functions such as map their usual types.
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10.4.3 Modality elimination within telescopes

As shown by the D-Var rule in Section 10.2.2, when we use a variable, we only allow
implicit elimination of its top-level modalities. We can further generalise this to allow
implicit elimination of modalities within the top-level telescope. For example, suppose
we have a variable binding x : Va.(yield)(a — a) in the context with an operation

yield: Int — 1. We can write the following program to run x and handle its effects:

handle x () with {return y — y,yieldp r —r ()}

However, under the current typing rules, x cannot cross the lock &,;e14) introduced by
the handler, because the modality in its type occurs beneath the quantifier Va. Extending
implicit modality elimination from top-level modalities to top-level telescopes makes
this program type check. The top-level telescope of x is Va.(yield), whose modality
(yield) can be consumed to cross the lock @y;e1q)-

Considering a top-level telescope as a whole would also enable a more powerful

subtyping relation. For instance, the subtyping relation
T ke, (yield)(Va.(yield)(1 > 1)) <1 — 1 @yield

fails because S-MopFun first tries to transform the modality (yield|) to the identity
modality, which is not allowed. If we consider the top-level telescope (yield|)Va.(yield)
as a whole, we can transform it to the identity modality.

We leave a formal treatment of this extension to future work.

10.4.4 Masks

Adding masks is routine. The only challenge is to update the right residual operator

v\u to account for masks, which is already covered in Tang et al. [2025].

10.4.5 Parameterised effects

We ignored parameterised effects in the formal presentation of Maetel. Adding paramet-
erised effects is mostly routine, except for introducing a new challenge to kind inference.
In Section 10.3, we always give kind Any to flexible type variables and make them Abs
when necessary during type inference. This approach does not break completeness of
type inference because when we make a flexible variable Abs, we know this is the only
choice. However, with parameterised effects, it may not be the only choice any more.
For instance, in order to make the transformation (Gen 4)¢ = (Gen b)¢ hold, we can
either make ¢ Abs or unify 4 and b. It would be interesting future work to find a simple

solution to this problem without breaking completeness.
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10.4.6 Effect variables

We ignored effect variables in the formal presentation of Maetel. There are two ways to
add effect variables to Maetel. One approach is to introduce flexible effect variables &
when instantiating an effect abstraction and solve them during type inference, similar to
how we solve flexible type variables. The challenge with this approach is that we may
encounter inequality constraints such as é < E since Maetel has subeffecting, in which
case we may not be able to find an optimal solution. Another approach is to never guess
effect types out of thin air. Instead, when instantiating an effect abstraction, we decide
which effect type to use from known information following what we do for quantifiers
and modalities. In the declarative type system, we would also attach tags to effect types.
We leave a formal treatment of effect variables to future work.

10.5 Implementation and elaboration

We discuss the implementation and elaboration of Maetel.

10.5.1 Implementation

I do not yet have a full implementation of Maetel. I am working on a prototype im-
plementation of Maetel on top of my implementation of MeTL [Tang 2025], a surface
language with a much simpler bidirectional type inference algorithm introduced in Tang
et al. [2025]. Aghilas Y. Boussaa implemented a surface language for modal effect types
with ML-like syntax and the type inference algorithm described in this chapter [ Boussaa
2026].

10.5.2 Elaboration

Maetel has neither explicit introduction nor elimination for quantifiers and modalities.
We can elaborate a Maetel term into a MET term by inserting explicit introduction and
elimination forms at the appropriate positions guided by the typing derivation.

In Figure 10.16, we define the elaboration from the declarative type system of Maetel in
Section 10.2 to MET. The judgementI' -, M : A @E --» M’ elaborates the Maetel term M
to the MET term M’. The key intuition is that we insert modality elimination forms when
a variable is bound, and insert modality introduction forms when a variable is used. We
also insert type abstraction and modality introduction forms in the D-TeLescorE rule,
and insert instantiation, together with modality introduction and elimination forms, in

the D-Sus rule, which uses a separate elaboration on subtyping relations defined later.
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For simplicity, we follow MET(X) in treating let, mod, x = V in W as a value when
both V and W are values in order to make sure the elaboration preserves values. The
operational semantics is extended correspondingly to use value normal forms as in
MEeT(X). We also extend telescope application to values to insert type abstractions and

modality introductions:

{v} =V
(VoK. p){V} = AaK.p{V}
(up{V} = mod, p{V}

The auxiliary function unvar(x; A; M) eliminates all top-level modalities of a variable
x of type A. The auxiliary function unvar,(x; A; M) additionally assumes the variable x
is annotated with the modality u in the context.

unvar(x; A; M) = unvary(x; A; M)
unvar,(x; uA; M) = let, mod, x = x in unvar,.,(x; A; M)
unvar,(x; A;,M) = M if A non-modal

Rule D-Var reintroduces the modalities in the type B returned by the across judgement.
Rules D-ABs and D-ABsANNo use unvar to immediately eliminate the modalities of the
bound variable x. In D-HaNDLE, MET already binds the return variable as x :(py A, so
we use unvarpy. The continuation has no top-level modality and needs no modality

elimination.

Figure 10.17 elaborates a subtyping relation in Figure 10.7 to a meta-level function
between MET values. The judgement has the formI'+, A < B @E --» f, where f isa
meta-function that transforms a MeT value of type A into one of type B. We write AV.W
for defining such a meta-level function. It binds the metavariable V in W. We write
f(V’) for applying a meta-function. For simplicity, when we write T or ¢ in black, we
implicitly erase their tags. We write let mod; x =V in M as a shorthand for a sequence

of modality eliminations.

Rules S-Inrer and S-CHeck leave the value unchanged. Rule S-ForatLL inserts type
application, and S-ForaLLR inserts type abstraction. Rule S-ARrow upcasts the function
result and leaves the argument unchanged. Rule S-MopCHEck eliminates the original
modalities and introduces the new modalities for the recursively elaborated term. We
insert an extra modality elimination for the identity modality to ensure V is fully
evaluated before passing to f even when v is empty. Otherwise, we cannot guarantee
that any value V can be accessed under the ¢ modalities since our extended definition
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10.5 Implementation and elaboration

'y M: A@E ——» M’

D-Var
D-Unir —
I'g+ A = (locks(I'1), B) B =By Bpnon-modal
I'ri ):1@E --5 () To,x: A1+ x:B@E —-» {{x}
D-Sus
'+t M:A@E - M’ ', ASB@E - f
D-ANNO
I're M:A@E --+ M [ M:5@E —» f(MA) N if M 1s.avalue
Th (M:A):A@E ——» M’ let x* = M’ in f(x) otherwise
D-FRrEEZE D-TEeLEScoPE
Tt M:A@E —-> M’ p{T} rc V:A@p{E} >V’
[te [M]:A@E --» M’ [k Vip{A} @E —-» p{V"}
D-Ass

Ix:Avtp M:B@E -——s M’

TryAx.M: A — B@E --» Ax®.unvar(x; A; M’)

D-ABsANNO
Ix:Arp- M:B@E --s M’

[ AXxAM: A — B@E --» Ax®.unvar(x; A; M’)

D-Aprpr
' e N=>»P I'rP»
I'timM:A— B@E --—» M’ I'te N:A@E --—s N’

't MN:B@E --» M' N’

D-Do
Y>¢{:A—-B Tt+eM:A@CE --—» M’

Il't;dof{ M:B@{,E --»do ¢ M’

D-HaNDLE
D=¢ I&pyrtM:A@D,E --» M’ Ix:(D)A+ry N: B@E --» N’
[ZB[Z':AI'—»B{ F,pi:Ai,ritBi%B}—mNit @E ——-)NZ-I]Z'

I' by handle M with {return x — N} W {{; p; ri > N;}; : B @E
--» handle M" with {return x - unvarpy(x; A; N')} W {€; p; r; = unvar(p;; A;; N])}i

Figure 10.16: Elaboration from Maetel to MET.
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10 Inferring modal effect types

of values contains let, mod, x = V7 in V2. Rule S-MopFun only eliminates the original
modalities.

W|THT<AQE --»f

S-INFER S-CHECK
| TFT~A T,Aguarded WI|TFT~A
| THT<KA@E --» AV.V VI |TrH TKARE --5> AV.V
S-ForaLLR

WIT,a:Kr. T<A@E --» f

W TrT<VaX A@E -5 AV.AaK.f(V)

S-ARrROW
| THT ~ ‘Ilzlrl-mT2§ @E——«)f

Wy, Wy [T, T = Th <AL — Ay @E ——» AV Ayilet x2 =V yin f(x)

S-ForaLLL
m# I W fresh Tre#W:K

W, W T+, Tlp/a] < A@E —-» f
W Tk, VakT <A@E -5 AV.f(V @)

S-MopCHEck
I'-(v,T)=pu@E W u{T e T<A@u{E} --» f

W|T k. T S UA@E --» AV .let mod(y x = mody V in let mody x = x in u{f(x)}

S-MobpFun
I'r(v, T)=() @E W T+, T<A@E > f

W|Tk, 7T <A@E - AV.let mods x = V in f(x)

Figure 10.17: Elaboration of Maetel subtyping to MET.
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11 Related work

Thus we have achieved a thousand things in each genre, and one of the
principal occupations of science and philosophy, in order to understand
the reasons for them, is to discover their origin and primitive cause. This
is what must be called “type” in architecture, as in every other field of

inventions and human institutions.
—Quatremere de Quincy (1825)

We start this chapter with a direct comparison of the types of the same programs in
different programming languages, including our surface language Maetel and two
other research languages: Koka [Leijen 2026], which has a row-based effect system, and
Effekt [Brachthduser et al. 2026 ], which has a capability-based effect system. Then we
discuss related work on effect systems and type inference.

11.1 Programming with Maetel, Koka, and Effekt

The encodings in Chapter 7 encode the core calculi of Koka and Effekt into MET(X), a
framework based on the core calculus of Maetel. However, these encodings focus on
the expressive power and make significant use of effect variables in MET(X). In practice,
as we see in Chapter 3, effect variables are rarely used in Maetel. This section provides
a more direct comparison of how the same programs have different types in Maetel,
Koka, and Effekt. These examples reflect common programming patterns and reveal
the essential differences between the three languages for programmers.

11.1.1 Invoking and handling effects

An effect system tracks which effects are invoked. Consider the function genInc x =
do yield (x + 1) from Section 3.3, which uses the yield operation. Its types in Maetel,
Koka, and Effekt are as follows.

genInc : [Gen Int](Int — 1)
genInc : forall<e>. (x : int) — <gen<int>|e> ()

def genInc(x : Int) : 1 / { Gen[Int] }
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Both Maetel and Effekt support effect subtyping, which enables us to apply genInc with
other effects. Koka does not support effect subtyping and uses an effect variable e for
modularity. Koka supports a special typing rule which implicitly inserts effect variables
on function types in covariant position. Consequently, we can in fact simply write the
following type in Koka.

genInc : (x : int) — (gen<int>) ()

An effect system tracks which effects are handled. Recall the asList handler from
Section 3.4. Its types in Maetel, Koka, and Effekt are as follows.

asList : forall [a] . [J(<Gen a>(1 — 1) — List a)
asList : forall<a,e>. (action : () — <gen<a>|e> ()) — e list<a>
def asList[AJ{ f: 1 = List[A] / { Gen[A] } }: List[A]l / {3}

Both Maetel and Effekt allow the argument of asList to use the ambient effects in
addition to Gen a. In Koka, we must make the argument polymorphic over other effects.

11.1.2 Data types and higher-order functions

An effect system should be compatible with algebraic data types. Consider a pair of
genInc functions. In Maetel, we can choose to either share a single absolute modality

between both components, or have a separate absolute modality for each component.

pa : [Gen Int]((Int — 1) * (Int — 1))
pa : ([Gen Int]l(Int — 1)) * ([Gen Int](Int — 1))

In Koka, we can choose to use one or two effect variables:

pa : forall<e>. ((x:int) —<gen<int>|e> (), (y:int) —<gen<int>|e> ())

pa : forall<e,el>. ((x:int) —<gen<int>|e> (), (y:int) —<gen<int>|el> ())

In Effekt, we cannot express this pair of functions directly, as functions are second-class.
We must box the functions to make them first-class.

pa : Tuple2[Int = 1 / {Gen[Intl} at {3}, Int = 1 / {Gen[Int]} at {}]

The syntax at {} means that the preceding function type Int = 1 / {Gen[Int]}is
boxed with no captured capability.

An effect system should be compatible with higher-order functions. Consider the
standard sequential composition function compose f g x = g (f x).Its type in Maetel
states that the function itself is pure:

compose : forall abc . [J((a—b) > (b > c) = (a > c))

Its type in Koka uses an effect variable:
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11.2 Effect systems
compose : forall<a,b,c,e>. (f: (a) —e b) — (g: (b) —e ¢c) — ((x:a) —e ©)

In Effekt, since functions are second-class, we must either switch to an uncurried version
or box the result with capability variables:

def composeUncurried[A, B, CI(x: A){ f: A= B }{ g: B=C3}: C/ {}
def compose[A, B, CI{ f: A= B }{ g: B=C }: A= C at {f, g}/ {3

11.2 Effect systems

There is a large amount of work on effect systems in the literature. Here we focus more

on the work targeted at algebraic effects and handlers.

Row-based effect systems. We use the term row-based effect systems to refer to the class
of effect systems that associate effects with function types. The structure of effect types
is usually based on row types. Links [Hillerstrom and Lindley 2016] uses Rémy-style
row polymorphism with presence types [Rémy 1994 ], whereas Koka [Leijen 2017]
and Frank [Lindley et al. 2017] use scoped rows [Leijen 2005], which allow duplicated
labels. Many row-based effect systems support subeffecting. Eff [Bauer and Pretnar
2014; Pretnar 2014] is equipped with an effect system with both effect variables and
subeffecting based on the type inference and elaboration described in Karachalias et al.
[2020]. The effect system of Helium [Biernacki et al. 2020] is based on finite sets, offering
a natural subeffecting relation corresponding to set inclusion. Tang et al. [2024] propose
a calculus for effect handlers with effect polymorphism and subeffecting via qualified
types [Jones 1994; Morris and McKinna 2019]. MeT adopts Leijen-style scoped rows,
but also allows operation labels to be absent in the spirit of Rémy-style presence types.
We expect that other row-based effect systems mentioned here can also be encoded in
MET(X) by instantiating the effect structure appropriately.

The Frank language. Frank [Lindley et al. 2017; Convent et al. 2020] also adopts a row-
based effect system and introduces several novel notions for getting rid of effect variables.
The design of modal effect types is inspired by Frank. Our ambient effect contexts
are inspired by the notion of ambient abilities in Frank, and our relative modalities
are inspired by the notion of adjustments in Frank. Frank solves the eee problem in
Section 1.1 via syntactic sugar that implicitly inserts effect variables into higher-order
programs. This approach works in practice, but it is a fragile syntactic abstraction that
can be leaked to programmers in places such as error messages. Syntactic sugar is
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not satisfactory from a theoretical perspective either. In contrast, MET exploits modal
types to robustly capture the essence of modular effect programming without effect
polymorphism. Our calculus System F'¢ in Section 7.4 characterises the core idea of
Frank. We encode System F!€ into MeT without effect variables. Another difference is
that Frank’s adjustments are second-class and only appear beside argument types of
functions, while relative modalities of MET are first-class and can appear anywhere.
Frank also supports adaptors, which provide more ways to manipulate the ambient effect
context than the relative modalities of MET, which only add or remove effects from the
ambient effect context. We expect relative modalities to extend readily to encompass
the full power of adaptors.

Capability-based effect systems. Some recent effect systems use capabilities to model
effects and offer a form of effect polymorphism through capability passing. Different
variations diverge on when capability sets appear in types. Effekt [ Brachthduser et al.
2020, 2022] uses second-class functions and only attaches capability sets to types when
boxing functions to make them first-class. CC..q [Boruch-Gruszecki et al. 2023] and
Capless [Xu et al. 2025], the foundations for capture tracking in Scala 3, always annotate
every type with its capability set and use subtyping and syntactic sugar to simplify
capability sets. Our notion of ambient effect contexts is also inspired by the view of effects
as capabilities provided by the context. Capability-based effect systems also solve the eee
problem. The argument of a higher-order function may use any capabilities provided by
the context without explicitly mentioning them in its type. One main difference is that
capability-based effect systems either make functions second-class or attach capability
sets to every type to prevent capabilities from escaping. The latter requires some form
of lightweight dependent types to mention capability variables in types. In contrast, MET
works more smoothly with first-class functions. Another difference is that capability-
based effect systems target named handlers, in which operations are dispatched to a
specific named handler, whereas MET uses Plotkin and Pretnar [2013]-style handlers, in
which operations are dispatched to the first matching handler in the dynamic context.

The purity modality. Choudhury and Krishnaswami [2020] propose to use the
necessity modality to recover purity from an effectful calculus. This modality is similar

to our empty absolute modality.

A modal type system for benign effects. Nanevski [2004] proposes a modal type
system for benign effects in Section 4.3. We refer to this system as MTBE. MTBE supports

local effects and indexes the standard necessity modality OJ with effects for effect tracking.
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In MTBE, a type U A means a computation which returns a value of type A and may
perform effects in E. This indexed necessity modality is similar to the absolute modality
of MET. The key difference between MTBE and MET is that MTBE has no notion of
ambient effect context. MTBE requires functions to be pure: every function type must
specify all the effects it may perform via a box. In contrast, MET(X) allows a function
to perform any effects from the ambient effect context. In order to apply a function
to effectful arguments in MTBE, we must specify what effects may be performed in
the type. This requires parametric effect polymorphism in order to support arbitrary
effectful arguments. Moreover, MTBE does not support relative modalities as relative

modalities are intimately tied to the notion of ambient effect contexts.

Effectful contextual modal type theory. Zyuzin and Nanevski [2021] propose ef-
fectful contextual modal type theory (ECMTT), which extends the contextual necessity
modality [Nanevski et al. 2008] to track contexts of effectful operations. Similar to MTBE,
ECMTT also lacks the notion of ambient effect contexts and thus cannot solve the eee

problem.

Abstracting effect systems. Morris and McKinna [2019] propose a general framework
that abstracts different styles of row types. Following this idea, Yoshioka et al. [2024 ]
study different treatments of effect collections in row-based effect systems. They propose
a parameterised core calculus, Aga, whose effect types can be instantiated to various
kinds of sets and rows. Aga focuses on row-based effect systems and thus cannot encode
capability-based effect systems. We follow Aga in parameterising our framework MeT(X)
over different treatments of effect collections. We make use of modalities to decouple
effect tracking from function types, enabling the encodings of both row-based and

capability-based effect systems.

Local effects. Local labels in MeT(X) allow us to introduce fresh effects locally. They
are useful for solving the effect pollution and accidental handling problems [Biernacki
et al. 2019; Convent et al. 2020; Zhang and Myers 2019]. There are various local effect
formalisms in the literature [Biernacki et al. 2019; de Vilhena and Pottier 2023; Jourde
et al. 2022]; most are based on dynamic generation of fresh effect names, whereas the
calculus of Biernacki et al. [2019] is based on effect coercions. We conjecture that local

labels of MET(X) are as expressive as these formalisms.
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11.3 Type inference

Type inference for first-class polymorphism (FCP) spans a wide design space. We first
discuss type inference approaches to semi-explicit FCP. Then we organise the discussion
of type inference for implicit FCP around the two central questions we care about when
designing type inference for FCP: how to mix different directions of information flow,
and how to represent unknown type information beyond unification variables.

Semi-explicit polymorphism. PolyML [Garrigue and Rémy 1999] first introduces the
notion of semi-explicit polymorphism. PolyML separates polymorphic types from
first-class monomorphic types, and introduces a type-level box operator to make
polymorphic types first-class. Boxed polymorphic types require explicit introduction,
which needs a polymorphic type annotation, and explicit elimination, which needs no
type annotation. OmniML [O’Brien et al. 2025] extends PolyML to enable more flexible
information flow of boxed polymorphic types, allowing the type annotation on the
introduction of a boxed polymorphic type to be omitted when it can be determined from
the context. Unlike PolyML and OmniML, Fresco targets implicit FCP with no boxes
for polymorphic types, and does not require explicit introduction and elimination of
polymorphic types. FreezeML [Emrich et al. 2020] also has no type-level boxes. Instead,
FreezeML introduces a term-level freezing operator that prevents a term variable from
being implicitly instantiated. Our freezing operator is directly inspired by FreezeML.
Compared to Fresco, FreezeML makes no use of bidirectional information flow to infer
polymorphic types.

Mixed directions of information flow. The line of work closest to Fresco does type
inference for FCP by considering information flow between functions and arguments.
We discuss the limitations of these approaches in terms of mixed information flow
and explain why they fail to type check our motivating example in Chapter 8. Boxy
types [ Vytiniotis et al. 2006 ] merge the checking and inference judgements of bidirec-
tional typing into a single judgement in which “boxes” mark the parts of a type that
must be inferred, and share with Fresco the principle that polymorphism should never
be guessed. In the core system, information only flows from functions to arguments.
They proposed several ad hoc rules to allow mixing of information flow, but none of
these rules allow information to flow from one argument to a sibling argument, so
challenge (2) still fails. GI [Serrano et al. 2018] works in the opposite direction: it treats
an n-ary application as a whole and instantiates a variable with polytypes only when
the variable is guarded under a type constructor in some argument type. GI does not

allow information to flow from functions to arguments, so challenge (2) fails. Similarly,
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HMEF [Leijen 2008] does not allow information to flow from functions to arguments as
robustly as Fresco does, so challenge (2) fails. QuickLook [Serrano et al. 2020] combines
the two directions by first having a quick look at the arguments of an application spine
to guide the polymorphic instantiation of the function. Then the type information of the
function is propagated back into the arguments. As discussed in Chapter 8, although
QuickLook addresses challenge (2), it fails to address challenge (1) because it only
learns from an argument when the argument type is guarded, following GI. However,
in our example, the argument churchIds has the unguarded type CList (Va.a — a).
Moreover, the quick look process itself is a deliberately shallow algorithmic pass aimed
at easy implementation in GHC. Skeleton inference of Fresco provides a more systematic

and precise way to collect information from arguments.

Local type inference. The line of work on local type inference also cares about inform-
ation flow. As its name suggests, local type inference (LTI) [Pierce and Turner 2000]
combines bidirectional checking with local synthesis of type arguments. However, LTI
only allows information flow from arguments to functions, and propagates information
in an all-or-nothing fashion. Coloured local type inference (CLTI) [Odersky et al. 2001 ]
lifts the second limitation by propagating partial types, with a colour on every type
component recording whether it is inherited or synthesised. Since everything is coloured,
CLTI is not compatible with unification of monotypes where the direction of informa-
tion flow of monotypes is left open until a solution is found. Fresco works well with
monotype unification by only ascribing colours to universal quantifiers. As discussed in
Section 8.1.6, both CLTT and Boxy types also restrict polymorphic instantiation more than
Fresco does, requiring every appearance of a guessed instantiation to be determined.
Local Contextual Type Inference (LCTI) [Xue et al. 2026] redesigns LTI on top of
contextual typing [ Xue and Oliveira 2024 ], using modes that reflect program structure
to guide instantiation. LCTI lacks the colours used in Fresco and thus cannot represent
fine-grained information flow, where only part of the type information flows from an
argument to a function while the rest flows back. Moreover, LCTI never instantiates
the type of an argument and is sensitive to argument order. In our example, churchIds
can guide the instantiation of churchMap, but the polytype learned this way is not used

when checking the sibling lambda, which fails to solve challenge (2).

Beyond unification variables. Every inference algorithm must handle type informa-
tion that is not yet known. For monotypes, unification variables together with a simple
solving strategy suffice: equality constraints may be solved eagerly, in any order, without
losing generality. This is not enough for general FCP, or any other scenario where the
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solution does not form an equivalence class. Committing to an instantiation too early
can exclude valid typings, so the order of solving starts to matter. To address this, people
have proposed different placeholders to represent what is known about an unknown
type, and/or designed smart solving orders to delay work on an unknown type until it
becomes determined. ATIA [Morris 2026] interleaves an Algorithm-M-style traversal
that pushes expected types towards the leaves with constraint solving, and extends the
syntax of types with pseudotypes [S]P that stand for the result of an unknown sequence
of instantiations. Pottier and Régis-Gianas [2006] stratify type inference for GADTs
into a constraint-based core preceded by a shape inference phase, where shapes are
types with holes that propagate the information contained in explicit annotations. In a
dependently typed setting with implicit arguments, FCIF [Kovacs 2020] elaborates into
a core theory with strictly curried telescope function types, so that types themselves
can defer decisions about inserting implicit abstractions and applications. Instead of
enriching the placeholders, its successor DOE [Kovécs 2026] postpones any checking
problem whose expected type is an undetermined metavariable and resumes it once
the metavariable is solved. OmniML [O’Brien et al. 2025] similarly suspends constraints
until the shape of a type is uniquely determined by the context, making the order of
information flow dynamic rather than fixed. Parreaux [2026] proposes to go further and
decouple such resolution steps from type inference altogether. None of the approaches
described above leak placeholders into the surface syntax, in contrast to approaches that
enrich the type language itself [ Le Botlan and Rémy 2003; Leijen 2009; Parreaux et al.
2024]. Most of the above approaches also emphasise describing their algorithms with
their own placeholders and solving strategies, with no declarative specification. Leijen
and Ye [2025] embrace this trend and argue that specifications should move closer to
algorithms, rephrasing Hindley-Milner as inference under a prefix. Like the placeholders
in the above approaches, skeletons and ghosts of Fresco also represent unknown type
information for polymorphism. In contrast to these approaches, Fresco insists on a
declarative specification of the type system with soundness and completeness results.

Fresco gives a declarative specification of how skeletons are inferred.
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One must imagine Sisyphus happy.
—Albert Camus (1942)

The main goal of this thesis is to design an effect system for practical languages to
use. Much previous work has been done on effect systems, but a main challenge these
systems face, as introduced in Section 1.1, is the eee problem of having to thread effect
variables through types for modularity. Some recent approaches aim to solve the eee
problem, but they have one or more of the following caveats: they rely on fragile syntactic
sugar, sacrifice first-class functions, require type-level capabilities, or are restricted to
named effect handlers. This thesis avoids all these caveats, supporting first-class higher-
order functions while preserving their usual types, supporting Plotkin and Pretnar
[2013]-style dynamic effect handlers, and only requiring the uses and handling of effects
to be annotated in most cases.

This thesis does not achieve the above by adopting ad hoc syntactic sugar or intro-
ducing mechanisms for binding and tracking capabilities in types. Instead, this thesis
develops a new theoretical foundation for effect systems, modal effect types, inspired
by multimodal type theory. We observe that, when viewing effects as provided by the
surrounding context, the notion of ambient effect contexts gives a natural solution to
the eee problem. However, the entanglement of effects with function types in traditional
effect systems prevents us from benefiting from this observation. We decouple effects
from function types via modalities, with absolute modalities denoting uses of effects
and relative modalities denoting changes (handling) of effects. Part I presents the core
calculus MeT that formalises modal effect types with many extensions.

Decoupling effects from function types enables us to unify different styles of effect
systems by encoding them into a single target. Part Il develops such a uniform framework
MET(X) and presents compositional encodings of different effect systems into MET(X).

Type inference for modal types can be challenging when we want to keep their
introduction and elimination implicit, while using them as first-class types for implicit

instantiation, similar to the notion of first-class polymorphism. Part III presents a novel
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type inference approach for first-class polymorphism, and extends it to infer modal
effect types in a language Maetel, whose tutorial is given in Chapter 3.

A general takeaway from this thesis is the idea of decoupling programming language
features. Modal effect types decouple effects from function types. This idea has been
applied in many other contexts. For instance, call-by-push-value (CBPV) [Levy 2004 ]

decouples thunking and forcing from function abstraction and application.

12.1 Future work

This thesis introduces a novel effect system with a new theoretical foundation, opening
up many directions for future work. Some of them have been discussed in previous
chapters. We summarise a few promising directions here, grouped by topic.

12.1.1 Modal types

Fitch-style modality elimination. MET follows multimodal type theory to use let-
style modality elimination. We must bind a value to a variable in order to eliminate its
modality. In contrast, with Fitch-style modality elimination [Clouston 2018], we can
eliminate the modality of a value in place. Fitch-style modality elimination is more
convenient to use as shown in the related work section of Gratzer et al. [2022], but has
extra requirements on the mode theory as discussed in Section 7.5.2. The elaboration
procedure of Maetel automatically inserts let-style modality elimination, which gives
us similar convenience to Fitch-style modality elimination. It remains an open question
whether we can translate between let-style modality elimination and Fitch-style modality
elimination, and if so, whether such translations are local or global. It is also interesting
future work to extend MET with Fitch-style modality elimination.

Value restriction of modal type systems. We adopt the value restriction in MET to
ensure effect safety as discussed in Section 4.5. Modality introduction and elimination
only apply to values. In a recent extended abstract [ Lorenzen et al. 2026], we show
that the value restriction is a common trick to ensure type soundness of modal type
systems with call-by-value semantics. However, this extended abstract only discusses a
collection of examples of modal type systems that adopt the value restriction; it does
not give a general characterisation of the conditions under which the value restriction

is necessary and sufficient. Exploring such conditions is interesting future work.

Relaxing the value restriction. An observation related to the above is that we do

not have to adopt the value restriction for all modalities in MET. In particular, for
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absolute modalities [E], the term mod;g} M is safe for any term M as long as the
current ambient effect context F is larger than E, i.e., E < F. We have no risk of leaking
effects from M, since the ambient effect context provides every effect that M requires.
It is straightforward to extend MeT with a relaxed form of value restriction that allows
such cases. It is more interesting to explore if similar situations exist for other modal
type systems, and if we can give a formal general characterisation of such a relaxed

value restriction.

Denotational semantics of MET. We present only an operational semantics of MET in
this thesis. A promising approach to developing denotational semantics of MET is to
follow the categorical semantics of multimodal type theory [Gratzer et al. 2021; Gratzer
2023].

Submoding. MET extends the mode theory of MTT from a 2-category to a double
category with a partial order between modes for subeffecting. However, in addition to
being a double category, MET also requires some extra ad hoc properties of the double
category. For instance, as shown by Lemma 29, horizontal morphisms act functorially
on vertical morphisms. Future work could explore the algebraic structure that more
precisely describes the mode theory with submoding as in MET. A possible direction
is to consider fibrations. With the right algebraic structure for mode theories with
submoding, a next step is to generalise MET to a calculus parameterised by such mode
theories and instantiate this calculus differently to obtain different modal type systems.

More encodings. We discussed some extensions to the framework MeT(X) and the en-
codings that these extensions would enable in Section 7.5.3. Other interesting encodings
include encoding different formalisms of local effects [ Biernacki et al. 2019; de Vilhena
and Pottier 2023]; encoding simply-typed MET back into System F!¢ introduced in
Section 7.4; and encoding between capturing types [ Boruch-Gruszecki et al. 2023; Xu
et al. 2025] and modal effect types.

12.1.2 Effect types

Higher-order effects. We discussed in Section 3.9 that the main situation where we
need effect variables in MET is to define higher-order effects that are parameterised by
the effects that their arguments or results may perform. A future extension is to support
modular higher-order effects in MET without effect variables. A promising idea, as we
discussed in an extended abstract [ Boussaa et al. 2026], is to introduce an order on

effects in effect contexts which characterises the order of handler stacks, so that we
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can prevent higher-order operations of outer handlers from taking arguments that use
effects of inner handlers. Another promising idea is to adopt the structural approach to
higher-order effects [Bosman et al. 2024; Yang and Wu 2026; van den Berg and Schrijvers
2024; Yang 2024; Yang and Wu 2023; Yang et al. 2022 ] which extends the semantics of
effect handlers to enable effects used by arguments of higher-order operations to be
handled.

Control-flow linearity. We proposed control-flow linearity [Tang et al. 2024] which
extends effect types to track whether linear resources are used in their continuations or
not, resolving the soundness issue of combining linear resources with multi-shot effect
handlers. We formalised control-flow linearity in a conventional effect system with a
linear type system that uses kinds to specify linearity of types. A natural direction for
future work is to extend modal effect types with control-flow linearity. More interestingly,
we can use a modal type system for linearity, and explore how the modalities for effects
and linearity interact with each other. Modal type systems are also used for tracking
other properties of resources, such as uniqueness and locality [Lorenzen et al. 2024]. It
is also interesting future work to explore how to combine these modal type systems

with modal effect types without breaking their safety guarantees.

Abstraction safety. In MET, we only allow transformations of the form (D) = (D) @E
for relative modalities to guarantee abstraction safety. Intuitively, abstraction safety
means that effects not mentioned in the types will not be handled. This is demonstrated
by the example in Section 3.6. It would be interesting future work to formally characterise
the notion of abstraction safety for modal effect types. A promising direction is to define
a logical relation for modal effect types following the work on parametricity for effect
polymorphism [Biernacki et al. 2018, 2020; Zhang and Myers 2019]. It would also be
interesting to explore the general condition for any effect structure to have abstraction
safety in MET(X).

Currying and n-ary functions. The classical type for a curried map function in a

conventional effect system is:
map : forall ab e . (a —{e} b) — List a —{e} List b

The first and last function arrows are annotated with the same effect variable e, while

the middle function arrow is pure. The preferred type for it in MET is:

mapl : forall ab . (a — b) — List a — List b
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Its interpretation differs slightly from the classical type: the middle function arrow is
not pure, but may also perform effects from the ambient effect context. This is consistent
with the fact that the above classical type is not a valid type in System F¢ introduced in
Section 7.4.1, so it cannot be precisely encoded in MET without effect variables. In order
to express the fact that the middle function arrow is pure in MET, we need to use effect
variables as shown in the encoding of System F¢ defined in Section 7.2.2.

map2 : forall a b e . [J([el(a — b) — [el(List a — List b))

The differences between the above two types in MET are only observable when we do
partial application map f under an empty effect context with an effectful argument f.
We cannot do such partial application with an effectful argument function using map1,
unless we n-expand this partial application as fun xs — map1 f xs. One lightweight
solution to avoid writing n-expansions explicitly is to use n-ary functions as in the Frank
language [Lindley et al. 2017; Convent et al. 2020], where a function type Ay — Ay —

- — A, — Bisnot a curried function, but a shorthand of A1 X A, X --- X A,, — B.
Partial application of n-ary functions is implemented by implicit n-expansion. Another
potential solution is to extend MET with a separate notion of pure function arrows, or
more generally, function arrows that may perform some specific effects, separately from
the standard function arrows which may perform any effects provided by the ambient
effect context.

12.1.3 Type inference

First-class modal types. In Chapter 10, we presented the extension of Fresco to infer
modal effect types in Maetel with no soundness or completeness proofs. It is interesting
future work to further extend it to a general approach to type inference for first-class

modal types, and prove its soundness and completeness.

First-class skeletons. Fresco only allows programmers to annotate terms with types
but not skeletons. A natural extension is to support skeleton annotations and explore

what extra expressiveness it brings to type inference.

Named ghosts. Fresco treats ghosts as anonymous, which makes ghosts easy to
understand and reason about. However, it also leads to rejecting programs that are
well-typed in other approaches as discussed in Section 8.1.9. A future extension is to

support named ghosts while keeping a simple declarative specification.
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Type inference for more features. The idea of mixing directions of information flow
applies beyond type inference for first-class polymorphism and modal types. Extending
Fresco to inference for more features, such as static overloading, GADTs, higher-kinded

types, and intersection and union types, is an interesting direction for future work.

12.2 Some final thoughts

When I was applying for PhD programmes in autumn 2021, I wrote in my research
proposal that reducing the programming effort involved in dealing with effect variables
in effect systems was appealing to me. At that time, I did not imagine that I would
spend almost two-thirds of my PhD on this topic. I am happy that I worked on this
topic and ended up with something that I find exciting enough to write my thesis on.

The main benefit of modal effect types is that they save programmers from writing,
reading, and understanding effect variables. Meanwhile, as of summer 2026, large
language models (LLMs) have seemingly already saved programmers from writing,
reading, and understanding any code. I claimed at the beginning of this thesis that,
compared with traditional effect systems, modal effect types have better backward
compatibility with existing programming languages: we do not have to rewrite many
type signatures in existing codebases. But with LLMs, such rewriting of type signatures
seems no longer a problem. LLMs can even rewrite an entire established project from one
programming language to another. So is programming language design still something
worth working on nowadays?

From a practical perspective, perhaps optimistically, one might argue that program-
mers want to check the code generated by LLMs, in which case what the code looks like
and what information its type carries still matter; one might argue that type systems can
provide strong guarantees that help LLMs generate more structured and sound code
with fewer bugs; one might argue that designing a programming language targeted at
LLMs and Al agents seems to be a promising direction that would get funded.

This is not the full story for me. I do not choose to work on programming languages
merely because they are useful in practice. The most appealing part of programming
language research to me is designing elegant language features and exploring their
theoretical essence. For the topic of this thesis, if we only want something that works,
parametric polymorphism with some syntactic sugar hiding effect variables is enough.
But such a syntactic approach does not change the intrinsic complexity introduced by
effect variables. Modal effect types better capture the essence of modularity in effectful
programming without resorting to parametric polymorphism. Even though LLMs

have become very good at programming and even at solving some open mathematical
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problems, I believe that there is still a game for humans to play when design taste
matters, and when we value the elegance of the theory beyond making things work.

One may at least imagine me happy as I play this game.
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A Metatheory and proofs for MET

We provide metatheory and proofs for MeT in Chapter 4 including some extensions
from Chapter 5.

A.1 Lemmas for the mode theory

We first show that the action of u on effect contexts gives a total monotone function.
Lemma 29 (Monotone modalities). IfI'+ E < F, then T’ + u(E) < u(F).

Proof. Straightforward case analysis on the shape of p. For 1 = (L| D), the result follows
by monotonicity of removing L and extending with D. m|

We prove the soundness lemma for modality transformation in Section 4.3.2.

Lemma 1 (Soundness of modality transformation). If T+ y = v @F, then T + pu(F’) <
v(F’) for all F’ withT + F < F'.

Proof. By induction on the transformation derivation.
Case MT-Ass. Follows from Lemma 29 and transitivity of subeffecting.

Case MT-ReL. Both modalities are (L| D), so their actions on every F’ are equal.

Case MT-Expanp. Suppose (F — L) = ¢, E. For every F < F’, we have (F' = L) = {,E’ for
some E’. Inlining the definitions of modality action shows that both modalities
actonF’as D, {,E’.

Case MT-SHrRINk. Symmetric to MT-Expanp.
Case MT-Trans. Follows from IHs and transitivity of subeffecting.
O

We state some properties of the mode theory as the following lemmas for easier
reference in proofs. Most of them directly follow from the definition.
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Lemma 30 (Vertical composition). If T -y = v @FandT'+v = & @QF, thenT + p =
E@F.

Proof. Directly by MT-TrANS. |

Lemma 31 (Horizontal composition). If I'+ uy = y’ @F and T + v = v' @ u(F), then
I'rpuov=y ov @F.

Proof. By induction on the transformation derivations and case analysis on the mod-
alities being composed. If y1 o v is absolute, the result follows from Lemmas 1 and 29,
transitivity of subeffecting, and MT-Ass. Otherwise all four modalities are relative. The
result follows by inlining composition and reapplying MT-ReL, MT-ExpanDp, MT-SHRINK,
and MT-Trans. Expansion and shrinking always modify the mask and extension to-

gether, which is preserved by the definition of composition. m|

Lemma 32 (Monotone modality transformation). If T+ y = v @F and ' v F < F’, then
l'ru=var.

Proof. By induction on the transformation. The result is immediate for MT-ReL. For
MT-ABs, the premise and Lemma 29 give E < v(F) < v(F’). Our goal then follows from
reapplying MT-Ass. The cases for MT-Expanp and MT-SHrink follow from the fact that
their premises continue to hold after enlarging the ambient effect context. The case for
MT-Trans follows from IHs and reapplying MT-TrANs. m|

Lemma 33 (Reflexivity of modality transformation). I' - y = y @F.

Proof. By case analysis on u. Use reflexivity of subeffecting and MT-Ass for an absolute

modality, and use MT-REeL for a relative modality. m]

Lemma 34 (Comonadic modalities). Suppose I' @F, E = u(F), T v u = () @F, and
F'ru=pou@F.ThenT, @, +u=() QEandT, &, +y = pou@E,

Proof. We have T', @, @E. By case analysis on u. If u is absolute, then u = [E] and
both conclusions follow from MT-Ass. If y is relative, transformation to () preserves
the action on F, so E = F. The conclusions are therefore the two premises under the

weakened context T, ﬂy/ up to effect equivalence. m|

A.2 Lemmas for the calculus

We prove structural and substitution lemmas for MeT as well as some other auxiliary

lemmas for proving type soundness.
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Lemma 35 (Canonical forms).

1. If Visavalue, T +V : uA @E, and dom(T) = 0, then either V ~~ V' for some V', or V
is of shape mod, W.

2. IfVisavalue, T+ V : A — B @E, and dom(I') = 0, then either V ~~ V' for some V’,
or V is of shape Ax.M.

3. If Visavalue, T +V : VaK.A @E, and dom(T) = 0, then either V ~~ V’ for some V’,
or V is of shape AaX.W.

Proof. By simultaneous induction on the typing derivations. The interesting case is
T-TArp. By IH, its head either reduces, in which case the type application reduces by
E-LiFt, or has shape AaX.W, in which case the type application reduces by E-TArp. The

remaining cases follow directly from the typing rules. O

We have the following structural lemmas.
Lemma 36 (Structural rules). The following structural rules are admissible.
1. Variable weakening.

[LI'+M:B@E  T,x: AT @E
T,x: AT +FM:B@E

2. Variable swapping.

Ix: Ay BT'rM:A"@F
Iy Bx:yAT'rM:A"@F

3. Lock weakening.

ra&, 6 Ir'+M:AQE rer 'ru=>va@r
r,a&a Il'rM:A@F

4. Label weakening.

QIT,'+M:B@L
Q|T,¢:A—»B, '+ M:B@E
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5. Runtime-label weakening.

QITFM:B@E
Q0:A—-»B|TrM:B@E

6. Type variable weakening.

I[LT'+rM:B@E

Ia:K, T+ M:B@E

7. Type variable swapping.

I',I,a : K, I3+ M: A@E aséftv(l"z) I',a:K,I),Is+ M: A@E
r1,aZK,r2,F3I-M:A E Fl,Fz,a:K,ngM:A E

Proof. 1,2,4,5,6,and 7 follow from straightforward induction on the typing derivation.
For 3, we also proceed by induction on the typing derivation. The most interesting case
is T-Var. Other cases mostly follow from IHs.

Case
T-Var
I+ (1, A) = locks(I2) @D

Fl,x:H/A,in—x:A E

Trivial when A has kind Abs. Otherwise, inversion on (1) gives, for the F; such
thatI'{ @ Fq,
I'1 F u’ = locks(T2) @ F1 2.

We proceed by case analysis on where the lock weakening happens.

Case TI'. SupposingI'1 =T, ﬂy, I'p and after lock weakening we have I“i =I,a,5r,
Let I} @F|. By context formation, we have F; = locks(I'o)(u(F)) and F] =
locks(I'g)(v(F)). By Lemma 1, the lock transformation gives u(F) < v(F).
Applying Lemma 29 to the modality locks(I'p) gives F1 < F{. By (@ and
Lemma 32, we have I'] + u” = locks(I'2) @ F]. Reapply T-Var.

Case I'p. SupposeI'; =T, ﬂ},, [ and the context I'; is weakened to I, = Ty, a, r.
By Lemma 33 and Lemma 31, we have I'y + locks(I'2) = locks(I}) @ Fy,
where I'1 @ F;. By Lemma 30 and (2), we have i’ transformed to locks(T?).
Finally reapply T-Var.

210



A.2 Lemmas for the calculus

Case
T-Mob
r.a, 6r,.a +rV:AeuE)Q®
r,&, I'+mod,V:yA@E
By IHon (1), we have I, @, I", &, +V : A @u'(E).
Then by T-Mop we have I',&,,I” + mod,, V : /A @’

Case
T-LET™MOD

r,e,r e +V:@/A@v(E)® T,&, %y A+-M:B@EQ®
r,&, I +let, modyx=VinM:B@E

By [Hon (1), we have I, @,, I, &, + V : /A @V/'(E’).
By IHon @), wehavel', &, ,I",x ;) o,y AFM:B@FE'.
Then by T-LErmop, we have I', &,,I” + let,» mod,, x =V in M : B @FE’.

Case
T-Do
Y23/¢:Ay— By F,ﬂ#,F’I—N:AO f,Eo@

I",E‘“,l"’kdo(fN:BO f,E()

GivenI @F,wehave ¢, Eg = locks(I"”)(u(F)) and E” = locks(I"”)(v(F)). By Lemma 1,
u(F) < v(F). Applying Lemma 29 to locks(I"”) gives ¢, Eg < E’,sowehave E’ = {, E
for some E(’). By IHon (1), we haveI', @, , I"+ N : Ag @ ¢, E;.

Then by T-Do, we have I', &,,I" + do ¢ N : By @/, E{.

Case T-TAss, T-TArp, T-Ass, T-Arr, T-Mask, T-LocaLErrecT, and both T-HanbpLE. Follow
from IHs and reapplying the same rule. Similar to above cases.

O
As a corollary of Lemma 36.3, the following subeffecting rule is admissible.
Corollary 37 (Sub-effecting). The following rule is admissible.
&, ITr-rM:A@F E<E &g, Taer
&, T-M:A@F
Proof. Follows from Lemma 36.3, since we have - +- [E] = [E’] @- by MT-Ass. O

The following lemma captures the intuition that pure values can be used in any effect

context.
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Lemma 38 (Pure Promotion). The following promotion rule is admissible.

In,'rvV:A@E I'h+A:Abs fv(V) € dom(T'y) ftv(V) € dom(I'1)
I, I’'+V:A@FE

Proof. By induction on the typing derivation of V.

Case T-Var. Trivial, since the variable belongs to I'1 and has a pure type.

Case
T-Mob
I, T8 +V:A@uE)®

Ii,T'+ mod”V tUA @E

Case analysis on the shape of .
Subcase p is relative. By inversion on the kinding premise, we have I'; - A : Abs.
By IH on (1), we have
I, I, &8, FrV:A@uE).
Then by T-Mob we have
I, I"+mod,V:puA@FE’

Subcase u is absolute. We have u = [F;] and locks(I”,&,) = [F1] = locks(T, &,).
Thus, replacing the context (T, @,) with (I”,&,) in (1) does not influence
usages of T-Var for variables in I'1. Thus, we have

Fl,F’,ﬂ‘L,kV:A F1.
Then by T-Mob we have
I, I"+mod,V:puA@FE'
Case

T-TAss
I,I,a:KrV:AQE Q@

I, TFAaXV :VaK A@F

Case analysis on K.

Subcase K = Any. By inversion on the kinding premise, we have

I'1,a:Abs+ A : Abs (2).
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We can change a : Any to a : Abs in (1) by a straightforward induction. By

Lemma 36.7, we therefore have
I',a:Abs, TV :A@EQ().
By IH on (3) using (2), we have
I',a:Abs, IV :A@E'.
Moving a : Abs back to the right of I'" using Lemma 36.7 gives
I',I’,a:Abs+V :A@E (4.

Now by another straightforward induction on (4) and (1), observing that
only contexts left of & are changed, we can change a : Abs back to a : Any in

®:
I',I’,a:Any+V:A@E (5.

Our goal follows from applying T-TAss to (5).
Subcase K = Abs or K = Effect. By inversion on the kinding premise, we have
I',a: K+ A:Abs (2.
Our goal follows from Lemma 36.7, IH on (1) using (2), and T-TAss.

Case
T-TArr
I,TrV:VaKB@EQ@® T,TFA:KQ

I, T+VA:B[AJa] @

A straightforward induction on the result type shows that, if B[A/«a] has kind Abs,
then B has kind Abs with a : Abs when the declared kind is not Effect, and with
a : Effect otherwise. Thus, YaX.B has kind Abs. By IH on (1), we may promote V.
The free-type-variable side condition and (2) ensure that A remains well-kinded
under I't, I, so we may reapply T-TArp.

Case T-Ass. Impossible since function types are impure.

Lemma 39 (Substitution). The following substitution rules are admissible.

1. Preservation of kinds under type substitution.

I'rA:K Ia:K,T”"+B:K’
I[LT'[A/a]+ B[A/a] : K’
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2. Preservation of types under type substitution.

I'tA:K Ia:K, '+ M:B@E
I[LT'[AJa]l+ M[A/a] : B[A/a] @E[A/«a]

3. Preservation of types under value substitution.

T@&+rV:A@F T,x:; AT FM:B@E
I, + M[V/x]:B@E

4. Preservation of types under label substitution.

Q|T,{:A B, "+ M:AQE Q0 :A P
Q| LT[/ - M[E]0] - A[LJ€] @E[¢']1]

Proof.
1. By simultaneous induction on kinding and the well-formedness for effects, masks,
and modalities.

2. By straightforward induction on the typing derivation of M.
3. By induction on the typing derivation of M. Trivial when variable x is not used. In
the following induction we always assume x is used.

Case
T-Var
I'+(u,A) = locks(I”) @

[x:; AT'rx:AQE

Case analysis on the kind of A.

Case Any. Inversion on (1) gives I' @Fy and I' + u = locks(I”) @ Fy. By well-
formedness of the value premise, F = j(Fp). Then by T, ﬂu FV:A@F and
Lemma 36.3, we have

T, &cks) + V 2 A @locks(I”)(Fo).
Then, by context equivalence and Lemma 36.1, we have

LT+ V:A@E.

Case Abs.By I, @, +V :A @F and Lemma 38, we have
ILI'+V:A@E.
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Case
T-Mob
Ix: AT & +rW:B@u'(E)Q®

I,x: AT rmod,W:u'B@E

By IH on (1) we have

I, &, +W[V/x]:B@u(E).
Then by T-Mob we have

I, + (mod,y W)[V/x]: /B @E

Case
T-LeT™MOD

T,x: AT, &8 +W: /A @vE)@® T,x AT, Y0 ArM:B@EQ
Ix: AT +let, mody y=WinM:B@E

By IH on (1), we have
I,U,& +rW[V/x]: A" @v(E).
By IH on (2), we have
LT,y o A M[V/x]: B@E.
Then by T-Lermob, we have
[,I"+ (let, mod,y y = Win M)[V/x]: B @E

Case T-TAss and T-TArp. Follow from IHs and reapplying the same rule, after alpha-
renaming in the T-TABs case.

Case
T-Mask

F,x:MA,l"’,B@DI—M:B E—L@
[,x: AT +masky M : (L)B@FE

By IH on (1), we have
T,T', &) - M[V/x]:B@E L.
Then by T-Mask we have
I,T"+ (masky M)[V /x]:(L|)B @E.

Case
T-LocaLEFrecT

Q|lx: AT, 0:A)g - Bor M:B@EQ@
Q|T,x:, AT rlocal £ : Ag - Bopin M :B@E
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Follows from IH on (1) and reapplying T-LocaLErrEcT.

Case
T-HANDLE

D=¢ T,x:3 AT ,&prM:A)@D,EQ
F,XZHA,F/,y:<D>A0l-N:B E@
[ZB&:AZ'—»Bi F,x:#,A,I",pi:Ai,ri:Bi—>BFNZ-:B E@]i

I',x:, A, T" + handle M with {return y — N} @ {{; p; r; = N;}; : B@E

Follows from IH on (1), 2), (3), and reapplying T-HANDLE.

Case Modality-parameterised T-HanDLE. Follows from IH on the handled computation,
return clause, and operation clauses, and reapplying T-HANDLE.

Case T-Ass, T-Arp, and T-Do. Follow from IH.

4. By straightforward induction on the typing derivation. m|

A.3 Progress

This section proves Theorem 2.

Theorem 2 (Progress). If T+ M : A @E and dom(I') = 0, then either there exists N such
that M ~» N or M is in a normal form with respect to E.

For the extension with masks, the definition of normal forms uses n—free(¢, &) in
place of ¢ ¢ bl(E). For local labels, the theorem states that either there exist N and )’
such that M | Q ~» N | Q" or M is in a normal form with respect to E.

Proof. By induction on the typing derivation I' + M : A @ E. The most non-trivial case
is T-HanDLE. Other cases follow from IHs and reduction rules, using Lemma 35.

Case M is a value V. Trivial. Base case.
Case T-Var. Impossible, since the context contains no variable binding.
Case T-Mop. mod, V is a value.

Case T-Lermop. let, mod, x = V in N. By Lemma 35, either V ~~ V' or V has shape
mod, W.

Subcase V ~» V’. Then the term reduces by E-Lirr.

Subcase V = mod, W. Then the term reduces by E-Lermonp.
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Case T-TAss. AaK.V is a value.

Case T-TApr. M A. By IH on M.
Subcase M ~» M’. Then M A ~» M’ A by E-LiFr.

Subcase M = &[do ¢ V] is in a normal form. Then M A is in a normal form with

evaluation context & A.
Subcase M is a value. Then M A is a value.

Case T-App. M N. By IH on M.
Subcase M ~ M’. Then M N ~ M’N by E-LiFr.

Subcase M = &[do ¢ V] is in a normal form. Then M N is in a normal form with

evaluation context & N.

Subcase M is a value. By IH on N.
Subcase N ~» N’. Then M N ~» M N’ by E-LiFr.

Subcase N = &[do ¢ V]is in a normal form. Then M N is in a normal form

with evaluation context M &.

Subcase N is a value. By Lemma 35, either M ~~ M’ or M has shape Ax*.M’.
Subcase M ~» M’. Then M N reduces by E-Lirt.

Subcase M = Ax.M’. Then M N reduces by E-App.

Case T-Do. By IH on the argument M.
Subcase M ~» M’. Thendo { M ~» do { M’ by E-LiFr.

Subcase M = &[do ¢’ V] is in a normal form. Then do ¢ M is in a normal form

with evaluation context do ¢ &.

Subcase M is a value. Then do ¢ M is in a normal form because ¢ belongs to the

ambient effect context.

Case T-Mask. By IH on M.
Subcase M ~» M’. Then mask;, M ~» mask;, M’ by E-Lirr.

Subcase M is a value. Then mask;, M is reducible by E-Mask.
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Subcase M = &[do ¢ V] is in a normal form. Then the whole term is in a normal
form with evaluation context mask;, &. The defining rule for n—free(¢, &)
adds count(¢; L) to the mask count.

Case T-LocaLErrecTt. Reducible by E-GEN.

Case
T-HANDLE
H = {return x = N} W {{; p; r; — N;};
D=¢ T,&p+M:A@D,E@® T,xypyArN:B@E
[Z>¢:A; - B; I,pi:Ai,ri:Bi— B¥rN;:B@E];
I'+ handle M with H: B @E
By IHon (D.

Subcase M is reducible. Trivial.

Subcase M is a value. By E-Rer.

Subcase M = &[do ¢ V] with n—free(¢,&). If n = 0 and ¢ is handled by H,
by E-Op. Otherwise, since M is at effect context D, E, by a straightforward
induction on the evaluation context & and the definition of n—free({, &) we

know that ¢ € E. Thus the whole term is in a normal form with respect to E.

Case Modality-parameterised T-HANDLE.
T-HANDLE
H = {return x — N} W {{; p; ri — N;}i
w(F)=E l'ru=() @F Tru=pou@F
D=¢ T,@&,8)+M:A@DE@® T,@, x:yp ArN:B@EL
[ZB&':AZ'—»BZ' r,ﬂ},,piZAi,Ti u B; —> B+ N;:B E]i

I'+ handle* M with H:B@F
By IHon (D.

Subcase M is reducible. Trivial.

Subcase M is a value. By E-Rer.

Subcase M = &[do ¢ V] with n—free({,&). If n = 0 and ¢ is handled by H,
by E-Op. Otherwise, since M is at effect context D, E, by a straightforward
induction on the evaluation context & and the definition of n—free(¢, &) we
know that ¢ € E. By Lemma 1, E < F. Thus ¢ € F, and the whole term is in a
normal form with respect to F.
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A.4 Subject reduction

A.4 Subject reduction

This section proves Theorem 3.

Theorem 3 (Subject Reduction). If '+ M : A @E and M ~» N, then T + N : A @E.

For local labels, we prove the corresponding statement for runtime configurations: if
QI TFM:A@Eand M | Q~» N | Q' then) |T'+ N : A @E. In displayed T-Do and
ordinary T-HANDLE cases, the signature context X is read as X, QO, I' when local labels

are enabled.
Proof. By induction on the typing derivationI'+ M : A @E.

Case T-VAr. Impossible as there is no further reduction.

Case T-Mopb. Impossible as mod,, V is a value and there is no further reduction.

Case
T-LermMOD

r,&,+V:uA@v(F)@® I[x5 ArM:B@F @

I'+let, mod, x=VinM:B@F

By case analysis on the reduction.

Subcase E-Lirr with V ~~ V’. By definition of reduction, V" is a value. By IH on

(O and reapplying T-LETmoOD.

Subcase E-Lermop. We have V' = mod, W and
let, mod, x = mod, W in M ~ M[W/x].

Inversion on (1) gives

r.&, & +-W:AeuwF)).
By context equivalence, we have

8., +W:A@@ou)F).
By Lemma 39.3 and (2), we have

' M[W/x]:B@F.

Case T-Ass and T-TAss. Impossible as there is no further reduction.

Case
T-TAprp

T-M:VaXB@E@® TrA:KQ@
I'+MA:B[A/a] @F
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By case analysis on the reduction.

Subcase E-Lirr with M ~» N. By IH on (1) and reapplying T-TApp.

Subcase E-TApp. We have M = AaX.V and
(AaX.V)A ~ V[A/a].
Inversion on (1) gives
I'a:K+rV:B@E.
Then by Lemma 39.2 on (2), we have
I'rV[A/a]:B[A/a]l @E[A]a].
Since the conclusion of T-TAss is well-formed under I', @ does not occur free

in E. Hence E[A/a] = E.

Case
T-Aprpr
'rM:A—B@E(Q@ I'rN:A@E(Q®

I't MN:B@E

By case analysis on the reduction.

Case E-Lirr with M ~» M’. By IH on (1) and reapplying T-App.
Case E-Lirr with N ~ N’. By IH on (2) and reapplying T-Apr.

Case E-App. We have M = AxA.M’, N =V, and
MN ~ M'[V/x].

Inversion on (1) gives

I'x:A+M':B@E.
By context equivalence, we may add an identity lock to the context of V.
Then by Lemma 39.3 we have

I'+M'[V/x]:B@E.
Case T-Do. The only way to reduce is by E-Lirt. Follows from IH and reapplying T-Do.

Case
T-Mask
F,G<L|>|—M:A F—L@

I'+ masky M : (L)A @F

By case analysis on the reduction.

Case E-Lrrr with M ~» M’. By IH on (1) and reapplying T-Mask.
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A.4 Subject reduction

Case E-Mask. We have M = V and
mask, V ~ mod, V.

Premise (1) is exactly the premise required by T-Mob for modality (L|) at
effect context F. Thus we have

I'r mod<L|> {74 <L|>A F.

Case
T-LocaLErreCT

Q|T,{:A—»BrM:A"@E(Q
Q|T+locall:A—-»BinM:A"@FE

The only way to reduce is by E-Gen. By runtime-label weakening on (1) and

Lemma 39.4, we have
QU :A—-B|TrM[{'Jl]: A @F.

The label ¢ does not appear in A’ or E by well-formedness.

Case
T-HANDLE
H = {return x — N} W {{; p; r; — N;};
D=¢ TI&p+M:A@D,F@® T,xypyArN:B@FQ®
[ZB&:AI'—»BZ‘ r,piiAi,Vi:Bi—>Bl—NiIB P@]i

T'rhandle M withH: B@F

By case analysis on the reduction.

Case E-Lrrr with M ~» M’. By IH on (1) and reapplying T-HANDLE.

Case E-Rer. We have M =V and
handle V with H ~» N[V /x].
Then by (2) and Lemma 39.3 we have
T+ N[V/x]:B@F.

Case E-Op. We have M = &[do ¢ V], {; ¢ bl(E) in the core calculus, or

0—free({;, &) with masks, and (¢; p; rj = N;) € H. Thus,
handle M with H ~» N;[V/p;, (Ay.handle E[y] with H)/r;].
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We know that V has type A; by the unique operation signature {; : A; — B,
in the available label contexts. By (1), a straightforward induction on &, and

inversion on the typing judgement of do vV, we have
[L['rV:A@F
for some I"” containing only locks and some E’. Since the operation signature
is well-kinded, A j: Abs and B j: Abs. By A it Abs and Lemma 38, we have
'+V:A @QF@®.

Observe that B; : Abs allows y to be accessed in any context. By (1) and a

straightforward induction on & we have
I,y:B;&p+&Ely]:A@D,F.
Then by variable weakening on (2) and (3) and T-HanpLE, we have
I,y :Bj+ handle E[y] with H: B @F.
Then by T-Ass we have
['+ Ay.handle E[y] with H: B; - B @F (3.
Finally, by (3), (@), (5), context equivalence, and Lemma 39.3 we have
I'+ N;j[V/pj, (Ay.handle E[y] with H)/rj]: B @F.

Case Modality-parameterised T-HANDLE.
T-HanDLE
H = {return x —= N} W {{; p; r; — N;};
u(F)=E l'ru= () @F l'tpu=pou@F
D=¢ T,&,8p+rM:A@D,E® T,&8,xy.p)ArN:BQEQ®
[Z,Q,TB&':AZ'H%Bi F,ﬂy,pi:Ai,ri ‘ B —>BFN;:B E@]i

I'r handle* MwithH: B@F

By case analysis on the reduction.

Case E-Lirr with M ~» M’. By IH on (1) and reapplying T-HANDLE.

Case E-Rer. We have M =V and
handle” V with H ~ N[V /x].
By @O, 4 = popu @F, Lemma 36.3, and context equivalence, we have
T8, 8.0 FV:iAGQE,
where E1 = (u o (D))(E) = D, u(E). By (2 and Lemma 39.3, we have
I, & +N[V/x]:B@E.
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A.4 Subject reduction

Then u = () @F, Lemma 36.3, and context equivalence give

T+ N[V/x]:B@F.

Case E-Op. Wehave M = &[do ¢; V], 0-free({;, &), and (¢; p; rj — Nj) € H. Thus
we have
handle” M with H ~» N;[V /p;, (Ay.handle” &E[y] with H)/r;].
By (3, u = () @F, Lemma 36.3, and context equivalence, we have
F,p]'ZA]',T’]‘Z},B]'—>BI—Nj:B F @.

The label {; belongs to the global, runtime, or local label context. Its unique
signature is A; — B;. By (1), a straightforward induction on &, and inversion
on the typing judgement of do {; V, we have

ILT'FV:A; @F,
for some I'” containing only locks and some E;. Since operation signatures
are well-kinded, A j: Abs and B i Abs. By Lemma 38, we have

THV:Aj@F®).
By @, p = pou @F, Lemma 36.3, and context equivalence, writing u(E) =
E>, we have

r,n}L,a}z,a<D> FM:A D,EZ.

Observe that B; : Abs allows y to be accessed in any context. A straightfor-
ward induction on & gives

F,G‘u,y:B]-,ﬂy,G@)FS[y]:A D, E,.

By Lemma 34, the two transformation premises remain valid under T’, ﬂ“ at
E = u(F). We weaken these transformation judgements by y : B;. Using the
same lock duplication and variable weakening on (2) and (3), we can reapply
T-HANDLE to get

I, &, y:Bj+ handle E[y] with H: B @FE.
Then by T-Ass we have
I',&, + Ay.handle” E[y] with H: B; — B @E (o).

Finally, by @), 5, (6), context equivalence, and two uses of Lemma 39.3, we
have
I'+ Nj[V/pj, (Ay.handle” E[y] with H)/r;]: B @F.
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A.5 Remarks on the other extensions

The proofs in previous sections do not cover all extensions in Chapter 5. The proofs for
the remaining extensions are mostly routine. We discuss the relation between the above

proofs and the remaining extensions as follows.

1. Presence types only change the mode theory. We need to update the proofs for
the lemmas on the mode theory.

2. Data types, shallow handlers, and the let, mod u A\ construct do not change the
mode theory. We need to add routine cases to induction proofs for the lemmas
and theorems on the calculus.

3. Parameterised effects change both the mode theory and typing rules. We need to
update the proofs for both.

224



B Metatheory and proofs for MeT(X)

We provide metatheory and proofs for MeT(X) introduced in Chapter 6. The proofs
are based on the proofs for MET but are parameterised over the effect structure X.
The progress proof requires the effect structure to satisfy the validity conditions in
Definition 7.

B.1 Lemmas for the mode theory of MET(X)

Our proofs for type soundness rely on some properties of the mode theory of MeT(X).
The following lemmas correspond to the lemmas in Appendix A.1.

We first show that the action of i on effect contexts gives a total monotone function.
Lemma 40 (Monotone modalities). IfI'+ E < F, then T’ + u(E) < u(F).

Proof. By straightforward case analysis on the shape of u. Trivial for an absolute modal-
ity. For a relative modality (D), wehaveI' + D, E < D, F by the definition of subeffecting

and the premise. m|
We prove the soundness lemma for modality transformation.

Lemma 41 (Soundness of modality transformation). If T+ y = v @F, then T + u(F’) <
v(F’) for everyI' v F < F.

Proof. By case analysis on the transformation rule.
Case MT-Ass. Follows from Lemma 40 and transitivity of subeffecting.

Case MT-ReL. Directly from the premise of the rule.

We prove some properties on the categorical structures of the mode theory.

Lemma 42 (Vertical composition). If T+ y = v @FandT +v = & @F, thenT + u =
& @F,
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B Metatheory and proofs for MET(X)

Proof. Suppose first that p is absolute. By Lemma 41 and transitivity of subeffecting,
we have u(F) < &(F), so the goal follows from MT-ABs. Otherwise, all three modalities
are relative. For every F < F’, two uses of Lemma 41 and transitivity give u(F’) < &(F’).
The goal follows from MT-REL. ]

Lemma 43 (Horizontal composition). IfI'+ y = y’ @F and T + v = v' @ u(F), then
'rpuov=y ov @F.
Proof. 1If i o v is absolute, soundness of the two premises, monotonicity of v/, and
transitivity give

v(u(F)) < v/ (u(F)) < V(' (F)).
The goal follows from MT-ABs. Otherwise, all four modalities are relative. Consider
any F < F’. Monotonicity of u gives u(F) < u(F’). Soundness of the two premises and

monotonicity of v’ give

v(u(F) < v(uE)) < V(' (F).
The goal follows from MT-REL. |

Lemma 44 (Monotone modality transformation). IfI'+ y = v @F andI' + F < F’, then
l'rpu=var.

Proof. By case analysis on the transformation rule. For MT-Ass, the premise and
Lemma 40 give E < v(F) < v(F’). The result follows by reapplying MT-Ass. For MT-REeL,

every effect context above F’ is also above F, so the premise of MT-ReL continues to
hold. m|

Lemma 45 (Reflexivity of modality transformation). I' - p = u @F.

Proof. Trivial case analysis on p. |
Lemma 46 (Comonadic modalities). Suppose I' @F, E = u(F), T v u = () @F, and
F'tru=pou@F.ThenT, @, +u=() QEandT, &, +y= pou@E.

Proof. We have I, @, @E. By case analysis on y. If j1 is absolute, then i = [E] and both
conclusions follow from MT-Ass. Suppose p = (D), so E = D, F. Consider any E < Fy.
By the definition of subeffecting, there is an E; such that D, F, E; = F;. We also have
F < F, E;. Soundness of the first modality transformation at F, Eq gives

D,F,E1 <F, E.
Prefixing both sides with D and using D, F, E; = F; gives D, F; < F1. Thus, MT-ReL
and context weakening give I', @, + 1 = () @E. Soundness of the second premise at
F, Eq gives
D,F,E1 <D,D,F,E;.
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Using D, F,E; = Fy, this gives F; < D, F1. Monotonicity of (D) then gives D, F; <
D, D, F1. Thus, MT-ReL and context weakening give I, ﬂ,, Fu=puou@E. m]

B.2 Lemmas for the calculus

We state the counterparts of the lemmas in Appendix A.2 for MET(X).
Lemma 47 (Canonical forms). Suppose I contains no term-variable bindings.
1. IfT+U: pA @E, then U is of shape mod,, U’".
2. IfT+U:A — B@E, then U is of shape Ax*. M.
3. IfT+ U : YaK.A @E, then U is of shape AaX.U’.
4. IfT+ U :1 @E, then U = ().
Proof. By inversion on the typing rules and the syntax of U. a
We have the following structural lemmas.
Lemma 48 (Structural rules).  The following structural rules are admissible.
1. Variable weakening.

LT+ M:B@E F,X:NA,T' E
Ix: A"+ M:B@E

2. Variable swapping.

Ix:y Ay, BT'rM: A’ @F
Iy Bx:yyAT'r M:A"@F

3. Lock weakening.

ra&, 6 r"v+M:AQ@E rer 'ru=var
r,a&a Il'rM:A@FE

4. Label weakening.

QIT,'+M:B@L
Q|T,¢:A—»B, '+ M:B@E
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B Metatheory and proofs for MET(X)

5. Runtime-label weakening.

Q|TFM:B@E

Q0:A—-»B|TrM:B@E

6. Type variable weakening.

LT+ M:B@E
Ia:K,T'+M:B@E

7. Type variable swapping.

r1,rz,a:K,F3l-M:A E aezftv(l"z) 1"1,04:K,1"2,1"3FM:A E
I',a:K,I, I35+ M:A@E I',I,a: K, I35+ M:A@E

Proof. Follow the proof of Lemma 36, using the mode-theory lemmas in Appendix B.1.

O
As a corollary of Lemma 48.3, the following subeffecting rule is admissible.
Corollary 49 (Sub-effecting). The following rule is admissible.
Q[E],FFM:A F EgE, H[E,],l" F’
B[E,],FFM:A F’
Proof. Follow the proof of Corollary 37, using Lemma 48.3 and MT-Ass. |

Lemma 50 (Pure Promotion). The following promotion rule is admissible.

I, Tru:A@E
I'h+A:Abs r,,I’ @k’ fv(U) € dom(T'y) ftv(U) € dom(T'y)

I,I'ru:A@FE’

Proof. By induction on the typing derivation of U, following Lemma 38. The type-
abstraction case uses Lemma 48.7 and applies the IH to its normal-form body. Modality
elimination and type application are excluded by the syntax of U. m|

Lemma 51 (Generalised Pure Promotion). Given I't,I' + M : A @E, if, for every x €
fv(M), we have Ty > x :; B such that either T'y + B : Abs or u is an absolute modality, then
I, M:A@E forE<E andI',I" @F".
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Proof. By straightforward induction on typing judgements in MeT(X). The most non-
trivial case is to show the accessibility of every variable x € fv(M). Variables with types
of kind Abs are always accessible. For variables annotated with an absolute modality,
the modality transformation relation MT-Ass still holds because E < E’. ]

Lemma 52 (Substitution). The following substitution rules are admissible.

1. Preservation of kinds under type substitution.

T+A:K T,a:KT'+B:K
T, T'[AJa]+ B[A/a] : K’

2. Preservation of types under type substitution.

'-A:K Ia:K,T'+M:B@E
[,I'[A/a]+ M[A/a]:B[A/a]l @E[A]«]

3. Preservation of types under value substitution.

r@&rU:A@F T,x:, AT +M:B@E
I,T"+ M[U/x]:B@E

4. Preservation of types under label substitution.

Q|T,0:A B, '+ M:AQE Q30 :A" B
Q| T,T'[¢'/€] - M[€']€] : A[€')€) @E[¢)(]

Proof. Follow the proof of Lemma 39, using Lemmas 48 and 50. In part 3, substitution of

U preserves the syntax of values and value normal forms, by structural induction. O
B.3 Progress

This section proves Theorem 8.

Theorem 8 (Progress). In MET(X) where X satisfies the validity conditions, if Q | T+ M :
A @FE and dom(T') = 0, then either there exist N and Q) such that M | Q ~~ N | (O, or M is
in a normal form with respect to E.
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Proof. By induction on the typing derivation. Cases whose terms are value normal
forms are immediate. For T-TAss, the IH on its value body gives either a reduction,
which lifts by E-LiFt, or a value normal form, which makes the abstraction a value
normal form. The remaining cases follow the proof for MeT in Appendix A.3, using the
IHs, the reduction rules, and canonical forms. We expand the handler case, which is

the only case that uses a validity condition of the general effect structure.

Case
T-HaNDLE
E = u(F) l'ru=() @Fr
Tru=pou@F r.a, a,-M:A@l(EQ Y,Is(:A" B
F,ﬂ},,x:},o<[>Al—N:B E r.a&, p:Ar:; B —-B+rN:B@E

' + handle! M with {returnx — N,{pr+— N’} :B@F

By IH on (1). The reducible and value normal form subcases follow from E-Lirr
and E-Rer, respectively. Suppose M = E[do ¢’ U] is in normal form, so ¢’ < ¢, E
and ¢’ ¢ bl(E). If £ = ¢/, the term reduces by E-Op. Otherwise, the second validity
condition in Definition 7 gives ¢’ < E. By Lemma 41 on u = () @F, we have
E < F. Therefore ¢’ < F, and the whole term is in normal form with respect to F.

O

B.4 Subject reduction

This section proves Theorem 9.

Theorem 9 (Subject Reduction). In MET(X),if Q| T+ M:A@Eand M| Q ~ N | (Y,
then (Y |T+ N:A @E,.

Proof. By induction on the typing derivation. The cases shared with MEeT follow the proof
in Appendix A.4, using the mode-theory lemmas above. In particular, the handler case
uses Lemma 46 in place of its MET counterpart. For reductions under type abstraction,
apply the IH to the body and reapply T-TAss, since reduction preserves value syntax.

No subject-reduction case uses either validity condition. m|
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We prove the type preservation and semantics preservation theorems in Chapter 7.
When referring to the name of a rule, we sometimes also mention the calculus name to

disambiguate. For instance, T-VaAr refers to the rule T-Var of System F¢.

C.1 Proofs of encoding System F¢ in MET(Rscp)

The source calculus and its encoding are defined in Sections 7.2.1 and 7.2.2. The proofs

rely on the following lemmas.

Lemma 53 (Pure Values). Given a typing judgement I' + V : A in System F¢,if [T']. + [V] :
[A]l @-then [TTe v [V : [ADN @[ E] for any E.

Proof. By lock weakening and MT-Ass. m|

Lemma 54 (Translation of Values). If V is a value in System F€, then [V ]| is a value normal
form in MET(Rscp).

Proof. By induction on V. The unit and variable cases are immediate. Type abstractions
translate to type abstractions whose bodies are value normal forms by IH. Function
and handler values translate to modality introductions whose inner terms are lambda
abstractions. o

Lemma 55 (Translation of Evaluation Contexts). For the translation [—] from System F¢
to MET(Rscp), we have [E[M]] = [EN[IM]I] for any evaluation context & and term M.

Proof. By straightforward case analysis on evaluation contexts of System F¢. ]

Theorem 11 (Type Preservation). If I' + M : A | E in System F¢, then [T']g + [M] :
[A] @ [E] in MET(Rscp). Similarly for typing judgements of values.

Proof. By induction on typing judgementsI' - M : A | E in System F€. Most cases follow
from using IH trivially. We elaborate interesting cases. When referring to the name of
a rule, we sometimes also mention the calculus name to disambiguate. For instance,
T-Var refers to the rule T-Var of System F¢.
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Case By T-Unir and T-Unir

Case All translated types have kind Abs in MET(Rs¢p) and thus can always be accessed

by T-Var
Case By IH, type-variable exchange, T-TABss ,and T-TAss
Case By IH, T-TArp and T-TApp

Case

T-Ass
Ix:ArM:B|EQ@

T AExAM:AEB

By IH on (1), weakening, and exchange, we have

[T, &gy, x - [AD - [IMT : [Bl @[ E]
By T-Ass and T-Mob , we have

[TT. + modppey (AxMAL M) : [[ETI(IAT — [BI)

Case By Lemma 53.

Case ‘ letx=MinN ‘By IH, syntactic sugar, and T-Arp

Case

T-Arpr
TFV:A—)EB(D Fr'rW:AQ@

TFVW:B|E

By IH on (1) and Lemma 53, we have

[TI1e v LV : [LETIIADT — [BD) @ [E]
By IH on (2) and Lemma 53, we have

[TIe v [W]: [A] @[E]
By T-LETmMOD and T-Arp , we have

[T1e v let modgey x = [V inx [W]: [B] @[E]

Case By IH, Lemma 53, T-Do and T-Do
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Case ‘handler {Uprme N}‘

T-HANDLER

Ys30:A B T,p:A,r:B->FArN:A|EQ@®
T +handler {{ pr+—> N} : (1 = A) -F A

The translated operation clause is
tprletr =modygy v in [N][r'/r]

By the IH on (1), alpha-renaming its translated continuation binding to r’/,
Lemma 51, weakening, and exchange, we have

[T, &eyy, f: [0, ETIQ0 — LAD), &ypeqy, p - [A'], @
ey [B'] — LAL v < [LETIIB] — [AD - INT[r’/r] - [A] @ [E]
The type of 7’ is the translation of B’ —f A. By T-Var , T-Mop ,

and (2), we obtain the operation-clause premise

[TD, &gy, f : [I€, ETIO — LAD), 8geyy, p : TA'DL 7 cqgeyy (B’ — [AT ®
Flet v’ = modpgy 7 in [N1[r'/r] : [A] @[ E]

Since [A] : Abs, T-Var gives the return-clause premise
[T, &eq, f 2 [0, ETI(0 — LAD), &gy, x repeey [Al F x - [A] @ [E] ®
By T-Var , T-LET™MOD , and T-Arp , we have the

handled-computation premise

[T, &reyy, f 2 (04 ETIQ — TAD), 8yey, &y &
Flet modppp ey f/ = fin f/ () : [Al @[[¢,E]
By 3, @, (5), and T-HANDLE , we have

[T, &gy, £ [4ETIQ — LAT) -
handlelE1! (tet modyy, ey £/ = £ in £ ()

with {return x — x, ¢ p r — let " = modggy; 7 in [N][r"/r]} : [A] @ [E]]
Finally, T-ABs and T-Mob give:

[T]. r [handler {£ p r — N} : [(1 =%F A) =F A]
O

Theorem 12 (Semantics Preservation). If M is well-typed and M ~~ N in System F¢, then
[M] ~* [N] in MET(Rscp) where ~* denotes the reflexive-transitive closure of ~.

Proof. By induction on M and case analysis on the next reduction rule. By Lemma 54,
translations of values are value normal forms in MET(Rscp).
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Case We have
[(AExA.M) VT = let modpey; x = modey (AxIAL[MT) in x [V]

Our goal follows from E-Lermop and E-App in MET(Rscp). It is obvious that trans-

lation preserves value substitution.

Case By E-TApp in MET(Rscp). It is obvious that translation preserves type
substitution.

Case By syntactic sugar and E-App in MET(Rscp).

Case Suppose the effect row of the whole term is E.

handler HV ~» handle V () with H

We have
[LHS] = let modpgy x = [handler H] in x [V]
[handler H] = modycy (Af.handlel™ W (let mody, ryy £/ = f in f7 () with [H" )

By E-Lermop and E-Arp in MET(Rs¢p), [LHS] reduces to
handle™™ W (let modyy¢ ryy £/ = [V in £/ () with [H"]]

which is equal to [RHS] of the above reduction step.

Case By E-Ret in MET(Rscp).

Case Suppose the effect row of the whole term is E.
handle E[do ¢ V] with H ~» NI[V/p,(Ay.handle E[return y] with H)/r]
where ¢ ¢ bl(E)and H 5 { p ¥ — N. We have
[LHS] = handlel™®1! [E[do ¢ V]] with [H]
By Lemma 55, we have
[Eldo ¢ V]I = [&ldo ¢ V]

Rule E-Or substitutes the raw continuation for r in the translated clause.
The clause first reboxes it with [[ E] ] and binds the result to 7’. One administrative

E-Arp step therefore gives
[NTIV1/p, (modigey) (y-handelt™H [E[y]N with [HT)/r].

Translation preserves substitution, so this is [RHS].

Case By IH and Lemma 55.
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C.2 Proofs of encoding System C in MET(S)

C.2 Proofs of encoding System C in MeT(S)

The source calculus and its encoding are defined in Sections 7.3.1 and 7.3.2. The proofs

rely on the following lemmas.

Lemma 56 (Subeffecting). Given a typing judgement I + M : A | C in System C, if
[Tlc + IM] : [AD @[ C]and C € C’, then [T]cr + [M] : [A]D @[ C"]. Similarly for
values and blocks.

Proof. By straightforward induction on typing judgements in System C. m|

Lemma 57 (Translation of Values and Blocks). The translation of every System C value or
block is a value in MET(S).

Proof. Straightforward mutual induction on values and blocks. |

Theorem 15 (Type Preservation). If I' + M : A | C in System C, then [T']lc + [M] :
[A] @[ C] in MET(S). Similarly for typing judgements of values and blocks.

Proof. By induction on typing judgements in System C. We use variable and label
weakening to add fresh target bindings introduced by the translation. As a visual aid,
for each non-trivial case we repeat its typing rule in System C. We replace each premise
by the MET(S) judgement of the translated premise implied by the induction hypothesis.
We replace the conclusion by the MEeT(S) judgement of the translated conclusion that

we need to prove.

Case By T-Unir and T-Unit
Case By T-Var and T-Var . Variables are always accessible after

translation as translations of value types always have kind Abs.

Case
[Tlc+[PI: [T @[C] @
[T]. + modycy [P]: [T atC]

We have [T at C]l = [[C]|[T]. By (O, lock composition, and context equivalence,

we have
[T, &cy - [P]: [TT@[C]

Our goal follows from T-Mob

Case | f transparent

I>f:T
[Tlc+ f: [T1@[C]
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C Proofs of encodings

SupposeI' =T, f :C T,T5. We have
[T, f :€ T,Ta2llc = [T11, f ren OTD, IT20, @y

Our goal follows from T-Var

I'sfoT
[Tl v foITI @
SupposeI' =Ty, f :* T,I',. We have
[Ty, f T, T2l = [T:1, £, f (1) [T, [0, &y

Our goal follows from T-Var and Lemma 45.

Case |{(x: A, f_T) = M}
[T, x: A, f Tleyg FIMI: [B1@ICU{f}1®

[Tlc r AF.mod@(/\Wflf*H[Tll.let mods) f = f in [M): [(4,f:T) = Bl @[C]
By (), weakening, and exchange, we have
[Tlc, £, &), x - TAL £ = [f 1T, f o ITHF IMT : [B] @ [C1, /

Our goal follows from T-ABs , T-LETMOD , and T-Mob

Case

[T]. - [V]:ITatC] @- (0
[Tlc + let modpjcyyx = [VIinx: [T] @[C]

We have [T at C]| = [[C]][T]. By @ and Lemma 56, we have
[Tlc v [VI:[ICIIT] @[C]

Our goal follows from T-Lermop and MT-Ass ([[C]] = () @[ C]).
Case ‘ letx =M in N ‘ By IH, Lemma 56, T-Ler , and the syntactic sugar of
let-binding.

Case ‘deff:PinM‘
[Tl F [PT:ITT@IC'T® [T, f: Tle+ [M]: [A] @[C]
[Tlc + let f = modpycry [P in let modpjeryy f = f in [M]: [A] @[ C]

By (O and context equivalence, we have

[Tlc, @ycry v [PT: ITT @ [C']
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C.2 Proofs of encoding System C in MET(S)

Our goal follows from T-Mop , T-LErmoD , and the syntactic sugar
of let-binding.

Case | P(Vi, Q1)

[T+ LVil - [[Ai]]_ -@© [Tlc; - [Q;1 - [T [[Cj]]_@
[Tlc v [PT:[(A:;, fi: Tj)) = Bl @[C] C'=CUC(;

[Tlcr + let mod ey x = [PTIC; 1 in x [Vl (modpye;p 1Q; 1)« IBIIIC; 1/ f71 @I C]

We have [[(4;, f; : T) = Bl = Vf{.(/)([Ad — [f/IIT;] — [BI). By @ and
Lemma 56 we have

[Tlc + Vil : TAD @[ C'] 3
By (@ and context equivalence, we have
[TD., & e+ [Q; 1 : [T @]l
Then by T-Mob we have
[Tlcr + modpye,yy [Q;1 : [ICTIT; T @€' @

Also note that translation preserves type substitution of capability variables, which
gives

[BIIC/1/F] = IBIC;/£11 ®
By Lemma 56, the IH for P also holds at [C’]. Finally our goal follows from this
judgement, 3), @), (5), T-LErmoD , T-Arp , and T-TArp

Case By IH.

Case ‘ subtyping of blocks and computations ‘ By IH and Lemma 56.

Case ‘try {(FA=F = M} with {p r — N} ‘

[T, f A= B'lcupy F IM]: [Al @[CU{f}]®
[T,p:A,r:CB = Alc+[N]:[Al @[C] @
[r]]c + local ff : I[A,]] —» I[B’]] in letmc]]] mod@f) g= My in : [[A]] [[C]]
handlellCl! g M with {return x > x,{; p r = Na}

where
My = (Af*.modsy(Af.let modjpq f = £ in [M])) ¢
M, = mod[gf](modo(/\x“’]].do ff x))

N, = let ¥’ = mod[jcy(modyr) in let modpcy # = 7" in [N]]
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C Proofs of encodings

For the translations of the contexts in (1) and (2), we have:
[T, f = A= B'lcugsy = ITL, £, F 1) TA” = B'I8ycui
[T,p:A,r:CB = Alc=[T1,p:[A],7:cy [B = Al & ¢y

LetIy = [T'], ¢ : [A’] — [B’'l and Ay = [/ |()(LA’] — [B’]). By O, weakening,
exchange, and the rules for the translation of a block, we have

Ty, @eq F My : () (A — [AD) @[CT G

The outer T-Lermop rule therefore binds

8 icyecy) Ar = LA =g sy ey A1 — [A]
By various typing rules, we have

[y, 8 icyjocsy A1 — [AT + g Mo [A] @y, [C]]
By Lemma 51, we obtain the handled-computation premise
I, 8 “icnecey A1 = LAD @y, By - g Ma: [Al @47, [C] @
By (2) and various typing rules, we have
I, 8 icyotyy A1 = [AL p : TA'DL 7 ey [B] = [TAD F N2 2 [A] @[ C]]
Again by Lemma 51, we obtain the operation-clause premise
I, g oty A1 — [ADL @y, p o TA'DL 7 ipgeyy [B'] = [AD = N2 : [Al @[CI ®
Since [A] : Abs, T-Var gives the return-clause premise
T1, & sticnoqey) A1 = LAL Byepy, x sqrcneqey) [AlF x: [AT @[C] ©®

By @, ®, (6), and T-HANDLE , we have

I, & spenjey) A1 — [ADF
handlellIl ¢ M, with {return x = x, & p r > No} : [A] @ [[C]

Finally, (3), T-LErmoD , and T-LocaLErrEcT give

[Tlc + [try {f*=F = M} with {p r > N}] : [A] @[C]

C.3 Proofs of encoding System = in MeT(S)

The source calculus and its encoding are defined in Sections 7.3.3 and 7.3.4. The proofs

rely on the following lemmas.

238



C.3 Proofs of encoding System E in MET(S)

Lemma 58 (Translation of Values and Blocks). If V is a value in System E, then [V ] is a
value normal form in MET(S). If P is a block in System E, then [P]| is a value normal form in
MET(S).

Proof. By mutual induction on values and blocks. ]

Lemma 59 (Translation of Evaluation Contexts). For the translation [—] from System =
to MET(S), we have [E[M]] = [EN[IM]I] for any evaluation context & and term M.

Proof. By straightforward induction on evaluation contexts of System E. |

Theorem 16 (Type Preservation). If I' -+ M : A in System E, then [T'] + [M] : [A]
in MET(S). Similarly for values and blocks.

Proof. By induction on typing judgements in System E. As a visual aid, for each non-
trivial case we repeat its typing rule in System E. We replace each premise by the MET(S)
judgement of the translated premise implied by the induction hypothesis. We replace

the conclusion by the MeT(S) judgement of the translated conclusion that we need to

prove.
Case By T-Unir and T-Unir
Case By T-Var and T-Var . Variables are always accessible after

translation because translations of value types have kind Abs.

Case By T-BrockVar and T-Var

Case \{(m,ﬁ) = M}

(TT, x: (AL, f - [T1+ IM] : [B]
[T] F AxTAT fITT [ M] : [(A,T) = B]

We have [[(Z, T) = B] = [A] — [T] — [B]. Our goal follows from

T-Ass
Case By IH.
Case ‘ letx=MinN ‘By IH, T-Ler , and the syntactic sugar of let-binding.
Case |def f = P in N | By IH, T-Der , and the syntactic sugar of let-binding.
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C Proofs of encodings

Case |P(V;,Q))

=

[T1+ [P : [(A;, T) = BI
[Tl +F Vil : [A:i] @- [Tl + [Q;1: [T;1
[TD + [P TViD [Q;1 : [B]
We have [[(E-,Tj) = B] = [Ail — [T;1 — I[BI. Our goal follows from
T-Aprpr

Case [try { =5 = M} with {p r — N}

[T, f:[A"= Bl +[M]:[A] @ Q@
[T, p:[AD,r:[B = A+ [NT:[A] @

[TT + local ¢ : [A’] — [B'] in AT
handle (Af.[M1) (Ax41.do ¢/ x) with {return x — x, & p r — [N]}

By @, [A" = B’] = [A’']l — [B’], MT-Ret, lock and label weakening, and context

equivalence, we have
(TN, & - TA'] — (B'], &), f: TA'] — [B'] + [IM] : [A] @ ¢y
which further gives the handled-computation premise
[TT, ¢ : [A’] — [B'], &, F (Af.IM]) (AxI40.do ¢ x) : [A] @ ¢r B
By @, [B’ = A] = [B']l — [All, label weakening, and context equivalence, we

have the operation-clause premise
[T, & - [A'] — (B’ p - [A'], =) [B'] = [ADI + [N]: [A]l @ @
Since [A] : Abs, T-Var gives the return-clause premise
[TD, & - TA'] — (B, x :osy) [AT Fx: [A] @ ®

Our goal follows from (3), (@), (5, context equivalence, T-HANDLE , and

T-LocaLErrecT

O

Theorem 17 (Semantics Preservation). If M is well-typed and M | QQ ~ N | Q' in
System B, then [M] | [Q] ~* [NT| [€Q'] in MET(S).

Proof. By induction on M and case analysis on the next reduction rule.

Case Let-binding in MET(S) is syntactic sugar of lambda application. By
E-Arp

Case Similar to the above case.
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C.4 Proofs of encoding System F¢**" in MET(S)

Case
((x:A,f:T)=M}V,Q) ~ M[V/x,Q/f]
We have
A F:T) =MV, Q1 = (AT M) V] TQT
By multiple usages of E-Arp

Case
try {fA=F = M}with H| Q ~ try, M[cap,/f]withH|Q,¢{: A’ = B’
We have
[LHS] = local ¢ : [A’] — [B’] in handle (Af.[M]) (Ax.do {; x) with [H]
[RHS] = handle [M[cap,/f]]l with [H]

[cap;,] = Ax.dol«x

Our goal follows from E-Gen , E-App , and the fact that translation

preserves substitution.
Case By E-Ret in MET(S).
Case
try, E[cap,(V)]with H| Q ~ N[V/p,{(y) = try, E[return y] with H}/r] | Q
where Q> ¢ : A’ = B’. We have
[LHS] = handle [E[cap,(V)]] with [H']
By Lemma 59, we have

[E[cap (V)11 = [E][Lcap, (V)] = [E1[(Ax.do € x) [V1]
Our goal follows from E-Arp and E-Or

Case Follows from IH and Lemma 59.

C.4 Proofs of encoding System F°**" in MEeT(S)

The source calculus and its encoding are defined in Sections 7.2.3 and 7.2.4. The proofs

rely on the following lemmas.

Lemma 60 (Pure Values). Given a typing judgement T + V : A in System FE+" if [T']. v
[VI: LAl @ then [T]g + [V : [A] @[ E] for any E.

Proof. By lock weakening and MT-Ass. m]
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C Proofs of encodings

Lemma 61 (Translation of Values). If V is a value in System F¢**", then [V'] is a value
normal form in MET(S).

Proof. By induction on V. The cases shared with System F¢ follow as in Lemma 54.
Named handlers and runtime evidence translate to modality introductions whose
enclosed terms are lambda abstractions. m|

Lemma 62 (Translation of Evaluation Contexts). For the translation [—]| from System F¢**"
to MET(S), we have [E[M]] = [EDN[IM ] for any evaluation context & and term M. Moreover,
supposing no two entries of Q contain the same scope variable, if Q > h : £° and h ¢ BH(E),
then &, ¢ bI([ET).

Proof. The first claim follows as in Lemma 55. The second claim follows by induction on
&. The only non-trivial case is & = handle;, & with H. We have h # h’ by assumption.
Since distinct entries of () have distinct scope variables, the labels that translate # and
h’ are distinct. The goal then follows from the IH on &’. ]

Theorem 13 (Type Preservation). If T + M : A | E in System F¢**", then [T + [M] :
[A] @ [E] in MeT(S). Similarly for typing judgements of values.

Proof. By induction on typing judgementsI' + M : A | E in System F¢**". We use variable
and label weakening to add fresh bindings introduced by the translation. The cases
shared with System F€ follow as in its proof in Appendix C.1. We elaborate cases relevant

to named handlers.

Case

T-DoNaME
r>{:A—>B TrV:evl" » TrFW:AQ@

'rdoVW:B|{,E
By IH on () and (2) and Lemma 60, we have

[Tle= e - LV = [a](TAT — [BI) @a, [E]
[Tl e v IWD - [AT @a, [E]

By T-LETmOD and T-Arp , we have

[Tlea e + let modpy x = [V] inx [W]: [B] @a, [E]

Case |nhandler {{ p r — N}

T-NamMepHANDLER

Y30:A B T,p:A,r:B->FArN:A|EQ®
T+ nhandler {£ p r = N} : (Va5Pe®) ey ¢? - E A) SE A
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C.4 Proofs of encoding System F¢**" in MET(S)

Let

Ar =Vaf™ U a, [E]]([2]([A'] — [B']) — [AT)

My = let x = f £, in let modyy, yry) f/ = x in f” (modyg, (Ax141.do ¢, x))

Ny = let " = modggyy 7 in [N1[r'/r]

Iy =[T1, & ey, f 2 A b [A'T — [B']
By the IH on (1), alpha-renaming its translated continuation binding to 7’,
Lemma 51, weakening, and exchange, we have

Ty, @ ep,p: TAD, 7 qpep [B'] — [ATL " - [TETIIB'T — [AD) @
FIND[/r]: [AD] @[E]

The type of r’ is the translation of B” —»f A. By (), T-Var , T-Mop

and the syntactic sugar of let-binding, we obtain the operation-clause premise
Ty, @ey,p: [TAL 7 e [B']1 = [Al - N2 : [Al @ [E] ®

Since [[A] : Abs, T-Var gives the return-clause premise

T, Bygen, % qienio) (Al R x: [A] @IET @
By various typing rules, we obtain the handled-computation premise

T2, 8yy), e, + Mo : [ADl @4, [E] ®
By (3, @, (5, and T-HANDLE , we have
Iy + handleltEW My with {return x - x, €, p r — Ny} : [A] @ [E]

By T-LocaLErrecT , T-ABs , and T-Mop , we conclude

[T]. v [nhandler {¢ p r — N}] : [(Va3Pe®) ev ¢* —F A) SE A

Theorem 14 (Semantics Preservation). Suppose no two entries of Q) contain the same scope
variable. If M is well-typed and M | Q ~~ N | ' in System F¢™*", then [M] | [Q] ~*
[NT | [€Q'] in MET(S), where ~* denotes the reflexive-transitive closure of ~-.

Proof. By induction on M and case analysis on the next reduction rule. By Lemma 61,

translations of values are value normal forms in MeT(S). The cases shared with System F¢

follow as in its proof in Appendix C.1. We show new cases relevant to named handlers.

Case Suppose the effect row of the whole term is E.

nhandler HV | Q ~» handle, (letx =V binx ev,)with H| Q,h: ¢
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C Proofs of encodings

Case

Case

C.5

where b, h freshand X > ¢ : A’ — B’. We have
[LHS] = let modjgy; g = [nhandler H] in g [V]

[nhandler H] = modgy (Af.local € : [A’] — [B’] in
handle™™W (let x = £ ¢, in let mody, yy; f/ = x in
f" (modyy,) (Ax.do ¢; x)))
with [H1)
By E-Lermop, E-Arp, and E-GeN, using the runtime label ¢, [LHS] reduces in
MET(S) to

handle!lEW (let x = [V] ¢, in
let mody, jey; f = x in f" (modyy,; (Ax.do & x))) with [H]
which is equal to [RHS] of the above reduction step. Note that the runtime
generated scope variable b is translated to .

By E-Ret in MET(S).

Suppose the effect row of the whole term is E.
handle, &E[do ev, V] with H ~» N[V/p,(Ay.handle, E[return y] with H)/r]
where Q3 1 : €7 and h ¢ BH(E). We have
[LHS] = handlel™1! [&E[do ev), V]] with [H]
By Lemma 62, we have

[E[do evy, V]I

[ED[let modyy,; f = [evi ] in f [V]]
[ED[let modyy,; f = modyy,; (Ax.do & x) in f [V]]

Then by E-Lermop and E-Arp in MeT(S), [LHS] reduces to

handle!"EW [&E[do & [V 1] with [H]]

Lemma 62 gives ¢, ¢ bl([E]), as required by the E-Op rule. Rule E-Op
substitutes the raw continuation for r in the translated operation clause. The clause
first reboxes it with [[ E]] and binds the result to 7’. One administrative E-App step
therefore gives the translation of the source continuation. Translation preserves
substitution, so the resulting term is [RHS].

Proofs of encoding System F'¢ in MET(Rscp)

The source calculus and its encoding are defined in Sections 7.4.1 and 7.4.2. This section

proves Theorem 18.
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C.5 Proofs of encoding System F'€ in MET(Rscp)

The target calculus MET(Rscp) is extended with masks. We have the following lemmas
on relative modalities.

Lemma 63 (Relative modality transformation). If L1 < Fand L, < Fand L1—D1 = L,—D»
and D1 — L1 = Dy — Ly, thenFl—(L1|D1> $<L2|D2> F.

Proof. By the two equivalence premises and MT-Rer, we have I' + (L1 — D1|Dy — L1) =
(Lp = Dy|Dy — Lyy @F. Since L1 < F and L, < F, our goal follows by repeatedly
applying MT-Surink and MT-Expanp. m|

Lemma 64 (First Modality Transformation). Forall Eq, E>, E3:
['+(E1 — E2|Ex — Eq) o(Ex — E3|E3 — E2) = (E1 — E3|Es — E1) @
I'+(E1 = E3|Es = E1) = (E1 — E2|Ex — E1) o (Ey — E3|E3 — Ep) @E4
Proof. Suppose the composition result is (L| D). Straightforward row calculation gives
L—DEEl—E3 and D—LEE3—E1.
Moreover, L < Ej and E; — E3 < E;. Both goals follow from Lemma 63. m|
Lemma 65 (Second Modality Transformation). Forall L, E, F:

I'+(L,(E-F)|[F-E)={((L,E)-F|F-(L,E)) @L,E

Proof. Both masks are subeffects of L, E. Row calculation gives
(L, (E=F))=(F-E)=((L,E) - F) = (F = (L, E)),
(F—E)=(L,(E~-F)) = (F= (L E) - (L, E) = F).

Our goal follows from Lemma 63. |
Lemma 66 (Third Modality Transformation). Forall L,E, F:
I'+{(L)yo{((L,E)—F|F-(L,E)) =>(E-F|F-E) @E

Proof. The composition result is (E — F|F — E). Our goal follows from MT-REL. ]

Lemma 67 (Translating Instantiated Types). For every System F' type A, we have [A]lr =
LALE/E,E-

Proof. Straightforward induction on A. m|
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C Proofs of encodings

Theorem 18 (Type Preservation). If T+ M : A | {E, ¢}, then [T]g + [M] : [Allg @E in
MET(Rscp). Similarly, if T+ V : A | (E, ¢}, then [Tlg + [V] : [Alle @E in MET(Rscp).

Proof. By mutual induction on the value and computation typing derivations. We prove
this for each rule of the translation. As a visual aid, we repeat each rule where we replace
the translation premises by the target judgement implied by the induction hypothesis
and the translation in the conclusion by the target judgement we need to prove.

Case T1-Unir. The translation is mody (). The goal follows from T-Unit and T-Mob.

Case
T1-Var

|[F1,x : A,rz]]E F modtop([[A]]E) X [[A]]E E

We proceed by cases on A.

Case A = 1. We can use the T-Var rule since - 1 : Abs.

Case A = V.A’. Then [Allr = [[[A’]. for all F. By rule MT-Ass, the absolute
modality transforms into the required suffix, so we can use the T-Var rule.

Case A = A’ —F B’. Since the System F'¢ judgement is well-scoped, locks(I'2)
is the composition of the relative modalities introduced by ambient-row
markers. By repeated applications of Lemma 64, composing this suffix with
(E — F|F — E) transforms to the relative binder modality of x at the current

ambient effect. The T-Var rule therefore applies.

Case
T1-VALuE
[TIe+ V' : Al @E
[Tle+ V' : [Alg @E
Simply by IH.
Case

T1-Ler
[Tlg + M’ : [A]lg @FE [T,x:Alg+ N’ :[B]g @E [A]g = ‘uA'

[Tt + (/\ng]]E.let mod, x = xo in N') M’ : [B]g @E

Our goal follows from the two IHs, T-Lermob, T-Ass, and T-Arpp.
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C.5 Proofs of encoding System F'€ in MET(Rscp)

Case
T1-Aprp
[T]e + M’ : [A —=F Bl @F
[Tle+ N’ : [A]g @E x fresh

[TE *+ let mod<> x=M'inxN’:[Blg @E

We have [A —F Blr = )(IAlg — [BlE). The claim follows by the T-LErmoDp
and T-Arp rules.

Case
T1-Ass
[T, ¢, x:Alr+M :[Blr @F v =(E-F|F-E) p :=top([AlF)

[T + mod, (AxI4JF let mod, x = xin M"): [A —>F Bl @E

We have [T, ., x : Alr = [Tle, &c_rjr-r),x :y A” where uA” = [A]r. Fur-
ther, [A —F Blg = (E — F|F —E)([Alr — [Blr). The claim follows from the
T-Lermob, T-Ass, and T-Mob rules.

Case
T1-EABs
[T, Ac’, ¢ 1 V' [A].

[[F]]E F mod[] {4 |[VA]]E E

We have [T, A/, ¢, ]. = [T 1, & . Further, [V.Alg = [|[A].. The claim follows
from the T-Mopb rule.

Case
T1-EArpr
[Tl + V' : [V.A]lg @E x fresh

[TTE + let modyy x =V’ ininst(x; A; F;E) : [A[F/]g @E

We have [V.A]lg = [|/[A].. By T-LEr™moD, it remains to show:
[T1g, x :;; LAD v inst(x; A; F;E) : [A[F/]lg @E

We proceed by case analysis on A.

Case A =1.Both [A]. and [A[F/]]g are ()1, which has kind Abs. The goal follows
from T-VAr.

Case A = V.A’.Substitution stops at effect abstraction, so both [A]l. and [A[F/]]g
are [|[A’]., which has kind Abs. The goal follows from T-Var.
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C Proofs of encodings

Case A=A —EF B’ Let
E=(E-F|IF-E), u=(E), v=(E-(E,PIE,F)-E),
and let A; = [A’lgr — [B’]lr’- By Lemma 67 applied to A’ and B’, we have
[Al. =uA;r and  [A[F/]]E = vA;.

By MT-Ass, [] = & at E because - < &(E) = F. Thus x can be used under the
¢ lock. By Lemma 64, { o u = v at E. Thus y ::o;, Ap can be used under the v
lock. The goal follows from T-Var, T-Letmop, and T-Mob.

Case
T1-Do
{:A—-»BeX

[Tlee M :[Allge @0, E
[[1_']]“5 +do/ M’ : [[B]]g,E f, E

Because we only allow pure values in the operation arrows of System F¢, we have
that [Alls,r = [A]. and [Blls,r = [B]., where ¢ : [A]. — [B]. in MET(Rscp). The
claim follows directly by the T-Do rule.

Case
T1-HANDLER

r>(:A" B [T, ., p:A,r:B =FAlg v [N]: [Alg @FE @
v:=(F—-E|E-F) [Alle e = Ao [AlE = 1'Ao
[A'le = [A']. = u"Aj [B'1e = [B'] T == {O)([]ee — [AlleE)
Np := letyy mod, y = x in mod,s y Ny :=let mod,» p’ = p in (IN]D[p'/p]
[TTr + mod, (AfT.let mod(s f' = f in handle f’ (mod,, () with F
{return x > No, £ p r — N1}) : [(1 =Y A) =F A]f

Expanding the translated context and alpha-renaming p to p” in (1) gives

[T1e, &, p" 0 Ay, v [B'1e — [ADe = (IND[p'/p] : [Ale @E @
Let
I":=[T]g, &, f:T,f «pn [0 — [Alee

By (2), context equivalence, variable weakening, variable swapping, and T-LEtmop,
we obtain the operation-clause premise

Ip[A], - [B']. — [Alg + N1 : [Alle @E®

For the return clause, the handler binds x :(y) 1A¢. By a case analysis on A with
Lemma 66, rules T-Var, T-Lermob, and T-Mopb give

I, x o) ‘Lle FNo: [Allg @E @
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By T-Var, T-Unit, T-Mob, and T-Arp, we have the handled-computation premise
I”,& F f" (mody () : [Allee @0, E B
By 3, @, (5), and T-HaNDLE, we have
I + handle f" (modyy ()) with {return x = No, ¢ p r — N1} : [Allg @E
Finally, T-Lermob, T-Ass, and T-Mop give
[TTF + [handler {¢ p r — N}] : [(1 =*F A) =F AJr @F

249






D Proofs of algorithms

D.1 Lemmas

It is obvious that our declarative judgements are preserved by information increase. For
instance, for the typing judgement, if ©y +, M : A and Oy C Oy, then @1 +, M : A. In
the proofs, we refer to this property as stability.

Lemma 68 (Suffix moving). If ©1, @, E +n M : A where E does not depend on entries in
©,, then ©1, 8,0, b, M :

Proof. Straightforward induction on the typing derivation. m|
Lemma 69 (Suffix erasure). If ®,E +y, M : /A and E is fresh for /\, then © +, M :

Proof. Straightforward induction on the typing derivation. a
Lemma 70 (Splitting refines). If ®g + Po > P1 4 ©1, then ©1 + Py » P1.

Proof. Straightforward induction on the splitting derivation. m|

Lemma 71 (Precision extends skeleton subtyping). If ® + P’ < P and © +5< P < O, then
Ok P L

Proof. Straightforward induction on the subtyping derivation. a

Lemma 72 (Precision preserves refinement). If ® + P < Qand ® + Q » O/, then
OFrP»

Proof. Straightforward induction on the refinement derivation. m|

Definition 13 (Context precision). We write ® <cx © if O has the same non-variable
entries as ©, and every term-variable entry in ©’ is more precise than the corresponding entry
in ©:

e#x:P O =20 O=x® O PP

“<etx O,e <9, e O, x: P 2x©,x:P
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Lemma 73 (Context precision preserves skeleton inference). If ®" <cx © and © F,
M = O, then® +, M =»

Proof. By induction on ® +, M =» (. Refinement and subtyping judgements that do
not involve a term-variable lookup are preserved because the contexts have the same
non-variable entries. The only interesting case is a variable. If @ > x : Py and ©" 3 x : P},
with ®” + P; < Py, we apply Lemma 71 to derive the needed subtyping judgement. O

D.2 Type inference

In this section, we prove Theorems 21 and 22 for the type inference algorithm in
Section 9.2. Since we have proved the soundness and completeness of the syntax-directed
type system in Section 8.4, we directly use the syntax-directed type system for proofs.
To avoid repeating the subtyping premises in SD-Unir, SD-VAR, and SD-AnNo, we use
an equivalent presentation in this section. We write O =:= () | x | M : A for base terms

and use the following four rules:

SD-Unit SD-VaAr SD-ANNO SD-Sus
I'sx:A TrteM A IT't1O: A ', A<
Frr ():1 Frrx: A F'rir(M:A):A I+, O:

This presentation is local to the proofs.

Theorem 21 (Soundness of type inference). Given a type inference problem (®g; m; P; M),
ifQ [P}n M = A 4 Oy, then (©g E O1; A) is a solution.

Proof. Our goal is to show that 1 -y M : A where ®; + P » /A and Oy C ©; is a valid
metasubstitution. By induction on the derivation of @ [P}, M = A 4 O;.

Case
I-UnNit

O [PFY1<A40; (D
®O[P]_m():>A‘|®1

Theorem 27 on (1) gives that (g E ©; A) is a solution to the subtyping prob-
lem (®p; ty;m; P;1), which gives ©; FY 1< (2 where ©1+ P » A (3). By @,
SD-Unir, and SD-Sus we have @1 ky () : A (@). Our goal follows from (3) and (2).

Case
I-Var

Q>3x:A Q [PFY A<SB40:(
Qo [P}nx = B+40;
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Case

Case
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Theorem 27 on (1) gives that (By E ©4; B) is a solution to the subtyping problem
(®p; ty; m; P; A), which gives © FY A < (2 where ©1 - P » BE(3).By®y>x: A
and Oy C O, we have ®1 5 x : A. Thenby ©1 3 x : A, (2), SD-VaR, and SD-Sus
we have O1 Fy x : B (@). Our goal follows from (3) and (4.

I-ANNO

O [AFcM=>A401 D O [PF) A<B4©(®
& [P} (M :A) = B40;

IH on (D gives that (&9 E ©j;A) is a solution to the type inference
problem (®y;C; A; M), which gives ®; +c M : A. Then by SD-AxNo we
have ®1 +; (M : A) : A 3. Theorem 27 on (2) gives that (®1 C O,; B) is a solution
to the subtyping problem (®;; ty; m; P; A), which further gives @, FY A < ®
where ©; - P » 5 (5). By transitivity of information increase we have @y C ©; (o).
By stability on (3), (4), and SD-Sus we have @, Fy, (M : A) : B (7). Our goal follows

from (5), (6), and (7).

I-FrEEZE

@0[@]—1M:>B-|®1® @1|—B~A-|@2@
O [A}c [M] = A+46;

IH on (1) gives that (©y C ©j; B) is a solution to the type inference problem
(®o; I; A; M), which further gives ©1 -1 M : B (3). Lemma 25 on (2) gives that
®; C O, is a solution to the consistency problem (®s;B; A), which further
gives @, F B = A (). By stability on (3), we have ®; 1 M : B (5). By (5), (®), and
SD-Freeze we have O, k¢ [M] : A (¢). By transitivity of information increase we

have ®y C ©; (7). Our goal follows from (¢), (7), and @, - A » A.

I-ABsCHECK

@0,EI-AOI>A—>B-|®1,E@
O, a,x:ABFcM=>B40,,a,x:A,EZQ)

() [VE.A()]—C Ax.M = Va.A — B0,

IH on (1) gives that (O, a,x : AC ©y,a,x : A, E (6); B) is a solution to the type
inference problem (©1, @, x : A; C; B; M), which further gives

O, a,x:AE+rc M:B(Q
By Lemma 69, since all variables in E do not appear in B, we have

O, a,x:Arc M:B@®B)
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Case

Case
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By (3 and SD-ABsCHEck, we have

O k¢ Ax.M :Ya.A — B (@
By (¢) and definition of metasubstitution, we have ®; C ©,. By (7), Lemma 70,
and stability, we have ®,, @ + Ag» A — B. Thus O, + Ya.Ay » Va.A — B (5). By

@), (o), definition of metasubstitution, and transitivity of information increase,
we have Qp C O, 10. Our goal follows from (), @9, and (.

I-ABsANNOCHECK
®Q,EI—AOI>A’—>B%@1,E® @1,EI-A'~A—|@2,E®
O, a,x:ABFcM=>B405,a,x:A,Z03)

Oy [Va.Aolc AxA.M = Va.A — B 4 O3

Lemma 25 on (2) gives that
O, aC O, @
is a solution to the consistency problem (©1,a;A’; A), which further gives
0y, a+rA’=AG). IHon (3) gives that
(@, a,x :ACOs3,a,x:A,E(6);B)
is a solution to the type inference problem (®,, @, x : A;C; B; M), which further
gives
Os,a,x:AE+cM:B@
By Lemma 69, since all variables in  do not appear in B, we have
Os,a,x:Arc M :B(®)
By (8 and ®3, @ + A = A and SD-ABsANNOCHECK, we have
O3 k¢ AxAM :Va.A — B (9
By (O, Lemma 70, and stability, we have ©3;,a + Ay » A’ — B. By (5 and
stability, we have ®3, @ + A’ = A. Thus O3 + Va.Ap» Ya.A — B @). By @, (@,

(6), definition of metasubstitution, and transitivity of information increase, we
have ®p C ©3 @1). Our goal follows from (9), @), and @0.

I-ABs
m#*C OFPy>P—- Q401 ()

guess(P):(E;A)@ @1,§,x:A[Q]—m_M:>B—|®2,x:A,E@
(N [Po]—m Ax M =>A—>B40,,E
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IH on (1) gives that (@1,5,)( :AE Oy, x:A,E(8);B) is a solution to the type
inference problem (®;, &, x:A:m—; Q; M), which further gives

O, x:AEr-M:BQ®
O, x:AEFQ» B
By Lemma 68 on (2) and SD-Ass, we have
O, Erp Ax.M: A — B@®
By (@) and definition of guess(P), we have ©1, 4+ P » A. Then by (8), definition

of metasubstitution, and stability, we have ©,;,E + P » A. Since refinement
judgements are stable under dropping term variables, (9) gives ©,,E + O »

Therefore, we have ®, 2+ P — O » A — B. By Lemma 70 on (7) and stability,
we have ©,E + Py » P — Q. Then by transitivity of refinement we further have
Oy, E+ Py» A— B (B).By @), (8, definition of metasubstitution, and transitivity

of information increase, we have ®y C ©;, Z (). Our goal follows from (3), (5),

and (b).

I-ABsANNO
m#C OFPy>P - Q401 ()

@1|—A~P-|@2@ @2,X:A[Q]—m_M:>B-|@3,XZA,E®
@ [Poln AXAM = A — B40;,E

IH on (1) gives that (@, x : AC ©O3,x : A, E (8); B) is a solution to the type infer-
ence problem (©y, x : A;m—; Q; M), which further gives

O3,x:AEH-M:BQ®

O3,x:AEFQ» BB
By Lemma 25 on (), we have ®1 C ®; and O, + P » /. Then by (8), definition of
metasubstitution, and stability, we have ©3,Z+ P » A (5). By ©3,E+ A = A and

Lemma 68 on (2) and SD-AssAnNoO, we have
O3, Bty AXAM: A — ©

Since refinement judgements are stable under dropping term variables, (3) gives
©3,E + Q » B. Therefore, we have @3, E+ P — O » A — B (6). By Lemma 70 on
(7) and stability, we have @3, E + Py » P — Q. Then by transitivity of refinement
we have O3, 2 + Py » — B. By and definition of metasubstitution, we
have @, C O3, E. (7) gives ©@p C ©1. Then by ®; C 0,, and O, C O3, E, and
transitivity of metasubstitution, we have ®y C ©3, E. Our goal follows from (9),
O3, 5+ Py» A — B,and Oy C O3, E.
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Case
I-Arpr

O [AFcN=>P410; (D
O1[P-QFen M=A—>B40, (2 O, [AFc N = A"410; ()

@Q[Q]—mMN=>B—|@3

Theorem 23 on (1) gives that (©y C ©y; P) is a solution to the skeleton inference
problem (®y; C; £}; N), which further gives
O+ N=>P®

IH on (2) gives that (©; E ©2; A — B) is a solution to the type inference problem
(©1;Fm; P — Q; M), which further gives

@2 Fem M : — @

P —-Q» A—B(
By definition of refinement, (6) gives ®, + P » A (7) and @2 + Q » B 0.

IH on (3) gives that (©, C ®3; A’) is a solution to the type inference problem
(®2;C; A; N), which further gives

Ozt N : A’

OsFA» A’ @3
@ gives ®y C O1. (2) gives @1 C O,. (3) gives @, C Os. By transitivity of
metasubstitution, we have ©y C ©3 1. By stability, (4), (7), and (5), we have

@3}-CN:>$P A;+P» O3 e M : —
By @3), we have ©3 + A = A’. Thus by (8) and @3, we have O3 ¢ N : A. Then by
SD-Arp, we have

O3y M N : @
By stability on 10, we have @3  Q » B @1). Our goal follows from (9), @), and (2.

O

Theorem 22 (Completeness and optimality of type inference). Given a type inference
problem (®g; m; P; M), if there exists a solution (0 : @y E ©; B), then @ [P}y M = A 4 04
gives its optimal solution (@y E O1; A).

Proof. 1t is enough to prove that if (0 :: ©g C ©; B) is a solution to the type inference
problem (®g;m; P; M), then we have ®y [P}, M = A 4 ®;and 6; = ©; E © and
O+ 01A =Band 0 = 01 = ©p C O. By induction on the derivation of typing judgement
Oty M:Bwhere®+ OP » Band 0 :: ©y C O.
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Case
SD-UnNit

@ F1 () 01
In this case m = I and hence P = fA. By SI-INrer and I-Unit we have g [A}; () =
1 4 ©9. Our goal follows from 0 = @y E @ and ® + 01 = 1.

Case
SD-Var

®>x:A
@I—IX:A
In this casem = I and hence P = 1. By 0 = ®) E ©® and © > x : A, we have

Q> x:Aand O + DA’ = A. By SI-INrer and I-Var we have @ [A} 1 x = A’ 410y
where @) 5 x : A’. Our goal follows from 0 : @) C ©® and © + OA’ = A.

Case
SD-ANNO

@l‘cMZA@
O (M:A): A

In this case m = I and hence P = [. Since annotations A contain no flexible

variables, (0 : @) C ©; A) is a solution to the type inference problem (®y; C; A; M).
IH on (@) gives

O [AFc M= A40,0Q)

01 :01C0O0B

Or0A=AQ

0=61:260pC 0GB
By SI-INrER, we have @1 [A} ;y A <A 40 (6. By (2, (6), and I-AnNoO, we have

QA (M:A)=>A40: ).

Our goal follows from (3), @), 5), and (7).

Case
SD-Sus

OrHO:AQ OrH, ALB®
Or, O:

IH on (D) gives
O [AF:O=A"410;(3)
01:01COQ®
OFr01A ' =A0B)
0=61:09C 0O (s
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Case

258

By (2) and (5), wehave © +, 01A” < B (7). By (¢) and definition of metasubstitution,
the original refinement ® + OP » B gives ® + 01P » 5 9. By (7) and 14, we have
that (61 = ©; C ©; B) is a solution to the subtyping problem (®y; ty;m; P; A’). Then
by Theorem 28, and since precision on types is equivalence, we have

O [P}y A'< B’ 40,

6, 10, C O @1y

OF 0,B'=B

61=6,:0,C 0O Q)
By (o), @), and Oy C O, we have 0 = 0, = Oy C © @©.
Case analysis on the shape of O (reusing the same meta-numbers in different case

branches).

Subcase O = (). Inversion on (3) gives ®; = ®p and A’ = 1, so I-Unir on (8) gives
O [P} O = B 40, (9.

Subcase O = x. Inversion on (3) gives ©g 3 x : A’ and ©®; = Oy, so I-Var on
gives @ [P}, O = B’ 40, (9.

Subcase O = (M : A). Inversion on (3) gives @ [A}c M = A 410 and A’ = A,
so I-ANNo on (3) and (8) gives © [P}, O = B’ 410, (9.

Our goal follows from (9), @), @0, and @93.

SD-Freeze
OrM:BQ O+rB=A(©
Orc[M]: A
In this case m = C. By P :*Y C, we have P = A, for some concrete type A,. IH on (D
gives
O [AF: M= B 41012
01 :0,C0O0B
OFrO0B=B@®

0=601:209C 0O (6
Since (0;A) is a solution, we have ® + 0A, » A. Then by (6), we have
OFr01A, » A@®. By ® and (9), we have ©  6,B’ = A . By @4 and @3, we
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have (01 : @1 C ©; A) is a solution to the consistency problem (®1; Ay; B’). Then
by Lemma 26, and since precision on types is equivalence, we have

®1|—B’~A,,—|®2®

6, 10, C0O Q7

OF0A, =A

61=60, :01C O 1)
Applying I-Freeze to (2) and (§) gives O [Ap}c [M] = A, 4 ©2 @). By (o), 10,
and ©p C O, we have 0 = 0, = Oy C © 12. Our goal follows from 1), (7), (8), and
1.

Case
SD-ABsCHECK

O,a,x:ArcM:BQ
@l‘c/\x.MZW.A—)B

The type inference problem is (®p; C; A,; Ax.M) where A, :* C. The solution is
(0:0pC O;Ya.A — B). Wehave ® + 0A, » Ya.A — B. By this refinement, the
only possible shapes of A, are Va.A” — B” and Ya.a. Case analysis on the shape
of Ap.

Subcase A, =VYa.A” — B’. By the solution (6; Ya.A — B), we have
O,ar0A'=A1® and O,atr OB’ =B ®.
Therefore (0 : @y, a, x : A’ E O, @, x : A; B) is a solution to the type inference
problem (®y, a, x : A’;C; B’; M). IH on (1) gives
O, a,x: A [B’]—C M= B;4107,a,x: A’,E @
01:01,a,x:A,ECO,a,x: AR
O,a,x:Ar61B1=B®
0=601:0p,a,x:ACO,ax:A®G
By definition of splitting, we have
Qp,a+r A" > B'>A"— B 40, ad).
By @), (2), and I-ABsCHEck, we have
Qg [Va.A’ - B'}¢c Ax.M = Ya.A” — B1 4101 ().

By (3) and metasubstitution weakening, we have 0;:®; C © (7). By
(56) and definition of metasubstitution, we have 6 =0;: 0y LC O (8.
By (® and @, we have ©,at+ 61A’=A@. By @©® and (4), we have
O+ 61(Va.A” — By) = Va.A — B @. Our goal follows from (6), (7), @, and
®).
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Case

260

Subcase A, = Va.d. By the original solution, we have ©,a + 6@ = A — B 1.

Assuming fresh  and 7, we have
@y, ardarf— P40, a®.
Since 04 is equivalent to A — B, and by definition of splitting  and  are
introduced immediately before the assignment for &, the components A and
B are well-scoped at the positions of 5 and 7 in ®;. By @ and @, we have a
metasubstitution 0 extending 6 with > A and 7 > B such that
0':01,aC O,ado
0=60":0),aC0,ad
Thus (6" = O, a,x : ﬁ C O, a,x : A;B) is a solution to the type inference
problem (©1, a, x : ﬁ; C;7;M).IH on (D) gives
©,a,x:f[fFc M= B 410,,a,x:5,2Q
01:0,,a,x:5,2C0,a,x:A0
®,a,x:Ar601B'=B@®
6'=61:01,a,x :ﬁ; O,a,x:AG
By @, (2), and I-ABsCHEck, we have
O [Va.a}c Ax.M = Va.p — B 410, (®.

By (3 and metasubstitution weakening, we have 01 : ®; C © (7). By (5) and
definition of metasubstitution, we have 0’ = 01 :: 1, a C ©, @ (8). By @), (8,
and definition of metasubstitution, we have 0 = 0; :: @) C © @4. By (3) and
(4), we have O + Bl(W.ﬁ — B’) = Va.A — B @. Our goal follows from (),

@), @, and 19.

SD-Ass
m#C O,x:Arp- M:BQ@

OrgAx.M: A —

The type inference problem is (®p; m; Py; Ax.M) where Py :* m. The solution is
(0 =0 C ©;A — B). We know that Py = [ or Py is of function shape. Let

@0}-PQ>P—>Q‘|®1®
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and let (@; A’) = guess(P) , i.e., each ghost in P is filled with a fresh flexible
variable &. Since (6; A — B) is a solution, we have ® + 0Py » A — B. Then by 12,
definition of splitting, we have a metasubstitution 6’ such that

0:0,CE0®B
0=0":0)C 0O
OrO'(P—->Q)» A—> B@
Thus ® + 0'P » A, i.e., A refines each ghost in P with a monotype. Let C be
the substitution that maps each fresh & to the monotype in A that refines the
corresponding ghost in P. Then we have a metasubstitution 0” = (6’, C) such that
0”:0,aC 0O
OFrO"A'= A1)
OrO”"Q»

By (@), @), and @9, we have (0" : ©1,d4,x : A’ C ©,x : A;B) is a solution to the
type inference problem (©, 5, x : A’;m—;Q; M). By IH on this solution, we have
O, a4,x: A [QFn-M =B 40,,x: A, 2@

01:0,x:A,EEO,x:AB)

O,x:A+ 0B =B(5)

6” =0, : @1,5,36 tA'CO,x: A
By @, (6), and definition of metasubstitution, we have

0=0 22@02@@.
By @), guess(P) = (@; A), (2), and I-Ass, we have
O [Po}nAXxM = A" > B 410,,E (@).

By (3) and metasubstitution weakening, we have 01 : ®;, E C © (8). By (¢) and @),
we have @ + 1A’ = A (9). By (9 and (5), we have @ + 61(A’ > B’) = A —» B@®.
Our goal follows from (@), (8), @9, and (7).

SD-ABsANNOCHECK
®,arA=A"(® O,a,x:ArcM:BQ
O tc AxAM:Va. A" — B
The type inference problem is (Gy; C; Ap; AxA. M) where Ap :%¥ C. The solution is
(0:09C 0;YVa.A" — B). Wehave ®  0A, » Ya.A” — B. By this refinement, the

only possible shapes of A, are Ya.Ay — Bp and Ya.a. Case analysis on the shape
of Ap.
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Subcase A, = VYa.Ag — By. By the solution (0; Va.A” — B), we have

O,ar0A)=A"1® and O,at 6By =B@3.

By @ and (9), (0 = @9, a C ©, a; A) is a solution to the consistency problem
(®o, @; A; Ap). Then by Lemma 26, and since precision on types is equivalence,
we have

Oy, atrAy~A410,a@®

0':01,aC 0O, a0y

0=6":0)aC 0O,ad
By @ and @9, (6" = ®1,a,x : AE O, a,x : A;B) is a solution to the type
inference problem (®1, @, x : A;C; Bo; M). IH on () gives

O,a,x: A [B()]_C M = B;1410,,a,x :A,E@
01:07,a,x:A,ECO,a,x: AR
O,a,x:Ar601B1=B@®
0=60,:01,a,x:ACO,a,x:AG
By definition of splitting, we have
@Q,E [ Ao — BO > AO - BO - @0,5@.
By @), @, (2), and I-ABsANNOCHECK, we have
O [Va.Ay — Byl c AxA.M = Va.A — B 40, (5).

By (3) and metasubstitution weakening, we have 0; = ©, C © (7). By (5), @9,
and definition of metasubstitution, we have 0 = 0; : ©) C © (8). By (9) and
definition of metasubstitution, we have ®,a + 61A = A’ @. By @ and (®),
we have

®Fr 61(Va.A — B) =Va.A’ - B@®.

Our goal follows from (¢), (7), @9, and (8).

Subcase A, = Va.ad. By the original solution, we have ®,a + 6&@ = A’ — B 1.

Assuming fresh ff and 7, we have

@y, ardarf— P40, a®D.
Since 04 is equivalent to A’ — B, and by definition of splitting # and  are
introduced immediately before the assignment for &, the components A’ and

B are well-scoped at the positions of § and 7 in ;. By @ and (3, we have a
metasubstitution 0’ extending 6 with  + A’ and § ~ B such that

010, aC O, a0
06=6":0),aC0,ad



D.2 Type inference

By construction of 6" and (9), (6" = ©1,a@ E O, a;A) is a solution to the
consistency problem (01, a; A; ﬁ). Then by Lemma 26, and since precision
on types is equivalence, we have

O, arpf~A40,a®
0" :0,,aE0,a @9
0'=60"1:0,,aC 0O,a )
Thus (60” = @y, a,x : AE ©,a,x : A;B) is a solution to the type inference
problem (©;, a, x : A;C;7; M). IH on (1) gives
O, a,x:Al)FcM=>B 40;3,a,x:A,EQ
01:03,a,x:AEEO,a,x: AR
®,a,x:Ar01B'=B@®)
0"=01:0,a,x:ACO,a,x:AG)
By @), @), (2), and I-ABsAnNoCHECK, we have
Oy [Va.aF ¢ AxA.M = Va.A — B’ 403 (6).

By (3) and metasubstitution weakening, we have 07 :: ©3 C © (7). By @), @0,
(), and definition of metasubstitution, we have 6 = 0; :: ©y C © (8). By (9
and definition of metasubstitution, we have ©, a + 01A = A’ @1). By @) and
(1), we have

O+ 06;(Va.A - B)=Va.A’ > B®).

Our goal follows from (¢), (7), @2, and (8).

Case
SD-ABsANNO

m# C OrA=A" (9 O,x:Arp-M:BQ
Ok AxtM: A —
The type inference problem is (Q; m; Po; AxA.M) where Py :*¥ m. The solution is
(0 20y CE ©;A” = B). We know that Py = [ or Py is of function shape. Let

O+ Py>P — Q-0 @

Since (0; A’ — B) is a solution, we have ® + 0Py » A" — B. Then by @2, definition
of splitting, we have a metasubstitution 6’ such that

0':0,E01®

0=0":0yC0O

OLO(P—->Q)» A —
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Case

264

Thus® + 6'P » A’and © + 6’0 » B 1. Thenby (9), (0" = @1 C ©; A) is a solution
to the consistency problem (®;; P; A). Then by Lemma 26, and since precision on

types is equivalence, we have

O1+FA~P 10,
0”0, COW
0=60":0,C0OMB
By @ and @9, we have ®,x : A+ 0”Q » B. Thenby (O and @2, (0” = ©y,x : AEC
©, x : A; B) is a solution to the type inference problem (®,, x : A;m—; Q; M). IH
on (1) gives
O, x:AQFn-M =B 403,x:A,E (2
01:03,x:AEEOQ,x:AQB
O,x:Ar61B =B ®
0"=01:0,x:AC0O,x:AG)
By @, @9, @), and I-AssAnNo, we have

O [Po}n AxAM = A — B 403,E (6.

By (3) and metasubstitution weakening, we have 0; = ©3,E C © (7). By @), @9,
(), and definition of metasubstitution, we have 6 = 0; :: ®y C © (8). By (9) and
definition of metasubstitution, we have ®  61A = A’ (9). By (9) and (4), we have
OF 61(A— B')=A"— B @. Our goal follows from (¢), (7), @9, and (8).

SD-Arpr
Or.N=>2P@®

OFP» AQ OrenM:A—> BB OrcN:A®
O, MN:

The type inference problem is (®g;m; Q; M N) and the solution is (6 :: ® C ©; B).
Theorem 24 on (1) gives that

B [AFc N > P 4101 (5

0:60,CO

OFO0:P"<P(

6=60,:0yC O
Lemma 72 on (6) and (2) gives that ®  01P" » A @©@. By the original solution
(6;B) and @9, we have @ + 0;0 » 5 (3. By @ and @3, we have ® + 0;(P" — Q) »
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— B. Then by (3) we have that (0; : ®; C ©; A — B) is a solution to the type
inference problem (®1;Fm; P’ — Q; M). Then by IH on (3), we have

O[> QFrn M= A > B410, (D
0, 10, C O @1
OF 60(Ay > B))=A—>B®
6, =601 :01C O Qo
gives © + 0,A; = A, which further gives ® + 0,4, » A. Then by (4) we have
(62 = ©® C ©; A) is a solution to the type inference problem (©,;C; A»; N). Then
by IH, we have
O [A2}c N = A34105 (9
0 :03C 0@
Oro;A3=A
0;3=60,:0,C 0@
By @9), @9, and @9, we have 03 = 0 :: O C © 10. Moreover, (8) gives © + 0,8, = B,
which together with (8 gives ® + 03B, = B @©9. By I-Arp on (5), (7), and (9), we
have
B [Q}Fn M N = B, 103 @

Our goal follows from (1), @7, @0, and @9.

D.3 Skeleton inference

In this section, we prove Theorems 23 and 24. To avoid repeating the skeleton-subtyping
premises in P-Unir, P-Vagr, and P-ANNo, we use an equivalent presentation in this section.
We write O == () | x | M : A for base terms and use the following four rules:

P-Unir P-Var P-AnNo P-Sus
I'sx:P T O =P Feskp <
F'r;()=»1 FFix=>P F'rp(M:A)=> A '+, O =

This presentation is local to the proofs.

Theorem 23 (Soundness of skeleton inference). Given a skeleton inference problem
(®g;m; Po; M), if ©g [Po}n M 2> P 4 ©y, then (©g E ©4; P) is a solution.

Proof. Our goal is to show that ®; +, M =3 I’ where ®1 + Py » I’ and @y C © is a valid
metasubstitution. By induction on the derivation of @ [Po}n M =» P 4 ©y.
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Case
PI-Unrr

O [PoF1<P401(D
O [Po}n () = P 40,

Theorem 27 on (1) gives that (@9 C ©1; P) is a solution to the subtyping problem
(©p; sk; m; Py; 1), which gives ©; F* 1 < P’ (2) where ©; + Py » I’ (3). By P-Unir,
(2), and P-Sus, we have O +, () = I’ (»). Our goal follows from (3) and (3).
Case
PI-Var
@3x:P  O[R}FP<Q4101®

O [Pobnx == Q4061

Theorem 27 on (1) gives that (©y C ©1; Q) is a solution to the subtyping problem
(©p; sk; m; Py; P), which gives ©; k¥ P < O (2) where ®1 + Py » O 3). By ©g 3 x :
P and ®y C O, we have ©; > x : P. Then by P-Var, (2), and P-Sus, we have
®; , x = O (@. Our goal follows from (3) and (®).

Case
PI-AnNoO

O [PFFASQ4601 @D
@0[P]—m(M1A)=>$Q-|®1

Theorem 27 on (1) gives that (©y C ©1; Q) is a solution to the subtyping problem
(©p; sk; m; P; A), which gives ©1 5 A < O (2) where ©1 + P » O (3). By P-Anno,
(2), and P-Sus, we have @1 +, (M : A) = O (@). Our goal follows from (3) and (@).

Case
PI-Freeze

@ [AF: M =P 410D
& [A}c[M] =P 40,

IH on (1) gives that (@9 E ©Oj;P) is a solution to the skeleton inference
problem (O; I;; M), which gives ©1 +; M =» P (2). By P-Freeze, we have
O1 k. [MT] =» P (3. Our goal follows from (3) and the refinement ©; + A » P.

Case
PI-ABs

m#C OoFPy>P — Qo401 (D
O, x:P[Qln-M=>Q+40,,x:P,E2

O [PofFn AXx.M =>P > Q410,,E
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D.3 Skeleton inference

IH on (2) gives that (@1, x : PCE ©,,x : P,E (3); Q) is a solution to the skeleton
inference problem (@1, x : P;m—; Qo; M), which gives

@, x:P,Er, M=0@

B, x:P,E+Qo» OB
By structural rules and P-Ass, we have ©@;,E+, Ax.M =» P — O (6). By (D,
Lemma 70, and stability, we have ©,,E + Py » P — Q. Since refinement
judgements are stable under dropping term variables, (5) gives ®;, & + Qg »
Thus, by transitivity of refinement, ®,E+ Py » P — O (7). By @O, 3, and
transitivity of information increase, we have @y C ©;, E (8). Our goal follows

from (¢), (7), and (8.

PI-ABsANNO
m#C @0|—P0>P—>Q0-|®1® ®1I-A~P-|®2@

O, x: A [QO]—m_M =0 4@3,X:A,E@
Oy [PoFw AXAM > A —> Q03,8

Lemma 25 on (2) gives that, for the hidden consistency output A’,
@1;@)2 @2|—P> @)zl-AlEA

Thus, by preservation of refinement under type equivalence, we have
P » @
IH on (3) gives that (©,,x : AC ©3,x : A,E (5); Q) is a solution to the skeleton
inference problem (0, x : A;m—; Qo; M), which gives

O3,x:AEF_M=>0(

@3,X:A,EI—QQ> @
By structural rules and P-AssAnNo, we have ©3, E +, AxXAM = A > ®).
By (O, Lemma 70, and stability, we have ®3,& F Py » P — Qg (9). By stability on
(@), wehave @3, E I P » A.Since refinement judgements are stable under dropping
term variables, (7) gives @3, E + Qg » O. Thus, by (9), , (7), and transitivity of
refinement, we have @3, E + Py » A — O 10. By (D), ©1 C Oy, (5), and transitivity
of information increase, we have ®y C ©3, E @1). Our goal follows from (8), 10,

and 1.

PI-ABsCHEck
Oux:AAFcM=>Q40,x:,EQ

QN [ﬂ]—c Ax.M == LA — Q 410, B
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IH on (@) gives

OLx:L,ErM=>=0QQ®

O, x:ACO,x:A,EB
By structural rules and P-AssCreck, we have @1, E . Ax.M =» [.1 — O (». By
refinement, we have ©1,E + [1» fl.[1 — Q (5). By (3) and weakening, we also
have ®y C ©4, E (6). Our goal follows from (1), (5), and (6).

Case
PI-ABsANNOCHECK

@0,X:A [ﬂ]—cM =>=>Q—|®1,X:A,E®
O [AFc AxA M = AA—> Q40 E

IH on (@) gives
OLx:AEr-M=>0®
Oy, x:ACO1,x:AEDR
By structural rules and P-ApsANNoCHECk, we have ©1, E . AxAM =2 QA Q @®.

By refinement, we have ©1, 2 + 1 » l.A — O (5). By (3) and weakening, we also
have ®y C ©1, E (6). Our goal follows from (4), 5), and (6).

Case
PI-Aprp

O [AFc N =2 Py401 (D O1 P> QFrmnM=2>P—->Q460, @
B [Qo}n M N 22 Q 460,

IH on (@) gives
O1 k. N = Py(®
©C O ®
IH on (2) gives that (®1 C ©, (5); P — Q) is a solution to the skeleton inference
problem (©4;Fm; Py — Qo; M), which gives
O b, M= — 0O
OFPy—> Qor P> 0@

By definition of skeleton refinement and (7), we have

O, + Py » and @2|—Q0> @

By stability on (3), we have ®; . N =» Py. By P-App on this judgement, (8), and (¢),
we have @, -, M N =» O 10. By (@), (5), and transitivity of information increase,
we have @y E 0, 11). Our goal follows from @09, (9), and @D.
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Theorem 24 (Completeness and optimality of skeleton inference). Given a skeleton
inference problem (®g; m; Po; M), if there exists a solution (6 :: @y E ©;Q), then @y [Py}
M =5 P 4 Oy gives its optimal solution (©y C O1; P).

Proof. It is enough to prove that if (0 : @ C ©; Q) is a solution to the skeleton inference
problem (®; m; Py; M), then we have ®g [Po}n M = P 4 ©1and 0; = ©; C © and

O+ 01P < Qand 0 = 01 = Oy C O. By lexicographic induction on the size of M and
the height of the derivation of ® -, M = O where ® + 0Py » O and 0 :: © C ©.

Case
P-Unrr

OrH ()=>1
In this case m = I and Py = [A. By SI-INrer and PI-Unit, we have ©g [A}-1 () =2 1 4

®y. Our goal follows from 6 : @) E @ and @ + 01 < 1.

Case

P-Var
®>x:P
Or x=»P

In thiscasem=Iand Pp = 1. By 0 : ©®C ®and ® > x : P, we have ©) > x : P’
and OP’ = P syntactically, which gives ® + 6P’ < P (1). By SI-INFer and PI-Var,
we have @ [A} 1 x 2> P’ 4 0. Our goal follows from 0 : @y E © and (D).

Case
P-AnNo

OrH M:A)> A
In this case m = I and Py = fA. By SI-Inrer and PI-AnNo, we have @ [A} 1 (M :
A) 2 A 40y. Our goal follows from 0 : @y CE © and O + OA < A.

Case
P-Sus

OrH O0O=2P® Or*P<O®
OF, 0 =

Since (0 : ©g C ©; Q) is a solution to the skeleton inference problem, we have

OFOPy» UG and 6:0pC O3d.
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By @4 and the refinement of 3, IH on (1) gives

© [AF1 O == P 41013

61:0:C0O @

OFr6:P"<P®5

0=60,:2609C0 (6
By Lemma 71 on (5) and (2), we have © +3¢ 0:P” < O (7). By (6) and @, we have
O + 01Py » O. Thus (01 = ©1 C ©;Q) is a solution to the subtyping problem
(®1; sk;m; Py; P’). By Theorem 28, we have

O1 [P} P’ < Q' 46,

6, :0,C0O @

@I—@zQ,ﬁQ
9159222®1|;®@

Case analysis on O.

Subcase O = (). Inversion on (3) gives ®; = @ and P’ = 1. By PI-Unir on (8), we
have © [PO]’m O = Q’ 4 0, @

Subcase O = x. Inversion on (3) gives @) > x : P’ and ©1 = Q. By PI-Var on (),
we have Qg [Po}n O = Q' 4 0, 12.

Subcase O = (M : A). Inversion on (3) gives P’ = A. By PI-Axno on (8), we have
©o [Po}n O Q' 10, @.

By (&), @), and ©y C ©;, we have 6 = 0, : ©g C O 1. Our goal follows from (2),
(9, @9, and @9.

Case
P-Freeze

OHM=PQ
Or [M]=>P
In this case the skeleton inference problem is (Q; C; ;[ M1). IH on (1) gives
[AF M =>P 410; (2
6 :2:0:C0O @
OFr6iP<PQ®
0=61:20pC 0 (s
By PI-Freeze on (2), we have g [A}-c [M] 2> P’ 4 ©; (5). Our goal follows from
(3, ®), @, and (6).
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Case
P-Ass

m#C O,x:PrH,_M=>20Q
Or, Ax.M =» P —

The solution (6 = ©® C ©;P — Q) to the skeleton inference problem
(®g; m; Pg; Ax.M) gives
®@FrOPy» P — and 6 :0)LC O 0.
Let
@0}—P0>P1—>Q1—|®1@.
By @9, @0, (2), and definition of splitting, there is a metasubstitution 6" such that
0:0,C00B
0=0":609C0(@®
OrO'(P1—>Q1)» P> 0B
By inversion on (5), we have
OrO'P1»PA@ and OFO'Q1» O ad.

By definition, @3 gives ©  0’P1 < P (5. By reflexivity of context precision and
@5, we have
O,x: 0P Zcx ©,x: P (6.
By weakening @4), we have
O,x:0'P1F0'Q1» O @.
Lemma 73 on @6 and (1) gives ©, x : 0'P; +,_ M =» O 5. By (3) and the definition
of metasubstitution, we have
0 :0,x:PLEO,x: 0P 2).
By @, @, and @), (0" =01, x: P{EO,x: 0'P1;Q) @9 is a solution to (O, x :
Pi;m—; Q1; M). IH on @5 with solution @9 gives
O1,x:P1 [QiFn- M= Q" 402,x: P1,E(®
01:0,,x:P,ECO,x: 0P @
O,x:0P1+61Q"<Q
0 = 91 o @1,36 o P1 = @,X 5 Q’Pl @

By (2), (6), and PI-Ass, we have O [P} n Ax.M =22 P; — Q" 4 0, E 10. By (7) and
metasubstitution weakening, we have 0; :: ®,, Z E © 1). Since precision ignores
term-variable entries, (8) also holds under ®. By (9), @), (8), and the arrow rule for
refinement, we have ©  0;(P; — Q') < P — Q (. By (®, inversion on (9), and
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Case

272

transitivity of metasubstitution equivalence, we have 0 = 01 : ©y C © 9. Our

goal follows from (0, @1, @2, and @9.

P-ABsANNO
m#C O,x:Ar,_ M =00

O, AxtM = A —

The solution (0 = @y T ©;A — Q) to the skeleton inference problem
(©0; m; Po; AxA.M) gives

OFrOPy» A— and 60:0pC O Q).

Let
Oy F Pyg> P — Q14101 (2.
By @9, @0, (2), and definition of splitting, there is a metasubstitution 6" such that
0:0,C00B
0=60":2:09C 0O @®
OrO(PL—>Q1)» A— @
By inversion on (5), we have
OrOPi» A® and OF O'Q1» O @9.

By @ and consistency of A with A, (0" :: ©; C ©; A) is a solution to the consistency
problem (®1; P1; A). Then by Lemma 26, we have

O [ A~AH40, 1@
0”0, E 01
OrO"A’< A
0=60":0,C0 1
By @), @, and @9, (0” = ©p,x : AC O,x : A;Q) is a solution to the skeleton
inference problem (@, x : A;m—; Qq; M). IH on (1) with this solution gives
Oy, x :AlQibn-M=>Q 403,x: A, E (6
01:03,x:AECO,x:AQ®
@,x:AI—GlQ’ﬁ Q
0"=601:0,x:ACO,x: A

By (2), @, (¢), and PI-ABsAnNo, we have g [Py} AxAM =2 A — Q' 403, E ().
By (@), we have 0; :: ©3,E C © @1). Since metasubstitutions do not change the
annotation A, by (8), we have ®  6;(A - Q') < A — Q @. By ®», @), (9, and
transitivity of metasubstitution equivalence, we have

0=601:09C 0O Q).
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Our goal follows from @0, @), @2, and @D.

Case
P-ABsCHECK

O,x:Ar:M=>=00
Or. Ax.M=>» A0 —Q

The skeleton inference problem is (®p; C; [; Ax.M). (1) gives a solution to the
problem (®p, x : ;C; A; M). IH on (1) with this solution gives

O, x:A[AFcM=>2Q 410, x:,EQ
61:0,x:A,ECO,x: A0
0,x:ArtiQ’ <Q@
0=601:00,x:AC0O,x:A(6)

By PI-ABsCrEck on (2), we have Qg [A}¢c Ax.M = .A = Q" 4Oy, E (5. By eras-
ing the term variable from (3) and (¢), we have

01:0,EC0O@@ and 6=60;:0pC O 1.
Since precision ignores term-variable entries, (4) gives
Or6i(AA—-Q)<AA—Q@®.
Our goal follows from (5), @0, @2, and @D.

Case
P-ABsANNOCHECK

©,x:Arc M= 0@

Ok AxAM = LA — Q

The skeleton inference problem is (@y; C; f; AxA.M). (O gives a solution to the
problem (®g, x : A; C; £3; M). IH on (1) with this solution gives

Opx:AAFcM=>Q 4101, x: A EQ
01:0,x:AZECO,x:AB
O,x:Ar61Q"<Q®
0=01:09,x:ACO,x:A ()

By PI-ABsANNOCHECK on (2), we have @y [A}-c AxAM = A.A— Q 4101,E().
By erasing the term variable from (3) and (), we have

01:01,ECO@ and 6=6;:09C OaD.

Since precision ignores term-variable entries and annotations do not contain
flexible variables, (4) gives

Or6(AA—->Q)<AA—>Q@®.
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Our goal follows from (5), @0, @2, and @D.

Case
P-Aprp

O N=>2>PQ@ OFP» P (2
Ore, M=>»P - 0B

Or, MN =

The skeleton inference problem is (®g; m; Qo; M N) and the solution is (0 : @y C
©®; Q). The solution gives

OFr0Q)» and 6 :0yLC O Q0.
Since © + A » P, (@0); P) is a solution to (®p; C; £; N). IH on (1) with this solution

gives

G [Akc N =» P1 101 ®

0120006

®F 0P <P

06=60,:260pC0®
Lemma 72 on (6§) and (@) gives O+ 0P » I/ (8). By and (7), we have
OF6:Qp» O ©. Thus ® + 61(P; — Qo) » — . Thenby (3, (61 = ©; C
®; P’ — Q) is a solution to the skeleton inference problem (®1;F m; P1 — Qo; M).
IH on (3) with this solution gives

©1 [P = Qolrn M 2» P2, = Q2 410, @

6,0, C O a4

OFO(P, > Q) =P > Q1®

01=60,:0,C 01
By PI-Aprpr on (@) and @0, we have @y [Qo}-n M N =2 Q; 4 ©, @. By inversion on
@2, we have © + 0,Q> < Q @. By (7) and @3, we have 0 = 0, :: ©p C © (o). Our
goal follows from @), @D, @), and @9.

D.4 Subtyping

In this section, we prove soundness and completeness of algorithmic subtyping with
respect to the declarative subtyping rules.
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D.4.1 Decorated algorithmic judgements

We extend the syntax of decorated skeletons 1, unresolved types T, and unresolved
skeletons S with flexible variables & for decorated algorithmic judgements.

Figure D.1 defines the decorated algorithmic subtyping W | ©g [Po}7 S < Q 4 ©;.
Figure D.2 defines the decorated algorithmic consistency W | @ [Po} S ~ Q 4 ©. Like
ordinary algorithmic consistency, decorated consistency may carry auxiliary contexts
A1 | Ay, where A; tracks bound variables from Py and A, tracks bound variables from
S. The tag context W contains precisely the tags solved by the judgement, following the
declarative judgements. We omit the rules that remain unchanged from the ordinary
algorithmic rules modulo adding the empty tag context - before each judgement.

We define an erasure operation that transforms unresolved skeletons into ordinary
skeletons. It is defined homomorphically with the following non-trivial cases.

|Voa.S| = Va.|S] L&l =R &S] =A/.[S].

Erasure commutes with substitution naturally:

LS[y/all = LS][Ly]/al.

We write

for the tag-solving counterpart of constraint solving. The ordinary judgement C; P ~» Q
takes an input skeleton P and produces an output skeleton Q. In contrast, C; ¢ ~» W
takes a decorated candidate ¢ and computes the set W of tags in 1 solved by the
constraint list C. The definition is contribution-only: constraints add tags only when
their own structure matches the corresponding structure in ¢; constructors already

present on the input side of solving are traversed but do not contribute tags.
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(W@ [P} S < QA0

SI-INFER SI-CHECk
T, B guarded W|Oy[BFT~B40;

16 [AF] S LS| 469 V|0 [BFYTLB46

SI-ForaLLR ) SI-UN1vGHOSTR
V| @ a[BFY S<B40y,a,E S guarded

V| @ [Va.B} S < Va.B46, 1@ [AFS <L ALS] 4Oy

SI-ArRrROW _
Wy | © [P{]— 51401410, W, | ©; [Pé};SZ<Q2‘|®2

vy, W, | B [Pi —>Pé]—?m 51— 5, < Q1> 0Q106,

SI-ForaLLL
m#1I Py guarded or Pp = A |S]=P P S; Py 4% B; Py Oy, E+ Pq
‘I’g fresh A, E " gbg # ‘I’g Lgng =P \If,\l’g | ©, E [Po}1 S[gl)g/a] <0406,

W | @ [PoFN V.S < Q40

SI-GHosTG SI-UNivGHosTL )
mEL  W[O[P}S<QH46,
] G [AFF F < AH O V| O [Pob3 A.S< Q46

SI-UNnivGrosTLG '
mEI W |0 [Pl S< QA6

W | @ [P}k < Q40

Figure D.1: Decorated algorithmic subtyping (only showing non-trivial rules).
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W | O [Polaja, S~ Q461

U-GaostG

| Bo [AF ayja, 71~ 14O

U-Arrow
W1 | O [PiFan, S1~Q1401  Wa| O1 [Pyl s, S22~ Q240

W1, Wy | ©p [P} = Pyl aja, S1—= 52+ Q1 > Q210

U-ForaLLINH U-ForaLLSyn
W | @, a [Polaajane S~ QH40,a WO, a[APolar,eS~Q40O1,a
W, 5 | @ [Va.Polagja, ¥a.S ~ Va.Q 40, W | @ [APo} aga, V.S < Va.Q 4 ©;
U-UntvGHosT U-UnivGHosTG
W[ O [PoFaja, S~ Q40 W | O [PoFaja, S~ Q-6
V| QO [A.Po} A1lAs A.S ~RA.Q 46, V| ©y [A.Po} AtlAs F.SARA.0Q40,

U-UnivGHOsT1
W | Oo,a[Pola;an, A.S~Q 401, a

V| 0 [VLY.PO]—A1|A2 A.S ~Va.Q 410,

U-UntvGHosT2
O + Py guarded Py non-flex W[ @ [PoFaja, S~ Q46

W | O [Polaya, 8.5 ~Q 46,

U-GHostR
A Nftv(S]) =2

| ©o [AF aya, S~ LS] 460

U-UntvGHosTR
Qo + S guarded S non-flex W[ O [Polan, S~Q+6

WO [APoFaja S~Q+06;

The flexible-variable rules of Figure 9.6 are inherited unchanged and have empty tag context in
their conclusions.

Figure D.2: Decorated algorithmic consistency.
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Y <P W Y ~P~ ¥y C;p~ ¥,
SP sub,(P); Y ~ W eq(P),C; ¢ ~ W1, ¥,

ll) <n Q ~ W
SS-Var SS-ForarLL SS-UnivGHosTLG SS-Vacuous
77[} <m Q ~ W l/) <n Q ~ W
a <y Q- Vol < 0= Ha) <p Qo W Y <p A -

SS-CHECK SS-ForaLLR SS-ARrRrROW
yb,Bguarded Yp~B~W P <c B~V ¢1~Q1W\p1 ¢2<mQ2W\y2

Y <cB~V¥W Y <cVB.B~V¥ P1 = P2 < Q1 — Q2 W, W)
SS-FLEx

A< Qe
y~Q -V
SE-UNiIT SE-VAR SE-Vacuous SE-ARROW
Y1 ~ Q1 ~ W Py ~ Qo ~ W)
I~T~- a~Q - Y~ A Y1 = P2 ~01— Q2 W,V

SE-ForaLLINH SE-UNivGHOsTG SE-FORALLSYN
p~Q-w P~Q- v p~AQ W
Vea.y ~Va.Q ~ ¥, e Y ~R.Q W Veay ~ Q.Q ~ W
SE-UnivGHoOsTR SE-FLexL SE-FLexR
¢ ]| guarded Yp~Q V¥ Hey ey
Y ~R.0Q ¥ a~Q ~- P~a -

Figure D.3: Decorated tag solving.
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D.4.2 Soundness of subtyping

In this section, we prove Theorem 27.

Theorem 27 (Soundness of subtyping). Given a subtyping problem (®g; n;m; Po; P), if
O [Po}p P < Q 4Oy, then (©y E O1; Q) is a solution.

We use decorated algorithmic subtyping as a bridge between algorithmic subtyping
and declarative subtyping. We first prove an important lemma that given an algorithmic
subtyping derivation, we can construct a decorated algorithmic subtyping derivation
under the empty tag context.

Lemma 74 (Decorating algorithmic subtyping). If ®g [Po}n P < Q 4 Oy, then
1 © [P} P < Q01

Then, we prove another lemma on the soundness of decorated algorithmic subtyping.
It also records the output invariants needed by the definition of solutions to subtyping
problems.

Lemma 75 (Soundness of decorated subtyping). IfW | ®q [P} S < Q 4Oy, then
®yC O O1+ Py» \I/|®1|—;S<

Consequently, given a problem of subtyping (®o; n;m; Po; P), if - | O [Po} 17 P < Q 4 ©, then
(®p C O1; Q) is a solution to it.

Combining Lemma 74 and Lemma 75, we prove Theorem 27.
The main challenge of proving Lemma 74 is to show that when we do instantiation,
all tags introduced by the type used for instantiation are solved. To prove this lemma,

we first prove a few auxiliary lemmas about decorated algorithmic rules.

Lemma 76 (Look decoration). If P <, Py 4" E; Q and ©g + Q, then there are fresh tag set
W and decorated skeleton 1 such that ©g +" 1 # WV and [ ] = Q.

Proof. Construct i by decorating every quantifier in Q with a fresh tag (taking W to be
the set of exactly these tags), transforming every ghost 1 into a dotted ghost i, and
transforming every universal ghost i into a dotted universal ghost /. The judgement
Qo +" Y # W follows from straightforward induction on well-formedness of Q. ]

For the proofs below, we write guess"(P) for the sort-indexed meta-function defined

by
guess®(P) = guess(P)  guess®™(P) = (-; P).

279



D Proofs of algorithms

Lemma 77 (Decorating constraint solving). If
P<pPy7 8P, @ O, Er" Y, #W¥,  |¢a] =Py,
then there are C and E. such that
P <, Py " E;C C; g~ W,

Proof. Inversion on (1) gives

’

P <, Py5* E;C C, A~ Es; Ps (2 Z’;P,) = guess"(Ps) 5 =E,Z,,

(1

The decorated constraint solving C; y, ~ W, can be constructed by a straightforward
induction on constraint solving (2), observing that every tagged quantifier in ¢, comes
from a quantifier in Ps, and every dotted ghost in 1, (when n = sk) comes from a ghost
in P;. O

Lemma 78 (Constraint solving concatenation). If C1,Cy; ¢ ~» W, then there are V1 and
WV, such that
Cip ~ Wy Cyup ~~ Wy V=W, ¥,.

Conwversely, if
Cuy ~\W Co ¢ ~ Wy,

then Cy, Cy; ¢ ~» W1, Wo.
Proof. Both directions follow by straightforward induction on the constraint list C;. O

We use the following convention in the proofs below. The constraint-collection and
decorated-constraint-solving judgements are not syntax-directed: several rules may
overlap, but they are congruent. When a proof says WLOG, we use the congruence
of these judgements to reorder such exposing steps so that the rule being decorated
is applied first. Non-congruent overlaps are excluded by side conditions; for instance,
LS-CHEeck does not apply when the source being inspected is the variable being looked
for.

Lemma 79 (Subtyping decoration for variables). Suppose
¢ <m PO ~ ‘ya
For any substitution p from rigid type variables to decorated skeletons, if

WO [Pokq p(Ly]) < Q 40y,
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D.4 Subtyping

then
W, W, | O [Po}pp(y) <Q+401.

Proof. Induction on the decorated constraint solving derivation ¢ <, Py ~» W¥,, general-
ising over ®p, ¥, p, and the decorated subtyping premise.

Case
SS-Var

aSmPOW'

The subtyping premise is

W | © [Pl pla) < Q401 D.
Since W, = -, the goal follows from (D).

Case
SS-ForaLLL

Eb <n P 0~ \I]a @
VB <o Py~ W,
Assume WLOG that m # I and Py guarded; otherwise the decorated constraint

solving derivation is equivalent to applying other rules first. The subtyping

premise is equivalently
W@ [Po}7 ¥B-p(LY]) Q461 @.

Inversion on (2) with decorated SI-ForaLLL gives

p(ly]) <G Po ¥ B Py @ Wy fresh

O, B H o # W, (® Yol =P, ®
The same inversion also gives

W, We | @0, & [Pk p(LY Dg /Bl < Q101 ®.
Let p” = p[¢¢/B]. We have
P’y =plyDlve/B1 @ o) = p()[Ys/B1 ®-
By IHon (@), p’, @), (8, and (), we get
W, We, W, | @, & [Po}; p() g /Bl < Q401 @.

By @ and (5), we also have
B, &' + Pg 1.

Decorated SI-ForaLLL on (3), @D, @9, @), (5), and (9) gives
W, W, | Qg [Po}n VB.p(1) <Q410,®.
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Our goal follows from @2 and V¢B.p(y) = p(V¢B.).

Case
SS-UNnivGHosTLG

1/) <n PO ~ \Ija @
B < Py~ W,

Assume WLOG that m # I. The subtyping premise is equivalently
V|6 [Pl Bply)) Q401 @.

Inversion on (2) with decorated SI-UnivGHosTL gives
V| G [Pl pl¥)) S Q161 ®.
By IH on (@, p, and (3), we get
W, W, | O [Pl p(¥) < Q401 .
Our goal follows from decorated SI-UnivGHOSTLG on (3).

Case
SS-Vacuous

I,D <m A~
We have Py = f1. The subtyping premise is
V|0 [aksply) Q401 @.
By Lemma 80, with S = @ and the same p, on (1), we get
V|0 [aksp) <Q461®@.
Since W, = -, our goal follows from (2).
Case
SS-CHECK
Y, B guarded Yp~B~~¥Y,@®
Qb <c B ~~ \I]a

The subtyping premise has the form

W6 sk plv) < Q101 @.
Case analysis on the shape of p(| ¢']).

Subcase p(|¢])is guarded. Inversion on (2) with decorated SI-CrEeck gives Q = B
and

W0 [B} p(lY]) * Qc 101 ®.
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By Lemma 95 on (1), p, and (3), we have

W, W, | B [BF p(¥) ~Qc 4101 ®.
Our goal follows from decorated SI-Creck on (4) and Q = B.

Subcase p(|¢])is unguarded. In this case, ¢ itself is a type variable that is mapped
to an unguarded skeleton by p. Thus we have W, = - and p(¢) = p(L¢']). Our
goal directly follows from (2).

Case
SS-ForaLLR

I,D<CB“’“’\I]11®
¥ <c VBB~ W,

The subtyping premise is
W 6 [vgBl p(ly) < Q161 @.
By inversion on (2) with decorated SI-ForaLLR, we have
W | ©,p[B}c p(LY]) <B4OLEE .
By IH on (1), p, and (3), we get
W, W, | ©, B [B}¢’ p() < B+O1,6,E @.

Our goal follows from decorated SI-ForaLLR on (3).

Case
SS-ARROW

Y1 ~Po1~ W1 @ P2 <n Pop ~» W2 @

Y1 — P2 <gn Po1 — Pop ~~ Va1, Wap

The subtyping premise is

W[ ®g [Po1 — Popkt, p(L1]) — p(L2]) <Q-16; ®.

By inversion on (3) with decorated SI-Arrow, there are Q1, Q», ®’, W1, and ¥
such that

W1 | @ [Po ik pl1) ~ Q40" @ W | O [Pook p(l92]) £ Q2101 ®
and
Q=012 Q@ Y=Y ,¥Y20.
By Lemma 95 on (1), p, and (4), we have
Wi, Wa | © [Posk p(Y1) ~ Q140" ®.
By IHon (2), p, and (), we get

Wy, Wop | © [Pookh p(i2) < Q2401 ®.
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Decorated SI-Arrow on (8) and (9) gives
W1, Wo1, W2, W2 | @0 [Poq = Po2k7, p(Y1) = p(2) < Q1 — Q2461 ©.
Our goal follows from @0), (¢), and (7).

Case
SS-FLEX

&ngOW'

The subtyping premise is
W] G [Po}7 p(@) Q401 .

Since W, = -, our goal follows from ().
O

Lemma 80 (Vacuous subtyping decoration). For any substitution p from rigid type variables

to decorated skeletons, if

V|0 [ak, pS[Llyl/al) Q4 0,
then
V|0 [ak,pSy/al) <Q40".
Proof. By straightforward induction on the decorated subtyping derivation. Observe

that since the input skeleton is [, we can never solve any tags, which additionally gives
VY=, O

Lemma 81 (Stability of constraint collection). If § # a and o & ftv(Q), then
P <, Py ¥ E;,C iff P[Q/B] <, Po 4" E;C.

Proof. By straightforward induction on the constraint-collection derivation in both
directions. Observe that since a ¢ ftv(Q), we can always use LS-ABsenT or LE-ABSENT
for Q. O

Lemma 82 (Look freshness). If P <j, Py b 5, P, and y ¢ ftv(Po) and y = B ory & ftv(P),
then y ¢ ftv(P,).

Proof. Trivial. ]

The following is a key lemma. It shows that we can replace the instantiation with
an ordinary skeleton | ¢,] to use its decorated version 1, so that subtyping solves the

same set of tags W, of ¢, as decorated constraint solving does.
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Lemma 83 (Subtyping decoration). Suppose
P <, Py ¥ B C C/'l;ba ~ W, [S|=P a iﬁv(l.labaj)

If
W | O [Po}-p S[Lal/a] <Q 0y,

then
W, W, | O [Po}p S[Ya/a]l <Q +Or.

Proof. Induction on the constraint-collection derivation P <, Py 4* E.;C, generalising
over S, ¥, ©p, and the decorated subtyping premise. We allow arbitrary input context
Oy as long as the decorated subtyping premise holds. As a result, the well-formedness
condition of the subtyping premise implicitly requires that flexible variables in . must
be present in © if @ appearsin S.

Case
LS-Var

a <, Py 4" suby(Po)
The decorated constraint solving premise is

subn(Po); 0 ~> o @
By inversion on (1), we have

Yu <n Po W, ®.
Since | S| = @, we have S = a. Thus the premise subtyping derivation is
| @ [Pl LYa] Q401 @.

Our goal follows from Lemma 79 on (5) and (2):

\P/\ya | ®0 [PO]'EQbu <Q"®l®-

Case
LS-ABsENT
a ¢ ftv(P)
P <, Py 4" -
The decorated constraint solving premise is
g~ - Q)

and the subtyping premise is

W | @ [Polp SlLYal/al £ Q461 @.
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Since | S| = P and «a ¢ ftv(P), we have «a ¢ ftv(S). Hence

Sllyal/al = S[Ya/a] @.
Our goal follows from (@) by (2.

Case
LS-Vacuous

P <, A5
The decorated constraint solving premise is

sy~ @)
and the subtyping premise is

V| O [akq S[LYal/al < Q4101 ®.
By Lemma 80, with the identity substitution, on (4), we get
V| G [ak} S[Ye/a]l Q4101 @.

Our goal follows from (2).

Case
LS-Creck
A+ A, B guarded A~B45*E,;CQ
A<.B45* E;C
The decorated constraint solving premise and the subtyping premise are
Ciha~>¥a®@ W[ [B}c S[LYal/a] <B161 D).

Since S| = A, A # @, and A is guarded, S[| ;] /a] is guarded. Thus inversion on
(3 gives that for a hidden Q,

W[ O [BF S[l¢al/a]l ~Qc 4101 (®
By Lemma 94 on (D), 2), | S] = A, a ¢ ftv( ¢, ]), and (9), we have
W, ¥, | © [B} S[a/a] ~Qc 4601 (®.

Our goal follows from decorated SI-CHeck on (6).

Case
LS-ForaLLR

A< BYE;C Q@
A < VB.B 4 E;C

The decorated constraint solving premise and the subtyping premise are

C}Eba WWa@ \I’| G [Vﬁ~B]'(t:y S[I.I/Jaj/a] <V,B'B"|®1 @
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Inversion on (3) gives
V| O, [’ Sl ¢al/al <B4OLBED
ByIHon O, @, |S] = A, a ¢ ftv([1,]), and (@), we obtain
W, W, | O, B [BE S[a/al KB40, B,E®.
Our goal follows from decorated SI-ForaLLR on (8).

Case
LS-Arrow

Py ~ P{ 5% 81;C1 @D Py <, Py 5% By, G2 (@

Py — Py <, P = P} 4% E1,E2,C1,C2

The decorated constraint solving premise and the subtyping premise are
C1,Cu ~ ¥, ® W | O [P} - PjF7, S[LYal/al < Q1 — Q2461

Since | S| = P; — P, we have S = S; — S, with

[S1]=P1® |S20=P2®.
By Lemma 78 on (5), there are W, ; and ¥, > such that

Ci,¢Ya ~¥s1(® Coug ~~»Wen (@ Y, =W,1,¥:20®.
By inversion on (0), there exist W1, W>, and ©’ such that
W1 [ O [P} Sillal/a]l * Q140" ©

W, | © [PiFh Soll¢pal/al < Q2 4O1 @
W=, 0, @.

By Lemma 94 on (), (6), 3, a ¢ ftv(L14]), and (9), we get
W1, Wi | O [Pi} Si[Ya/a] ~ Q140" .
ByIHon @), @), @, a ¢ ftv(1,]), and @), we get
Wy, Waso | O [Pyl Saltpa/a] < Q2 401 @.
Decorated SI-Arrow on (9 and (@ gives a derivation
Wy, W1, W2, W2 | @ [P — PyL7, Si[Ya/a]l = Sa[¢a/a] < Q1 — Q2401 @.

The tag context W1, W, 1, W2, W, 2 isequal to W, W, by (8) and @2. Our goal follows
from @).

Case
LS-ForaLLL

P <, Po 44 B.;C @
VB.P <, Po CRECISY 64
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Assume WLOG that m # I and Py is guarded; otherwise derivation is equivalent

to applying LS-Vacuous or LS-ForatLR first.

Since | S| = VB.P, S = V°B.S’ for some potential tag 6 with [ S’] = P (2).

The decorated constraint solving premise and the subtyping premise are
Cia~>Wa® WO [PolpS[lyal/al <Q 4101 ®

Inversion on (15 with SI-ForaLLL gives a skeleton P, a decorated skeleton ¢, and

tag set W such that

P[lﬂ#u]/“] <n Po 4 E/;Pg@ \Pg fresh (9 B, E" " #’g#\yg® leng :Pg@
By (3 and (6), we also have
B, &'+ P, @.

The same inversion also gives the subtyping judgement
W, Wy | @, &' [Pol7 (S'[LYpal/aDlg /Bl < Q 4©1 @.
Since a ¢ ftv(| ¢,]), we have a ¢ ftv(P[[ s ]/a]). Then by Lemma 82 on (4) and

a ¢ ftv(Py), we have a ¢ ftv(P) (®. By (& and (8), we have a ¢ ftv(|¢¢]) 9. By
erasure preserving free variables, we also have a ¢ ftv(i,).

By capture-avoiding substitution, the subtyping premise is equivalently
W, We | @o, & [Po}f (S'[9hg/BDILal/a]l < Q 401 @.
By Lemma 81 on (1) and (9), we have
Pllygl/Bl <n Po %" Ec;C @.
By definition of erasure,
LS [¥s/B1] = PllYg]/Bl @.
By IH on @, (3), @0, @, and « ¢ ftv(|14]), we get
W, W, W | O, &' [Pol-; (S'Tg/BDIpa/a]l < Q461 @
Commuting substitutions back gives
W, W, W, | @, & [Polq (S'[Ya/aDlipg/Bl < Q 4 ©1 @.

Our goal follows from decorated SI-ForarLL on (1), @), @9, 5), (¢), and @4, using
associativity and commutativity of set join.

Case
LS-UnivGHosTL

P <, Py E;C @
AP <, Po %" Ec;C
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Assume WLOG that m # I. The decorated constraint solving premise and the
subtyping premise are

Civa~¥e®  W|[O [Pol3S[l¢al/a]< Q4101 ®
Since | S| = fA.P, either S = fA.5" or S = #.5" with |[S’] = P (2).
Inverting (6) with decorated SI-UnivGrosTL or SI-UnivGHOSTLG, respectively,
gives
WO [Po}3 Sl Yal/a] < Q4101 ®.
ByIHon @, ®, @, a ¢ ftv(L1.]), and (3), we have
W, W, | O [Po}3 S'[Ya/a] <Q 461 .

Our goal follows from decorated SI-UnivGrosTL or SI-UNivGHOSTLG, respectively,

on (4).

Lemma 84 (Decorating instantiation). Suppose
Pg;PO aE;Pa LSJ:P ®O/E|'n¢a#\ya Ll;baJ:Pa-
If
W | @, E [Po}h S[P,/a] < Q 40y,
then
W, W, | @, B [Po}p Slipa/a] <Q 40O,
Proof. By Lemma 77 on some premises, there are C and E. such that
Pgmpoﬁa Ec,C(D C/lpaw\ya®

By Lemma 82 on the look premise and a ¢ ftv(Py), we have a ¢ ftv(P;) @. By [{,] = P,
and (9), we have a ¢ ftv(| Y, ]) ®. By | ¢s] = P,, the premise subtyping derivation is

W | @y, E [Po}-h SlLva)/a] < Q101 ®.
By Lemma 83 on (1), 2), | S] = P, (), and (¢), we have

W, W, | @, E [Po}7 S[Ya/al < Q401 @

which is our goal. m|
Now we prove our main lemmas.

Lemma 74 (Decorating algorithmic subtyping). If ©y [Po}-;n P < Q 4 O, then
| @ [P}y P<Q 401
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Proof. By induction on the derivation of @ [Po}-5 P < Q 4 ©Oj. All cases except
SI-ForatLL are direct. The corresponding decorated rule has the same premises as
the ordinary rule. For subtyping premises, we apply IH; for consistency premises in
SI-Cueck and SI-Arrow, we apply Lemma 93. All tag contexts are empty. We show the
only interesting case here.

Case
SI-ForaLLL
m# I Py guarded or Py = A P Py5*E; P, © ®y, E+P, 2
O, E [Po} 1 P[P;/a] < Q401 (3)

O [Po}p Va.P <Q 40,

By IH on (3), we have
| ©, E [PoF-1 P[Pa/a] < Q461 B.
By Lemma 76 on (1) and (2), there exist W, and ¢, such that
W, fresh (3 B, E+" Y, #W¥, (6) LY.l =P, @.
By Lemma 84 on (1), (6), (7), and (5), with S = P and W = -, we have
W, | @0, E [Po-§ Plga/a] £ Q401 ®.

Decorated SI-ForaLLL on (1), @), @, (®, @), (8), and side-condition premises
gives our goal
. | © [PO]_ITI Ya.P § Q40

Now we prove soundness of decorated algorithmic subtyping with respect to declar-

ative subtyping. We prove a lemma for the case of flexible variables first.

Lemma 85 (Soundness of decorated algorithmic subtyping of flexible variables). If
1@ | E[Po}", & < Q46y, then

By, EC O O1+ Py» ] Ok, @ <

Proof. By induction on the derivation of - | @ | E [Po} !, @ < Q 4 ©1, mutually with
Lemma 75, which we use for SI-FLex-Sorve and SI-FLeEx-AssigN. We only show these
two interesting cases; other cases follow from straightforward application of the IH and
weakening.
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SI-FLEX-SOLVE
. | ®0/d/ﬁ/0’20 = _>ﬁ/E‘[pO]_Fmé2 _>ﬁ < Q 4@)1@

1 @g, a0 | E [Po}fnd0< Q46

By IH of Lemma 75 on (1), we have
@, &,B,80=d—>BECO®Q@ O +rP»r00@ |OIH, d—>p<O®.
By information increase from o, &, B, Qo =a — E, 2 to ©1, there exists T such
that
@135&032’[@ ®1I-TECAV—>B\©.

It is obvious that monotype equivalence preserves subtyping. Then by (¢) and (),
we have

O, T<O0®.
By definition of information increase and (2), we have

®p, @p, EC O1 (8).
Our goal follows from (8), (3), and declarative S-FLexMono on (5) and (7).

SI-FLEx-AsSIGN
+| @, E [Pole/Bl}fn alT/Bl < Q401 ©
1 ©0,B:=1|E[P}Ff, < Q401 B =1
By IH of Lemma 75 on (1), we have
@,ECOI® O1rPlt/fl» 0@  -|©+ a4/l <0 @.

By definition of information increase and (2), we have

A A

®01ﬁ = T/E‘E ®1/,B ::T®-

By definition of refinement and weakening on (3), we have

A

@1,ﬁ3=T|—PQ> @
Case analysis on &.

Subcase & = f3. By weakening on (@ and declarative S-FLexMono on the lookup
©1, 4 =13 f =1, we have
| O@LB=TH B<O@.
Our goal follows from (5), (¢), and (7).

Subcase & # f3. By context weakening on (2), we have

'|®1,ﬁAZ=T|-Fm&< @
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Our goal follows from (5), (¢), and (7).

Lemma 75 (Soundness of decorated subtyping). IfW | ®q [Po}1 S < Q 4Oy, then
B C O O+ Py» Wl@ll—gsg

Consequently, given a problem of subtyping (®; n;m; Po; P), if - | @ [Po} 1 P < Q 4 ©, then
(® C O1; Q) is a solution to it.

Proof. By induction on the derivation of W | @ [Po}" S < Q 4 ©y, mutually with
Lemma 85, which we use for the SI-FLExMono case. The two invariants @y C ©1 and
O1 + Py » O are obvious in most cases following definitions, IH, or other lemmas. We
focus on showing W | ©; +; S < O in each case, except for SI-ArRrRow whose refinement
invariant is non-trivial.

Case
SI-INFER

1@ [AFT S <LS] 460
By decorated consistency U-GrosTR, we have
[ @ [af S~ [5] 46 @.
By Lemma 92 on (1), we have
|G FS~[S]@.

Our goal follows from declarative S-INFEr on (2).

Case
SI-CHECkK

T, B guarded WV|O[BFT~B40; ()
W@ [BFST<L<B46,

By Lemma 92 on (1), we have
V| O1+T~BQ.

Our goal follows from declarative S-CHeck on the guardedness premise and (2).

Case
SI-ForaLLR

V@ a[BFPS<B401,a,EQ
W | @ [Va.B} P S < Va.B 4 0
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By IH on (1), we have
V|0, aErS<BQ@.
Since E is fresh for S and B, by context strengthening for unused variables in E,
we have
V|0,ard S<B®.

Our goal follows from declarative S-ForaLLR on (3).

Case
SI-UNnivGHOsTR

S guarded
16 [AFF S < ALSI 409

By decorated consistency U-GHosTR, we have
|G [AF S~ [S] 460 .
By Lemma 92 on (1), we have
|Gk S~[S5]@.

By the guardedness premise and preservation of guardedness by erasure, our

goal follows from declarative S-UnNivGHosTR on (2).

Case
SI-GHosT

-1 @ [Po}-3 A < Py 4 ©p
Our goal follows from declarative S-GHosT.

Case
SI-FLexMonNo

10| [P} 8 < Q401 @
1 © [Pol, & < QA6

By Lemma 85 on (1), we have
O, < O0@.
Our goal follows from (2).

Case
SI-ArRrOW

\P1|®0[P{]—514Q1—|®1® Wzl@l[Pé]—;52<Q24®2@
Wy, W, | © [P{—>P£]—Em S1— S5 < Q1> Q416
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By Lemma 92 on (1), we have

CHCEE) ©1+ P » ® V| O+ S ~ ®).
By IH on (2), we have

©;C 0O, Ok P> @ Wy | Oy H) S < ®.

By transitivity of information increase on (3) and (¢), we have

B C O, (9.
By stability under information increase on (4) and (), we have
O+ Pl » 0.
By @0 and (7), we have
O+ P> P)» an.

By stability under information increase on (5) and (), we have
\Ill | @2 = 51 o @
Our goal follows from (9), @), and declarative S-Arrow on @2) and (8).

Case
SI-ForaLLL

m#1I Py guarded or Py = A S| =P
P <) Py 5* B; Py ®y, E + Py W, fresh O, E+" P, # W, D
lYgl=P1 W, W.| @y, E [Po}qS[Yg/al < Q101D
V| @ [P} V0a.5< Q0

By IH on (2), we have
W, W, | Ok S[Ype/a]l <O B.

By the information-increase part of the IH on (2) and stability under information
increase on (1), we have

O Y, # WV, (@.
Our goal follows from declarative S-ForaLLL on the freshness premise, (4), and

®.

Case
SI-GHosTG

1O [AFF < A6

Our goal follows from declarative S-GHosTG.
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Case
SI-UnivGHosTL

mEl WO [REXS<Q40 D
\II|®0 [PO]—;k.S<Q-|@1

By IH on (1), we have
V|0 rkS<0®.

Our goal follows from declarative S-UnivGHosTL on (2).

Case
SI-UN1vGHosTLG

m# I V|0 [P}yS<Q4601 D
W | @ [P}k .8 < QH0,

By IH on (1), we have
V|0 rkS<0Q@.

Our goal follows from declarative S-UNivGHOSTLG on (2).
O

Finally we prove soundness of algorithmic subtyping with respect to declarative
subtyping.

Theorem 27 (Soundness of subtyping). Given a subtyping problem (®g;n;m; Po; P), if
O [Polp P < Q 40y, then (©g C O1; Q) is a solution.

Proof. By Lemma 74 on g [Po}7 P < Q 4 ©1, we have - | @y [P} P < Q460 (D).
Our goal follows from Lemma 75 on (D. |
D.4.3 Completeness of subtyping

In this section, we prove Theorem 28.

Theorem 28 (Completeness and optimality of subtyping). Given a subtyping problem
(®o; n;m; Po; P), if there exists a solution, ®g [Po}1 P < Py 4 © gives its optimal solution
(©g E Oy; Py).

It is enough to show that if (6 :: @y C ©; Q) is a solution to the subtyping problem
(®p; n;m; Py; P), then we have

() [Po]—; P <P40,

0 :0,CO
OFr6:P1<Q
0=0,:6yC0O
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We write © + P <y 1 for partial precision, omitting the empty A context. Its full
formis ® | A+ P <y ¢. It reads as under ® and A, skeleton P is partially more precise
than ¢ on tags W. It is a partial form of ® + P < [ 1] in the sense that quantifiers in
Y whose tags are not in W may be matched by ghosts in P. As a result, its definition
corresponds one to one to the definition of refinement in algorithmic contexts. The tag
context W records the tags of ¢ that have corresponding quantifiers in P. We define

partial precision syntactically as follows.

O|ArP =y, 1 O|AFQ =y, P

OlArl=.1 O|Arax a O|AFP > Q < w, 1 —
O,a|lAarP g Anftv(y) =0 O|AFP 2y Y
O| A Va.P <y YVa. O|AFA< Y O|AFAP <y
O,a| ArQAP <y O|ArP <y
O|Ar AP =y Yauy O|Ar AP =y #.y
Osd=1 O|ArT=9 ¢ Osa=1 O|A+rP =y
O|Ara=<yy O|ArP =y d

Lemma 86 (Complete partial precision). If
Or"yY#¥Y  OFrP =<y,

then
OFrP=<[y].

Proof. By well-formedness of ¢, every tag in it is unique and is in W. Then our goal
follows from a straightforward induction on the derivation of partial precision © F
P <y ¢, observing that every tagged quantifier in ¢{» must correspond to a quantifier in

P in order to be solved. m|

Lemma 87 (Stability of subtyping under more precise substitution). If
OFP, < |Ys] OF Y #WV Wfresh W,V W, W,|0tH S[v,/a] <
and P, is a type when n = ty, then

WOk S[P/a] <
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Proof. By a straightforward induction on the subtyping derivation W,¥, | ©
S[Ya/a] < O, observing that by © + P, < | ¢, ], replacing ¢, with P, would not result

in any type mismatch. O

Lemma 88 (Completeness of constraint collection and solving for variables). Suppose
O + Py O + P; Po:"m 0:0LC 0.

Let p be a capture-avoiding substitution from rigid type variables to decorated skeletons, and \V
be the solved tags introduced by p. If V), is a well-formed instantiation and the premise solves
W,:

OF Y, #W W, W, =W W fresh

and
O|A+OP =y, ¥, W, V| O p(,) < O+ OPy»

Moreover, for every rigid variable in y, substituted by p, P; has the same rigid variable in the
same position. Then there exist Es, P,, and 0, such that

P; <u Py ~ Es; P, O, Es F Py,

and
0,:0),E,CO 0=0,:0)C 0O O|AFO,P; 2w, w, V.

Proof. By induction on the derivation of W, W, | © - p(¢,) < O, generalising over ©,
Py, P;, 0, ¢,, V', W;, ¥, ¥, p, and A. The cases S-INreR, S-UNivGHOsTR, and S-GHosTG,
whose conclusion has empty solved tag context, are similar to the corresponding cases
in Lemma 89. The S-GHosT case cannot occur because ¢, cannot contain 1. We only

show non-trivial cases below.

Case
S-CHECk

p(¢,), Q guarded YW, |OFpp,) ~Q@®
W, W, | O+ p(i,) <Q

By Lemma 97 on (1), the precision premise, the refinement premise, the substitu-

tion p, and the tag context premises derived from W;, ¥, = W, we have
Pi"‘PO“"’Es;Pa@ ®O/Eskpa®
Ga::G)OIESE@@ 65611::@0;@@ ®|A|_6apﬂ$\yz,\ya¢a@'

Also, Py :% C gives that Py is a concrete type. The refinement premise then gives
0Py is a guarded type. Hence Py is guarded. We proceed by case analysis on P;.
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Subcase P; guarded. By SoLS-CHEck on (2), we have

P; <¢ Py ~ Es; P, (®.
Our goal follows from (3)—(8).

Subcase P; = [\. By inversion on (2), we have Zs = - and P, = Py. By SoLS-GHosTtL,

we have
A <c Py~ APy ®.
By (3 and guardedness of Py, we have
Qo + APy (9.

By (6), P, = Py, and definition of partial precision, we have
O| A+ 0,(.Po) 2w, w, Vs Q0.

Our goal follows by choosing f1.P as the output skeleton, and using (@), (5),
®), (9), and @0.

Subcase P; = VB.P]. Impossible. The precision premise ©® | A + OP; <y, ¥,
and guardedness of p(,), together with the fact that p preserves top-level
quantifiers, imply that P; cannot have a top-level quantifier.

Subcase P; = f.P]. Since P; is well-formed, P/ is guarded. By congruence of

constraint solving, we assume that (2) is derived by SoLE-GHOsTGUARDED.
Inversion on (2) gives

P/ ~ Py ~ Eq; Py ®.

By SoLS-CrEck on (8), we have
P! <c Pp~ Es; Py 9.
Then by SoLS-UnivGHosTL on (9), we have
R.P] <¢ Po ~ Es; AP, (9.
Since P and Py are guarded, gives that P, is guarded. Hence
®o, Es + A.P; @3). By (6) and definition of partial precision, we have
O| A+ 0,(8.Py) 2w, w, Vs .

Our goal follows by choosing [A.P, as the output skeleton and using (@), (5),
10, @, and @3).

Case
S-ForaLLR

W, W, | 0,8k p(a) <QO
W, W, | O p(ha) < VB.Q
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By the refinement premise, we have Py = Vj .P('] and ©,p + GP(’) » O (2. From
Py ¥ cand Py = VB.P}, we have P| :*¥ € (3). By IH on () with (2), (3), and context
weakening on the other premises, there are &, P;, and 0, such that

Pigcpé“’"Es}Pa@ ©o,8,Es + P @

0, :09,B,ECO,B(® 0=0,:00,C O,

®/ﬁ | A+ QaPa 5\I’i,\l/a 77[}11 ~
By SoLS-ForaLLR on (6), we have

P; <c VB.P} ~ Be; Py @.

By the well-formedness premise of ¢’,, we have 8 ¢ ftv(i;). Then by 10, we have
B ¢ ftv(0,P,), and thus ¢ ftv(P,). Therefore (7) holds in the context without f.
By definition of metasubstitutions, (8) and (9) also hold in the context without .

holds in the context without g as well. Our goal follows from these judgements

after removing p from the contexts and (1.

Case
S-ARROW

Wi, W1 | OFp1(¥1) ~ 01 @ W, Wao | O p2(2) < Q2 @
Wi, Woi,Wa,Wan | © L, p1(iP1) = pa(i2) < O —

In this case ¢, = 1 — 2, and p; and p; are the restrictions of p to the two

premises, whose introduced tag contexts are W1 and W,. By Py :" Fm, we have

Py = Pp,1 — Pop. Together with the refinement premise, we have
OFOPy1» 01 (® OFOPyr» O (@ Por "m ().
The conclusion S-Arrow gives
W=,V W, =W,1,Wa2(©

We proceed by case analysis on P;.

Subcase P; = P;1 — P;,. By inversion on the precision premise, there are W; 1
and W, » such that

W, =VW;1,Wio O|ArOP; <w;; P1 13 O|AFOP;is 2w, P2 9.
Combining (9), @9, and ¥;, ¥, = ¥’, by well-formedness of 1,, we have
O Y1 #V¥;1,¥,1 QD O P #W;o, W,5 1.
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By Lemma 97 on (1), (3), @, @3, taking p1 as the substitution, W as the tags
introduced by the substitution, \V; ; as the already solved tag context, and

W, 1 as the newly solved tag context, there are Z, P1, and 07 such that
Pii ~Pop ~E;;P1@® O, E1+ Py
01:0p,E1 C O 1) 0=61:2607C 0O O|Ar 6P v, ¥, Y1 9.

By @9 and equivalence of metasubstitutions, (4) and @4 can be rewritten with

01.ByIHon (2), ®, @, ®, @, @, @9, taking V; , as the already solved tag
context, W, » as the newly solved tag context, and p; as the substitution with

introduced tags W, and ©p, Z; as the input context, there are Z;, P, and 0,
such that

P;3 <n Po2 ~ E2; P2 @) ©p,E1, B2+ P, @
0,109,581, 5 CO@® 01=0,:09,ECOQ
O|AF0,P <y, w,, P2 @.

By @9 and equivalence of metasubstitutions, @9 can be rewritten with 0,. By
SoLS-Arrow on (15 and 1), we have

Piy — Pip <¢n Pog — Pop ~» 81,82, P1 — P> @9.
By @9, @9, and transitivity of equivalence of metasubstitutions, we have
0=6,:0C 0O Q.

By weakening (¢ with E; and using 2, we have ©g, &1, Z + P1 — P> 9.
By (9), @0, @9, the rewritten form of @9, and @5, we have

®|A"6u(Pl_)P2)§\I’i,‘Pu 11[}1_)1#2'

Our goal follows by choosing Es = &1, E; and P, = P1 — P, and using @3,

@9-@9.

Subcase P; = [\. Similar to the above subcase. Use SoLS-GHosTLF instead of

SoLS-Arrow to combine the two constraint solving judgements. Concretely,
inversion on the precision premise gives W; = -. We apply Lemma 97 to (O
with input skeleton P; = [, and then apply the IH to (2) with input skeleton
P; = Q. This gives

A~ Py~ Ey; Py ©o, E1 + P1 G

A <nPop~ 82;P26)  ©p,Eq, 82+ P> @)
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together with the corresponding metasubstitution and precision premises.
By SoLS-GHosTLF on 60 and (62, we have
A <¢w Po1 = Pop ~ Eq, Bo; A.(P1 — P2) 6.

The output skeleton is well-formed by 61 and 63. The precision conclusion
O| A+ 0,(.(P1 = P2)) <y, w, V1 — Y is obviously true. The goal uses

Hs = Bq, B)p.
Subcase P; =1,P; =a,or P; =Vp .Plf . Impossible by the precision premise.

Subcase P; = &. By SoLS-FLEx, we have
(i <Fm PO XA 5( .

Our goal follows by choosing P, = &, @0, and some other obvious judge-
ments.

Subcase P; = A.P]. By well-formedness, P’ is guarded, and inversion on the preci-
sion premise gives © | A + OP] <y, 1 — 2 (0. We reuse the previous sub-
cases on (10 to obtain an output skeleton P,, and then use SoLS-UnivGrosTL
to lift it to A.P,.

Case
S-ForaLLL
m#*1I

Wy fresh O Y # ¥V, @ W, ¥, W | O (p(@)DYs/Bl1 <O @
W, W, | Ok p(VBY) <

In this case 1, = V¢B.Y". Let py = p o [¢,/B]. It introduces the tag context ¥, WV,
and by capture-avoiding substitution (2) is equivalent to

\I’/\yb/\ya | @ |_rrr11 Pb(l;b,) < @

The precision premise is
O| A+ OP; =g, VLY’ @0.
By well-formedness of 1, the tag € uniquely appears on the top-level quantifier.
By S-ForaLLL, we have € ¢ W,. Then by ¥;, ¥, = W', we must have € € W;. Let
W; = W’ ¥ {e}. Then by {0, we know that P; must have a top-level quantifier. Let
P; = VB.P;. By well-formedness of P;, we have
@Q 0 ﬁ F P1 .

By inversion on (10, we have

0O,p | A, B+ OPq ﬁ\y; v’ @D.
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Case

By well-formedness of i, and W¥;, ¥, = W', we have
©,pt" Y # WV, ¥, @.
By weakening (9) to ©, f and applying the IH with p;, taking W, W}, as the tag

context introduced by the substitution, \I/: as the already solved tag context, and
W, as the newly solved tag context, there are Zs, Py, and 0, such that

P1 <n Py~ E5; Py 3 O, B, 8s + Py (®
0,:09,8,5sC 0,80 0=0,:0),BC0,B® ©,B1 A B+ 6Ly =ww, ¥ D.
By SoLS-ForatLL on (3), we have

VB.P1 <y Po ~ E;;VB.Pp (8.

By (@), we have ©p, E; + VB.Py, (9). By the partial precision rule for quantifiers and
W, =W ¥ {e}, @ gives

O| A+ 0,(VB.Pp) <y, w, YVB.Y" @.
The restrictions of (5) and (¢) to the contexts without the fresh g give the required

metasubstitution and equivalence premises. Our goal follows by choosing P, =
VB.Pp.

S-UnivGHosTLG
mzI WV, |0k pW)<0®

W, W, | @ i.p() <

Similar to the previous case of S-ForarLLL. We know that P; must have a top-level
£, then apply IH on (1) with the body of P;, and finally reconstruct the goals
we want for P;. It is simpler than the previous case since we do not need to do

instantiation and re-abstraction of type variables.

Lemma 89 (Completeness of constraint collection and solving). Suppose

If

and
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then there exist C, B, Es, P,, and 0, such that constraint collection and constraint solving
succeed:
PngO . E;C C;P; ~ Es; P, ©, Ec, Es + P,

and P, is partially more precise than 1, for the solved tags:
0,0y, E.,E,C O 6=6,:0yC 0O O| A+ 0,P; <9, v, V,.

Proof. By induction on the derivation of ¥, W, | ©  (0S)[Y,/a] < O, generalising
over @, Py, P;, P, S, 0,¢,, V', V¥;, ¥,, ¥, and A. We discuss two special cases before
the induction.

If P = a, then S = a. By well-formedness of ¢, and disjointness of W from W', we
have W = -. By Lemma 88 with the identity substitution, which introduces the empty
tag context, we have

P; <n Py ~ Es; P, Oo, Es + Py
0,09, Es C O 0=0,20)C 0O O A+ 0P <y, w, Y.
By LS-Var, we have
a <, Py 4 suby(Py).
By definition of constraint solving, we have

suby(Po); Pi ~ Es; P,.

Our goal follows by choosing C = suby(Pp) and E, = -.
IfP = ﬁ, then a ¢ ftv(P), which gives W, = -. By LS-AssenT and constraint solving,
we have
B<aPo4 - 5P~ Py
Our goal follows by choosing C =+, &. =+, P, = P;,and 0, = 0.

In the following induction we assume P # « and that P is not a flexible variable.

Case
S-INFER

1O+ (O5)[Ya/a] ~Q
1O (09)[Ya/a] <Q
The solved tag context in the conclusion is empty, so
V=0 Y, =-@.
By Py :" I, we have Py = . Thus by LS-Vacuous and constraint solving, we have
P A -® 5P~ Pi (©.
Our goal follows from (2), (3), and () by choosing E, =+, P, = P;,and 6, = 0.
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Case
S-CHECK

(05)[a/a], Q guarded YW, | OFO)[Y./a]l ~0 @®
W, W, | @+ (0S)[Y./a] <Q

By Lemma 96 on the well-formedness premises for Py and P;, the tag context

premises derived from W;, W, = W’, the input precision premise, |[S| = P, 0 :
©p C O, O, and the refinement premise, there are C, &, Es, P;, and 0, such that
P"PO%O{EC;C@ C}Pi“"}Es}Pa@D ®OIECIES}_PFI@
6, :0p,E,E;C OG5 6=60,:209C 0O (o O|AFO,P; =g, w, Y @.

S-ChEeck, the guardedness premise and refinement premise give that P, Py are
guarded types. Then by LS-Cueck on P # « and (2), we have

P <. Py %" E;C (®.
Our goal follows from (3)—(8).

Case
S-ForaLLR

Y, W | O,k (05)[Pa/a]l Q@
W, W, | © ke’ (0S)[¢a/a] < VB.Q
By the refinement premise, we have Py = VB.Pjand ©,8 + 6P) » O (2). From
Py % cand Py = VB.P;, we have 2y % € @. By IHon (1), @ and @0, context
weakening on the other premises, and the input precision premise, there are C,
B, 8, P,, and 0, such that

chp(’)%aac}C@ C}PiWEs;Pa@ ®O/ﬁ/Ec/Es l‘Pa®
611 ::®O/,B/EC/ESE®/,B@ 656& ::@O/,B;®/ﬁ® ®/ﬁ|A|_611Pﬂ ﬁ\yi,\pu E[}a-
By LS-ForaLLR on (3), we have

P <c Vﬁ.Pé TE,;C ©.

By the well-formedness premise of ¢, we have 8 ¢ ftv(i;). Then by (8), we have
B ¢ ftv(0,P,), and thus B ¢ ftv(P,). Therefore (5) holds in the context without f.
By definition of metasubstitutions, (6) and (7) also hold in the context without .
holds in the context without g as well. Our goal follows from these judgements

after removing f from the contexts, (1), and (9).

Case
S-UnivGHosTR

(05)[a/al,Q guarded - | © F (05)[¢a/a] ~ Q
| @+ (0S)[Ya/a]l < R.Q
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The solved tag context in the conclusion is empty, so
Y=-0O Y,=-0.
By Py :*k ¢, we have Py = fA. Then by LS-Vacuous and constraint solving, we have
P<. A% -®. 5 Pi ~ P ().
Our goal follows from (2), (3), and () by choosing E, =+, P, = P;,and 6, = 0.

Case
S-ARrROW

Wi, W1 | OF(0S)[Ya/a]l ~ 01 @ Wy, Wiz | ©kp (0S2)[Ya/al < 00 @
W1, Wo1, W, Wap | O, (0S)[Ya/al = (0S2)[a/a] < O —

In this case S = S — Sy. From | S| = P we have

P=P—>P,(® [S1]=P1 ® |S2] = P2 (®.

By Py :" Fm, we have Py = Pg1 — Pg». Together with the refinement premise, we
y , , & P

have

(NS 0Py » @ O+ 0Py » @ Py :"m .
S-ARrow gives

v =v,¥, W, =W,1,¥:2®.

By Lemma 96 on (), (6), @), (8, the input precision premise, and the well-
formedness premises for Pp; and P; and the tag context premises derived from
W, WV, =WV, there are Cy, E. 1, Es,1, P, and 01 such that
P1~Po1 %" Bc1;C1 (9 C1; Pi ~ B 1, Py @ B0, Ec1, 851 F P @
01 = Oy, 55,1,8511 CO @ 0=601:2607C0O ® | A+ 61P, ﬁwi,\pu,l glla @

By @ and equivalence of metasubstitutions, (2) and (7) can be rewritten as

W2, Wa2 | © Hp (0152)[¢a/a] < ©F 61P2» O @.
By IH on (¢ with W; as the ambient tag context and W;, ¥, 1 as the already
solved tag context, using 10, 3, @), (8), @-@3, the well-formedness premise
for Py, and the tag context premises (® +" 1, # W', W is disjoint from W', and
W;, W, 1,W,0 = W), using Op, E. 1, E;,1 as the input context, there are Cy, E. 2,
Es 2, Py, and 0, such that, after exchanging fresh declarations, we have

Py <, Po2 5% B2, Co Co; P ~> Bs2; Py

O, Zc1,8¢,2, 85,1, 85,2 F Py 20 0s = O, Ec,1,Bc2, 85,1, 852 E O €D

9]_ = Qa & @O, Ec,]; E‘S,l c @ @ @ | A F Gﬂpll S\pi,\yu,lf\yal ¢g @
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Case

306

By LS-Arrow on (9) and (1§, we have
P1 > Py <, Pog = Pop %% Bc1,8c2;C1,Co @.

After weakening (1) with E, », constraint solving on @1 and @9, observing that @1

does not contain subtyping constraints, gives
C1,Co; Pi ~ Bs 1, Es 2, P @.
By @9, @2, and transitivity of equivalence of metasubstitutions, we have
0=6,:09C 0O (.

Our goal follows by choosing C = (C,C2) and E. = (E.1,Ec2) and
E‘S = (E‘S,lr E‘S,Z)/ and usjng @/ / I @I and ®_'

S-ForaLLL
m# I Wy, fresh

O Y # W, © W, W, Wy | Ok ((05)[Ya/aD[Yn/Bl < O @

W, W, | Ok (0(VB.5)[Ya/al <

In this case S = V°B.5’. From | S| = P we have P = V¥B.P’ and
1S']=P'®.
Since ¢, is well formed in ® and «a is not in ®, we have
a ¢ fv(l gy )) @
By capture-avoiding substitution and freshness conditions, (2) is equivalently
W, W, W, | @+ (05 /BDIYe/al < O ®.
By definition of erasure, we have
LS'[¥o/Bl] = P'[Lu]/B] ®.

By IH on (5) with (), the input precision premise, the well-formedness premises

for Pg and P;, the tag context premises, freshness of W, and refinement premises,
there are C, E., E;, P,, and 6, such that

PllYp]/Bl <n Po %" E;C @ C;Pi~ Es; Py (® ©0,E:, 55 F P; ®
6, : B, E.,Es E O 10 0=0,:09C 01 O|AFO,P, Sy, w, P, @.
By the reverse direction of Lemma 81 on (4) and (7), we have
P <, Py 5% E;C .
By LS-ForaLLL on @3, we have
VB.P' <, Po 4" E;C @.
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Our goal follows from (8)—@4).

Case
S-GHosT

JORFALO

The solved tag context in the conclusion is empty, so

V=@ Y=-0.

In this case P = f] and thus a ¢ ftv(P). By LS-ABsent and constraint solving, we
have

A<, Pos*-B. s Pi~ P ().
Our goal follows from P = [}, ), (3), and (4 by choosing E. = -, P, = P;, and
0, =0.

Case
S-GuostG

JORF A

m

Similar to the case of S-GHoOsT.

Cases
S-UnNivGHosTL

m#l W, | @k (05)[Ye/a]l <O @
W, W, | @+ A.(05)[Y,/a] <
S-UnNtvGHosTLG
m# I W, W, | O (0S) Y. /a]l <O D
W, W, | @k #.(05) [, /a] <
In these cases S = 1.5 or S = 4.5, respectively. From | S| = P we have P = f.P’
and

5] =P'®@.
By IH on (D) with (2), Py :* m, the input precision premise, and the refinement
premise, there are C, E., E;, P,;, and 0, such that

P’ <, Py 5* E.;C (B C;P; ~ E;; P, @ ©, Ec, Zs F P, 5)
0,0, B, 8 C O (6 0=0,:60C0O® O|AFO,P; =g, w, Y, (®.
By LS-UnivGHosTL on (3), we have
A.P" <, Po 5% E;C ®.
Our goal follows from (0)—(9).
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Lemma 90 (Look completeness). Suppose
O + Py Po:”m LSJ:P 0:0yC 0.
If Y, is a valid instantiation for declarative S-FORALLL with

Or" Y, #Y¥, W is disjoint from ¥,
W, W, | O (05)[Ya/a] < OFOP)» O,

then there exist P,, B, and 6, such that look succeeds with
P <) Py 4% E; P, ©y, E+ P,
and look gives a more precise skeleton:

0,:09,ECO 6=0,:0C 0O OF 0,P, < Y]

Proof. By Lemma 89 on the subtyping premise, refinement premise, and ® + 01 <. ¢,
withW' =W, V;=.,-, ¥V, =¥, and P; = [}, there are C, E., Bs, Ps, and 6, such that

P<,Py5*E;CQ C; A~ Eg;Ps (2 ®o, B¢, Es + Ps 3
0s 10y, E.,EsC O ® 0=60;:20pC 05 O+ 0sPs <y, Y, (6).
By Lemma 86 on the well-formedness premise for 1, and (), we have
OF 6;Ps < |¢.] @.

Let (E”; P,;) = guess"(Ps) (8). By induction on the definition of guess"(Ps), using (3), (4,
(6), and (7), there is 0, such that

©y, B¢, Es, 2 + P, (9) 6, =0y, E., Es, B’ C O 10

0s =6, :0y,E,E; C O OF 0,P, < |¢.] .
When n = ty, we construct 0, by extending 05 to map each flexible variable in Z’ to the
corresponding type in | 1, | based on its position in P, in order to satisfy (2; whenn = sk,
0, is simply 6;. For each quantifier in | ¢, ], (¢) ensures that it does not correspond to a

universal ghost in P, since all tags are in \V,.
By the definition of look judgement on (1), (2), and (8), we have

PP Py4* B, 8, 8,P; @.
By (5, @, and transitivity of equivalence of metasubstitutions, we have
0=60,:209C O @9.
Our goal follows by choosing & = B, s, &" and using (9), 0, and (2-@19. m|
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Lemma 91 (Completeness of flexible-variable subtyping). Given a subtyping problem

(®o; n; Fm; Po; @). If E only contains declarations of flexible variables and
6:0)ECO V| O, 0a< O+ OP)»
then there exist P1, ®1, and 01 such that
O | E[Po}F,a < P40, 0:0,CO

and
OroP<Q 0=601:0)ELC 0.

Proof. By induction on the contexts g | E of the subtyping judgement, mutually with
the generalised version of Theorem 28 below. We perform a case analysis on which
algorithmic subtyping rule is used first for the given contexts. The only two interesting
cases are SI-FLex-Sorve and SI-FLEx-AssiGN; we omit other cases which follow from
routine applications of the IH.

Case
SI-FLEX-SOLVE

©o,a,B,40:=a — B,E [P}, & — p <P 46,

Oo, &0 | E [Po}F, Ao < P14 04
The context has the form @y, &g | E. The metasubstitution premise is
00,4, EC 0O Q).
By definition of metasubstitution, there is a monotype © + 7 such that
OF0ay=102.
The declarative subtyping premise gives
YO, 7<00®

either directly (when O substitutes &g to 7) or from S-FLeExMono (when © 3 &g =
7). Inversion on (3) with S-Arrow gives monotypes 71 and 7 such that

Ort=1 -1 ® YO, 12 12<00®.

Let & and f be fresh flexible variables. By (1) and (2), we can construct a metasub-

stitution 5 which maps & to 71 and § to 75, such that
6S B ®0/&/ﬁ/é\(0 = 0,2 - ﬁ/E‘ E @ @
0=06:0y d&)ELC @@

By (@) and the refinement premise, we have

O+ QSP() > .
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Thus (6s = Oy, &, ﬁ, &o =4 — ﬁ, E C ©; Q) is asolution to the subtyping problem
(©y, &,ﬁ, Qo =a — ﬁ, H;n;Fm; Py, & — ﬁ) By the IH of generalised Theorem 28
on this solution, we have

A

®, & ,ﬁ (X02=(’)2—>3,E[P0]-2m5(—>ﬁ<131-|@1
61201 C0©

@F91P1<Q®

0s =01 :0p,&,p,d8 =& —p,ECOMD.

By algorithmic SI-FLEx-SoLvE on (8), we have
o, &g | E [Po},, &o < P14 01 @.
By () and @, we have
0=61:09,a),ZC 0 319.
Our goal follows from @3), (9), @), and (4.

Case
SI-FLEX-ASSIGN

®o, & [Polt/pIFFy &[T/ < P1H Oy
@, f=7|E [P}, & <P14O,f=1

The context has the form @y, § := 7 | E. The metasubstitution premise is

9::®O,B:= T, Z2C 0O ().

By definition of metasubstitution, since & only contains declarations, we have
0:0),EC0(2
Therefore the declarative subtyping and refinement premises can be rewritten as
WO, 06t/ <0®  ©ro@lt/p) >0 ®.
By the IH of generalised Theorem 28 on (2), (5), and (6), we have
©o, E [Polt/pIk-7, AlT/F1 < P1 401D
6,:60,C0O

®|-91P1<Q@
6=06: @0,HE®.

By algorithmic SI-FLEx-AssiGN on (7), we have
@, f=1|E [P}, a<P14O1,p=TD.

By definition of metasubstitution, we can extend the source context of 6; with
f = 7 to obtain

01:0,=1CO® 0=0,:0),5:=72C0O®M.
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Our goal follows from (1), @), (9), and @93.

O

Theorem 28 (Completeness and optimality of subtyping). Given a subtyping problem
(®o; n;m; Py; P), if there exists a solution, ®g [Po}-1 P < Py 4 ©q gives its optimal solution
(©g E Oq; Py).

Proof. We first generalise the theorem to allow non-empty tag contexts V. It is enough
to prove that given a subtyping problem (®g; n; m; Py; P), a tag context ¥, an unresolved
skeleton S, and a pair (0 : © C ©; Q), if
LS|=P V|0 0S < OF OPy»
then there exist P1, ®1, and 67 such that
O [Po}n P < P1 40 01 :0:CO ®Fr6:P1<Q 0=601:0yLC 0.

The theorem follows from this generalised version by taking S = P and W = -. In the
following proof, we first perform a case analysis on whether P is a flexible variable
in function mode. In the remaining cases, we perform lexicographic induction on the
derivation height of declarative subtyping W | © 7 0S5 < O and the size of tag context
W,

Case P =& and m=Fn'. By Lemma 91 with & = -, we have

O |- [Po}}, & <PH40; @ 01 :01C0OQ
and
OrOP1<QB 6=60,:20pC 0 (1.
By algorithmic SI-FLexMono on (1), we have
O [Po}F, A <P1H401(®.
Our goal follows from (5), (2), (3), and (@).

Case
S-INEER

O FOS~Q@
1O S <O
In this casem =1, ¥ = -, and by Py :" I we have Py = [\. By SI-INFEr, we have
G [AFTPKPA46®@.

The erasure premise is | S| = P (0. The consistency premise (1), together with
and Lemma 26, gives
OrOP<Q®B.
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Case

Case

312

Our goal follows from (2), 0 : ©C O, 3),and 0 = 0 = Oy C O.

S-CHECK

0S,0 guarded WY|OFOS~0@®
Ve 0S<Q

We have that S and Q are concrete types. The erasure and refinement premises

are
LS] =P @ O F OPy» O @.

By (@ and @), (0 : © C ©; Q) is a solution to the consistency problem (Qy; Po; P).
Then by Lemma 26, we have

o [Po} P~ P[4101 (D

0 :0,C0O0B

OrOPi<Q®

0=0,:26090C 0G5
By @) and @0, we have P, Py guarded and P, Py are concrete types. Since Py is a

concrete type, (2) gives that P| is equivalent to Py. Together with (3) and (), we
have

OF 01P)<Q®.
Then algorithmic SI-Creck on (2) gives
@ [P} P <Pp+0;1@.
Our goal follows from (7), 3, (6), and (5).

S-ForaLLR
V| 0,ar0S<Q@®
VO 0S < Va.Q
We have that S and Q are concrete types. The refinement premise is © + 0P »
Ya.Q, by which we have Py = Va.P| and ©,a + 0P)» Q (2). By definition of
metasubstitution, we have 0 : @y, a C O, a (3).
IH on () with 2) and (3) gives

Oy, a[PF’P<P401,a,E®
01:01,0,ZC 0O, a (5
O,ar61P1<Q (6
0=61:00,aC0,a®)
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We have Pé, P, P; are concrete types. Thus (2), (¢), and (7) together give that P(’]
and P; are equivalent through Q. Then (2) gives

@y, a [PjF P < P40, a,E®
By algorithmic SI-ForaLLR on (2, we have
O [Va.P} ¢ P < Va.P) 401 (®.

By (5, we have 0;:0©;E 0O (9. By (¢ and type equivalence, we have
OFr 91(Va.P(’]) < Va.Q 1. By (7), we have 6 = 0; = ©) C © (1. Our goal follows
from (8), (9), @0, and @D.

Case
S-UNivGHOSTR

0S, Q guarded ]®rOS~Q @

-|@|—§k 0S < A.Q
In this case m = C, n = sk, and by P :* ¢ we have Py = . By SI-UnivGHosTR, we

have
®o [[ﬂ]—ék P<A.PA4A6y Q.
The erasure premise is | S| = P (0. The consistency premise (1), together with
and Lemma 26, gives
OrOP<QB.
Thus
Or0(AP)<AQ®.
Our goal follows from (2), 0 = @ C O, @), and 0 = 0 = Oy C O.

Case
S-ARrROW

V| ®F OS5 ~ D Wy | ®H 0S5, < @
\Pl,\yz|@l-2m 651 — 65, < —

We have § = §; — S;. By mode Fm, we have Py = P] — P]. The erasure and
refinement premises are

|_51—>52J=P @I—@(Pi—>P£)> — @
By @09, we have P = P; — P,. By inversion on @1, we have
©rOP» 01 (® OFrOP » 0 ®.
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By ) and (3) and erasure, (0 :: ©y E ©; Q1) is a solution to the consistency
problem (®p; Py Pq). Then by Lemma 26, we have

O [P} P1~ Q] 4101 (®
6,:2:0,C0O @
OF0iQ =01 @
0=61:2607C 0O
By (8 and (¥, we have © + 6,P] » 0> (9. 1H on () with (¢),(®, and (9) gives
1 [Pé]—; Py < Qé 40, @
6, :0,C0O @

@I—@zQéﬁQz
915922:@1E®®

By algorithmic SI-ArRrow on (5) and @2, we have
@ [P} - Py}, P1 > P2 < Q] — Q) 40,39,

By @, @, and @, we have © + 0,(Q] — Q)) < Q1 — Q2 @. By (8 and (5, we
have 0 = 0, = ©p E © 19. Our goal follows from @), @3, @7, and @9.

Case
S-ForaLLL

m# I W, fresh O Y, #Y¥, @ Y, W, | O (0S)[Y./a]l <O Q@
V|0 oVa.S) <

Since declarative subtyping is congruent, we assume WLOG that Py guarded or Py =
f); otherwise we apply S-ForarLR first. Since | V?a.S| = Ya.P, we have | S| = P.
The refinement premise is ® + 0Py » O @0. By Lemma 90 on Py :"m, | S| =P, (D,
the freshness side condition, (2), and (0, there are P;, &, and 6, such that

Pg;POAr’a E)Pa@

©,EFP, ®

0, :09,EE 0GB

0=0,:09C 0O (6

OF 0,P; < |Ya] @
By (6), (2) is equivalently

W, W, | Ok (6:5)[Ya/a] <O ®.

By (3), we know that P, is a concrete type when n = ty. Thus by Lemma 87 on (7),
(1), the freshness side condition, and (8), we have

V| O (0,9[0,P:/a] <O (O.

314



D.4 Subtyping

By (6) and @0, we have
O+ Qﬂpo > @

IH on (9) with (5) and @) gives
©o, E [Po}p P[Pa/a] < Q" 401 @
6::0,C0O @

OFr60;1Q'<Qa
6, =601:0),ZC 0O 1

By algorithmic SI-ForaLLL on the side conditions, (3), (4), and @), we have
O [Po}p Va.P < Q"4 0Oq (9.

By (6) and @9, we have
0=601:09C 0O Q).

Our goal follows from @), @3), @9, and 2.

Case
S-GHoSsT

O A<
In this case P = [. By algorithmic SI-GHost, we have
®o [Po}7 2 < Po 40 ©.
The refinement premise is © + 0P, » O (3), which by definition gives
OFOP<QQ.
Our goal follows from (1), 0 : ©C O, 2),and 0 = 0 = Oy C O.

Case
S-GHostG

Ok <A
The refinement premise is © + 6P » £, by which and Py :%¢ m we know Py = .
We also have P = f1. By algorithmic SI-GrosTt, we have

Qo [AFFA<A460)D.
Our goal follows from (1), 0 : Q@ C O, 0+ A< [}, and 0 =0 : Oy C O.

Cases
S-UnivGHostL S-UntvGHosTLG
mzrI W|OKOS<O® mrI W[ORFOS<O®@
V|0 R.0S < WOk .05 <
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Since both | .S | and | #.S] equal fA.P, IH on (1) gives

O [P} P<Q 161 @
61:0,CO0
Or01Q'<Q®
0=601:2609C00G)
By algorithmic SI-UnivGHosTL on (2) and m # I, we have
©o [PO]—;k AP <Q 401 (6.
Our goal follows from (¢), 3), @), and (5).

D.5 Consistency

D.5.1 Lemmas for subtyping

We prove lemmas about consistency that are only used to prove soundness and com-
pleteness of subtyping in Appendix D.4. They are not directly needed for proving the
soundness and completeness of consistency itself.

Lemma 92 (Soundness of decorated consistency). If W | ©g [P} S ~ Q 4 Oy, then
©yC 0 O1+ Py » \I]|®1|-S~

Proof. The proof is very similar to the proof of Lemma 25 in Appendix D.5.2. We first
augment the definition of a consistency problem to (A1; A2; \W; ©p; Po; S) where A and
A, are contexts of rigid type variables present in © that no flexible variables depend
on. It is enough to prove that, if W | ©g [Po}-pja, S ~ Q 4 Oy, then @y C ©; and
V| O+FS~0and®; | A1+ Py» Oand ©1 | Ay + | S| » Q. The main addition
is to show that the tag context used by the algorithmic consistency judgement is the
same as the tag context used by the declarative consistency judgement. This follows
from IHs and the corresponding declarative rule in most cases. In U-ForaLLINH, where
we add a potential tag 6 to the tag context, we use the corresponding declarative rule
C-ForaLrLINg, which adds the same potential tag. There are three other non-trivial cases:
U-GnostG, U-GrostR, and U-UnivGHosTR.

Case U-GHostG. We use C-GHOsTG.

Case U-GhnostR. By a subsidiary induction on S, using C-ForaLLSyN for quantifiers
and C-UnivGHost or C-UNivGHosTG for universal ghosts, we construct - | ©1
S~[S].
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Case U-UnivGHostR. There is no corresponding declarative rule for this case. We

directly use IH.

O

Lemma 93 (Decorating algorithmic consistency). If ®y [Po} P ~ Q 4 Oy, then - |
Qo [Po} P ~ Q 4 ©y. Consequently, if ©g + P ~ Py 4 @, then - | @ - P ~ Py 4 O;.

Proof. By straightforward induction on the ordinary algorithmic consistency derivation.
O

Lemma 94 (Consistency decoration). Suppose
P~ Py r E;C C}I;L'a ~ W, LSJ =P a¢ftv(|.l;buj)-

If
WO [Po}k S[lYpal/a]l ~Q 46,

then
W, W, | © [P} S[Ya/a]l ~Q 4 0.

Proof. Induction on the constraint-collection derivation P ~ Py 4* E.;C, generalising
over S, W, ©, and the decorated consistency premise. We allow arbitrary input context
O as long as the decorated consistency premise holds. We omit the auxiliary Ay | Ay
contexts in decorated consistency judgements throughout this proof. As a result, the
well-formedness condition of the consistency premise implicitly requires that flexible
variables in &, must be present in @ if a appears in S.

Case
LE-Var

a ~ Py 5% eq(Po)

The decorated constraint solving premise is

eq(PO)} Eba ~ W, @

By inversion on (1), we have

wa“’POW\pa@)-

Since | S| = @, we have S = a. Thus the premise consistency derivation is

Y| 6 [Po} [Ya]l * Q4601 D.
Our goal follows from Lemma 95 on (5) and (2):

W, Wa | @ [P} Yo ~ Q401 B.
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Case

LE-ABSENT

a ¢ ftv(P)

P ~ Py 4% -
The decorated constraint solving premise is

.; ‘4}“ A . @
and the consistency premise is

V|0 [P} S[lpal/al ~ Q4 6:1@.
Since | S| = P and «a ¢ ftv(P), we have a ¢ ftv(S). Hence
S[L¢al/a]l = S[Ya/a] @.

Our goal follows from (@) by (2.

Case
LE-Vacuous

P~A%5"-
The decorated constraint solving premise is
g~ )
and the consistency premise is
W0 [aF S[lal/a]l ~ Q161 ®.
By a straightforward induction on (2), we get
V[0 [aF S[{a/a] ~ Q401 ®D.

Since W, = -, our goal follows from (2).

Case
LE-FLexR

P+a a € ftv(P) y fresh
P~p 5" Pieq(d)
The decorated constraint solving premise is
eq(P); e~ ¥ ®
and the consistency premise is
W0 [pF S[l¢al/a] * Q461 @.

By inversion on (3), we have

¢u~79“*\ya®~
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By inversion on (5), we have W, = - (¢) and ¢, does not contain dotted ghosts.
Since a corresponds to a monotype which cannot determine any tags, by (4), we
have

W0 [pF S[Ya/a] ~ Q4161 @.
Our goal follows from (2) and (6).

LE-Arrow
Py ~P{ 5 E;;C1 @D Py ~ P 5% 82;C2 @

P1 — Py ~ Pi - Pé 7% B1,E2;,C1, G2

The decorated constraint solving premise and the consistency premise are
CL,Ce~VY,®  W|[O[P]— P} S[la]/a] ~ Q461 .
Since | S| = Py — P, wehave S = S — S, with
[S1]=P1® [S20=P2®.
By Lemma 78 on (5), there are W, ; and ¥, > such that
Ci,¢Ya ~¥;1(® Cog > Wen (@ W, =W;1,¥:2®.
By inversion on (10, there exist Q1, Q2, W1, W2, and ©’ such that
W1 | O [P} Sill¢al/a] ~ Q1410 ©

W | © [P} Sofl¢al/al ~ Q2 4@ @)
Q=01—Q® V=YV 0.

ByIHon @, (6, @), a ¢ ftv(L1,]), and (9), we get
W1, Wa1l| O [P} Si[ta/a] ~ Q140" ©.
ByIHon 2, @), @, a ¢ ftv(L,]), and @), we get
Wy, Wio | O [P} Solga/al ~ Q2 4Oy (9.
Decorated U-Arrow on (15 and (¢ gives
W1, W1, W2, Wi | O [P} — PjF Si[Ya/a] — Sa[ta/a] ~ Q1 — Q2401 @.

The tag context W1, WV, 1, V2, W, 2 isequal to W, ¥, by (8) and @3). Our goal follows
from @) and @.

LE-ForaLLINH

P~P 4 E,CQO
VB.P ~ VB.P' 4% E;C
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Since | S] = VB.P, S = V.S’ with | S| = P (2). The decorated constraint solving
premise is
Cv,~V¥, 3.

The consistency premise has the following form for some Q’:

W, 06| O [vp.P'} S[l¢al/a] ~ VB.Q" 4 ©1 (0.
By inversion on 10, we have

W0, [PF Slpal/al Q" 401, 8®

ByIHon @), 3, @, a ¢ ftv([1,]), and (@), we get

W, W, | B, [P} S'[¢pa/a] ~ Q" 401, B®.
Decorated U-ForaLLINH on (8) gives

W,W,, 6| @ [VB.P'}F VOB.S'[Ya/a] ~ VB.Q" 401 (9.

Our goal follows from (9), using associativity and commutativity of set join.

Case
LE-ForRALLSYN

P~A.P % ECQO
VB.P ~ AP’ 4% E;C
Since | S] = VB.P, S = V.S’ with | S| = P (2). The decorated constraint solving

premise is

Cy~ ¥, 3.

The consistency premise has the following form for some Q”:

V| B [AP}F S[l¢a]/a] ~VB.Q" 401 @.
By inversion on 10, we have

W6, p[art Slal/a] ~Q 4101, ®
ByIHon @), 3, @, a ¢ ftv(L1,]), and (@), we get

Y, W, | Oy, p[BP}F S[¢Ya/a]l ~ Q" 4101, D.
Decorated U-ForaLLSyN on (7) gives
W, W, | O [8.P}F VOB.S'[pa/a] * VB.Q" 401 (®.

Our goal follows from (8).

Case
LE-UnivGHoOST

P~P' 4 E,CQ@O
A.P ~ AP 5% E;C
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The decorated constraint solving premise is
C, V¥, .

The consistency premise has the following form for some Q”:

W0 [aP} S[l¢a]/a] ~R.Q" 4101 @.
Since | S] = fA.P, either S = .5" or § = #.5" with | S’| = P (2). Inverting 10 with
decorated U-UnivGrost or U-UNivGHOsTG gives

W0 [P} S[l¢a]/a]l ~Q" 1601 ®
ByIHon @), 3, @, a ¢ ftv(L¢]), and (&), we have
W, W, | B [P} S'[Pa/a] ~ Q" 4101 (®.

Our goal follows from decorated U-UnivGHost or U-UnivGHOsTG on (6), accord-

ing to the shape of S.

LE-UnivGHOsT1
AP ~P 5*5E:C @D

A.P ~VB.P' 5* E;C
The decorated constraint solving premise is
C, V¥, 3.
The consistency premise has the following form for some Q’:
V| G [vp.P'} S[lipal/a] ~ VB.Q" 461 .
Since | S] = f.P, inversion on ({0 gives that S = A.5" with | S’| = P (2). Moreover,
WO, p [P} AS¢al/a] ~ Q" 4101, ®
ByIHon @), ®), [A.S"] = A.P, a ¢ ftv(| ¢, ]), and (9), we have
W, W, | O, B [P'F AS[Ya/a]l ~ Q" 401, B D.
Decorated U-UnivGHosT1 on (7) gives
Y, W, | O [vg.P'} Q.S [Pa/a] ~ VB.Q 401 (8.
Our goal follows from (8).

LE-UnivGHOsT2
P’ guarded P~P 4 ECQ

AP ~P 4*E:C
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The decorated constraint solving premise and the consistency premise are
Civa»Wa®  W|OBo [P} S[l¢a]/a]l ~Q 461 @.
Since | S| = fA.P and P’ is guarded, inversion on (0 gives two cases.

Subcase P’ is a flexible variable. The consistency premise is derived by a flexible
variable rule. By (1), we have W, = -. Thus we have

W] 6o [P} S[Ya/al ~ Q401 ®.
Our goal follows from (2).

Subcase P’ is not a flexible variable. The consistency premise is derived by
U-UnivGaost2. Then S = A.5" with [ S’] = P (2), and

WO [P} S(lYal/a]l ~ Q4161 (®.
ByIHon @), 3®), @, a ¢ ftv(L¢]), and (&), we have
W, W, | O [P} S'[¢a/a] ~ Q401 (B.

Our goal follows from decorated U-UnivGHosT2 on (5).

Case
LE-UnivGHosTR

P+a P guarded P~P 5 E,CQ
P~ RA.P's* E;C
The decorated constraint solving premise and the consistency premise are
Cig ¥, ® V| O [a.PF S[[Yal/a] ~ Q4601 @.

Since | S] = P, P # a, and P is guarded, S[| ¢, |/ ] is guarded. Inversion on
gives

V| [P} S[lYal/a]l ~ Q401 ®.

Case analysis on whether P’ is a flexible variable.
Subcase P’ is a flexible variable. We have ¥V, = - and
W | @ [P} S[ga/al < Q 161 B
Our goal follows from decorated U-UnivGHOsTR on (5).

Subcase P’ is not a flexible variable. By IHon (1), 3), [ S] =P, a ¢ ftv([ ¢4]), and
(1), we have

W, W, | Q [P} S[a/a]l ~ Q401 (5.

Our goal follows from decorated U-UnivGHOsTR on (5).
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Lemma 95 (Consistency constraint decoration for variables). Suppose
Y ~ Py~ W,
For any substitution p from rigid type variables to decorated skeletons, if

WO [P} p(Ly]) ~Q 40y,
then
W, W, | O [P} p(y) ~Q 40g.

Proof. Induction on the decorated constraint solving derivation i) ~ Py ~» W¥,, gener-
alising over Qp, ¥, p, and the decorated consistency premise. We omit the auxiliary
A1 | Ay contexts in decorated consistency judgements throughout this proof.

Case
SE-UnNit

I1~1~-

The consistency premise is
V| O 1} 14Q—|@1®.

Since W, = -, our goal follows from ().

Case
SE-VAr

OCNPOW-

The consistency premise is

W B [Po} pla) ~ Q401 ©.

Since W, = -, our goal follows from (1).

Case
SE-Vacuous

Y~ A

The consistency premise is

W6 [aF p(ly])) ~ Q4161 @.

By a straightforward induction on (1), we get

V16 [aF py) ~ Q461 ®@.
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Since W, = -, our goal follows from (2).

Case
SE-ARROW

Y1 ~P1~¥,1 @ Yo~ Py~ W0 (2
Y1 > P2 ~P1 > Py~ W1, W,

The consistency premise has the following form for some Q1 and Q>:
W6 [Py — P} p(L91]) = p(lip2]) * Q1 = Q241601 ®.
By inversion on (3), there exist W1, W, and ®’ such that
W1 | O [P} p([1)) ~ Q1410 @ W2 | O [P} p([2]) * Q24601 B
and ¥ =¥, ¥; (o). By IHon (0, p, and (), we have
Wi, Wal| G [P} p(Y1) * Q140" @.
By IH on (2), p, and (5), we have
Wy, Wap | O [P} p(¢2) ~ Q2401 (®.
Decorated U-Arrow on (7) and (8) gives
W1, Wa,1, W2, Wa2 | ©p [P1 = P2} p(1) = p(P2) ~ Q1 > Q2401 ®.
Our goal follows from (9) and (6).

Case
SE-ForaLLINH

P~P W, @
V.Y ~VB.P ~~ W, €

The consistency premise has the following form for some Q’:

W | Qg [Vg.P} VB.p(LY]) ~ VB.Q" 401 2.
By inversion on (2), we have

V|0, p[Pk p(lY]) ~ Q" 461, ®.
By IH on (D), p, and (3), we get
WV, W, | @, B [P} p(¥) ~ Q" 401, @.
Decorated U-ForaLLINH on (2) gives
W, W, e| O [V8.P} VB.p(Y) ~ VB.Q' 4101 ®.

Our goal follows from (5) and p(V¢B.¢) = V¢B.p(Y).
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Case
SE-UNivGHOosTG

Yp~P~¥, D

Fp ~ AP~ W,

The consistency premise has the following form for some Q”:
Y| [arF Ap(y]) ~RQ 4161 ®.
By inversion on (2) with decorated U-UnivGHosT, we have
W6 [Pk p(ly]) ~ Q" 4161 .
By IH on (1), p, and (3), we get
W, W, | O [P} p(¥) ~ Q" 410 @.

Our goal follows from decorated U-UnivGHOsTG on (3).

Case
SE-FORALLSYN

b~ AP~ W, @D
VBY ~ AP~ ¥,

The consistency premise has the following form for some Q”:

V|6 [aPk VB.p(ly]) ~ VB.Q" 41 @1 D.
By inversion on (2), we have

V8o, park ply]) ~Q 4101, B.

By IH on (), p, and (3), we get

Y, W, |0O,p AP} py) ~*Q 4101, @.

Decorated U-ForaLLSyN on (1) gives

W, W, | @ [AP} VeB.p(1) < VB.Q' 4O ().

Our goal follows from (5) and p(V¢B.y) = VB.p(Y).

Case
SE-UNivGHOSTR

L] guarded Yp~P~-~¥, D
Y~ AP~ W,

The consistency premise is

V6 [P} p(lg]) ~ Q4161 @.

D.5 Consistency
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If p( ¢]) is unguarded or flexible, then ¢ is a rigid or flexible variable. Thus ¥, = -
and p(1) = p(Ly]), so our goal follows from (2). Otherwise,

Qo + p(Ly]) guarded (3) p(L¢]) non-flex ().
Inversion on (2) with decorated U-UnivGHosTR gives
W6 [Pk p(lY]) ~ Q161 (B.
By IH on (O, p, and (5), we have
Y, W, | O [P} p(¥) ~Q 40 (6.
In this case, p(1’) has the same top-level shape as p(| ¢’|). Thus by (3) and (9), it is

guarded and non-flex. Our goal follows from decorated U-UnivGrostR on ().

Case
SE-FLexL
& ~ Py~ -
The consistency premise is
W6 [P} &~ Q461 ®.

Since W, = -, our goal follows from ().

Case
SE-FLEXR
Hey ey
P

The consistency premise is

V10 [a} p(ly]) ~ Q461 ©.
Since 1 contains no dotted ghosts, erasure only removes quantifier tags. Since &

is a monotype, (1) gives

V| 6 [a} p(¥) ~ Q401 @.

Since W, = -, our goal follows from (2).
o
Lemma 96 (Completeness of consistency constraint collection and solving). Suppose
O + Py O + P; S| =P 0:0,C O a ¢ 0.
If

Or Y, #WY' Wisdisjoint fromV’ W; W, C V¥’
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and
O|AFOP; <y, Py, YW, | OF05)[¢./a] ~ OFOPy» O,

then there exist C, B., s, P,, and 0, such that
P~Py 5 E.;C C;P; ~ Es; P, ®y, B, B F P,

and
Qa ::®0;EC;ESE® QEGu ::®OE® ®|A|‘9apa 5‘1’{,‘1’,1 l,ba-

Proof. By induction on the derivation of
\Il/\ya | @ F (QS)[I-)DQ/OZ] ~ 7

generalising over ©y, Py, P;, P, S, 0,1, W', ¥;, W,, ¥, and A. We first discuss the three
special cases.

If Py = [}, then by inversion on the refinement premise, O is a synthesised skeleton.
Thus W, = -. By LE-Vacuous and constraint solving, we have

P~A45"- s P~ Pj.
The goal follows by choosing C =+, E. =, P, = P;,and 0, = 0.

If P = a, then S = a. By well-formedness of 1, and disjointness of W from V', we
have W = -. By Lemma 97 with the identity substitution, which introduces the empty
tag context, there are &, P;, and 0, such that

P; ~ Py~ Es; P, (O B0, s F P, @
0,:0p,E;sE OB 0=60,:20)C 0O (1 O|Ar O0,P; <y, w, ¥, B.
By LE-Var and constraint solving, we have
a~ Py 5" eq(Po)  eq(Po); Pi ~ Es; Py.
Our goal follows by choosing C = eq(Pp) and &, = -.

If a ¢ ftv(P), then the source does not contain ¢/,, so exactness of solved tag contexts
gives W, = -. By LE-ABsenT and constraint solving, we have:

PNP()%“' ‘,'Pl‘wpi
The goal follows by choosing C =+, E. =, P, = P;,and 0, = 0.

In the following induction cases, assume Py # [, P # a, and « € ftv(P).

Case C-Unir, C-Vag, C-GHost, and C-GHostG. Impossible by our assumptions.
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Case
C-ForaLLINH

Wo, W, | ©,8F (0S)¢a/a] ~0 DO
Wo, W, 8| © - V°B.((0S)[Ya/al) ~ V6.
In this case S = ¥°4.S" and P = VB.P’ with
|S’] =P @.
By inversion on the refinement premise, Py = Vﬁ.Pé and

®,B+ 6P, » O (.

The conclusion gives ¥ = Wy, 6. By IH on (1) with (2), (3), and context weakening
on the other premises, there are C, &, Es, P,;, and 0, such that

PP~P5*E;C@® CiPi~E;P,®  ©q,B,8,EsFP,®
0, :09,8,E,EC0O,LD 0=60,:0),BCE0O,L® O,B|AF 0,P; 2w, w, Vs (9.
By LE-ForaLLINH on (4), we have

VB.P' ~ VB.P| %" E¢;C 9.

We know B ¢ ftv(P,) because P; and C cannot contain f. (), (7), (8), and (9) hold
without . The goal follows from these judgements, (5), and @0.

Case
C-ForALLSYN

Y, W, 10,8+ (05)[Ya/a]l ~ O @
W, W, | @+ VB.((0S")[Ya/al) ~ VB.
In this case S = ¥°B.S” and P = VB.P’ with
LS’] =P .
Since Py # [}, inversion on the refinement premise gives Py = .P(’) and
©,B+ O0(A.P)) » Q (.

By IH on (1) with (2), (3), and context weakening on the other premises, there are
C, B., Bs, P,;, and 6, such that

P'~.P6$QEC;C@ C}PiWEs}Pu@) ®O/ﬁ/Ec/Es "Pa@
6% ::®0/‘BIECIESE®/‘B® QEQH ::®0/‘B;®/ﬁ

®/ﬁ | A+ Gapa f\Pi,\I’a Hbu @
By LE-FORALLSYN on (4), we have

VB.P' ~ AP} 5% Ec;C ®.
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As in the case of C-ForaLLINH, our goal follows from the restricted judgements,
(5)— @0, removing 3 as necessary.

Case
C-ARrRrOW

Vi, W1l ©®F(0S)[Ya/a]l ~ 01 @ Wy, Wan | O F (0S2)[Ya/a]l ~ 02 @
Wi, W1, W, Weo | ©F(0S)[a/a] = (052)[Ya/a] ~ O —

Similar to the Arrow case of Lemma 89. Our goal follows from applying IH
twice on the function argument and result, then using LE-Arrow and sequential

constraint solving.

Case C-UN1vGrHosTG and C-UnivGHost. Inversion on the refinement premise and IH

give the premise of LE-UNivGHosT, from which our goal follows.

Case C-UnivGHost1. As in C-ForariIng, IH under the extended context gives the
premise of LE-UnivGHosT1, from which our goal follows.

Case C-Un1vGrost2. In this case P = fi.P’. By well-formedness of P and inversion
on the consistency premise, Q is guarded. We proceed by case analysis on Py. If
Py = AP, then inversion on the refinement premise and IH give the premise of
LE-UnNivGHosr. If Py is guarded, then inversion on the refinement premise and TH
give the premise of LE-UnivGHosT2. Our goal follows from the constraint solving

rule in each case.
O

Lemma 97 (Completeness of consistency constraint collection and solving for variables).
Suppose
O + Py A + P; 0:0yC 0.

Let p be a capture-avoiding substitution from rigid type variables to decorated skeletons, and ¥
be the solved tags introduced by p. If 1, is a well-formed instantiation and the premise solves
W,:

Or Y, #W v, v, cwv W’ fresh

and
O|AFOP; <y, P, Y, W, |OFp(tp,) ~ O+ OP)»

Moreover, for every rigid variable in 1\, substituted by p, P; has the same rigid variable in the

same position. Then there exist Es, P,, and 0, such that

P; ~ Py ~ Es; P, ®p, Es + Py
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and
Qa::G)O,Es;@ QEQQ ::@0‘;@ @'A"Gapuﬁ\yi’\ya lpbﬂ'

Proof. By induction on the derivation of W, W, | ® - p(1,) ~ O, generalising over ©,
Py, P;, 0,1, V', ¥, ¥,, ¥, p, and A. We first discuss three special cases.
If Py = [}, then by inversion on the refinement premise, O is a synthesised skeleton.

Hence W, = -. By SoLE-VacuousR, we have
P; ~ [ ~ P;.

The goal follows by choosing P, = P; and 0, = 0.

If Py = 7, we proceed by case analysis on P;. If P; = f, rule SoLE-FLexL gives the goal
with the empty suffix, P, = P;, and 0, = 0. If P; is non-flexible, let guess(P;) = (Es; P,).
Rule SoLE-FLExR gives P; ~ 7 ~» Eg;P,. Our goals follow from a straightforward
induction on guess(P;), where 6, is constructed by extending 6 over Es.

If ¢, is a rigid variable substituted by p, then P; = 1,. The tag contexts W¥; and W,
are empty, and the goal follows from SoLE-Var, choosing P, = P; and 0, = 0.

In the remaining cases, p preserves the top-level constructor of ¢,, Py # [}, and Py is

not a flexible variable.

Case C-Unir, C-VaR, and C-GHostG. By inversion on the consistency derivation, W, = -.
We proceed by case analysis on the shapes of P; and Py exposed by the precision
and refinement premises. When they are unit or rigid variables, we use SoLE-UNir
or SOoLE-Var. When they are ghosts or have universal ghosts, we use SoLE-GHosTL,
SoLE-UnNivGHosTt, SOLE-GHOSTGUARDED, or SoLE-GuarpEDGHOST. When P; is a

flexible variable, we use SoLE-FLexL.
Case C-Gnost. Impossible since 1, cannot contain an ordinary ghost.

Case
C-ForaLLINH

W, 0,8Fp)~0@
Y, W ,e|OFp(VBY) ~VB.
In this case ¢, = V.¢" and W, = W}, e. We have Py = V.P;. Inversion on the

refinement premise gives

©,8+ 0P » O ®.

We proceed by case analysis on P;.

Subcase P; = VB.P/. Inversion on precision gives

@,ﬁ|A,ﬁ|—9PZ[§\y;#}/® \I’i:\P;,e.
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IHon @), @), and (3) gives Es, Py, and 0, with
P!~ Pj~ Es; Pp (©.

Our goal follows from SoLE-ForaLL on (4) and choosing P, = VB.Py.

Subcase P; = fA. IH on (D) and (2) with input A gives 0, with
A~ Py~ Py @®.

Our goal follows from SoLE-GrostL and choosing P, = VB.P;.

Subcase P; = fA.P]. Inversion on precision gives
©,8| A O(A.P) <y, ¥ ®.
IHon @), (2), and (3) gives Es, Py, and 0, with
f.P] ~ P~ Es; Py ®.

Our goal follows from SoLE-GHosTFORALL on (4) and choosing P, = VB.Py,.

Subcase The remaining non-flexible shapes of P; are impossible by inversion on
the precision premise. The flexible variable case follows from SoLE-FLexL
and the precision premise.

Case
C-ForaLLSYN

W, W, |0,p+p))~0Q@
W, W, | ©F p(YVp.Y') ~ Vp.

In this case 1, = V¢B.¢". We have Py = .P(’). Inversion on the refinement premise

gives
O, + O0(A.P))» O @.
We proceed by case analysis on P;.
Subcase P; = YB.P/. Inversion on the precision premise gives
©,B1ABFOP 2w P’ ® V=W e.
IHon @), @), and (3) gives Es, Py, and 0, with
P/~ Q.P) ~ Es; P (@®.

Our goal follows from SoLE-ForaLLGHoOsT on (4) and choosing P, = VS.Py,.

Subcase P; = fA. IH on (D) and (2) with input A gives 0, with
A~ Q.P) ~ A.P;@.
Our goal follows from SoLE-GrosTtL and choosing P, = fil.P;.
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Subcase P; = fA.P]. Inversion on precision gives
O, A+ 0(A.P) 2y, ¥ (3.
IHon @), (2), and (3) gives Es, Py, and 0, with
P; ~ P ~ Es; Py @.

Our goal follows from SoLE-UnivGHost on (4) and choosing P, = f.Py.

Subcase The remaining non-flexible shapes of P; are impossible by inversion on

the precision premise. The flexible case follows from SoLE-FLexL.

Case
C-ARROW

WY, W1 | OFp(y1) ~ 01 @ W, W2 | OF p(y2) ~ 02 @

Wi, Wo1, W, Wan | OF p(Y1) = p(2) ~ O —
In this case ¢, = )1 — 1. We have

W= \Ijlz\IJZ \Ija = \ya,lz \I]a,2~

We assume Py = Py;1 — Py ; if it has a top-level universal ghost, we can always
deal with it in the case analysis below with proper constraint solving rules.

Inversion on the refinement premise gives
OFr QPO,] > @ O+ QPQ,Z > @

We proceed by case analysis on P;.

Subcase P; = P;1 — P;j. By inversion on the precision premise, there are W; 1
and V¥; » such that

W, =W;,¥i> O|ArOP;iy <v;, Y1 ® O|AFrOPi» <y,, Y2 (6.
IHon ), 3, and (5) gives E1, P1, and 0; with
Pi1~Po1~ E;P1 (@.

After rewriting (4) and (¢) with 01, IH on (2) with input context g, E1 gives
5», P>, and 6, with

Pis ~ Pgp ~ Ep; P2 (®.
Our goal follows from SoLE-Arrow on (7) and (8) and choosing &; = &y, Ep
and P, = P — P».

Subcase P; = [l. Our goal follows from IH on (1) and (3), IH on (2) and (@),
SoLE-GHostL and choosing P, = Py1 — Py 5.
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Subcase P; = .PZ.' . By well-formedness, Pi’ is guarded. Inversion on precision
gives
©| A+ OP! <y, Y1 > P2 ®.
We reuse the previous subcases on (5) to obtain P,, and then use

SoLE-GHOSTGUARDED.

Subcase The remaining non-flexible shapes of P; are impossible by inversion on
the precision premise. The flexible case follows from SoLE-FLexL.

Case
C-UntvGHosTG

\y/\yale)kp(ﬁb,)'” @
W, W, | O F i.p1) ~ A

In this case ¢, = #.1)". We have Py = A.P|. Inversion on the refinement premise

gives
OFrOP;» O (@.
We proceed by case analysis on P;.
Subcase P; = fA. IH on (O and (2) with input A gives 0, with
A~ Pl ~ Pl B

Our goal follows from SoLE-GrosTtL and choosing P, = il.P;.

Subcase P; = fA.P]. Inversion on precision gives
O AFOP] <y, ¥ (®.
IHon M), @, and (3) gives Es, Py, and 0, with
P ~ P}~ Es; Pp (.

Our goal follows from SoLE-UnivGrost on (4) and choosing P, = f1.Py.

Subcase The remaining non-flexible shapes of P; are impossible by inversion on
the precision premise. The flexible case follows from SoLE-FLexL.

Case C-Un1vGrost, C-UN1vGHosT1, and C-UN1vGHost2. Impossible, since neither 1,

nor p(¢,) has an ordinary universal ghost at the top level.

D.5.2 Soundness of consistency

We prove Lemma 25.
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Lemma 25 (Soundness of consistency).

1. Given a problem of consistency (®p; Po; P), if @ [Po} P ~ P1 4 @4, then (09 E ©O4; P1)
is a solution to it.

2. Given a problem of variable unification (©; &; ), if @y + & ~ p 4 @1, then @ C O is
a solution to it.

3. Given a problem of assignment (®p; E; &; P), if @y | E+ & := P 4 Oy, then @y, E E 0,
is a solution to it.

Proof. We first augment the definition of a consistency problem to (Aj; Ay; ®g; Po; P)
where A and A, are contexts of rigid type variables present in ®y that no flexible
variables depend on. We augment the definition of a solution (0 :: @y C ©; Q) to require
OrOP~0Oand O | A1+ OPyg» O and © | Ay + OP » Q and that no flexible variables
in ©® depend on variables in A1 and A;. For part 1 of the lemma, it is enough to prove
that given a consistency problem (Aq; A; ©g; Po; P), if ©g [P} aja, P ~ P1 4 ©4, then
QO and O +FP ~Prand O | A+ Py» Prand O | Ay + P » Ps.

By mutual induction on the algorithmic consistency derivation together with the two
auxiliary judgements of variable unification and assignment. We first prove the cases
for the two auxiliary judgements.

2. Unification of flexible variables. We prove that ©) C © is a solution by induction
on the unification derivation
O+ &= ﬁA 4 0;.

Case
U-FLex-FLex-Ip
@ € dom(©y)
@0 Fa~a-H @0
Trivial.
Case

U-FLex-FLex-L
a+p
@y, &+ a=p40@,d:=p
By definition of information increase, we have

©y,AC B, & =5 Q.

By declarative consistency rule C-FLexL, we have

@ d=pra~paQ,
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Our goal follows from (2) and (3).

Case
U-FLEx-FLEX-R
a+p
o, fra=~p40yp:=a

Similar to the case of U-FLEx-FLEx-L.

Case U-FLEX—FLEX—ASSIGAN
O + a[t/7] ~ BlT/7]1 4101 @
QP =Tra=f40,P =1
By I[H on (2),

®C O (®  O+alt/P]~plt/7]@.
By definition of metasubstitution and (3),
B, 7 =1C 0,7 =10.
By a straightforward subsidiary induction on (4) with declarative consistency

rules and weakening, we have
@,y =trd~pf@®.
Our goal follows from (5) and (6).

Case U-FLEx-FLEx-Sk1p and U-FLEx-FLEX-Sk1p’. Our goal follows from IH and weakening.

3. Assignment. We prove that ©y, Z C O is a solution by induction on the assignment

derivation
@Q|EI—&2=P-|®1.

Case U-AssicN-UNivGHosT-Ip. Our goal follows from reflexivity of information in-
crease, reflexivity of consistency, and C-UNivGHoOsT2.
Case
U-AssiGN-SoveM _
@ ¢ ftv(P)  guess(P) = (B; 1)

©n,d|E+da=P40y,Ef =1
Let ®; = O, &, E, & = 1. By definition of information increase,
By, &, EC O (2.
By definition of guess(P), we have

@1I-P~T@.
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Then by ©; > & = 1, declarative C-FLExR on (3) gives
O1rP~a @
Our goal follows from (2) and (®.

Case
U-AsSIGN-ASSIGN

@, E + &[t/B] ~ P[t/B] 4 ©1 @)

Oup=1t|EFra=P40,:=1

(2 expands to, for some Q,
©o, & [Plr/BIF a[t/p] ~Q 101 ®.
By the IH of consistency on (3), we have
@,ECE0@® O1rP[t/fl»0®  ©1ra[t/fl~0®.

By (@) and definition of information increase, we have

A A

Oy, p=17,EC0,p:=7Q0.
By (3, (), and a straightforward subsidiary induction, we have
®1 + Plt/pl ~ &lt/B1 ®,
By another straightforward subsidiary induction on (8) with C-FLexL, C-FLExR,

and weakening, we have

@1,EZ=TI-P~OAZ@,
Our goal follows from (7) and (9.

Case
U-AssiGN-DEPEND
a+p PpeftvP) O|B,Era=P410,Q
@, f|E+a=P40,

Our goal follows from IH on (2).

Case U-AssigN-Skip, U-AssiGN-SkipRiGID, and U-AssiGN-SkiPTMVar. Our goal follows

from IH and context weakening.

1. Consistency. We prove the augmented statement above by induction on the al-

gorithmic consistency derivation.

Case
U-GnHost

AN ftV(Po) =0
O [Po} aya, B ~ PoH4 O
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We have ©g C Oy by reflexivity. By C-GHost, we have
Go+FA~PQ@.
By reflexivity of refinement and the side condition, we have
B | A1 FPy» Py (@ O | Ax FA» Py (3.
Our goal follows from (1), (2), and (3).

Case U-Unir and U-Ricp. Our goals follow from reflexivity of information increase,
reflexivity of refinement, and rules C-Unit and C-Var.

Case
U-Arrow

G0 [P Fajp, P1~Q1401 D O [Plajn, P2~ Q240,@
O [P] = PiFaa, Pr = P2~ Q1> Q240
IH on () gives

GC OB O1+-P1~01(® O1| A1 FPI» 01 ® O1| A2k P1» Q1 (6.
IH on (2) gives

0,C6,® Oy Py ~ B2 | A1 +-PI» 0 (® Oy | Axk Py» Qs (0.
Our goal follows from stability on (4), (5), and (¢) along (7), rule C-Arrow, and

definition of refinement.

Case
U-ForaLLINH

@0/ a [PO]_A1,04A2,D£ P Q n ®11 a @
O [Va.Po} p|a, Ya.P ~ Va.Q 4 O

IH on (@) gives

@0,&2@1,0&@ O,arP ~ @
@1,0(|A1,0£|—p0> @ @1,0(|A2,(X|—P>Q@.

By removing the type variable « from (2), we have
CCION
By C-ForaLLINH on (3), we have
®; +Va.P ~Va.0O @).
By definition of refinement on (1), we have

@1 | Ak VOC.P() » Ya. .
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D Proofs of algorithms

By definition of refinement on (5), we have
O | Ay FVYa.P»Va.Q (9.

Well-formedness of Ya.O comes from well-formedness of Va.P and Va.Py. Our

goal follows from (6), 7), (8), and (9).

Case
U-ForaLLSYN

©o, & [A-Pol pyag,a P~ Q 401, ®
O [A.Po} A1|As Va.P ~Va.Q 40,

IH on (@) gives

@0,0(2@1,0(@ O, ar P ~ @
@1,a|A1l—@.P0> @ @1,a|A2,al-P>Q®.

By removing the type variable « from (2), we have
B C O (®.
By C-ForaLLSYN on (3), we have
®;+Va.P ~Va.0O @).

By definition of refinement on (1), we have

O1| A1+ A.Py» Va.0 (3.
By definition of refinement on (5), we have

©1| Ay F Va.P» Va.Q (9).

Well-formedness of Ya.O comes from well-formedness of Ya.P and f\.Py. Our

goal follows from (6), (7), (8), and (9).

Case
U-UnivGHoOST

©o [Polpyja, P~Q 401 D
QA [P} Ar| Ay A.P ~RA.Q 40,

IH on (@) gives
©C O O1+-rP~0® O1|A1FPy» O @ O | AFP»QG).
By C-UnivGHosT on (3), we have
O+ AP ~R.0 ().
By definition of refinement on (1), we have

O1| A1 FR.Por R0 @D.
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By definition of refinement on (5), we have

O1| A -RP»RQ®.
Well-formedness of 1.0 comes from well-formedness of fA.P and fil.Py. Our goal
follows from (2), (6), (7), and (8).

Case
U-UnivGHosT1

O, o [PQ]‘ALalAz AP ~ Q 4101, @
O [Va.PO]— Ar|Ag [P ~ Va.Q 41 0,

IH on (@) gives

By, aC O1,a (2 O, ar AP ~0O®
@1,&|A1,C¥I—P0> @ @1,0(|A2I-.P>Q®.

By removing the type variable & from (2), we have
C=CIO

By C-Un1vGHosT1 on (3), we have

O+ AP ~Va.0O @).
By definition of refinement on (1), we have

O1| A1+ VYa.Py» Va.O (®).
By definition of refinement on (5), we have
O | Ay kAP » Va.Q 9.

Well-formedness of Ya.O comes from well-formedness of fl.P and Ya.Py. Our

goal follows from (6), (7), (8), and (9).

Case
U-UnivGHOsT2

©g + Py guarded Py non-flex O [Polan, P~ Q401 D
O [Po} ayay B.P ~Q 40O

IH on (1) gives
©)C 0O (2 O1+rP~0® O1|A1+FPy» O @ O | AFP»QGB).
By C-Un1vGHosT2 on (3), we have
O+ L.P ~ O (6.
By definition of refinement on (5), we have
O A -RAP»Q@.
Our goal follows from (2), (¢), @), and (7).
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Case

Case

Case

Case

340

U-FLEx
@0 Fa ﬁ 4 @1 @

Oo [BF s, @ ~ & 460y
By IH of variable unification on (1), we have
QCOI@ Ora~p0.
By (3) we have ©7 | Aq ﬁ » (' (), since flexible variables do not depend on rigid
type variables in A;. By reflexivity of refinement, we have ®1 | Az F & » & (5), since

flexible variables do not depend on rigid type variables in A,. Our goal follows
from (2), @), 5),and ©; + & ~ &.

U-FLexLL
Pynon-flex ©g| -+ a:=Py+40; (1)

O [Po} ayn, @ ~ A 40
By IH of assignment on (1), we have
OGO O1+Py~a@.
By (3), we have ©1 | A1 + Py » & (@), since flexible variables do not depend on rigid

type variables in A1. By reflexivity of refinement, we have ®; | A + @ » & (5), since
flexible variables do not depend on rigid type variables in A,. Our goal follows
from (2), @), 5),and ©; + & ~ &.

U-FLexR
Pnon-flex @g|-+a:=P40;Q)

O [aF aja, P~ a 40,
By IH of assignment on (1), we have

®C O (2 O1+-P~a@.

By reflexivity of refinement, we have @ | A;+Fa» 0 (@) By (3, we have
O1 | Ay F P » & (5), Our goal follows from (2), (3), @), and (5.

U-GaostR
A Nftv(P) =0

O [AF Aa, P~ P 4 Oy
Our goal follows from ©g C Oy, the side condition, definition of refinement, and
@0 P~




D.5 Consistency

Case
U-UnivGHOSTR

©p + P guarded P non-flex O [Po} aa, P~ Q4101 D
O [A.PoF Aja, P~ Q 401

IH on (D) gives
CHNCIN®) O1+FP~0®B O1|A1FPy» O ®@ O | AFP»QB).
By definition of refinement on (1), we have
©1 | A+ A.Po» Q ®.
Our goal follows from (2), (3), (5), and (6).

D.5.3 Completeness of consistency

We prove Lemma 26.
Lemma 26 (Completeness and optimality of consistency).

1. Given a problem of consistency (®y; Po; P), if there exists a solution to it, then ®q [Py}
P ~ Py 4 ©q gives its optimal solution (©g E Oy; P1).

2. Given a problem of variable unification (®o; &; p), if there exists a solution to it, then
Or b~ ﬁ 4 ©4 gives its optimal solution @y E O;.

3. Given a problem of assignment (®y; E; &; P), if there exists a solution to it, then ®p | E
A = P 4 © gives its optimal solution Gy, E C O;.

Proof. We first augment the definition of a consistency problem to (A1; Ay; \W; ©p; Po; S)
where A and A, are contexts of rigid type variables present in ®y that no flexible
variables depend on. We augment the definition of a solution (0 :: @y C ©; Q) to require
V| OrOS~0Qand® | A1+ OPg» Oand ® | Ay + 8] S] » Q and that no flexible
variables in ® depend on variables in A; and A,. With the augmented definitions, for
the first part of this lemma for consistency, it is enough to prove that, if (6 :: @ E ©; Q)
is a solution to the consistency problem (A1; Ay; \WV; ©p; Po; S), with P = | S|, we have

®O[PQ]_A]|A2P~P1‘|®] 6, :60,CO 0=601:260CO O| A, Ay O1P <

We proceed by mutual induction for the three parts of this lemma, with the first part
augmented as above.
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D Proofs of algorithms

2. Unification of flexible variables. It is enough to prove that given a unification
problem (®g; &; ﬁ) and a solution

0:0,CO1N Oroa~0sQ,
there exists 61 and ®; such that
Qra=f40; 6:O,CO 0=60,:0C0.

By induction on the context @ and case analysis on which algorithmic unification rule
to use. We first discuss the special case where & = j.

Case
U-FLex-FLex-Ip
@ € dom(©y)
O a=~a-40
Trivial.
Case

U-FLex-FLex-L
a #+ B

@), a+ra=p40),a:=p

In this case ©g = @6, a. By (2), since both sides are monotypes, we have
@Fr0d=0p0.
By the definition of metasubstitution, (1) and (3), we have
0:0),a:=pCO@.
Our goal follows from U-FLex-FLEx-L, (4),and 6 = 0 :: ©y C ©

Case
U-FLex-FLEx-R

a+p
@, fra=p40)p=a

Similar to the case of U-FLEx-FLEx-L.

Case
U-FLEx-FLEx-AssIGN

® F &lt/P]~ plt/P14 €]
@,P=1ra=p40],9 =1

Inthiscase @) =0©/,7 =1.B and definition of metasubstitution, we have
oV y

OrOy=0t(® 0:0,COw.
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By (2 and definition of metasubstitution, we have

@ + 0(alr /7)) ~ 6L/ ®.
By definition of refinement, we have

© |-+ Oop[t/7]) > ©.
@, ®,and (o) together give a solution to the consistency problem (-; -; -; ©; ﬁ[’c/;?]; aft/7y)).
By the IH of consistency on this solution, we have, for some Q,

O [Bl/71F alz/P]1~Q 4101 @

0;:0;C O

®| +6:Q = 0B[x/?) ®

0=0,:0,C 0

By U-FLEx-FLEX-AssiGN on (7), we have
@), =1ra=p40]79 =1@.
By definition of metasubstitution, (8), @9, and (3), we extend 07 such that
01:01,7=1C0OM. 656)1::66,7?::TE®®.
Our goal follows from (1), @2, and @3.

Case U-FLEx-FLEx-Skip and U-FLEx-FLEx-Sk1p’. Our goal follows from IH and weakening.

3. Assignment. It is enough to prove that given an assignment problem (Qy; E; &; P)
and a solution
0:00,ECOQ OFOP ~0a (2.
there exist ©®1 and 6 such that
| Era=P40, 01 :0:CO 0=601:0)ELC 0.

By induction on the pair of contexts @ | E and case analysis on which algorithmic
assignment rule to use.

Case U-AssicN-UNivGHosT-Ip. Our goal follows from U-AssigN-UnivGHosTIp, (1), and
reflexivity of metasubstitution equivalence by taking 61 = 0.

Case
U-AssIGN-SOLVEM

a¢ftv(P)  guess(P) = (5;7)

©),alE+a=PH40),Epd=1
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D Proofs of algorithms

In this case @y = ©, &. Let guess(P) = (E; 7) (3). By definition of guess(P), (3),
and (2), we can construct 0; by extending 0 with proper substitutions for § such
that ® + 017 = 6a&. Thus we have

0,:0),5p4=1CO@ 0=0:0,3ECO0.
Our goal follows from U-AssiGn-SorveM, (@), and (5).

Case
U-AssSIGN-ASSIGN

®), Z + a[t/B] ~ P[r/B] 4 ©;
@6,32=T|EF&Z=P4@i,ﬁI=T

In this case ©g = @)(’),ﬁ = 7. By (D and definition of metasubstitution, we have
®r0p=60T® 6:0),ECO®.
By (2) and definition of metasubstitution, we have
© r O(P[t/]) ~ 0(al7/p) ®-
By (5), we have
© |-+ O(P[z/p]) > ®.  ©ro@lr/p) ~ @.
@), (6, and (7) together form a solution to the consistency problem
(555 ©, & Plt/p); al/p))-

By the IH of consistency on this solution, for some Q, we have

©, & [Ple/pIk alt/B1~Q1©] ®

01:0;C OO

® |-+ 6:Q < 0(a[r/]) @
0=6,:0),EC0W
By U-AssiGN-AssIGN on (8), we have
@, ,=1|Era:=P40,f=1@.
By definition of metasubstitution, (3), (9), and 1), we have
6,:0,=1CO®. 6=6,:0)p=1,ECO0@M.

Our goal follows from (2), @3), and @19).

Case
U-AssiGN-DEPEND

a+pf PefvP) OB Era=P46,
P

O, BlEra:=
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The solution (1) is also a solution to the problem (®; ﬁ, E; a; P). Our goal follows
from IH and U-AssiGN-DEPEND.

Case U-AssigN-Skip, U-AssiGN-SkipRiGiD, and U-AssigN-SkiPTMVAR. Our goal follows

from IH and context weakening.

1. Consistency. We prove for the augmented consistency problem and solution as
stated at the beginning of this proof. We prove by induction on the declarative con-
sistency derivation W | ©  6S ~ . The cases where P or Py is a flexible variable are
handled by the other two parts of the lemma. If Py = [, we use U-GrostR. If Py = .Pé
while P is guarded, we use U-UN1vGHosTR and continue with the problem for Pé. In the

induction below, we assume the above three special cases have already been handled.

Case
C-GHosT

In this case S = 1 and P = [1. The solution gives
0:0)C O O|AFOPy» QR O|AFOA» QD).
By (@) and (3), the side condition of U-Grost holds. Thus by U-GHosrt, we have
O [Po} ayjay 2 ~ Po 4By @.

By (2 and (3), we have
() | A1, Ay F OPy < Q@

Our goal follows from (4), (1), (5), and reflexivity of metasubstitution equivalence.

Case
C-GHostG

OFE~A
In this case S = i and P = [A. The solution gives
0:60)E0 Q) O|A1FOPy» AQ O|AFOA»AB.
By inversion on (2), Py = [. Thus by U-GHost, we have
O [AF A n, A~ 046 ®.
By reflexivity of precision, we have
O|AL,MFIALAG.

Our goal follows from (4), (D), (5), and reflexivity of metasubstitution equivalence.
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D Proofs of algorithms

Case
C-Unit

S OF1~1
In this case S = 1 and P = 1. The solution gives
0:0CO0 QD O|A1FOPy» 12 O|AFOT»1(3.

Since Py cannot be a ghost or flexible variable, inversion on (2) gives Py = 1. Our
goal follows from U-Unir, (1), and reflexivity of precision and metasubstitution
equivalence.

Case
C-Var

O>3a
| Ora~a
In this case S = @ and P = a. The solution gives
0:0)C 0 O|A1+FOPy»a®@ O|AFBara@).

Since Py cannot be a ghost or flexible variable, inversion on (2) gives Py = a. By
inversion on (1), ©p > a. Our goal follows from U-Ricp, (1), and reflexivity of

precision and metasubstitution equivalence.

Case
C-ARrROW

Vi |OrOS ~01 D Wl OF0S~0,@
Wi, W2 | ©F 0(51 — S2) ~
In this case S = 51 — S, and P = P; — P, where P; = | S1] and P, = | S;3]. The

solution gives

0:0COG@ O|AFOP» @ O|MrOPI—>P)rQ1 > Q0®.

Since Py cannot be a ghost or flexible variable, inversion on (1) gives Py = P{ — Pé
and
O| A+ OP] » (6 O A+ OP)» @.

By inversion on (5), we have

®|A2I-9P1>Q1 @lAzl—QszQz@.
IH on the left component with (3), M), (¢), (8), and Py = | S1] gives
©o [Pi}aja, P1~ Q740
0 :01COM
O A, A F61Q] 201 @
0=61:09C 0O 1
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By @), the right-component premises (2), (7), and (9) can be rewritten with 0;. IH
on the right component with P, = | Sy | gives

©1 [Pi}aja, P2 ~ Q) 402
6, 20, C 0O @

O | A1, A2k 62Q5 = Q219
@1552226126@

By U-Arrow on 10 and @4, we have
O [P} = Po}aya, P1 = P2~ Q] — Q) 102 (3.
By @, 9, and @),
O A1, A+ 62(Q] = Q7)) < Q1 — Q2 .

By @ and @),
0=0,:09C 0 0.

Our goal follows from @8), @), @0, and (9.

C-ForaLLINH

W|0,ar0S~0Q@
W, 5|0+ 6(Va.S) ~ Va.
In this case S = V?a.S” and P = Va.P’ where P’ = | S’]. The solution gives
0:0CO0Q@ ©O|AFOP»Ya.0B ©O|Ar O(Va.P)» Va.Q@.

Since Py cannot be a ghost or flexible variable, inversion on (3) gives Py = Va.P
and

©,a| A, atkOP)» QO ®.
By inversion on (1), we have

O,a|Ay,atrOP » Q).
By definition of metasubstitution, (2) gives

0:0),aC 0, a(@®.

IHon O, (), (6), and (7) gives

o, a [P}l A,alag,e PP~ Q" 401, a
01:01,aC0O,a ()

O,a| A, A,atrB0Q'<Q
0=61:00aC0,ad)
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By U-ForaLLIng on (8) and Py = Va.P(, we have
O [Po}aa, Ya.P' ~ Va.Q' 401 @.
By removing the type variable a from (9) and @), we have
61:0C 01 6=60;:09C O W.

By @0, we have
O A, Ay - 61(Va.Q') 2 Va.Q @.

Our goal follows from 12-@5.

Case
C-ForALLSYN

V| 0O,ar0S5 ~00Q
Y| OFoVas)~ Va.
In this case S = V?a.S” and P = Va.P’ where P’ = | §’]. The solution gives
0:0)C0(Q O| A +OPy» Va.O B) O| A O(Va.P')» Va.Q (.

Since Py cannot be a ghost or flexible variable, inversion on (3) gives Py = Q.P]
and

O,a| A FOAP)» Q®.
By inversion on (4), we have

O,a| Ay, atr 6P »Q (6.
By definition of metasubstitution, (2) gives

0:00,aC 0O, a(®.

IHon @), ), (6), and (7) gives

@O,CV ['P(,)]_A1|A2,0( P/ ~ Q, - @1,0(
01:01,aC0,a 0

@,OflAl,AZ,aFQlQ/ﬁ Q
9561 IZ@mOKE@,OK@

By U-ForaLLSyn on (8) and Py = fil.P/, we have
O [Po}aja, Ya.P' ~ Va.Q' 401 @.
By removing the type variable a from (9) and @), we have
01 :0:C 0O W 6=60,:09C O 1.

By @0, we have
O A, Ay - 61(Va.Q') 2 Va.Q @.

Our goal follows from @2—@5.
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Cases

Case

C-UnivGHoOsT C-UntvGHosTG
V| OrOS~0Q® V| OrOS ~0@®
V|OrMNOS ~Aa. V| Otr .05 ~fAl

In these cases S = f.S" or S = 4.5/, respectively, and P = fA.P’ where P’ = | §'].
The solution gives
0:60CO0® O| A1 FOP)» A.O B O A+ O(A.P)» A.Q @.

Since Py cannot be a ghost or flexible variable, inversion on (3) gives Py = fA.P]
and

O| A+ @P6 > @
By inversion on (1), we have

O|ArFOP »Q (6.
IHon @), 3, (6), and (2) gives

o [P{Fagja, PP~ Q" 401 (D
01 :0C0O®
O|A,AFOQ ZQO®
0=61:09C 010

By U-UnivGHost on (7) and Py = .Pé, we have
O [Po} ajja, BP' ~RA.Q" 401 @.

By (9), we have
©| A1, A F6(A.Q) < A.0MD.

Our goal follows from @1, (8), @2, and (0.

C-UnivGHosT1

V| 0,arf.0S~0Q
WO A0S ~ Va.
In this case S = .5" and P = [A.P" where P’ = | §’|. The solution gives

0:00C0®@ O|AFOP»Ya.0B  ©|Ar OAP)» Va.Q@.

Since Py cannot be a ghost or flexible variable, inversion on (3) gives Py = Va.P(’]
and
©,a|A,ak 0P > Q®.

By inversion on (1), we have

@,a| At OBRL)» QG.
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By definition of metasubstitution, (2) gives
0:0),aC 0, a(®.
IHon @), ), (6), and (7) gives

©o, & [Py} Ay a1p, AP~ Q" 401,
01:01,aC0,a(

@,0[ | AlIAZIa |_ elQ,5 Q
0=601:0,aC 0O,ad)

By U-UnivGHost1 on (8) and Py = Va.Pé, we have
O [Po} aqjn, AP ~Va.Q" 401 @.
By removing the type variable a from (9) and @), we have
61:0,C 01 6=60,:09C O 1.
By @0 and the precision rule for inherited quantifiers, we have
O A, A+ 61(Va.Q’) 2 Va.Q @.
Our goal follows from @2-@5.

Case
C-UnivGHosT2

Y OrosS~00@
V| OrMNOS ~
In this case S = 1.5 and P = [.P” where P’ = | S’ |. The solution gives

0:0C0@ O|MFOP»0G ©O|ArOEP)» Q0.

By well-formedness of fA.P” and inversion on (1), Q is guarded.
We proceed by case analysis on Py.

Case Py = .P(’). Inversion on (3) gives
© A1 +OP» 0O ®.
By guardedness of Q, inversion on (4) gives
O|AFOP »Q (®.
IHon ), (), (o), and (2) gives

O [PiF s, PP~ Q4101 (D
01:0,COB

O A, AF01Q"' QO
60=61:09C 010
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By U-UnivGHosT on (7), we have
Oo [A.PJF Ajja, AP~ A.Q" 401 @.
By (9) and the precision rule for universal ghosts, we have
O] A, A F601(RQ)=Q®.
Our goal follows from @1, (8), @0, and (2.

Case Py is guarded. By guardedness of Q, inversion on (4) gives
O|AFOP »QB.
IHon @), 3, 3, and (2) gives

O [Polpyja, PP~ Q" 401 (®
01:0C0Q®

O AL, MFOIQ ZQ®
0=61:09C 0 (9

D.5 Consistency

By guardedness of Q, since Py cannot be a ghost or a flexible variable, we

have
©p + Py guarded Py non-flex 7).

By U-UnivGHost2 on 10), @), and (¢), we have
Op [Pol ayja, AP~ Q" 401 @.
Our goal follows from @2, 7), (®), and (9).
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